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Abstract. In this paper, we study the kernel estimator of Foster, Greer and Thorbecke
class of measures when the poverty aversion parameter is strictly between zero and one, as
a generalization of the work of Dia (2009). We solved an open problem arising in mentioned
paper. The asymptotic normality of the estimator is established. As an illustration, we deter-
mine the confidence intervals for different regions of Senegal. The study of this application
demonstrated that our methodology is not only more efficient than the empirical estimator,
but it also provides better confidence intervals for the poverty index.

Résumé. Dans ce papier, nous étudions 'estimateur a noyau de la classe de mesures de
Foster, Greer et Thorbecke pour généraliser les résultats de Dia (2009) pour de petites
valeurs du parametre d’aversion, c’est a dire lorsque ce dernier est compris entre 0 et 1
strictement. Ce cas restait un probleme ouvert dans le travail de Dia. Nous avons établi la
normalité asymptotique de I'estimateur & noyau. A titre d’illustration, nous déterminerons
les intervalles de confiance pour les différentes régions du Sénégal. Nous montrons par cette
application que 'estimateur proposé est non seulement plus efficace que I'estimateur em-
pirique mais, il produit aussi des intervalles de confiance plus petits de contenant 'indice de
pauvreté.

Key words: Poverty line; Poverty aversion; Moving kernel; Foster; Greer and Thorbecke;
Uniform convergence; Asymptotic normality.
AMS 2010 Mathematics Subject Classification : Primary 60F05; Secondary 62G05.

*Corresponding author Youssou Ciss: ciss.youssouf@gmail.com
Aboubakary Diakhaby :diakhaby@ugb.edu.sn, diakhaby81@yahoo.fr



Y. Ciss and A. Diakhaby, Afrika Statistika, Vol. 11(2), 2016, pages 965-980. Asymptotic normality
of non-parametric estimator for the FGT poverty index with when the parameter is strictly
between 0 and 1 966

1. Introduction and definition of the estimator

The results presented below are mainly inspired by the work of G. Dia in which he established
his results for & = 0 and a > 1 Dia (2009). In our case, we give the same results but for a
strictly between 0 and 1.

Let F(x) be the cumulative distribution function (cdf) of the income variable X from a
population with continuous density (pdf) f(x) at a point = on a given probability space
(Q, A,P). The FGT Foster et al. (1984) class of poverty measures indexed by a > 0 is
defined by

s (z—x\® :
Pz, 0) = f0< . ) f(x)dz if z >0,
0 otherwise

where 2z is the poverty line.

Lo (2003) in all his first reseach studies this measure in the following form

1 2= Ti g
Pon = g Z (7)
i€Q(x)

for H = n and H = q. He showed using the sampling tools that the estimators were
respectively unbiased and asymptotically unbiased.

Now let us consider, for an integer n > 1, a random sample (X1, ..., X,,) from X, defined on
the probability space defined above. The empirical estimator of (1) is given by

~ 1< X\
P, (z,a) = - Z (1 — z)+ where x4 =max(0,z) Seidl (1988).
i=1

This empirical estimator is unbiased consistent and has a limit normal law with zero mean
and variance equal to n=(P(z,2a) — (P(z,a))?). Therefore, the statistic

JSn(z, a) — P(z,a)
V(Pa(z,20) — (Pu(z,0))2)

can be used to built confidence interval for the poverty measure (see Dia, 2009). So, asymp-
totic normal estimator with smaller variance will be in general preferable to P, (z, a).

T=vn

Lo et al. (2009) used the empirical process theory and the extreme value theory to study
this estimator. This family has been showed to be both a Glivenko-Cantilli and a Donsker
one, as a particular case of the family

Q a
~ 1 X
i=1

where ¢ lies in a suitable family of functions G, and X;, < .. < X, , denote the order
statistics associated with X1, ..., X,. Seck (2011) and Seck and, Lo (2009) use some non-
weighted poverty measures, viewed as stochastic processes and indexed by real numbers or
monotone functions, to follow up the poverty evolution between two periods. But earlier
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in 2008, Dia (2008) introduced the kernel based estimation of (1) by supposing that the
distribution function has a probabily density function f. Then replacing f by its Parzen-
Rosenblatt kernel estimator, he got the kernel FGT estimator, that he was able to describe
in terms of uniform almost sure convergence and uniform squared mean convergence for
a =0 and o > 1. The case « €]0, 1] remained an open problem.

The classical estimator of the density f (Parzen-Rosenblatt) given by
1 Z”: 1 Xi
n — h '

In a previous paper Ciss et al. (2015), Ciss et al. have proposed a new method of kernel
estimate based on Riemann sum, namely the following estimator

BB NOVIC 0

where [-] stands for the largest integer smaller than or equal to ; and for a €]0, 1].

Our contribution was to prove that this kernel estimator introduced by Dia can be used for
each value of index a € [0, oo[, which is important since the FGT measures concerns tests
for poverty ordering or, equivalently, stochastic dominance and also optimal policy design
(or program) for reducing poverty where the case a < 1 is specific and useful as pointed out
in Foster et al. (2010).

~—

n (1) h = h(n) is a positive nonrandom sequences of real numbers tending to zero as n
tends to infinity, and finally K, a Riemann integrable kernel which satisfies the following
hypotheses:

+oo
(Hy) sup |K(z)| < 4oo,(Hy) K(z)dx =1,(Hsz) lim |z||K(z)|=0.
—oco<xz<+00 — 00 r—+oo
The rest of the paper is organized as follows. In section 2, we will state full details of the
results. In section 3, as an illustration, we will determine the confidence intervals for different
regions of Senegal and revelant comments as well as a comparaison with results from the
empirical approch that was used until now. The complete proofs are then given in section 4.

2. Asymptotic Normality
We will need a number of hypotheses and conditions for our theorems.

Now additional hypotheses on K or K are the following:

(Hy4) K is of bounded variation function V* K on R and we denote by V(R) its total
variation.

(H) f,Jul [ (u)] < +oo.

(Hg) There exists a nonincreasing function A such as A(#) = O(h) on any bounded interval
and for two real numbers x and y

[K(z) = K(y) < Az —y| and  A(u) — 0,u = 0,u >0,
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(Hy) =] K(8)] =0, 0<e<ias - 400
Next, these conditions depend of the pdf f(x):

Ci1: f(x) is uniformly continuous.
Ca: f(x) admits almost everywhere a derivative f (z) € Li(R).
Cs: f(x) satisfies a C—Lipschitz condition of order v, 0 <~y < 1.

Under hypothesis C1 or Cag, the convergence of the above estimator was established in Ciss
et al. (2015).

Finally, We consider a family of kernels K,,, v € I' C R}, R’ being the set of strictly
positive real numbers, about which we made respectively the same hypotheses Hy — Hy.
We denote by PY the estimator of P(z,a) when we replace K by K, in P,. We suppose
JeK2(y)dy <1 forall vel and sup,c [pK2Z(y)dy = 1. Let N(0,1) be the stan-
dard normal distribution function. Our main resultats are the following:

Theorem 1. Assume the hypotheses Cs, Hg,Hy hold and [, [y"K}(y)|dy < +oo for all
v eTl. If nh?Y — 0 when n — +oo, then

P;L’(Z,Oz) 7P(Z7O‘)
Var(P¥(z,a))

— N(0,1)
in distribution as n — 400, provided
([ K2wan) P2 - (Pl >0
R

Theorem 2. Assume the hypotheses Co, Hs, Hy hold. If nh?>Y — 0 when n — +00, then

P!(z,a) — P(z,«)
Var(Py(z, a))

— N(0,1)
i distribution as n — +oo, provided
([ 520 dv) Ples20) - (Pl >0
R

We establish these two theorems by proving the two following lemmas which are respectively
a generalisation in three dimensions of the function K in Lemma 2.9 and in Theorem 2.10
of Ciss et al. (2015).

Lemma 1. Let 0<0; <1; i=1,2,3. Then for all x,y,t pairwise different we have

too — 01k —y+05h
lim sup (h_3/ |K(u T+0 )K(u y+0 )
n—=+00 (9, 6,.0)€[0,1]x[0,1]x[0,1] o h h

« K(L;—Q?’hﬂf(u) du) = 0.
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Lemma 2. Assume hypothese Cy or Co holds. Then under hypotheses Hg and Hy we have
for all b >0,

lim sup Z <1_zh) <1—]h> <1—lh> /K(u_Zh)K<u_Jh>
n—-+oo ZE[O b]OSzgéj;él;ézg[%] z z z R h h,
x K (u _hlh> f(u)du=0.

Remark 1. To construct a confidence interval we proceed as follows:
For 0 < 8 < 1, let ¢;_s be the f—quantile of the standardized normal distribution. Since
2

Var(PY(z,«)) > 0 for all z and by the Theorems 2.7 and 2.8 in Ciss et al. (2015)

lim nVar(P!(z,«) (/K2 dy)P(z 2a) — (P(z,0))?, (2)

n—-+oo

we have lim,_, o nVar(PY(z,a)) = 0 for all z such that <fR K2(y dy)P(z,2a) —

(P(z,a))? < 0. It follows that the asymptotic efﬁciency efv (2, ) verifies

Vv P”
OSeK”(z,oz) lim YU nl% @) ar(Pi(z0) /K2 Ydy < 1
n—=+oo nVar(P,

for conventional kernels in Parzen (1962) p.1068.

We define 100(1 — 8)% the confidence interval CTI,, for P(z,«) in the following form,
CIL, = P/(z,0) £ q,_ 3{(/ K2(y dy) v (2 20) — (P2 a))2}E v/, 3)

as long as ([ K2(y) dy) P¥(z,2a) — (PY(z,a))? > 0. Denote this inequality by (C). If it is
not verified we increase the size of the sample from n to n + 1. If for all n the inequality
(C) is not satisfied, we vary v to increase [ K2(y)dy. There exists then v € T and a
integer ng from which the interval C'I, is defined. Indeed: let vy € I" be a sequence such that

A K? (y) dy converges to 1. Then, since P(z,2a)—(P(z,a))? > 0 according to the empirical

estimator, we have( [p K2 (v)dy) P(z,2a) — (P(z,a))? > 0 for k large enough greater than
or equal to kg. The inequality (C) is then verified from an integer ny and for v = vy, under
the conditions of the Theorems 2.7, 2.8 in Ciss et al. (2015) and the convergence in mean
square of P¥(z,a) to P(z,a) [Theorems 2.7, 2.8 in Ciss et al., 2015]. We conclude that, the
length of the confidence interval CI, associated with our estimator is asymptotically lower

than that of the empirical estimator, the coefficient being ( [, K2( dy) <1

Remark 2. Consider the inequality (C). The quantity P, = fR K?2(y) dy may be considered

as a weight placed in P(z,2a). Greater weight is attached to hlgher poverty line (It is even
Py (z,0)
PY(z,2a)
normality test or to construct a confidence interval of P(z, «), we must calculate Q,(z, v, @)
for a kernel K,,. If P,, > Qn(z,a), we determine CI,, by the equality (3), otherwise a

greater weight kernel K, is chosen such that the inequality is verified.

heavier than the ratio or proportion @, =

is high. So, in order to perform a
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— _Ka) .
= T RwaV ” 0. We verify

that they satisfy the hypotheses Hy —Hy. Moreover [, K2(y)dy = v [, K*(y) dy. Therefore

I" can be the interval

Remark 3. Consider the following family of kernels K, (z)

1
0, S K2(w) dy |

3. Application

As an illustration, we will determine the confidence intervals containing P(z,0.05) for differ-
ent regions of Senegal and look down results obtained with those of the empirical estimator.
The base used is focused on ESAM/1996 (Senegal household Survey) provided by the Na-
tional Statistics office. Incomes vary from 100 CFA to Millions CFA in the region of DAKAR.
The poverty line was zp = 143080 CFA.

Région Qn Py CT P (20, 0.05) | Cl(empirical)
0.8113071 | 0.85 0.764249, 0.8122033] 0.7882297 0.04316811, 1.53329]
TAMBA 0.7912961 | 0.80 0.753301, 0.781406] 0.7673563 —0.00505, 1.539766]
DIOURBEL 0.6862596 | 0.70 0.6509295, 0.6751269] | 0.6629407 —0.2159264, 1.541808]
FATICK 0.6783842 | 0.70 0.6429352, 0.6739992] | 0.6657269 —0.2167708, 1.548225]
THIES 0.6740153 | 0.70 0.63891, 0.6639484] 0.6514305 —0.2365174, 1.539378]
KAOLACK 0.6558817 | 0.70 0.6118941, 0.655739] 0.634934 —0.2650484, 1.534916]
SAINT-LOUIS 0.6546964 | 0.70 0.6131567, 0.649072] 0.6310075 —0.26885502, 1.530565]
0.6464364 | 0.65 0.614602, 0.6283142] 0.6214747 —0.2793551, 1.522304]
0.5992101 | 0.60 0.5758254, 0.5814286] | 0.5833061 —0.342700002, 1.509312]
DAKAR 0.3453458 | 0.35 0.3265743,0.3310415] | 0.336986 —0.5564009, 1.2300373]

Table 1. Confidence interval containing P(z,0.05) for different regions

Remark 4. For Ziguinchor, 0.5833061 is not in our confidence interval for the weight set-
ting. If we take a weight equal to 0.65 we have CT = [0.5561609, 0.601093] of broader scope
but certainly contained in the empirical interval containing the point 0.5833061. The same
applies to DAKAR with a weight equal to 0.40

CT =[0.3211539,0.3468787] contains the point 0.336986. We have shown with this applica-
tion that our methodology is not only more efficient than the empirical estimator but also
provides confidence intervals smaller scope containing the parameter P(z, a).

4. Details of the Proofs

We recall that the power function with «, for a € [0, 1] particulary in « €]0, 1[ is the simplest
example of Lipschitz function of order « or function aw—holdérienne. Indeed, for all reals z
and y strictly positive we have

0< (z+y)*—az% <y~

Since a factorization of the above expression gives
(z+y)* —z =y[(1+§) —(5)]=y[(1+X) — X with X=§,

it then suffices to study the function g defined in the following form
g(X)=(1+X)* - X~
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The power function with o > 0 is strictly increasing and differentiable. So, g(X) > 0. The
derivative of g is given by:

g (X)=a(l+X)* —axe .
The power function with 5 < 0 is decreasing and o — 1 < 0 therefore
g (X)<o.
The function g is decreasing and, for all X, therefore
9(X) < g(0) = 1.

The expression g(X) is between 0 and 1. This shows the limits of (z + y)* — z®.
We say that f is lipschitz of order o on an interval I if there exists a real M such that, for
all real number z; and for all real number y in

[f(z1) = f(y)| < Mlzy — 41|

Therefore letting 1 = x and y = y; — 1 and with f(z1) = z§ we obtain the result.

Proof of Lemma 1

It is a generalisation of the Lemma 2.9 in Ciss et al. (2015). We assume C; holds.
Let 6 > 0. Define,

ey =070 [ (RO e g D LR ) g,

. h h h
too v o v+x—0h—y+0:h
G S AR
xufu«”+x_&h_t+%h»u@+v—emﬁw

h

oo
[v|<8 [v|>6

Since f is continuous, it is so bounded on I = [z — §, x + 6]. We assume n large enough such
that x + v+ 601h € I. Then

—61h — y + O3k
[ o<swsero—on [ RREEEEIERE )
lo|<s  |v|<o —f<u<s h
xfqux_em;t+%h+m54mu (4)
oo z—01h —y + O3h _
= s?gf(:r—kv—é)lh)/ X*%Sug%‘K(u)HK( ! hy 2 +u)h ™t
xlﬂx_&h;t+%h+)h4Mu
For all u o o
) g i Ut e L P Y
n—+o0o h
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—01h — O2h
RE—E 2 ™ =
$791h7y+92h I’*@lh*y+02h 1
K .
I h U)K h +u)||m—91h—y+92h+hu|
We have
1 1

|x—91h—y+92h—|—hu| N |$—y\|1— 91;0#}”
Since |uf < % we may choose ¢ small enough such that for n > ny we have

91—92—11
r—=Yy

h’< :771<1.

Therefore )

x—ﬁlh—y+02h+hu

< )
Tz =yl —m)
since Hg implies there exists a constant B such that

(x—@lh;y—l—ﬁgh+U>K(m—91h;y+92h+u)‘<B

Then we have

(u)

X—

|on

<u<

x—@lh—y+92h ) 1
K +u|h | < .
( h [z —yl(1—m)

o

h

Similarly, there exists a constant C' such that

<
h h ¢

and

(Tt Osh N c_
h |z —t](1 — n2)

Therefore, if ¢ is small enough and n sufficiently large we have, for —% <u< %
| K (u)| being integrable, by dominated convergence theorem, the integral in the right-hand
side of (4) tends to zero as n — +o00, uniformly with respect to (01, 62,03). Hence

/ —0 as n — 4oo uniformly with respect to (61,62, 03).
lv|<é

Let [

: write in the form

[v]>6 7
/ :/ ‘Uh_lK(E)(h_lK(’U—F.’E—elh—y+92h)
lv|>6  Jv—61h|>5 h h
% (h_lK(U+l‘—912/—t+93h))f($+1;—91h)‘dv.
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‘We obtain

2 B v+x—60{h—vy—+0h
/ <Zap LK) [ K oyt Ok
5‘ T h ©)

Ouh — L+ Oh
o )  + v — 011)] do.

Making the change of variable
v+x—0ih=u

Then
2 +605h, . _ u—t+0sh
[ < s RG] [ R o () )
[v|>d — U1 |'u\>6

< [ “‘“)(h—lmi“‘t; )1 () d

and this quantity in right-side tends to zero as n — +oo uniformly with respect to (62, 03)
according to Lemma 2.9 in Ciss et al. (2015) (when we replace K by |K|) and (Hg) (valid
under assumption C; or Csz). Since

sup|BK(E)|—>O as n — 400,
j>s - "h

we have

|/ | =0 as n— +oo,
[v|>8

the proof of the Lemma 1 is complete.

Proof of Lemma 2

We Suppose condition Cj is verified. Let A = [0,4] x [0,b] x [0,b]. We can write for all
z € [0,0]

I AN

0<ijAIAi<[F]

u — ih u—jh u—Llh
< [ IR R R ) du

Sth‘%‘/// D, (z,y,t) dedydt
{@y,t)eA:|lz—y|lz—t|[t—y|>0}

where

1
(I)n(xay7t) = ﬁ Z XAh,i(x)XAh,j (y)XAh,L(t)
0<iAjAIAi<[£] (7)

u — ih u— jh u—Lh
< IR R R ) du
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Let (2,y,t) € Aps x Apj X Apy @ # j # 1 # i with the representations:
w=hit0h, y=hjtOh t=hi+0h 0<6;, <1, i=123

(7) becomes

i [ IR R R w0 du

Let § = min('m;y‘ ‘thl, L yl) With the change of variable v = u — 2 — 01h we split the

integral above in the followmg form:

1/ v x—91h—y+92h r—01h —t+6sh
w5 GO K Iiwdi= [+ [
h3 Jg h h h lvj<s  J|o|>8

Then, we have

/// ®,,(z,y,t) dedydt

{(z,y,t)EA:|z—y||lz—t|[t—y|>0}

< /// Z XA % An s xAna (T, Y5 1) (/ +/ )
@y t)eAiz—yllz—tllt—y|>0} gcjrjz12i< i< o

The proof is conducted as follow:
First consider

/// Z XAh,iXAh,,jXAh,z(xay»t) (/ ) .
teyteadeylle=tli=vl>0} ocizjzizic<(f) jv]<8

Let A = sup,cp f(z). The notations being as in the proof of Lemma 2.9 in Ciss et al. (2015)
and we suppose h < % for n large enough with 6 = 5. We have, in accordance with inequality

(%]

(4)
oo —01h — O2h
/ éA/ Vg cuep K@) R(CEZEZYERL )
[v] <6 —00 h h h (8)
><|K(x_61h;t+03h+u)h_l|du.
For all u o0.h 0.1
lim K22 — Yyt 6 +u)h 7 =0.
n—-+o0o h
Write
‘K<x—91h;y+02h+ > ‘K({E—glh y+02 +u>
h
+K(2b+x—91:—y+92h+u>‘h_l

< ()\(2;)+’K<2b+x—01:—y+92h+u>’) Bl
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Express

h
_|2b+x—y+hu
N h

’K(2b+x—91h—y+02h+u>‘h_l

2b4x — 01h — y + O3k 1
K .
( h +u>‘|2z+xy+hu|

Let B =sup|y||K(y)| and C = sup | K (y)|, then, we have
yeR yER

K(2z+x01hy+92h

h

2b+zx—y+ hu
h

+u>‘ < B+2C.

Therefore, we have

%W+ 3 — Oy h—y+ Ok B B+2C
K < .
’ ( 7 “‘)‘h e T

Hence

©— O1h -y + Oah » 2% B+20
K h <A — .
‘ ( I “‘) W) byt

Similarly, we have

r—01h—t+6sh 1 2b B+2C
K < — .
‘ ( h +“>h SM%) T re—tha

We conclude that for A small enough

AD
|20 +x —y + hu|’

A /
= K(u)|(B+20)du <
/|v|<6 20+ 2 — y + hul R‘ (w)|( )

D being the finite bound of / | K (u)|(B +2C) du.
R
We have

AD
< O(h).

Since —§ < hu < § we have

b
§|2b+xfy+hu\,et1§|2b+x—t+hu|.

RS

Hence

16AD
/ <222 L om).
i<s b

This inequality is true for all

(z,y,1) € {(z,y,1) € A [z —ylle — |t —y| > O}.
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For all u we have according to the proof of the Lemma 2.3 in Ciss et al. (2015)

o0 2w — O1h —y+ Osh B
s [ gl | (TR )
(01,02,03)6[0,1]3 —00 .

% ‘K(Ielhht+03h+u) hil

du

tends to zero as n — 400 except the complement in A of
{(yt) eda#Fy#t#a}
which is dzxdydt-measure nul.

Therefore by Lebesgue-dominated convergence theorem

nEToo///A > XA ixAp ;% Ay (T, ) </|v<5> dedydt

0<ijAIAi<[2] 9)

= /// lim / dxdydt = 0.
A N0 |v]<6
Consider finally

/// Z XA}L,iXAh,jXAh,l(‘T’y7t)/ . (10)
{(z,y,)eA:|z—yl||lz—t||t—y|>0} 0<ijAlAi<[£] [v]>8

We use expression (3) in the second part of Lemma 2.9 in Ciss et al. (2015) by analogous
reasoning, we obtain

1 v v
< < sup |[||K(3)
/|'u>§ O uj>s P h™ o6
% hilK (v+x91flzt+93h

h

th(’U+l’01hy+92h)

(11)

)‘ flx+v—01h)dv.
Making a change of variable u = © + v — 01 h, the integral of the right-hand side of (12) does

not exceed S Oh f 4Ok
_ u — _ u —
/R|h e (PR e (RO )

Let 6 > h®,0 < & < 5. We have

v v
< sup |K()]  sup
~/|v>6 fol>he PETET TR (0, 00)e0,12 Jr

h_lK (u —y+ egh) h_1

(12)

When writing

/ K <u—y+92h> LK (u_twl)‘f(u)dug/ _|_/ ’
R h h <5 Jjol>5
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with the change of variable v = u —t 4+ 63h and § = L=yl yl we have according to the proof of
Theorem 2.10 in Ciss et al. (2015), under hypothesis Cl or Cg, for § > h?

| < —— 4+ 0O(h), y#t

and

'/|v>g'<|f‘iiehl+s |/‘h 1K ‘fu—ky O2h) du

Since
[Iew ()] v oy

is bounded by A [ [K(u)| du, we deduce that the right-hand side of(12) is bounded except
on set, § = 0. Hence
~/|11|>5

is bounded except for {(z,y,t) € A : § = 0} which is (dzdydt)-measure nul. A being
bounded, hypothesis Hy implies that the integral (10) tends to zero as n — 4o00. Conse-

quently
lim ///—)O, n — 400
n—+o00 A JR

since A is bounded. The proof of lemma is then complete.

Proof of Theorem 1

For sake of simplicity in the notations, K stands for K, and P, for P/. It is sufficient to
prove: on the one hand,

1)v/n(E(P,(z,0) — P(z,a)) > n as n— +oo
and on the other hand,

2) Pn(Z,Oz) — E(Pn(zv a))

. V(Pn(z,a))

Let g be the infimum of the support of f. Let’s firstly, observe that F'(z) is bounded. Let
Api = Ap;iNJ0,2]; and xp the indicator function of B. Let z € [0,b]. We have

N(0,1) as n— +oo.

Er e =30 (1- %) [ Ktorn -

K3

which can be written in the following form

(%]

z 7/ o +OO
[ Y- K (u)f (uh — ih) dudz
0 i=1 —00 (13)
z Z]\ « +oo z
+(h([F]+1) —2) (1 - @) /_ K (u)f(uh + @) du.
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We have
hlZ]\a ftoo z
sup |(h([ 7] +1) = 2) (1 - %) K (u) f(uh + %) dul
z€R —00 (14)

+oo
< 2M A% sup f(x)/ | K (u)] du.
rER —o0

Since we have |h([£] 4+ 1) — z| < 2h. Because of assumption Ha, we can write

P(z,a) = /O (1-2)" K () duf(a) dr. (15)

Let x € Ay, ;. By considering the terms (13) and (15), we get
o
-9
z — 00

_ ‘/M [(1- %)af(uh —im (1~ %)af(z)][((u) du

+oo

K (u) f(wh — ih) du — (1 - g)aK(u) duf(z)

+2 ihyo T\ (16)
< Yy (122
<[Ta-) - (=) reixwia
oo ih\ @ :
+f ](1 - \ [ Fuh — ih) — F(@)|[ ()] du.
Let x € Ay ;, we have, by the lipschitz condition applied to the function,
€T (e
gla)=(1-%),
h\ @ et
(1-2) = (1=2)"| < mulin - af* < M.
z z
Therefore, denoting by I (x) the first integral of the right hand-side of (16) and
(7] ‘
Li(z) = ) Xa,.(@)i(z).
i=1
We have
z z +oo 400
/ Il(x)d;nglh“/ (/ f(x)|K(u)du) dm:Mlh“(/ | K (u)| du)F(z).
0 0 —oo —oo
Denoting by Ii(z) the second integral of the right hand-side of (16) and
[7] 4
I(z) = ) xa,, (@) ().
i=1
Applying the lipschitz condition to the points ih and z. We have
Iy(x) < Myh® (/ |f(uh —ih) — f(ih)HK(u)ldqu/ |f(ih) — f($)||K(u)|du>
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between 0 and 1

(%]

S

+oo
_ h[ \F(uh+ 2 — 6uh) — ()|
+oo
X IK(u)Idu+s/ |K (u)] dudz) (17)

— 00

< CMth'Hz/ (/(|u|7 + 1)| K (u)| dudz.
o Jr

/ Io(x) dz < Myhe(
0

Since
—+oo +oo

/OZ I(x) do < Myh* /OZ(/OO f@)| K ()] du) dz = Mlha(/ K (u)| du)F(2),

— 00

we get, together with the right hand-side of (14)

A(E(P (2, a) — P(2,0)) < m\/ﬁ{OMlhaz/Oz </R(|uw + 1)K ()] du) do

+oo
MR sup f(x) / | ()] du
xER —00

LM (/+OO K () du) P

— 00

The integrals in the braces exist. Hence the first part is proved.

For the second part, we define

Let B, = (31, Bi)%. We shall obtain the statement 2) if, by Liapounov’s theorem, we
prove
By,

— 0 asn — +oo.
Var(P,(z,«a))
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Consider n®E(U?). We have

Ih.,  X;—lh
REUD) =E[( Y (1- D) K=Y
0<I<[%]
Ih a5, X; —lh
=e[{ ¥ a- i)
0<I<[£]
lh X:—1h ih X; —jh
- (1 )R (S (1 - )k (H 22
o<izi<[z] h N h
lh X:—1h ih
17704K J 177a
+ Y a-DrEE-D)

0<I#i#jAI<[£]

(S ) (1) (52

< (M3R3 | K3 (“_hZh)‘f(u) du
o<i<[z]’F

- ]/thMKQ(u_hlh)‘K <“_hjh>‘f(u) du

0<I#i<[2
u—lh u —ih u — jh
() (o (5

+ /]\41 h3a
O<l7éz;éj;ﬁl<[
The first term of the right hand-side of this inequality tends to ( [; [K®(y)| dy) P(z,2a)
as n — +oo. The second term of the right hand-side of this inequality tends to zero as
n — 400 because of theorem 2.10 Ciss et al. (2015) in the unidimensional case.

S

The latter two terms of the right hand-side of this inequality tend to zero as n — +o0
because of the Fubini’s theorem , the Theorem 2.10 and the Corollary 2.5 Ciss et al. (2015)
in the unidimensional case.

Therefore, their limits exist. Hence the Liapounov’s condition is satisfied. We have

1/3
U; —
*E(|U; — pil)® < +00  and an(zz L E( D) :

n

Let cst be a constant such that n*B(|U; — p,|))® < cst therefore

Bx _ (X, n3]E(\Ul._M|))1/3
Var(P,(z, o)) ny/Var(P,(z,a))
n/3est

ny/Var(P,(z,a))

On the other hand, we have

Var(P,(z,a)) = O(=) >0,

1
n
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therefore

Bn n1/3 1/3

Var(P,(z,«a)) B O(NO(%))

which tends to zero as n — 4o00. This completes the proof.

1%

("
n2

)

Proof of Theorem 2

We have
\/ﬁ(ll:ﬁ(P,’L’(z7 a)) — P(z,a)) — 0 asn — +oo,

by the lemma 2.4 Ciss et al. (2015) unidimensional case. The second part remains unchanged.
The proof is complete.
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