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FUNCTION SPACES WHICH ARE STRATIFIABLE"

By

Bao-Lin Guo

Abstract. Let X be a compact metric space and Y a stratifiable
space. By C(X, Y), we denote the space of continuous maps from
X to Y with the compact-open topology. In general, C(X, V) is
not stratifiable. In this paper, we show that C(X, V) is stratifiable
if Y satisfies the condition given by Mizokami [Mi]. And we con-
struct a stratifiable space Y such that C(X, Y) is not stratifiable
even if X is countable and compact.

1. Introduction.

Let X and Y be topological spaces. By (X)), RX) and O(X), we denote
the families of all nonempty finite subsets, all compact subsets and all open
subsets of X, respectively. By C(X, Y), we denote the space of all continuous
maps of X to ¥ admitting the compact-open topology, whose open base is

{M(KI’ Y Kﬂ; Uly Tty Un)lnENy

K.eQX), U, eY) for /=1, .-, n}
where
M(KI) Tty K‘n; Ul: Tt Un)

- {fEC(X’ Y)lf(KI)CUl for Z:]-’ Y n}

A regular space Y is stratifiable if it has a o-closure preserving (abbrev. ¢-CP)
quasi-base B (cf. [Bo,]), where 48 is a quasi-base for Y if for any y=Y and
each neighborhood U of y, there exists B # such that yeInt BcBcU. In
general, C(X, Y) is not stratifiable even if X is compact metric and Y is strati-
fiable. In fact, Borges [Bo.] constructed a stratifiable space ¥ such that C(I, Y)
is not normal, where I=[0, 1] is the unit interval.
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Similarly to C(X, Y), the hyperspace &) with the Vietoris topology is
not stratifiable even if Y is stratifiable (cf. [MK] and [Mi]). In [Mi], Miso-
kami gave a condition for ¥ such that K¥") is stratifible. In this paper, we
show that if Y satisfies this Mizokami’s condition then C(X, Y) is stratifiable
for any compact metric space X. Cauty [Ca,] proved that if Y is a CW-
complex then C(X,Y) is stratifiable for any compact space X. But any non-
metrizable CW-complex Y does not satisfy the Mizokami’s condition by [Mi,
Theorem 4.3] (or cf. [GS, Example 3.2]). Therefore our result is independent
from Cauty’s result.

By C,(X,Y), we denote the space of all continuous maps from XtoY
admitting the pointwise convergence topology, that is, C,(X, Y) is a subspace
of the product space Y*. Note that if Y is stratifiable then C,(X,Y) is strati-
fiable for a countable space X, since it can be embedded in the countable pro-
duct space Y of Y (cf. [Ce]). Thus it is natural to ask whether C(X,Y) is
stratifiable for a compact countable space X and a stratifiable space Y. How-
ever it can be seen in Section 3 that C(X, Y) is not stratifiable for a compact
countable space X and a stratifiable space Y which is constructed by Mizokami
in [Mi, Example 2.1].

2. Main Result.

For a family @ of subsets of Y and ACY, let 8|A={BNA|Be3}. We
say that @ is finite on compact sets (abbrev. CF)inY if @|K is finite for each
KefX). And 8 is ¢-CP-CF if it can be written as B=\J.eN B, such that
each @, is CP (closure-preserving) and CF in Y. In this section, we show the
following theorem.

THEOREM 2.1. Let X be a compact metric space and Y a stratifiable space
which has a a-CP-CF quasi-base consisting of closed sets. Then C(X,Y) has a
o-CP quasi-base, hence it is stratifiable.

To prove this theorem, we need some lemmas.

LEMMA 2.2. Let U be an open set in C(X,Y), f€U and B a quasi-base
for Y. Then there exist K,, ---, K,eRX) and B,, -+, B,& 3 such that

feM(K,, -, K,;Int By, ---, Int B,)
CM(KI’ ) Kn; Bly T Bn)CCL] ’

that is, the family
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{M<K1y Kn; ]31) R Bn)|7lEN,

K.€eQX), B,e® (=1, -, n)}
is a quast-base for C(X,Y).
PROOF. Since U is open in C(X, Y), we have K}, ---, K,e8X) and U,, ---,
U,ne900) such that
fEM(Kl’ Ty Km; Ul; Y Um)c:cl] .

For any /=1, ---, m and x=K,, since f(x)eU,, there is B¥= @ such that f(x)
€lnt B3 B*CU;, whence

xe f~(Int BHCH(BHCTSHUY) .

By compactness of K;, there are x}, ---, x?“ =K, such that

K. f(nt By )=s"'C\J Int By.,)
j=1 Jj=1

cfﬂ(’:Q’Bi,j)c:f-l(Ui) .

where BM:B%. Then K,; has a closed cover {K, ;7P such that K; ;C
f~'(Int B, ;). Note that K, ;=8(X). It is clear that
feEMK;y, -, Kina; Int By g, -+, Int By ny)
CM(K;,, -, Ki nay; Biy, o, Binwy)TMK;, Us)

Therefore we have
feﬁ MK, Kinw;Int Bey, -, Int B neiy)
CAMEKes, -, Kinws Bus, -, Buncw)
CMK,, K3 Uy, -, Un)CU. [

LEMMA 2.3. Let B be a CP (resp. CF) family of closed sets in X. Then
Br*={NA|AEF B)} is also CP (resp. CF).

PrROOF. The CF case is obvious. To see the CP case, let €CFHB). We

prove that
U (NA)=U (NA).
Ae€ AeC

To this end, let x&\Uuecs (NA). For each A=€, since x& N, we can choose
B4 such that x&B ;. Since {BylAe@}lC ® and 8 is CP, we have
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UnA)cc\UBu=UBu.

et Ae¢ Aec
Since x&\Uues Bu, xEUuey (NA). Therefore it follows that

U (NA)="U (NA) . a
AeC AeC

REMARK. In the CP case of the above lemma, it is necessary to assume
that members of # are closed in X. In fact, let

X:{O}u{{%}lneN} and B={BCX||B|=1}.
Note that X\ {0} = &, but it is not closed in X. For any 0+ 3,C 8, we have
UE: {O} UUusB,2=U3,,

that is, @ is CP. On the other hand, {{l/n}|neN}C 8* and

{{aHreN e ul{s)

whence #* is not CP.
The following lemma is easy.

neN},

LEMMA 2.4. If A and B are CP (resp. CF) families, then A\JB is also
CP (resp. CF). 0

PROOF OF THEOREM 2.1. Let ® be a ¢-CP-CF quasi-base for Y consisting
of closed sets. By [Lemma 2.4, we can write B=\Js,eny B., Where 8,C B,C -
are CP and CF. Using the compactness, X has a sequence {C,}7-, of finite
closed covers of X such that mesh C,—0 if n—oco. For each m, neN and
(Cy, -+, Cr)E(C)™, we define

J?cl,...,cm):{M(Cn o, Cp; By, -+, BR)IBi€ 8, i=1, -+, m}.
We shall show that

A=U U U A{Al,wmcm!(Cy, o, Cr)E(C)™}

neN meN

is a quasi-base for C(X, Y) and that each Jf, ..c,, is CP. Then A is ¢-CP
quasi-base since each (C,)™ is finite.

First to prove that A is a quasi-base for C(X, V), let U be open in C(X,Y)
and fevU. By there are K,, ---, K,€8X) and B,, ---, B;€ 3 such
that
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feMK, -, K;;Int B, -+, Int B))

cCMK, -, K;; By, -, BH)CU .
Let
»=min {dist (K;, X\f~'(Int B,))|7=1, ---, [} >0,

where dist (4, 0)=diam X. Since mesh ¢,—0 (n—o) and $,C B,C --- we can
choose n&N such that mesh ¢,<% and B, ---, B $,. For each i=1, -, [,
write

{Celal CNK#0} ={Cyiy, -, Cinyt.

Then K,C\U7 C,, ;C f*(Int B;), whence

mq

fEM(Ci,l, Ty, Ci,mi; Int Bi, Tty Int Bz)

myg

CM(C,,, -, Cim,; By, -, B)CM(K,, By).

Hence we have

mq

fe \M(Cyy, -, Cim,; Int By, -, Int By)
i=1

mig

l
CInth(Ci,h T, Ci,mi; Bi; T, Bl)
i=1

4
C mM(Ci,ly T, Ci,m,;; Bi} Y B‘L)
i=1

CM(KD T Kl;Bly T BZ)CCL] .
Let m=2>}i., m; and

(Cl, Ty, CTTL):(CI,I) tty, Cl,ml, Y Cl.l; Tty Cl,ml)e(cn)m .

Then
. PN
[\M(Ci,ly ) Ci,mi; Bi; ) Bl>
my my
——t—

=M(C,, -, cm;m ., By, -+, B)
EAle, o TA .
Next to show that each Af,... ¢, is CP, let 8'C(48,)™ and
A'={M(Cy, -+, Cn; By, -+, Bp)|(By, -+, Bp)E B’}
C ALy Cm) -

To prove that UA'=UA, let gelCX, Y)\UA'. For each k=1, ---, m, let
pr:(Br)™— B, be the projection defined by p.(B,, ---, B,,)=B, and

B'(R)={Bep:(B")|g(C)EB}C B, .
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In case ®'(k)=0, let M,=C(X,Y). In case #'(k)+#0, we can write

B (R g(C)=1{Gr.1, ) Gromyts
because B, is CF. Note that g(Ci)\G.;#0 for each i=1, ---, m,. We can
choose points Xy, -+, ¥&,m,ECs such that g(xs, )E(Ci)NGy. 1. Then

Ve i=YNU{BE B,|g(xs, )& B}
is an open neighborhood of g(x:, ;) in Y because #, is CP. Let
MkZM({xk.l}y ) {xk.mk} ;Vk,ly Tty Vk.mk)-

Then M(g)=N}“, M, is an open neighbornood of g in C(X, Y). And moreover
M@N(JA)=0. In fact, for any (B,, ---, Br)e 8/,

gEMCy, -+, Cu; By, -+, Bu),

whence g(C,)¢ By, i.e., By ®’(k) for some k<m. Then ByN\g(C,)=Gy.; for
some <m,;, which implies that

g(x4. )EV e, NECONBY).
By the definition of V. ,, we have V,, ;N\B,=0. Hence
M@NM(C,, -+, Cu; By, -+, Ba)=0.
Thus g&¢UA. O
REMARKS. In the above proof,
M={M(C,, -, Cpn; By, -+, Ba)|neN,
C.eX), B, for =1, .-, n}

is a quasi-base for C(X,Y) by [Lemma 2.2. Since B=\Uir; B, H=Ui=1 HMs,
where

HMp={M(C,, -+, Cpn: By, -, By)|C.€8X), B, ®, and neN}.
Although one might expect that each #, is CP, this is not true. In fact, let

={0}U{l/nlneN} and Y=[0, 1]. We inductively define families 3, of
closed sets in Y as follows: 8,={[0, 1/2], [1/2, 1]} and

"B"zg’”'lu{[;:ull’ n+l]’ i=1, o, 1}

for each n>1. Clearly 8,C4,C --- are CP and CF in Y and 8=seN B, I8
a quasi-base of Y. To see that H, is not CP in C(X,Y), let

a={m({3}. [k—i—l k+1])|"€N (G
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and define feC(X, V) by

L (1—x) for each x=X.

f(x)= k41

It is easy to see that f&\UMi=\UM;. We show that f\UM,. To this end,
let U=}, M(C,, U;) be any basic open neighborhood of f in C(X, Y), where
C;efX) and U, ). In the case 0&\Ji, C;, there exist NN such that
1/me&\Jio, C; for each m=N. Then we have

M(lon} Lesrr e ))ou=o.

whence (\JM:)N\U+=0. In the case 0C; for some j<I/, 1/(k+1)=f(0)eU;. Let
U=N{U;10€C;, j=1, -, I} (+0). |

Since U is open in Y and 1/(k+1)eU, we can choose some meN such that

1 1 1 1 2 ]
Ledt o eyt Ta)CU and [0 ]nc=0 it ozce.

We define g C(X, V) by

1 . 1

B4 it r=l
1 2 . 1 2
— ) . = —l < —
g(x)= 5 1(1—{— 2x> if —<x<—,

2

3 >

f(x) if x=

Then geM({1/m}, [(1/(k+1), 2/(k+1D1NU, whence (\JM)NN#D.

In fact, if C;N\[0, 2/m]=0 then g(C,)=f(C)H)cCU,. If C;N\[0, 2/m]+0, we
have 0 C,;, whence UcU,;. Then

go=g(cno. Z])ug(cafo 2])

P e S L)
cU;.

Therefore f<\UM;, that is, M, is not CP in C(X, Y).

By S, we denote the class of stratifiable spaces. It is known that a strati-
fiable space is an ANR(S) iff it is an ANE(S). In [Theorem 2.1, if Y is an
ANR(S) then C(X, Y) is an ANE(S), hence an ANR(S). In fact, let A be a
closed set in a stratifiable space Z and ¢=C(A, C(X, V)). We define g: AXX
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-~} by &(a, x)=¢(a)(x). By the compactness of X, we have ¢ is continuous.
Since YV is an ANE(S) and ZX X is stratifiable, there exists a neighborhood W
of AXX in ZxX and #d=C(W, V) such that | AxX=¢. Since X is compact,
A have a neighborhood U in Y such that AXXCUXXcCW. We define @:U—
CX,Y) by

D) (x)=B(z, x) (x€X)
for each zeU. Then ¢ is an extension of ¢ on U. Thus we have the fol-

lowing result.

COROLLARY 2.5. Let X be a compact metric space and ¥ an ANR(S) which
has a 6-CP-CF quasi-base consisting of closed sets. Then C(X,Y) is an ANR(S).

In [Theorem 2.1, it is a problem whether metrizability of X is necessary or
not, that is,

PROBLEM 2.6. Is true for a non-metrizable compact space X ?

3. A Counterexample. '

In this section, we show that C(X,Y) is not stratifiable for X= {0}
{1/n|neN} and the stratifiable space Y which is constructed by Mizokami in
[Mi, Example 2.1] (indeed, Y is a countable Lasnev space). First we show the

following :

LEMMA 3.1. Let X be compac, y,<Y and A a neighborhood base of y, in
Y. Then {M(X, A)|AcA} is a neighborhood base of the constant map f, with
So(X)={ys} in C(X, V).

- ProoF. For each neighborhood 7 of f, in C(X,Y), there exist C,, ---, C,
efX) and U,, -+, U,=80(Y) such that
fOEM(Cli Ty Cn ; Uly T UTL)CSZ .

Since each U; is an open neighborhood of y, in Y, there is A= such that
ACNEk, U;, whence

fOEM(Xy A)CM(CI; Ty Cn;Uly Ty Un)cm . D

EXAMPLE 3.2. Let X={0}U{l/nineN}CR be the space of a convergent
sequence. There exists a countable La$nev space Y such that C(X,Y) is not

strati fiable.
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Proor. Let Y be the space of [Mi, Example 2.17, namely Y =Y'/A, where
- 1 1
Y/:UQ/\(O, DN ne N}]x[{O}u{ﬂneNH

is a subspace of R? and A={(x, 0)|(x, 0)&Y’}. Let p:Y’—Y be the quotient
map and y,=p(A)eY. We shall show that C(X, Y) is not stratifiable. For

each 2<=N, let
V=t X0 D)

and [\V[k:Uizk N;. For simplicity, we write N=N,. Note that yo&N and N
has the weak topology with respect to {N;}.en. For each (y, -, y,)EN",
we define f,, .., ECX, N) by

. 1.1
Vi if x===—,
f(yl,--~.yn)<x): Z n
Yo otherwise.
In case y,= -+ =y,=%0, f(yq-. 0y, iS the constant map, which is simply denoted
by fo.

To see that C(X, Y) is not stratifiable, it suffices to show that C(X, N) is
not stratifiable. On the contrary, assume that C(X, N) is stratifiable. Then
fo has a CP neighborhood base B consisting of closed sets in C(X, N) (see [Ce,
Lemma 7.3]). For each B*=®3, we define a subset O(B*) of N by

OB*)=U{f(X]y,ef(X)EFN) and f<Int B*}.

Then we have
LEMMA 3.3. O(B)={0(B*)|B*&®B} 1s a neighborhood base of vy, in N.

PROOF. For each neighborhood V of y, in N, there exists B*<® such that
B*cM(X, V), whence O(B¥)C\U{f(X)|f<Int B¥}CV.

Next we show that O(B*) is a neighborhood of y, in N for each B*<5.
Since each B* is a neighborhood of f, in C(X, N), there are C,, ---, C,&8X)
and U,, ---, U,9O(N) such that

fo&€M(Cy, -+, Cp; Uy, -+, U)Clnt B* .

Since each U; is a neighborhood of v, in N, U=N},U; is a neighborhood of
Yo in N. Observe that for each yeU,

fyeMX, UycM(C,, -+, Cyp; Uy, -+, Up)CInt B*.

Then it follows that U=\ ey f,(X)CO(B*). Thus O(B*)is a neighborhood of
¥y, in Y. -
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Next, for each (y,, -+, y,)EN", we define

By, -, ¥ya)={B*€B|fy,...ypEInt B* for each i=1, .-+, n}.

LEMMA 3.4. For any neighborhood V of 7y, in N,

B={BWIyEV ™ {¥o}}.
And for any (y,, -, y.)EN?" and any neighborhood V, of y, in N,

%(yly Ty yn):U{%(yly ty Yay y)‘yevk\{i)’o}}-

PROOF. Because of similarity, we show only the second statement. From
the definition of B(y,, -+, ¥a, ¥),

B, ) Yoo MIYEV {2} TB(4, -+, V)

Conversely let B*€8B(yy, -, ¥a). Since f,...y»EInt B*, we have C,, -+, C;
eR(X) and U,, -, U,&O(N) such that

f(yl,..._yn)EM(Cly Ty Cl s Ul, T, UL)CInt B*.

Then O,=V.N\N{U,|y,€U,} is an open neighborhood of y, in N,. For y'e
O {Yo} TV N {¥o}, B*€B(¥o, -+, ¥, ¥’). In fact, if 1/(n+1)&C; then

fapmyny (CO=F g yp(COCUy.
If 1/(n+1)eC; then y,&f(y,...y »(C:)CU;, which O,CU;. Hence
Favpmny(COTSf oy (COI Ay} CUNOCU,
Therefore f(y,....y,.yH»EM(Cy, -, Ci; Uy, -+, U)Clnt B*. O

LEMMA 3.5. There exist 1=ko<k,< --- &N, open neighborhoods N=W,D
WD of yo in N, y,&€Wo_ ~\Wo)N\Ny,_, and BEEBa .=B(yy, -+, yn-1) where
B,=B such that

(1. O@B,)| Nk is a neighborhood base of v, in N, for each k=k,,

@)n fa=fypomyp EMa(Wr) and M,(W,)N\B%=0, where

Mo =M( (1, {5, o, )M -, 2 W)

PrROOF. Note that k2,=1 and O(B,)=0(B) satisfy (1), by Lemma 3.3. Sup-
posing that {ko, -+, kn s}, {(Wo, -+, Wasi}, {31, -+, ¥au} and {B¥, -+, B¥_,}
have been obtained, we find &2,, W,, v, and B%.

First assume that no yeW,.i.N\N,_)N{yo} and no 2>k, satisfy (1),
that is, for each y&W,_,\Nx,_ )N{vo}, OBy, -, ¥as, )| Nu is not a
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neighborhood base of 1y, in N, for infinitely many m>k,_,. Since W,_;N
Ni,_)N{ve} is countable, we can write

W aNNg - N {yob = {z:[iENHTN),

where z;#z; if i#j. Then we can inductively choose Fk,_,<m,<m,< --- and
neighborhoods V., of y, in ﬁmi such that

OBYNNp, &V, for each B¥*€B(yy, =, Yu-1, 20)-

Without loss of generality, we can assume ﬁkn_lemoDVmXDm and define
V=U% (Va,\Nn,). Then V is a neighborhood of y, in Ny, .. By (Das,
O(B*)ﬂﬁkn_ICV for some B*=3B,_,, whence

OBYNNp,CVANn,=Vn, for each ieN
On the other hand,

%n—l‘:%(yl) ety yn—l): U %(yl; Tty yn—l, Zl)
ieN

by Lemma 3.4, whence B*=®8(v,, -+, Yn_1, 2:) for some ;&N. This is a con-
tradiction. Therefore we have k,=N and y,e(W,..N\N,,_)N{y.} satisfying
(Da.

Note that (W,_.iN\N,_)~{y.} is a neighborhood of yo in Ni,_,. By (Da-y,
we have B¥e®B,_, such that O(BHNN,, _,CW, 1NNk, )N{y.}. Hence f=
[y EB%. Since By is closed in C(X, N), there exist C,, ---, C,eRX)
and U,, ---, U;=O(N) such that

anM(Cly Tty Cl ; Ul) ) Ul)CC(X, 'IV)\B;III< .
Let
Wa=W o s (MUl 30 €U Ny} CWass

Then W, is an open neighborhood of y, in N, y,e(W, . \W,)"\N,,_, and f&
M,(W,). To see that M,(W,)"\B%=0, it suffices to show that

Mn(Wn>CM(C1, Ty Cl ; Ul,v Tttty Ul)'

Let geM,(W,). If C,c{l, ---, 1/n} then g(C)=f(CpcU,. If C\{1, ---, 1/n}
+@ then

s (et - 2
CcW,.uf.(CHcU,,

because y,< f.(C,)cU,;. Thus W, and B¥ satisfy (2),. O

To complete the proof of Example 3.2, let {£,|n=N}, {y.lneN}, {(W,nesN}
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and {B*|n&N} be obtained in Lemma 3.5, We define feC(X, Y) by

. 1

Va if x=—,
f<x>={ L

Yo if x=0.
Then f,=f, ..y, converges to f in C(X, N) if n—co. In fact, let U*=
M, -, C,;:U,, ---,U,) be a basic neighborhood of f in C(X, N), where
C.eRX) and U,=O(N). Without loss of generality, we can assume C,={1}.
And let

n,=max {nl%EU{CiIO$Ci}}~

For each n=n,, f.(C)=f(CyHcU,; if 0&C; and f,.(CyHCf(CyHcU; if 0eC,,
whence f,eU*.

Since feM,(W,) by the definition, f& B¥=cl B¥ for each n=N, whence
fe&Ecl (\J{B¥IneN}) because B is CP. Then f has a neighborhood V* in
C(X, N) such that V*N\B¥=0 for each n&N. Choose meN so that f, &V*.
Then Bf ,,€B:,=B(v,, -, Y&,) From the definition of B(y, -, yi,), it
follows that

fkm:f(yl,---,ym)EInt B;ekm+1CB;ekm+l .

Hence f.,V*N\B¥, ... This is a contradiction. The proof is completed. ]
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