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PSEUDO-UMBILICAL SUBMANIFOLDS OF A
SPACE FORM N™*(C)

By

Sun HUAFEI

Abstract. Let M be an n-dimensional pseudo-umbilical
submanifold in an (n+p)-dimensional space form N"7(C). In this
paper, we obtain some generalizations of B. Y. Chen in [1].

§1. Introduction.

Let N™”(C) be an (n+p)-dimensional space form with constant sectional
curvature C, and M an n-dimensional submanifold in N™?(C). Let h be the
second fundamental form of the immersion and &£ the mean curvature vector, we
denote by (,-) the scalar product in N"?(C). If there exists a function A on M
such that

(WX, 1),0)=MX,Y) (1.1)

for all tangent vectors X,Y on M, then M is called a pseudo-umbilical

submanifold in N"*?(C) (cf. [T]). It is clear that A >0 . B. Y. Chen [I] proved:
(1) Let M be an n-dimensional compact pseudo-umbilical submanifold in

N™?(C). Then

[, [nHAH +n(C + H2)S—(2 - i)y —n?H?Cldv <0,

where S, H and dV denote the square of the length of 4, the mean curvature of M
and the volume element of M, respectively. (2) Let M be an n-dimensional
compact pseudo-umbilical submanifold in N"*”(C). If

nHAH + n(C + H?)S — (2 - %)52 _n2H2C <0,

then the second fundamental form is parallel and S is constant.
In this paper, we obtain the following generalizations of (1) and (2).
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THEOREM 1. Let M be an n-dimensional compact pseudo-umbilical
submanifold in N"""(C). Then

i\ [n(C+ H?)S —%s2 - n?-Hzc]dv <0, forp>1

and

j'M[n(C+4H2)S—%S2 —nszc—%nzH“]dv <0, for p>?2.

THEOREM 2. Let M be an n-dimensional compact pseudo-umbilical
submanifold in N™"(C). If

nHAH+n(C+H2)S—%SZ—nZHZCZO, for p>1 (1.2)
or
nHAH+n(c+4H2)S—%SZ—n2HZC—-§-n2H4 >0, forp>2, (1.3)

then the second fundamental form is parallel and S is constant. In particular, if
the equality of (1.2) holds and C = 1, then M is totally geodesic or n=2 and M is a
veronese surface in S* (1) and if the equality of (1.3) holds and C = 1, then M is
totally geodesic, where S* (1) denotes the 4-dimensional unit sphere.

If H=0and C = 1, then was proved jointly by A. M. Li and J.
M. Li in [2].

§2. Local formulas.

We shall make use of the following convention on the ranges of indices:

A,B’...,= 1,...’n,n+1,...,n+p;i’j’...’_—_ 1,..-,n;a,ﬁ,...,= n+ 1,...’n+p‘
We choose a local field of orthonormal frames e, '",e,,e,,,"**,€,,, in N™"(C).
Such that, restricted to M the vectors e ,---,e, are tangent to M and {®w,} is the

field of dual frames. Then the structure equations of N"*”(C) are given by
dw, ==Y Wz AWg, W 4p +@p, =0, (2.1)

B
1

dw,, = —%w,ac ADcp+ 5 CZDlKABCDwC ADp, (2.2)

K pcp = C(8,05p — 6A068C)' (2.3)
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Restricting these forms to M, we have

w,=0,0, = %h;‘a)j,hf; =h7. 2.4)
do, =-Y 0, no;, (2.5)
j
dw; =—§(0,~k Ay +-21—§,R,.jk,wk AN@,, (2.6)
Rijkl = Kijkl + %(h,-‘;hﬁ - hﬁthﬁc ), 2.7)
A0, =304, A0+ %ERWQ. no;, (2.8)
Ropy = T (hzhg; — hihD). (2.9)
hj and hj, are given by
%h,.]‘?;(wk =dh? - %hgwki - %,h,.‘,fa)kj - % hwg, (2.10)

and

2 hiye, = dhj, = 3 iy, - Zhio, — X hio, - %h,.jﬁcopa, (2.11)

respectively, where

hj = hy;, (2.12)
hiﬁz "hgq;k’z Zh’i‘ranmjkl + thijikl + ZhifRﬁakl‘ (2.13)

We call h=3Y hiw,w,e, the second fundamental form of the immersed manifold
ijo

M. We denote the square of the length of i by S=3 (h?). C=%ZtrHaea and
o

ijot

H=|{= /lZ(trHa )? denote the mean curvature vector and the mean curvature
n g

of M, respectively. Here tr is the trace of the matrix H, =(h;). Now, let e, be
parallel to {. Then we get
trH,,, =nH,trH, =0,a #n+ p. (2.14)

The Laplacian Ah; of the second fundamental form h; is defined by
Ah? = %hﬁk . By a simple calculation we have (cf. [1])

LAs= S (hg ) +3 () ane
ijor

2 ka7



48 Sun HUAFEI

B
= S(hg)? + Zhihi, + 3 hihi Ry, + X hThi Ry, + X hihy R,
ijka ijkla ijklo ijkaf

i ik

jka
= '_j%z(h,ﬁ Y2 +nHAH +n(C + H*)S —n?H?>C - aZﬁ(trHaHp)z
+§,ﬂtr(HaHﬂ —HﬁHa)z. (2.15)

§3. Proofs of Theorems.

From [(I.T) and [2.14) we get Y trH h? =nAd;,H* = A and
a

[/
It = HS,. (3.1)

In order to prove our Theorems, we need the following which can be
proved by diagonalizing the matrix (srH;H;) and using the inequality tr
(HH; - H,H,)* 2 -2trH trH] ([1]), and Lemma 2.

LEMMA 1 [2]. Let H,(i=22) be symmetric (n X n)-matrices, S, = trH,.2 and
S=2S,. Then
3 .

Str(HH,-H,H,)* - ¥ (ir H,H,)’ 2—55- (3.2)

ij ij
and the equality holds if and only if all H, =0 or there exist two of H, different
Jrom zero. Moreover, if H, #0,H, #0,H, =0(i#1,2), then S, =S, and there
exists an orthogonal (nXxn)-matrix T such that

LEMMA 2. When p>2,,

3 5
Str(H,Hy -HzH,)* =3, (tr HyHy)' 2 —=5° +3nH’S—>n*H'
af ap 2 2

PROOF. Using [(2.14) and |(3.1), when p > 2, we have

Ztr(lfal'll3 _HﬁHa )2 — 2,(tr‘1'lml'1ﬂ)2
aoff ap

= ¥ tr(HHy,-HzH, - 3 (trH,Hy)* - (trHZ, ,)? (3.3)

af#n+p af#n+p

Applying Lemma ] to (3.3) we have



Pseudo-umbilical Submanifolds 49

S ir(H, Hy ~HyH, ) ~ 3, (rH,Hy)* > —-g-( S1rH2 ) — (trH, )

n+p
off a#n+p

=—2(S—trH2,, ) = (Y, )’

n+p n+p
=—%(S——nH2)2——n2H4

=_§ 2 20_ 3 2py4

25 +3nH*S 2n H*.

This completes the proof of Lemma 2.

Using we can get
S(hE ) 2 T (k") =nZ (V. H). (3.4)
ik i

ijkat

It is obvious that

%AHz = HAH + 3. (V,H)*. (3.5)

Therefore, using Lemma 1, (3.4) and when p > 1 by (2.15) we have
%ASZ Y (h%)? +nHAH + n(C + HZ)S—nZHZC——g—SZ

ik
ke 7

2n3 (V) +nHAH +n(C + HZ)S—%SZ -n’*H*C

%nAHz +n(C+H2)S—§SZ -n*H*C (3.6)

Since M is compact, form we have

[, [n(C+H*)S - %52 —-n*H’CldV <0.

On the other hand, from the first inequality of [(3.6), we know that if

nHAH+n(c+H2)S—3s2n2H2czo (3.7)
" 2
and M is compact, then the second fundamental form hg’ is parallel and § is
constant. In particular, if the equality of holds and C = 1, then we see that
the equality of holds. So by Lemma 1 implies that all H, =0 (i.e. M is
totally geodesic) or there exist two of H, different from zero. In this case, by
Lemma 1 we may therefore assume that

1 0 i 0 1%

enssssusscenveaSennesusnane: arsassessessaneguusesnsnens
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Hence we have

trH, ., =trH,, = 0. (3.8)

Using we find that Y #rH,h? =0 and H = 0 identically. So by the

equality of |(3.7) implies that M is totally geodesic or n = 2 and M is a veronese
surface of S*(1).

On the other hand, when p > 2 using Lemma 2, (3.4) and from (2.15)

we get
L AS > S (h® )2 + nHAH + n(C+ 1712)5-;121t12c—-g-s2 +3nH25—-§-n2H4

2 ijka ik
z%nAHZ+n(C+4H2)s-%Sz—n2HZC—§n2H“ (3.9)

Thus, when M is compact by we obtain

f,, [n(C+ 4H?)S - 35% - nszc—%nzH“}dV <0.

From the first inequality of [3.9), we see that if

nHAH+n(C+4H2)S—§S2 —n2H2C——§—n2H4 >0. (3.10)

then the second fundamental form h; is parallel and S is constant. In particular,
for p > 2 when the equality of [3.10) holds and C = 1, by we find that
the equality of [3.2) holds and M is totally geodesic. This completes the proofs of
Theorems.

I would like to thank Prof. Hisao Nakagawa for his advice and
encouragement.
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