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LOGARITHMIC UNIFORM DISTRIBUTION OF
(an+p log n)

By
R. F. TICHY and G. TURNWALD

1. Introduction

A sequence w=(x,),~; of real numbers is said to be uniformly distributed modulo 1 if
the proportion of indices # <N such that the fractional parts {x,} are contained in an inter-
val I€[0, 1) is asymptotically equal to the length of I. Put x(x; »)=1 for {y} <x and
x(; ¥)=0 otherwise; then w is uniformly distributed if and only if '

(1) },1_1;: %g}l x(x; x,)=x for 0<x<1.
It is well known (cf. the monographs [1] and [3]) that (1) is equivalent to
lim Dy (w)=0,
where
. 1 ¥
Dy (w)= sup. |ﬁ §=]1 x(%; xn)—x|

denotes the discrepancy of the sequence w. The systematic study of uniformly distributed
sequences was initiated by H. Weyl [9] Well known examples of uniformly distributed se-
quences are (am) with irrational o and (v%); (log#) is known not to be uniformly
distributed, but Tsuji [8] proved that

@ lim —

N—o

N

le(x; %)=x (0<x<1)
N1,an
25

n=1

for x,=log n. A sequence w=(x,) with this property is said to be uniformly distributed
with respect to the logarithmic mean. This is equivalent to
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where

N1
> ;x(x, X)) —%

D~(w)=0igg v 1 &
Z;

denotes the logarithmic discrepancy of w (cf. ). In a recent article E. Hlawka in-
vestigated the sequence (an + 8 log #) (8+0) with respect to the logarithmic mean. He pro-
ved upper bounds for exponential sums from which (by the inequality of Erdés-Turan) we
may conclude Dy(an+ 8 log n)<c(8)/ vlog N. In [7] the first author proved a theorem that
gives upper bounds for the discrepancy with respect to general weights and remarked that
these estimates in fact give Dy(an + 8 log n)<c(8)/log N. Unfortunately the hypotheses of
the theorem are not satisfied and it remains an open problem to prove this estimate (which
essentially would be best possible; cf. [5]). In the next section we prove Dy(an+f log n)
<c(a, B)/log N provided « is rational or of finite approximation type. In §3 we obtain
Dy(an+ g log n)<c,(B) (log log N)?/log N by means of estimates for the exponential sums

N 1 .
Z ; 2mh(an+ﬂlogn) (h_—:l, 2’ . .)’

which are accomplished by a generalization of van der Corput’s method.

Notations. As usual [¢] denotes the largest integer <t and the fractional part is given by (¢}
=¢—[t); furthermore we put y(¢)= {t} —3and ||{| =min ({z}, 1— {¢}). In §2 we make use of
the notations |¢| =maximal integer <t and [¢{] =minimal integer >¢. It is easy to see
that [¢] = |t] +1and [¢t] =—[—-1].

2. Elementary Estimates

We try to establish an upper bound ¢/log N for Dy(w), where w=(an+ 8 log n);=;.
Given >0 we will prove that we may choose an absolute constant c=c(8) valid for a large

class of a's.

THEOREM 2.1. Assume that 0< {a} <co/log N (co a given positive constant). Then

co+2+B8+1/p+elf
log N

PROOF. Let f(#)= {a}u+Blog u— {a}. Then f(#) >0 and uf (u)= {a} u+ B is increas-
ing.
Let % be the largest integer such that [f~!(%¥)] <N. Then we have for 0<x<1:

Z L wrom=3 > Lwrans 3 Zxmro.

7=0 [f-14)] <n< [F3i+D] B [f-1k)] <n<N
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The second sum can be estimated in the following way:

1 N—f—l(k)+1 N f_l(k+1)
—x(x; f(n)< — < — < -
i w YTV TS S H S T w
=e(IOKf_l(’H'1)_108f'1(k))=e1/(f"(fh)f'(f'1(€k))

=el/((ulf'1(€k)+ﬂ)§el/ﬁ’

where k<§&,<k+1.
Since (for positive reals A <B)

1 B 0
—=log=+— (with |8|<1),
A<23n<B n A A
we obtain
1 1
Sj= > — x(x; f(n))= > —
[F1GN << [fWG+1) P FA<n<sWj+z) P

= -1 5 — -1 s 6; <
log f~Y(j+x)—log f (])+f_1(].) (16;1<1).

Hence, by the mean value theorem,
f(N)

k-1 _ .lz—l 1 du )
2 S5=* BT TEN <1+ § )

for some ¢, ; with j<¢, ;<j+1. Since

k-1 1 <k—1 1
R TENTTEN RGO
SN N
1 du 1 dt 1
< <+ Z==+10gN,
SFo § f‘l(u)f'(f‘l(u))<ﬁ+§ A A
k-1 1 k—1 1
2—1"—1_>' 1 17
BTN @) AT GHDF G +1)
k+1
-1 ¢ 1 1 du
SFOt RGO rmt § FF )
b))
1 du 1
Tt § FwrG w5
and
f(N) N N N
du__Trwa_  ta, Tt
0< OS f‘l(u)-s = (o) 5 t+ﬂ§t2<{a} log N+B<co+5,

we obtain
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k-1 N 1 )
|ZS; §—|<1+co+ﬁ+ +x|2——logN|<2+co+ﬁ+z.

Hence

Co+2+p+1/p+e'*
N 1 ’

-1 n

Dn(w)<2Dn(f(n))<2-

thus proving the theorem.

REMARK 1. The above arguments essentially reproduce the proof of Satz 3 in [7].
(We want to note that in the estimate for Dy (P, x,) the integral should be replaced by
Vo' (w)f () du.)

REMARK 2. By Theorem 2.1. we have

3+B+1/p+eV?
log N ’

Dy (%+ﬁlogn;n=1, ---,N) <2-
since log N/N<1/e<1=c,.

In order to prove that Dy(w)<c(8)/log N uniformly for all « it would suffice to prove
this for all rational o’s. This follows immediately from

| Dy(w)—Dn(w’) <e

where w=(x,), o =(x,) such that |x,—x, | <& (special case of [56], Satz 6). Unfortunately we
did not succeed in establishing the existence of such a bound ¢(8) and we must content
ourselves with

THEOREM 2.2. Let a=p/q (0<p<gq; p, q integers) and B>0. Then for w=(x,)=
((p/@)n+ B log n)
N 1 N 1 e2/8
Lé;x(x; %)= §;| K(ﬂ)-—-E+2+3 g (0<x<1)

and

1+K(B)+loggq
log N )

DN(Q))é

PROOF. Put b=e#>1 and let /, k be the largest integers such that b'<gq, b*<N,
respectively. Then

E x(x )=— D, —x(x xn)+Z >, lJc(x;xn)+ > lJc(x;xn)

n= blcn<g M j=1 bi<n<dinn N bt<n<N N

=—I+II+III.
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We have for the first and the third term
1 1
IS > —<logb+1, I >, —<logh+1.
bl<n<bitl B pr<n<pt+l N

For the remaining term we proceed as follows:

X (x; —;2+log,, (mgq +r)>

k—1g-1
II=> >;

j=1 r=0 bi<mg+r<bi+l mq+r

=k§ Z ( Z mq1+r+ Z mq1+r>

1P .
= {%’2} <x  bi<mg+r<bi-f+s bi+1-fol <mg+r<pin

0sr<g
5> > L
+
=l {%} 2x bf”‘l!qg]<mq+r<bi+”"['*:] mq+r
0sr<q
k-1 .+ 0, k-1 1 o,
=> (llog b"+0’b—je’> +> 3 (—log b"+-[;’—j>
M e
0sr<q 0s7r<gq
36’ 36"b?
= (kI log b+— 3. =x(l0g N—log ¢)+0" log b+> ",
1._..._
b

where all ’s are non specified numbers. with |8| <1. Combining the estimates for I, IT and
III we obtain

N 1 ) 3b?
Z;x(x;x,,)=x(logN—logq)+0 2logb+1+b__1

n=q

2

N
=z, %+0 <2 log b+2+ 3b

2) asi<w.

n=q

To prove the second part of the theorem we note that

N 1 N 1 -1 1 -1 1 N 1 N 1
— gl n)=x 3 —|<| D - aEma) -z 3 |+ | X S awmm)-x X =
g}lnx(x,x) xzjlnl g}lnx(xx) x§n| Iglqnx(xx) x§n|

2

b—-1

<l+logg+2logb+2+

(for N=>q,whereas the result is trivial for N<gq).

REMARK 1. Taking ¢o= {a} log ¢ in the last line of the proof of Theorem 2.1. we have

i %Dq(w)<2 ( {a} log q+2+ﬁ+-};+e1/ﬂ) _
n=1
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Hence, instead of taking the trivial bound 1+log ¢, we may write
i1 a1 L
IZ;x(x;xn) Z—l Z D(w)<1+2 {a} logq+2+,8+E+e 8],
n=1 n=1

This gives Dy(w)<2({c} log g+(3+p+1/8+K(B)+e'#))/log N . As a special case
we obtain a uniform bound for all a=p/q with 0<p/q<1/logq .

REMARK 2. Since

25 (x(x; 1) =)

Lé%x(x; Xn)— | g} l|= |§]1%(x(x; x,,)—x)l |N

N-1 1 1 ” <N—l 1 D* 1
+ 2= s %)—=%(< ), ——=D, ,
,len+1 'n,;ﬂx’x’) xl Z:n+1 (@)+

n=1

we have

M Dulw) <~ <Nz —Di@+1),

where D, denotes the usual discrepancy with respect to the arithmetic mean. In the follow-
ing let a be an irrational number of finite approximation type 7>>1, i.e. for all £ >0 there is
a constant c(«, €) such that

c(a, €)
llge|| = Pz

for all integers g=>1. For such «’s rather good estimates of Dy(an) are known. In order to
utilize these we relate Dy(w) to Dy(an). For every positive integer £ we have

N
< | Z e2mhom
n=1

N
| Z e2mham 2nshp log n

n=1

N
I Z eZm'h(am +8 log n)

N-1 ”
+ >] 2nhp(log (n+1)—log n) l 37 g 2nibai
n=1 =

1
< 1+2nph log N),
2T (L T 27BR 108 N)
. 1 1
: 2ntha < < .
since | 2, € Isin nhal|  2lhall

Now we use the inequality of Erdés and Turan (cf. [3], p. 112) together with the estimates

mo ] m 1
< ’ , mﬂ+8, ______gc” , ,mn—1+e
2 e <€ ) 2 il <€ @ @

(cf. [3] p. 123) to obtain
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D (w)<c <.1_.|. i l|l i @ 2milan+4 log n) )
m =1 h Nn=1

1 122 1 log N », nf )
._+_

m N2t N 2 Thal
1 pnlte logNm,,ﬂ).

<cl(ay &, ﬂ)(%"‘ N + N

<Co (

Choosing m=[N ’r%l] we obtain for every ¢>0: Dy(w)<cy(a, &, B)N —'1%1“2. Inserting this in
(1) yields

C3(a, ﬂ)

) Dy(w)< log N

provided that « is of finite approximation type.
The argument used in the proof of Theorem 2.1. may be refined to give the following
result:

THEOREM 2.3. Assume f to be a twice continuously differentiable (real-valued) function
defined on [1, o) such that

F1)=0,0<c< fW<ci, |f" @)l <% w>1).

Then for 0<x<1
Y1 &L U (—f G+ - (=G
Z; — X0 f)=x ;:1: —+ j§=0: =T +0(),

where the O—constant only depends on ¢, ¢y, c;.
PROOF. Let & be the largest integer such that [f~!(k)] <N. Then

N 1 k-1 1 1
Z};x(x;f(n))=2 > ;x(x;f(n))+ >, ;x(x;f(n))-

7=0 [f71)] <A< [f1G+1 [f k)] <Sn<N

The second sum can be estimated in the following way:

1 N—f~Yk)+1 f~Wk+1)—fUWk)+1
—_— . <
rf-l()%:qu n x5 f0) f~Uk) < fU(R)
1 1 1

+1.

< <=
FRFG @ 710 6
Applying the formula

21 1 1
Z-—l——y+log m+%+0<ﬁ>

=1
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we obtain
1 1
— x(x; f(n))= >, —
[FGN <n< [fW+1 B [f-1G)] <n< Lf-WG+n)) P
1
=———-—+Ilo “1(j+x) | —1lo =1(4)
r7-3)7 Tleg Lf ] —log [f~1(/)]

1 _io(— 1)
21/7W+x)] 2[00 (-4
where the O-constants are absolute noes. We note, that the above formula is valid even if
Lf~Wj+x)] < [f~Us)] . Next we observe that

3) PRy 1( TG oW
Hence

N 1 k=1

> ;x(x;f(n))= > (og f~Y(j+x)—log £ ~1(j)

n=1 7=0

F L GHN] = TG+0)  [FTHG)] —F 1)
f71G) f=19)

using Taylor’s theorem, formula (3) and [¢] = | #] +1. The O-constants depend on ¢, ¢;,

) +0(1),

;. Since [t] —t=—[—t]—t={—t}, the result may be written as

U (=fF-1(; e f=1(s
E(logf i+n=logf XN+ 3, (=f <J+fx3}1(j){ £

+0(1).

By Taylor’s theorem,
log f~1(j+x)—log f ~1(j)

_, 1 W (_f‘l(é)f"(f‘1(4‘))+f'(f‘1(4‘)))
IO FF1G) FIH (f QP

(for some & with ;<< j+x).The absolute value of the last expression is bounded above by

FYHOL (- 1(¢))|+6‘1 eta _ ( 1 )
f

A (3 f Y(j Vet “1G)
Hence (applying (3)) we obtain by Euler’s summation formula
k-1

o . dt
3, (log £ ~X(j+x)—log f ~j)=x | + 0.
j=0

Y a0

The proof of the theorem is now completed by observing that
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k—1

dt N1
| = =log f~1(k—1)—log f-1(1)= 3 —+O(L).
1

WO (ofF 1) n=1 M
REMARK. The above theorem may be applied to the sequence w=(an+flog n)«,
B=0); we just have to consider f(u)=(1+ {a})u+Blog #u—(1+ {a}). The existence of a
bound Dy(w)<c’(8)/log N (uniformly in «) is equivalent to
I% {=f~Yj+x) = {=f"1())}
; f747)

<c(B) forall M,a and x.

3. Exponential Sums

In the following we give a refinement of [2], Satz 1 in the case of the logarithmic mean.

THEOREM 3.1. For reals a, B (B+0) and positive integers h we have

<cn ()

| Z il e2mh(om+ﬂ log #n)

and

N
Z % 2nih(an+ B log n) <10g h+1+20(ﬂ);

where A, B and N denote positive integers and C (B) is a constant depending continuously on .
PROOF. We begin by showing how to deduce the second formula form the first.

h 1
<%,

N1
2 . e2m’h(cm +48 log n)
n=h+1 ¥

N1
2 - 2mh(om+ﬁ log n)
a=1 N

Vi

<l+log h+C(B) <h+1 ~/—

) <1l+log h+2C(B).

For the main part of the proof we require the following lemma:

LEMMA 1. Let A<B be positive reals. Then for arbitrary reals o, B(f+0) we have
B
u
B
u

Sfor all positive integers h.

1 -y ;ﬂlg ) ( 1 ) 16
—_ nin(ou og %, < R
u® @<\ 51 ) Janlol

Ji) 32
VrlBl/) Avah|Bl

1 .
;_2 e2mh(au+ﬂ log “)du l < 1 +

Proof of the Lemma. We may restrict ourselves to the case 8>0; otherwise we may
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take the complex conjugate of the integral. If au+g+0 for all # with A<#<B then
B

B
l S 1 o Znih(os+ log u)dul — l g

Au A

(e 2nih(au+p log u))'

it g) 2l

By the second mean value theorem we obtain

B (a2niklau+p log wy’ I + '
H (e ) du|< ‘ S (cos 2nh(au+ B log u)) du|
au+p Pt au+p
N I‘S’ (sin 2nh(au+ B log u))'dul ¢ g L
P au+p =7 A<u<B |au+p|

Assume that #y=—8/a<A. Then for 0<e<1 we have

B 1+2A (1+8)B (1+e)B
I j _]; e2m'h(om+p log u)dul < s @_.}_ S .l e2m’h(au+ﬂ log u)dul + S %
a¥ a ¥ a¥ : 5 ¥
<2log (1 +s)+—4—
=408 nhef’
since
1 1 1

max < =—
(1+9A<u<(1+2)B |au+ﬁ|\ la(l+e)us+B| €B

Let us now assume that B<#%,. Then for 0<¢<1 we have

B A (1-¢)B B
l 5 1 o 2rih(au-+ log u)du|< S _d_u+ l S 1 o 2nih(at-+ log u)dul + S du
A u (1—e)A u (1-8A u (1+e)B u
1 4
<2log —+——
1—¢ nhep’
since
1 1 1

< =—,
(l—B)ArLII?%((I—E)B |+ 8| = la(1+e)uy+8l &f
Hence for arbitrary A, B, ¢ with 0<A<B, 0<e<1 we obtain

l‘f1 1+ 8

= a2nih(au+pBlog u) —_—
e du|<2lo + .
qu 1—¢ nhep

Choosing e=1/ Vnhp for h=4/np we obtain the upper bound 8(e+1/nhef)=16/ Vnhp,

since

1+e¢ 2 2¢e 1
—_—— — <__< <_'
log T log ( 1+1_€> e 4¢ for 0<e 2

For 1<h<4/np we choose &=1/2 and obtain the bound 8(1/2+2/nhp)
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<82/ vVrhp+2/n «/Z,B). Thus the first part of the Lemma is proved.
For the second integral let us start again with the case au+8+0 for all # with

A<u<B. Then, as above, we obtain

B
| S i e2mh(au+ﬂ log u)du <_ 24 —1—
4 u? 2nh < A% Tu(au+p)1’

since 1/u(au + B) consists of at most two monotone pieces.

If up=—pB/a<A, then for 0<e<1 we have
(1+e)A (1+¢)B (1+¢)B

B
I S iz e2m‘h(au+ﬂ log u)du | < S d_z:+ | S lz eZm’h(auﬂ? log u)dul + S %1;_
U [/4
A B

A u (1+eA

e 1 8 e 1 2 4
<— =< + ,
1+e A (1+e)Anhef 1+ B\(1+8)A(8 nhsﬂ)
since

1 1 1 1
ax <<
a+094 2% 1108 |u(au+8)| ~Qa +s)A |1+ e)uy+ B (1 +e)Aef’

Similarly, for B<wu, we obtain the bound 2/(1 —¢&)A (¢ +4/nhep). Hence for arbitrary A,
B, ¢ with 0<A<B, 0<e<1 we may take the upper bound 4/(1—&?A-(¢+4/nhep). For
h>8/nf we choose e=2/Vahf<1/v2 and obtain the upper bound 8/A -4/+/'nhp; choosing
e=1/v2 for h<8/np gives the bound 8/A-(1/v/2+4+2/nhp). Since (for 1<h<8/np)
1+ v/2/7B> VahB/A V2 + V2/nhB= v/nhB (1/V2+4 v2/nhp)/4, this yields the second in-
equality of the Lemma.

In the proof of the previous lemma we have shown the following estimates

LEMMA 2. If au+B+0 for 0<A<u<B then

We continue now with the proof of the theorem. By Euler’s summation formula

1

_1__ e2m’h(uu+ﬂ log u)du | <— max ———
nth A<u<B |au+p|

U

8 1
Anh A<u<B | ot +ﬂ|

e L B 1

l th(au+ﬂ log u)du I < —
u

B
i _1'. 2m'h(om+ﬂ log n)=__0_+ S l eZm’h(au+ﬂ log )7y,
n=A " A
B
1 1 ) .
+ S !//(u) (—_2+_ 2nih (a+£) ) eth(au+ﬂ log ¥y,
4 u: u u

for some complex number 6 with |8]| <1. We may assume that 1<« <2 and >0, since for
B<0 we may take the complex conjugate of the exponential sum and the sum remains un-
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changed if we replace « 8¢ a+# for integral 2. By Lemma 2

_4
nha+p8)’

B .

l S l e2nih(uu+ﬁ log u)du I <
P

The trivial estimate |y ()| <1/2 yields

B
v () 2nik(au+p log u) —}—
I S e € du| <2A )

Using the Fourier expansion of y (%) we obtain

B
S ( )gﬂ (a+£) e2m'h(au+ﬂlog u)du

A

B
S __E < - E_ ) eZm'mu eZm'h(au +8 log u)du
5 m# 0 m [/ u

mﬁ?h (Im=§ <%+%> ezﬂih((a+%)u+ﬁlogu)du>.

M1={m eZ:m<—<1+h( )) orm>—ha+1,m#=0},

Mi={mez: - (10 (wr2)

+B
A
) —ha+1}.
For

_ E)) _1_ 8
m< (1+h<a+A wehavea+h< 7 A<O

and (a+m/h)A+B<—A/h<0. Hence for these m
1 1

max .
A<u<B m
|(a+ ) u+,8| | ( Z)A+ﬂ‘
For m> —ha+1 (m+0) we have a+m/h>0 and

1 _ 1
Arg%B m - m )
‘ <a+—h->u+ﬂ| <a+z) A+p

1 < 4(a+2p8)

+%) A+ﬂ|\An|m+h (a+§>|

Thus Lemma 2 gives

Ll < (ﬁ’-+ 88

nh Anh)
IC

For m € M, we obtain

for m e M,.
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16 V2
| L, | < (1+ ) (x+2pB)
Jang \N g ) T
by Lemma 1. As card (M;)<3+#% B/A, we derive
4(ax+2
D thl |<2nh< D (a ,3; , +3-;Z;32/A 16;
m*0 "< 7 A|m+h <a+Z> | 1ml Ynht
)
X [1+———= | (x+2 ))
(14755 ) 26
1
=8(a22ﬁ) <h > ; +8(3+hjh/A)A7z (1_'_;[2?))
meMy Imllm+h <a+:4—> 1 o« Vhpn
Put u=h(a+pB/A), then
1 1 1 1
—— —_— +
mgz}u, Im||m+ul m>z,,:+1 MM —p)  o<m<ha—1 M(u—m) ,?;o m(m+u)
o 1 1
<2 _
Z=: (m+ﬂ) 0<m<ha—1 M{U—m)
We have u>1 (since s, «=1), and so
ol d 1 Wi l1+log u
—_— —<2
mzjl m(m+u) Z m(m+[u]) TulEm u
Since
1 =l < 1 +1><£\ Z l<21+logu’
o<m<ha—1 M=) U ocm<ha—1 \U—M M H o<m<u ™ u
we obtain
> 1 < 1+logu<61+log(h(a+,8))
Tl S a e
Hence
B 2nih |<8(a+2,3) <6h1+log(h(a+,3)+8(3+hﬂ/A)A7t <1+ V2 ))
m;go m A ha o hﬂﬂ \/ﬁ
and so
leZM'h(om+ﬂ log n) <l 4 i
—n nha+pB) 2A
8(c+28) ( 1+log (M(a+B)) , 8(3+hB/A)An ( V2 )) (ﬁ 1 )
+—— 2 (6n + 1+——=) ) <cC
A ha avhpr Vnp (B) \/—

where C(f) is a constant only depending on 8. Thus the proof of the theorem is complete.
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COROLLARY. For reals a, f(S+#0) we have

(log log N)?

Dy(an+plog n)<Ci(B) log N

PrROOF. We choose m=[log N]+1in the inequality of Erdés-Turan for the
logarithmic mean (cf. [4], Th. 1):

% l 2mhx
n

N 1 n=1
2

=1

st (+ 55|

A simple calculation yields the desired result.
Exponential sums for functions of a similar type as an + £ log # can be related to the ex-
ponential sums considered above by the following theorem.

THEOREM 3.2. Let p(n) be positive weights and let (x,), (a,) be sequences of real numbers
and assume that |a,,.1—a,| <c/n**°P(n) (with positive constants ¢ and ), where P(n)=
2h—1 D(R). Then we have for positive values h

N N
wivectod| oPOm)+ | 35 pl) €| 4200 3~ | o 2 p(k) e,
n=1 n=m+1 P(n)
where m=[h?°]+1.
PROOF. Since |e®—e™|<|u—v| we have
m N n . . s
2nih(xn+an) < Z p(n)+ Z < Z p(k) ethxﬁ) (e2mha-__e2mhan+1)
n=1 n=m+1 k=1
m N
— E p(k) e21rih.x1. eZniha.,.+1+ Z p(k) eZnihxk eZnihaN+1
k=1 k=1
<2 Z p(n)+ Z |Z p(k) ethxnlznhla” 2nih.x~|
n=m+1 k= n=1

2nc-n®?

m N ”n N
2nihxr E : 2nihxy
<2 ngl p(n)+n=§+l I;l p(k) © nl+6P(n)+ |n=l p(n) € ’

thus proving the theorem.
Assuming |a,+1—a,| <c p(n)/P(n) instead of |a,,1—a,|<c/n'*°P(n) we obtain (for
m=0)

Znhc N

2nihxy
<Py 2P )IP(n) ZpRe

p(n) ethzu )

Z p( )eth(x,.+a,.)

|P(N) + IP(N) 2
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Hence lim P(N)~ 1N, p(n) e =0 implies lim P(N)~ 1IN p(n) eZnibtntan =()
prov1ded that }gn P(N)=o. Thus Weyl’s cr1ter1on (cf. [1] p. 55) gives

THEOREM 3.3. Let p(n) be positive weights with hm 2N pm)=oo. If (x,) is uniformly
distributed with respect to the weights p(n) and if Ia,,+1 a,,l =(p(n)/ 2 %=1 p(k) then (x,+a,)
is also uniformly distributed with respect to p(n).

COROLLARY. For w=(an+ B log n+a,) with reals o, B (B#0) and |a,+1—a,| <c/n'**
(¢, J positive constants) we have

(log log N)?

Dy(w)<C(B, ¢, 9) log N

where Dy denotes the discrepancy with respect to the logarithmic mean. (C(B, ¢, ) may be
chosen to depend continuously on B.)

PrROOF. From Theorem 3.1. and Theorem 3.2. we easily deduce (for x,=an+ £ log n)

N
E % 2niklentan | < o (B, ¢, S)(log h+1).

As in the proof of the Corollary after Theorem 3.1., the assertion follows from the inequali-
ty of Erdos and Turan.

REMARK 1. In the special case of the arithmetic mean p(n)=1 the result of Theorem
3.3. can be found in [6].

REMARK 2. From Theorem 2.3. and the corollary after Theorem 3.1. it follows that
(for N=2)

U (—f=1(j+x)} — {—f 1)}
1 2
; 1) <C(p)(loglog N),

where f ! denotes the inverse function of ax+8log x—a (1<a<2, $>0)and C(B) is a
constant only depending on 8. In the following we give an upper bound for Dy(w™), where
w*=(f~"1n)),. We define &(y) by

p=2 B
a

—log—y—+s(y), ax+Blog x=y+c.
04 03

Since dy/dx=a+8/x , we obtain

x 1., B1_Baxtp—y ppA-logr)+a,
ax+f o ay ayex+p) o y@r+p

g(y)=
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thus

(a+p8)

le'(y)| <L BlogF Bt (ﬂ )zlog (y/a+1)+1+a/B

o ax-y o (y+a)y

<P(1+P) (1 +%) logy+1)+1 (y;;l)“

(where we have used the trivial estimates ax <y +a<(a+ f8)x). By the mean value theorem
we have

log (n+2)+1 <3ﬂ(1 + B)?
nz = .

| +1)—e(m) | <B(L+BY i

Applying the last corollary to the sequence w* =(n/a—8/a-log n+B/a-log a+¢&(n)) yields

,,, B ) 1) (log log N)? (log log N
< —— —_— —_— = PRl S AR
Dy(w™)< max C( " 3B(1+BY, 2 log N co(B) log N
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