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REMARK ON SOME COMBINATORIAL CONSTRUCTION
OF RELATIVE INVARIANTS

By

Tatsuo KIMURA

It is a classical problem to determine the explicit form of relative invariants.
However, if it is too complicated, it seems more important to know the mathe-
matical structure of relative invariants than just to write down the all terms of
them. Hence, in this paper, we suggest to use some principle to construct rela-
tive invariants in § 1, and as examples, we shall construct some relative invariants

of GL(n, C) on /3\C" for all n=6 (See Propositions [4.1, 4.3, and 4.5), including
all relative invariants for n=6, 7, 8, 9. This work was done while the author
was visiting Europe, and he would like to express his hearty thanks to Prof. H.
Popp at Mannheim University in West Germany, and to Prof. D. Luna at Grenoble
University in France for their mathematical stimulation and encouragement. The
author also would like to express his hearty thanks to Prof. M. Sato who kindly
explained his works for n==6.

§1. Let p: G—=GL(V) be a finite-dimensional rational representation of a
reductive algebraic group G, all defined over the complex number field C.

A homogeneous polynomial f(x) on V is called a relative invariant if there
exists a rational character X:G—C* satisfying f(p(g)x)=X(g)f(x) for all g&G
and xV. Now let S7(V) be the all homogeneous polynomials of degree » on V.
Then the group G acts on S™(V) as (g@)(x)=d(o(g)'x) for $=S7(V), geG and
x€V. We denote this representation by p™. Since G is reductive, it is the
direct sum of irreducible representations: p")Z@pér’. We denote by W{ the

representation space of p{”: S"(V)=@EW{. Note that a homogeneous polynomial
1

f(x) is a relative invariant of degree r if and only if f(x)eW{’ for some W{’
satisfying dim W{’=1. We say that p{” decomposes to pj? X p{? (r;+7r,=r) and
denote this relation by p{°~pf? X pf? when p{” is one of the irreducible com-
ponents of the symmetric tensor of p§¥ and p{?. This implies that the poly-
nomials ¢ in W{ can be obtained from those in W{? and W{?, i.e., ¢=; 0.0,

for some ¢, €W§? and 6,€W{?. In such a way, we can reduce the problem of
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determination of a relative invariant to that of polynomials of lower degree.

§2. Since we shall deal examples for G=GL(n, C) in §3 and §4, here, we
shall review the Young diagram for GL(n, C). Let 4 be the set of the follow-
ing diagrams.

r—‘—fl'—_“

1
g=1 2 ; l<n, 0Sfis "‘§fx}-

I L

Then it is well-known (See [1]) that, for a given irreducible representation
p of GL(n, C), there exists uniquely an integer m such that g(g)=(det g)™- p(g)
corresponds to one of the diagrams in 4.

If m is negative, we correspond the following diagram to p.

—m
A e,

If m is positive, for example m=3, we correspond the following diagram to p.

N |

j = — n +

L

r

Thus any irreducible representation of G=G L(n, C) corresponds uniquely to

one of the Young diagrams.
EXAMPLE 2.1. corresponds to. the following representation p. Let V be

the totality of nXn matrices X with tr X=0. Then G acts on V by p(g)X=
gXg™! for geG and XeV. Since

| ]
n—14[] =n + | » this diagram corresponds to
]

CITT
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p(g)=(det g)p(g), i.e., p(g)X=(det g)gXg~* for g€(G and Xe V.

ExXAMPLE 2.2. [ [] corresponds to the following representation p. Let V be

the totality of symmetric nXxmn matrices. Then G acts on V by p(g)X=gX'g

m
 amanteame

for g&G and X V. Hence L] corresponds to p’ such that p’(g)X

n

=(det g)™-gX'g for geG and XeV. Similarly, [Ii }corresponds to the dual

m
—— e

representation of p. Hence nJ corresponds to p” such that p”(g)X

=(det g)™-'g"*Xg™ ! for g=G and XeV.

8§3. Let u,, ---, u, be a basis of C*. Then G=GL(n, C) acts on C"

3
by (gus, -, gua)=(uy, -+, un)g for g€G. Hence G acts on V=AC™" by
p(g@) Ui NusAuy)=gusNgu;Agus. From now on, we shall fix this triplet
(G, p, V) and let us consider its relative invariants.

We define the deriva}tion ai. (t=1, -+, n) by
0 .
(31) aT(uj/\uk/\ul)=5U-uk/\u; <k, l#l)
i
Then, for an element x=i<Z;kxijkuiAu iAu of V, we define the polarization £ by
J

. & 0x ) .

(3.2) 2= iEI Vi " where v,, ---, y, are indeterminants.

For a natural number m satisfying 2m-+1=<n, we can define the homogeneous
polynomials

f;;m+;m_;n(x) (11, tmaaSm—1; 1S famee <o <Jp=n)

of degree m by

A A 17 ‘-u’i _
(3.3) XNEN-NE= ? fj;m”,"f,_,;n(x)yil“-yim_lv,-mﬂ,....jn
—"

Jem+eIn
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where vj, o in AN Ujgmss/\N AU, =0 (FUL/A - AN Ug).
In other words, we have

(3.4) frrrinet (yg=x A5 0x /\---/\——a—x—/\ujmﬂ/\---/\u,..

Jem+2 " in auil auim_l
For n=2m-1, we put fivim- l(Jc)—f‘1 tm-1 (x), i.e.,

INEN-ANE=( 2D flrmim-yx)y; -y, Jo.
T" PO S

ProposITION 3.1. (1) fll " im-1 (p(t],,)x)~t3’"f‘1 im-1 L (),

ie, fivim-a (tx)—t’" firmimaa (x) for teC*.

Jom+2 Jom+2r"

Ciy " Cigy 1-1 f‘l""‘m 1 (x)
cfzm+2 " Cyp o Jrmtrs

2) f'l ”" 3 (p(e)x0)=

¢c; O
for c:( )eSL(n, C).
0 ca

(3) For r+s, we have

Firmimet (dp(En)x)

Jem+2
v
m-1 . 7 Py v g
— O.. -frrd ’mxx_ Oes ’il"‘m-l (x
=1 T ffzm+2""1n ( ) k~§n+2 U"ffzm+2'“"/:"“-’n( )’

Tk

where E,; denotes the matrix unit.

PROOF. (1) is obvious. (2): By the action of p(c), any term of the right-hand

side of (3.4) becomes

cklckzckaxklkzkau /\u /\u /\ctlcllcllxllt;t-ut/\u VARK
--/A\C, e X, g e U /\u.- /\u ARKIVAN 73
Im-1'm—-1'm—-1 'm-1'm—-1'm—-1 ‘m-~-1 im Jom+2 In

Ci] C;m

=, e 0, cpcp ey Cp C e, Nx
Ciom+a """ Cin ( By kg kg i Im=1 im—1 Jom+2 In kikokg
Ciy " Cipy

e RE UL AT AN AT SISV TRV, SRVN TS
Cf2m+2'ncjn 3 1 1 1 n

smcec c cC.C.C.*+C+ C. C. e €. =Cy Ca=1.

kg kg 1) 11 im-1 tm—1 J2m+2 Jn

Jw
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(3): We put x=x(uy, =+, Un)=2 XijzUi NU; N Up.
Then we have

d _ 0 (9% 0(gus)
@5 Ge@D= g xlgu, -, gu=3 (5, eus -, gun) 5
0x
—2 Birg, - (guy, -+, gun) for g=(g:)eEC.
For g=expt E,,, we have
d d ox
(36) Tt'p(g)xh:o kgl (i‘l:k) o (gux, T, gun)[t =0=U,;N\ aus

Similarly, by using (3.5), we have

d (0 0*x ox
BN g (Gur @) o= A b

for g=expt E,,.

Using (3.4)~(3.7), we have

i d igig
(3.8) f];m”’" idoEr)o=—rf " " " (0(@)x)w] =
. v
§ riy sz +: ime m}(x)+A, where

(3.9) Az(u,/\—ai)/\ 0x Ao AT Ny A Ay,

ous /" Oug, 0us,,_,
m=1 o0x 0x
+l=21x/\ auil/\---/\(u,. 5 au”)/\ /\ﬁml/\uhm?z/\ /\u,m
We shall show that A=0 if s# jsm+s, -+, jn. Since A is a multiple of w=

#ui/N\--*ANuy, any non-zero term A contains u,, and hence we have

m a2x ax
A—g_,‘l( )/\ /\ /\( s\ ausauil)/\.../\m/\uhm”/\.../\u}.n

m=1 0x 0x o*x 0x

+ E(u’/\ aus)/\ auil/\"'/\(“’/\ 050U, )/\.../\ auim_1 Nsgmee /N Nl
m-1 ax azx

+ =1 k»,ezx/\ au,l/\ /\<u A 0us0u;, >/\”.'/\( 8 au” )/\

AT A Auy =0
auim_l
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because the first and the second terms cancel each other and the last term is
clearly zero. Finally we shall show that

A:—— il""’im—l JAVR
VPR C))
A
Jk

if s=j, for some k=2m+2, ---, n. Note that if

x=x,+us/\§% (resp _3;2: <8u1)+u A 8528 )

then
UsN\Xs=UsN\X (resp. u,/\(jf—) =u /\i)
3ui s s aui '
Then
o0x ox o0x
A:—(us/\T) EM tl/\ /\-a——im—?/\‘uwmﬂ/\ ANULNNUj,
ox ox
— 2 A e A NS a ”)/\ N G Nsames A A Aty
_ 0%x ox 0%x
- [xs+us ] [(aui) R e oy |- A[(*auim_l)s+"’/\_—_au.auim_l]
NUjymrg/N o NUe N NUG,
0x 0x
__xA_éThA...A auim—l /\ujzm+z/\'"/\u‘r/\"'/\ujn
=—flrinel (g, Q.E.D.

Joma42n T In
REMARK 3.2. This proposition implies that S™( V):S’"(E) contains the fol-

lowing Young diagram.

— T —

( RN

(3.10)
2m—-1

ENEEEENRN

This corresponds to the polynomials f e tme ; (x).
m+2



Remark on some combinatorial construction of relative invariants 107

For example, it is known that

]
(3.11) sz(a) = © O
“ ]
(3.12) sa(@) = @ @ & M
. ‘ ) aa) > E ] . :
]
| ‘
(3.13) s*(@) = @D JEB SY % S
u u N
| | ] 1]
@ S D ® [
] ] m ]
] ] o ||
L] -

§4. ExaAMPLE (I) FlI‘St let us consider the following polynomlals of degree
m(m—1) for n=3m (m=2).

4.1) Fj1 ::‘l(x)
— i iy i AR ot
= 12{} fz% il (x) le 3, i1, (x) fi}'n— '-i%:?'fmq(x)
v
(u#v)

where 7,=1i} for k=1, ---, m—1.
By Proposition 3.1, we have

tptman — Gty Cigey f1 Sime1
(4.2) R o plem)= g i i)
¢c; 0
for ¢=| . |eSL@Bm, C).
0 com
(4.3) Firtm=1(d o(E,,)x)

i im—1
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l
\%
m-1 T 8 By m-1 i imoy
= 2 0n, F (X)— X 055, FF " ™2 (x) for r#s.
l=1 J1Im-1 i=1 Jyr /: m-1

l

Therefore, corresponds to the following decomposition.

m—1m—1 m m
, — —
11 ] L]
@h g1 ~ omtllH X x 2m+1 [
| [ -
- m—1 ||
t - —
Then, by [4.2) and [4.3), we see that the polynomial
(4.5) fly= B Frml ) FEmei(x)
iy imet I Im-1 1ty
Jiime-n
is a relative invariant of degree 2m(m—1) on /s\C""‘.
This corresponds to the following decomposition.
20m—1n
, ( ]
L =
m—1 m—1
4.6
“o 3m ~  3m—1 X 3m—1
L L;\,—l ~—
m—1 m—1

PROPOSITION 4.1. There exists a relative invariant f(x) given by (4.5) of

degree 2m(m—1) on /s\Cs"‘.

REMARK 4.2. For m=2, there exists a relative invariant f(x) of degree 4 on

/s\C“. In this case, we have 6X6 matrix ¢(x)=(F;;(x)) where F;(x)=f%¥x) in
(4.1), satisfying ¢(p(g)x)=det g- g@(x)g™* for g GL(6, C) (See Example 2.1). Then
we have tr ¢(x)=0 and f(x)=tr ¢(x)%. In fact, ¢(x)* is a non-zero scalar matrix,

i.e., (x)2:i f(x)I; (See [3]). This case has been investigated by M. Sato (See
6

2.

8
For m=3, there exists a relative invariant of degree 12 on AC?®.
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ExaMPLE (II) Assume that there exists a relative invariant of degree » for

n=2m. This implies that S’(E) contains 2/m ‘ such that 2mk=3r.
—_—
3r k
In particular, we have kzﬁ Z. For n=2m-+1, this implies that there exist

homogeneous polynomials F; .., (x) of degree r, symmetric with respect to indices
11, ***, 1, Satisfying

1
(4.7) Fiyip(ple))=————Fi 0, (2)

i ig

C
for C:< 1.'. )ESL(?’L, C)’
Cn

4.8) Fip g dp(Er) == 2 sty Fiyongiy() for r#s.

i

Now assume that 2=0 mod(m—1), i.e., k=¢g(m—1) for some ¢q. Then, by
Proposition 3.1, and [4.8), we can see that the homogeneous polynomial

il,"',il _ ‘l:q,"', 4 _
(4.9) fo= | X fEI  fRDE, L ()
i1, iy m-=
. . . . 2m+1 .
is a relative invariant of degree 7»'=r-+4mgq (zﬁ_-z--r) for n=2m+41. This
corresponds to the following decomposition.
( [ 1] [ 1] (
-
(4.10) 2m-+1 ~ ] XX [] X 2m
. o
0o [
= -
’ . (m—1)q
qu-

PROPOSITION 4.3. Assume that there exists a relative invariant of degree r

of (GL(2m, C), :D], /3\02’”). Then we have k:%eZ. If 2=0 mod(m—1), then
there exists a relative invariant f(x) given by (4.9) of degree »'= gZié r of

[] s
(GL@2m+1, C), H, ANCE™H),
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L]
REMARK 4.4. For any relative invariant f(x) of (GL(2m, C), {:]!, /S\C‘“"),
f(x)™! satisfies the condition in Proposition 4.3. For m=3 and =4 (See Remark

4.2), we have £=2=0 mod(m—1), and hence, there exists a relative invariant

f(x) of degree 7 on /3\C7. It is known that any relative invariant on /3\C7 is of
the form cf(x)™ (ceC*, meZ) (See [2]). In this case, (3.10) corresponds to 7 X7
symmetric matrices @(x)=(f¥(x)) with f¥(x) in (3.4), satisfying ¢(p(g)x)=

(det g)g-p(x)'g for gG, and eS‘(@) (See also (3.13)) corresponds to 7 X7

symmetric matrices ¢*(x)=(F;;(x)) with Fy;(x)= kz; Sa(x)fEi(x) (.e., (4.6) for m=2

and n="7), satisfying ¢*(p(g)x)=(det g)*-‘g '¢*(x)g™* for g€ G (See Example 2.2).
Put @(x)=¢(x)-¢*(x). Then we have D(p(g)x)=(det g)*- gP(x)g~* for g&G, and

f(x)=tr @(x). In fact, @(x) is a non-zero scalar matrix : (Z>(x)=%f(x)l7 (See [3]).

ExaMPLE (III) Assume that there exists a relative invariant of degree r for

n=2m-+1. This implies that S'(E) contains 2m+1 such that 3r=

—

k
3r
Tmtl eZ. For n=2m-2, this implies that

there exist homogeneous polynomials F;, .. ;,(x) of degree r», symmetric with
respect to indices i,, ---, i;, satisfying [4.7) and [4.8) (for n=2m+2). Now assume
that =0 mod(m—2), i.e., k=q(m—2) for some g. Then we can define poly-

(@2m-+1)k. In particular, we have k=

nomials

(4.11) Fitnea i e 2 o (%)
2

m+3" Jn -72m+3

— S ¢ i 2’?1 ‘1 1m 2"2 i iy 2"’

- kl.-u,qu=1fkqv’2 s ( )f (JC) fkq 1 Jq(x)
. . il."'. 4

of degree mq for n=2m+2. For n=2m-+2, we denote it simply by F''"™'™-2(x),

Then, by Proposition 3.1, we have

P Ca~Cya , i,
(4.12) Fi - 2q(p(c)x)"‘———————'F (x)

Joam+s” C 1 e+ C.q fzm+s
Jtm+s in
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Ci 0
for c¢= ESL(", C))
0 can

(4.13) F".i P2 %4 (dp(Er)x)

Tem+

1'm 2 4 _s B
(x) E 58]“‘ 27TL+ e, J%(x) .or v +S.

1’1
=26, F i
This implies that [4.11) corresponds to the following diagrams.

m m

|
|

( [T T TT1] ( T ( T
2m+2 1 qm—2) ~ 9411 X X 2m+17

(4.14)

(TTTITTT
(TTITTTTT

\ \
~—

q
Then, by [(4.7), [4.8), [4.12) and [4.13), one can see that

(4.15) flo= 3 Fi%'m'i%“2<x)'F,~},---,izn_z(x)

i1 49 =
11, T - 9=1

is a relative invariant of degree v'=r+m (:—— 2m*—1) r) on ANCEm+2
g I\T Cm+Dm—2) .

PROPOSITION 4.5. Assume that there exists a relative invariant of degree r

of (GL(2m+1, C), S, /S\Cm“). Then we have k= 23;--1—€Z If =0 mod

(m—2), then there exists a relative invariant f(x) given by (4.15) of degree

2(m*—1) L] e 2m+2
@mt L(m—2) 7 °f (CL@mF2Z, C), L ACT.

r'=

REMARK 4.6. For m=3 and r=7 (See Remark 4.4), we have £=3=0 mod
(m—2), and hence there exists a relative invariant f(x) of degree =16 on /3\08.
It is known that any relative invariant of (GL(8, C), IDI, /3\08) is of the form

cf(x)™ with ceC* and meZ.
In this case, we can also use (4.4) for m=3 and the following decompositions

(4.16) and (4.17).
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1]

(4.16)

L]

(4.67) ~

LITTT

This implies that there exist 8 X8 symmetric matrices ¢(x) (resp. ¢*(x)) whose
entries are homogeneous polynomials of degree 6 (resp. 10) satisfying ¢(p(g)x)=
(det g)*- gd(x)tg (resp. ¢*(p(g)x)=(det g)* ‘g '¢*(x)g™!) for g GL(8, C) (See Ex-
ample 2.2). Put @(x)=¢(x)¢p*(x). Then we have D(p(g)x)=(det g)*-g@(x)g~* for
g=GL(8, C) and f(x)=tr @(x). In fact, ®(x) is a non-zero scalar matrix @(x)

1
=-§f(x)-ls (See [3].
Applying [Proposition 4.3 for m=4 and r=16, we have £=6=0 mod(m—1),

3
and hence we can construct a relative invariant of degree 24 on AC®.

ExXAMPLE (IV) (Relative invariants on j\C*’). It is known that there exist
four independent relative invariants f,(x) of degree %k (k=12, 18, 24, 30) which

3
generate all relative invariants on AC?® (See [4]). We have constructed fi.(x)
by Proposition 4.1 for m=3. We have also constructed a relative invariant f(x)

of degree 24 on /3\C9 by Proposition 4.3 (See Remark 4.6). For x,=u,Au,Aus+
U AN UsAUsF U NUs AUy, We have [F(x,)=0 for all 1, j, k, and fH(x)=fIix0)=
—fH(x)=—Flix)=1 for i€A={,2 3}, jEA={,56 or icd, jed=
{7,8, 9} or ic A, jEA, and f(x,)=0 for other indices. Hence, by calculation,
we have f(x,)=0 and fi.(x0)#0, i.e., f(x)=Ff2u(x) and f(x)#cf1:(x)? for any ceC*.
Now let us consider the following polynomials.

(4.18) Firivsn= 3 fA0F 220 F 2.

J17273 Ry kg kg

By Proposition 3.1, these polynomials correspond to the following decomposition.
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[ 1] [] L] [ ]

(4.19)

X

LITTTI

LITTT]
LITTTT

Then, we have

(4.20) ()= I FNE(x) F1(x).
i1 1. 0y 17273 1t2ts
J1:Jg: Jg

This corresponds to the following decomposition.

[ 1] L1

4.21) ~ X

One can check that fig(xo)=—2-3°
Next let us consider the following F*'**(x) and F'*'*(x).

(4.22) F'h=3 %) f 172 () f2 () f ¥ (x)
kykgks 171 272 373
J17eJs

(4.23) Fas(o= 31 fieh(e). £ () /9 (x)
kg kg 2 3
1t

113

By Proposition 3.1, they correspond to the following decompositions respectively.

| [ ] [ 1] L [ ] [ |

X

(4.24) ~ X

LETTT]
LITTTT

LITTTTITT]
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[ 1] [ 1] [] []

X

(4.25) ~

LITTTI
LITTTT

LITTTTTI

3
The existence of a relative invariant of degree 7 on AC" corresponds to the
following polynomials for n=9.

(4.26) F ()—Ef” ().

i1iy dgig igiy 1187 igigigt? igigigs

SL

This corresponds to the following decomposition.

] ] M
(4.27) ~ < 1« O
Then, we have
(428 fuo= = FU Y@ F, (),
111213
111213

kikok k Iy )L igl i t
=3 phikekeptikake phads prals piuh Bl FRSEY L f e ().

k1Jy kgig iy8y7 dgipigt? igigigs

In fact, one can check easily that fi,(xo)=0 and fi.(xo)f1s(x0)#0. This (4.28)
corresponds to the following decomposition.

11 [ 1]

(4.29) ~ X X

REMARK 4.7. Formally, we can construct, for example,

flx)= 2 Fa%is(x). F'%x).F . . ().
i)igis 111, 1929, 133
iihi
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But it is identically zero since F. . .
1121,1212,1313

(x)=—F

. L P
1313, 1929, 1323
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