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ABSTRACT. The Fubini theorem for the generalized Dobrakov integral in com-
plete bornological locally convex topological vector spaces is proven.

1. INTRODUCTION

It is well known, in contrast with the scalar case, that the product of two vector
measures need not always exist. This problem has been studied in several papers,
where some conditions for the existence of the product of vector measures have
been given, see [30] for further references. In [27] the problem of the existence of
the product measure in the context of locally convex spaces for bilinear integrals
is solved in general. The bornological character of the bilinear integration theory
presented therein shows the fitness of making a development of bilinear integration
theory in the context of the complete bornological locally convex spaces. Note

here the paper of Ballvé and Jiménez Guerra [2] where we can find a list of
reference papers to this problem. Also, see [, 9, 11, 29] for further reading on
product of vector-valued measures.

Concerning the Fubini theorem, the first author in [17] generalized the Do-

brakov integral to complete bornological locally convex spaces. The sense of this
seemingly complicated theory is that, at the present, this is the only known in-
tegration theory which completely generalizes the Dobrakov integral to a class
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of non-metrizable locally convex topological vector spaces. Integration of vector
valued functions by operator-valued measures, especially the Dobrakov integra-
tion technique, has its applications e.g. in study of hybrid systems and optimal
control [1], quantum measurement [25], Wiener processes [28], etc.

This paper is, in fact, a continuation of the paper [20], where the construction
of bornological product measure is given and a Fubini-type theorem is stated. In
Section 2 we recall necessary notions from [, 15, 16, 17]. For the purpose to
prove the general Fubini theorem for bornological product measures the questions
on existence and measurability of a partial integral are solved in Section 3. All
these results lead up to Section 4 where the complete proof of general Fubini
theorem is given.

2. PRELIMINARIES

For basic notions of bornology and the description of the theory of complete
bornological locally convex spaces (C. B. L. C. S., for short) see [23, 2, 20].

Let X, Y, Z be Hausdorff C. B. L. C. S. over the field K of real R or complex
numbers C, equipped with the bornologies Bx, By, Bz.

One of the equivalent definitions of C. B. L. C. S. is to define these spaces as
the inductive limits of Banach spaces. We say that the basis U of bornology Bx
has the vacuum vector ' Uy € U, if Uy C U for every U € U. Let the bases U, W,
YV be chosen to consist of all Bx-, By-, Bz-bounded Banach disks in X, Y, Z
with vacuum vectors Uy € U, Uy # {0}, Wy € W, Wy # {0}, Vo € V, Vi # {0},
respectively. Recall that a (separable) Banach diskin X is a set U € Bx which is
closed, absolutely convex and the linear span Xy, of which is a (separable) Banach
space. So, the space X is an inductive limit of Banach spaces Xy, U € U, i.e.,

X = injlim Xy,
Ueu
see [21], where U is directed by inclusion (analogously for Y and W, Z and V,

respectively).

Since Xy, U € U, in the definition of C. B. L. C. S. is a Banach space, it
is enough to deal with sequences instead of nets and therefore we introduce the
following bornological convergence in the sense of Mackey. We say that a sequence
(x,,)5° of elements from X converges bornologically (or, it is Mackey convergent)
with respect to the bornology Bx with the basis U to x € X, shortly U-converges,
if there exists U € U, such that for every ¢ > 0 there exists ng € N, such that
(x, —x) € €U for every n > ny. We write x = Y- lim x,,. To be more precise, we

n—oo
will sometimes call this the U-convergence of elements from X to show explicitly
which U € U we have in the mind.

1. Operator spaces. On U the lattice operations are defined as follows. For
Uy, Uy € U we have: Uy AUy = Uy NUy, and Uy V Uy = acs(U; U Us), where

lin literature we can find also as terms as the ground state or marked element or fiducial
vector or mother wavelet depending on the context
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acs denotes the topological closure of the absolutely convex span of the set; anal-
ogously for W and V. For (U, W, V1), (Us, Wo, Vo) € U X W X V, we write
(thla‘/l) < (UQ,WQ,‘/Q) if and only if Uy C UQ, Wi D W, and V; D V5.

We use @, U, I' to denote the classes of all functionstd — W, W —V, U —V
with orders <¢, <y, <r defined as follows: for ¢, € ® we write 1 <o @2
whenever ¢1(U) C ¢o(U) for every U € U (analogously for <y, <pr and W — V,
U — V), respectively).

Denote by L(X,Y) the space of all continuous linear operators L : X — Y.
We suppose L(X,Y) C ®. Analogously, L(Y,Z) C ¥ and L(X,Z) C T. The
bornologies Bx, By, Bz are supposed to be stronger than the corresponding
von Neumann bornologies, i.e., the vector operations on the spaces L(X,Y),
L(Y,Z), L(X,Z) are compatible with the topologies, and the bornological con-
vergence implies the topological convergence. For a more detailed explanation
of the topological and bornological methods of functional analysis in connection
with operators see [32].

2.2. Set functions. Let 7" and S be two non-void sets. Let A and V be two
0-rings of subsets of sets T" and S, respectively. If A is a system of subsets of the
set T', then o(A) (resp. §(.A)) denotes the o-ring (resp. d-ring) generated by the
system A. Set ¥ = o(A) and = = (V). We use xg to denote the characteristic
function of the set E. By py : X — [0, 00] we denote the Minkowski functional
of the set U € U, i.e., py(x) = infyery |A| (if U does not absorb x € X, we put
pu(x) = +o00). Similarly, py and py indicate the Minkowski functionals of the
sets W € W and V € V, respectively.

For every (U, W) € U x W, denote by myw : X — [0, 00] a (U, W)-semivaria-
tion of a charge (= finitely additive measure) m : A — L(X,Y) given by

I
my w(E) = sup pw (Z m(EN El)xl> , EeX,
i=1
where the supremum is taken over all finite sets {x; € U,i = 1,2,...,1} and
all disjoint sets {E; € A; i = 1,2,...,I}. For {E; € Ayi =1,2,...,1} by [3,
Corollary 3 of Proposition 9, § 1| we get ENE; € A for E € ¥, and hence my w (E)
is well defined. Note that this result does not hold if ¥ is the o-algebra generated
by A. It is well-known that my is a submeasure, i.e., a monotone, subadditive
set function, and my (@) = 0. The family g,y = {myw; (U, W) € U x W}
is said to be the (U, W)-semivariation of m.

For every (U,W) € U x W, denote by |ml|yw : ¥ — [0,00] a scalar (U, W)-
semivariation of a charge m : A — L(X,Y) defined as

ZI: Am(E N E;)

=1

, Bek,
UW

lm|jyw (E) = sup

where ||L|luw = supyey pw(L(x)) and the supremum is taken over all finite
sets of scalars {\; € K; |N| < 1,4 = 1,2,...,1} and all disjoint sets {E; €
A; i =1,2,...,1}. Note that the scalar (U, W)-semivariation |m|yw is also a
submeasure.
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Let X', Y’ be the topological duals of X,Y, respectively. For every 3/ € Y/,
U elU and E € ¥ we define the U-variation of the charge y'm : A — X’ by the
equation

I
vary (y'm, E) = sup Z |(ym)(E N E;)x;l,

=1

where the supremum is taken over all finite pairwise disjoint sets F; € A and
over all finite sets of elements x; € U, i = 1,2,...,I. Note that the (U, W)-
semivariation of m : A — L(X,Y) may be expressed in the form

myw(E) = sup varg(ym,E), E€X, (2.1)
ylewo

where W9 € Y’ denotes the absolute polar of the set W € W, see [11].

Analogously, we may define a (W, V')-semivariation iy, : = — [0, 00|, and a
scalar (W, V)-semivariation |[n|wy : £ — [0,00] of a charge n : V — L(Y,Z).
For a more detailed description of the basic L(X, Y )-measure set structures when
both X and Y are C. B. L. C. S. see [11].

Let v : A — [0, 00| be a set function on a system A of subsets of a non-empty
set 2. We say that v is continuous on A if v(E,) — 0 for any sequence (E,,)° of
sets from A, such that E, \, 0 (i.e., E, D E,4; for each n € Nand () E, =0).

neN

Definition 2.1. Let (U, W) € U x W. Denote by

(a) Ay w the greatest d-subring of A of subsets of finite (U, W)-semivariation
myw and Ay = {Apw; (U, W) € U x W} the lattice with the order
given with inclusions of U € U and W € W, respectively;

(b) Afy the greatest d-subring of A on which the restriction myy @ Afyy —
L(Xy, Yw) of the measure m : A — L(X,Y) is uniformly countable ad-
ditive with myw (E) = m(E) for E € Ay, and Ay, = {Afy; (U W) €
U x W} the lattice with the order given with inclusions of U € U and
W € W, respectively;

(c) Afyy the greatest 6-subring of A where iy is continuous and A, ), =
{AGw; (U, W) € U x W} the lattice with the order given with inclusions
of U e U and W € W, respectively.

Analogously for (W, V) € W x V we define Vv, Vi, Vi, and Viyyy,
Vv, Viyy. Clearly, the lattices Ay, Ay, are sublattices of Ay yy. Concern-
ing the continuity on Ay w, Vv, see [31].

Denote by Ayw ® Vi the smallest d-ring containing all rectangles A x B,
A € AU,W; B e VW’V, where (U,W) eUuU x W, (VV, V) eEWx V. If Dy, Dy
are two J-rings of subsets of T', S, respectively, then obviously o(D; ® Ds) =
0(D;) ® 0(Dy). For every E € §(D; ® D,) there exist A € Dy, B € Dy, such that
ECAXxB. ForECTxS,seS, put

E°={teT;(ts) e E}.
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2.3. Basic convergences of functions. Let (), be a lattice of submeasures
Buw = X — [0,00], (U, W) € U x W, where the lattice operations A, V are defined
as follows

BUQ,WQ /\ ﬂUg,Wg = 6U2/\U3,W2VW3’
5U27W2 Vv 6U3,W3 = 6U2\/U3,W2/\W3a

for (UQ, WQ), (Ug, W3) elU x W, (eg BU,W = ﬁ’lu}w).

For (U, W) € U x W denote by O(Buw) = {N € 3; Buw(N) = 0}. The set
N € X is called Gy w-null if there exists a couple (U, W) € U x W, such that
N € O(Buw). We say that an assertion holds [y w-almost everywhere, shortly
Buw-a.e., if it holds everywhere except in a G y-null set. A set £/ € X is said to
be of finite submeasure [y yy if there exists a couple (U, W) € U x W, such that
Buw (E) < +oo.

Definition 2.2. Let £ € 3, R € U and (U, W) € U xW. We say that a sequence
(f, : T — X)$° of functions (R, E)-converges fyw-a.e. to a function f : T — X
if lim pr(f,(t) —£(¢)) = 0 for every t € E'\ N, where N € O(Guw).

We say that a sequence (f, : T — X)$° of functions (U, E)-converges [y -
a.e. to a function f : T — X if there exist R € U, (U, W) € U x W, such
that the sequence (f,)3° of functions (R, E)-converges By w-a.e. to f. We write

f =U-1lim £, Gyw-a.e.

Definition 2.3. Let £ € 3, R € U and (U, W) € U xW. We say that a sequence
(f, : T — X)$° of functions (R, E)-converges uniformly to a function f : T — X
if lim ||f, — f||gr =0, where |f||gr = sung(f(t)).

n—00 te

We say that a sequence (f, : T — X)° of functions (R, E)-converges Byw-
almost uniformly to a function f : T — X if for every € > 0 there exists a set
N € ¥, such that Syw(N) < € and the sequence (f,)7° of functions (R, E'\ N)-
converges uniformly to f.

We say that a sequence (f, : T — X)$° of functions (U, E)-converges [y -
almost uniformly to a function f : T — X, if there exist R e U, (U, W) e U x W,
such that the sequence (f,){° of functions (R, E)-converges By w-almost uniformly
to f.

For a more detail explanation of described convergences of functions in C. B.
L. C. S. and relations among them see [13].

2.4. Measure structures. For (U, W) € U x W we say that a charge m is of
o-finite (U, W)-semivariation if there exist sets £, € Ayw, n € N, such that T =
U~ , E,. For ¢ € ® we say that a charge m is of o,-finite (U, W)-semivariation
if for every U € U the charge m is of o-finite (U, p(U))-semivariation.

Definition 2.4. We say that a charge m is of og-finite (U, W)-semivariation if
there exists a function ¢ € ®, such that m is of o -finite (U, W)-semivariation.

Let W € W. We say that a charge p : ¥ — Y is a (W, 0)-additive vector
measure if 1 is a Yy-valued (countable additive) vector measure.
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Definition 2.5. We say that a charge u : ¥ — Y is a (W, 0)-additive vector
measure if there exists W € W, such that p is a (W, o)-additive vector measure.

Let W € W and (v, : ¥ — Y){° be a sequence of (W, o)-additive vector
measures. If for every ¢ > 0, E' € ¥ with py (v,(E)) < 400 for each n € N, and
E, e X, EiNE; =0,i# j,i,j € N, there exists Jy € N, such that for every

JZJOa
Pw <Vn( U EJ\E)) <e
i=J+1

uniformly for every n € N, then we say that the sequence of measures (v,)° is
uniformly (W, o)-additive on %, see [17].

Definition 2.6. We say that the family of measures v, : ¥ — Y, n € N, is
uniformly (W, o)-additive on ¥ if there exists W € W, such that the family of
measures v,, n € N, is uniformly (W, o)-additive on 3.

The following definition generalizes the notion of the o-additivity of an operator-

valued measure in the strong operator topology in Banach spaces, see [1], to C.
B. L. C.S.

Definition 2.7. Let ¢ € ®. We say that a charge m : A — L(X,Y) is a
o,-additive measure if m is of o,-finite (U, W)-semivariation, and for every A €
Ay ) the charge m(AN-)x: ¥ — Y is a (p(U), 0)-additive measure for every
x € Xy, U € U. We say that a charge m : A — L(X,Y) is a 0¢-additive measure
if there exists ¢ € ® such that m is a o -additive measure.

In what follows m : A — L(X,Y) and n : V — L(Y,Z) are supposed to be
operator-valued og- and og-additive measures, respectively.

2.5. An integral in C. B. L. C. S.. We use Mxay to denote the space of all
(A, U)-measurable functions, i.e., the largest vector space of functions f : 7' — X
with the property: there exists R € U such that for every U € U, U D R, and
0>0

{teT;pu(f(t)) >d} € X

Definition 2.8. A function f : 7" — X is called A-simple if £(T') is a finite set
and f~1(x) € A for every x € X \ {0}. Let S denote the space of all A-simple
functions.

For (U,W) € U x W a function f : T — X is said to be Ay y-simple if
f = Zle xX;XE;, where x; € Xy, E; € Ayw, such that E; N E; = 0, for ¢ # j,
1,7 =1,2,...,1. The space of all Ay -simple functions is denoted by Sy w .

A function f € S is said to be Ay y-simple if there exists a couple (U, W) €
U x W, such that f € Sy . The space of all Ay y-simple functions is denoted

by Szjhw.

It may be proved that Ma y; D Fa, where Fa is the set of functions f : T — X,
such that there exists a sequence (f,)7° of Ay y-simple functions U-converging
on 7T to f. Elements of Fa are called Ay )y-measurable functions (or measurable
in the sense of Dobrakov, see [1]).
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Let (U,W) e x W. For every E € ¥ and f € Sy, as usual, we define the
integral by the formula

I
fdm = m(FE N E;)x;,
/ >om(ENE)

where f = Zi[:lxiXEi, x; € Xpand E; € Apw, E;NE; = 0,0 # j,1,j =
1,2,...,1. Note that for the function f € Sy the integral [ fdm is a (W,0)-
additive measure on ..

Theorem 2.9. ([17, Theorem 3.8]) Let m be a o-additive measure and £ € May.
If there exists a sequence (£,)3° of Ay w-simple functions, such that

(a) U-lim £, = f my -a.e.,
(b) the integrals [ £, dm, n € N, are uniformly (W, o)-additive measures on
%,
then the limit v(E,f) = W-lim [ £, dm ezists uniformly in E € X.

n—oo

Definition 2.10. A function f € Ma,y is said to be Ay y-integrable if there
exists a sequence (f,)7° of Ay -simple functions, such that

(a) U-lim f, = £ my -a.e.,
(b) [ f,dm, n € N, are uniformly (W, o)-additive measures on X.

Let Zyw,a denote the family of all Ay yy-integrable functions. Then the integral
of a function f € 7y )y A on a set £/ € X is defined by the equality

yE:/fdm:W— lim f, dm.
E

n—oo E

Theorem 2.11. ([17, Theorem 4.2]) Let v(E.f) = [, fdm, E € ¥ and f €
Tuwa. Thenv(-,f): ¥ =Y is a (W, 0)-additive measure.

The following theorem gives a criterium of integrability of a (A, U)-measurable
function.

Theorem 2.12. ([17, Theorem 4.3]) A function £ € May is Ay y-integrable if
and only if there exists a sequence (£,);° of Ay w-simple functions, such that

(a) (U, E)-converges iy y-a.e. to £, and
(b) the limit W- lim [ £, dm = v(E) exzists for every E € X.
In this case fEfdm = W-lim fE f,dm for every set E € ¥ and this limit is

uniform on 2.

On integrable functions and further results related to the generalized Dobrakov
integral in C. B. L. C. S. see [L&] and [19].

Definition 2.13. A function h : 7" — X is said to be my, y-null if there exists
a My y-null set N € ¥ such that {t € T;h(t) # 0} C N.

A function f : ' — X is said to be my -essentially Ay yy-measurable (resp.
my y-essentially ANy yy-integrable) if f = g + h, where g is Ay y-measurable
(resp. Ay w-integrable) and h is my p-null. In the case f is a my, y-essentially
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Ay w-integrable function, we extend the integral of f defining fE fdm = fE gdm
for each £ € X.

Clearly, this integration theory extends with obvious modifications to 1my, -
essentially Ay jy-measurable (integrable) functions. Note that the range of an
my, y-null (hence also of an my, y-essentially Ay -measurable) function need
not be separable.

2.6. Bornological product measures. A bornological product measure was
introduced in [20]. Here we recall its definition.

Definition 2.14. We say that a (bornological) product measure of a op-additive
measure m : A — L(X,Y) and og-additive measure n : V — L(Y,Z) exists on
A®V (wewrite m®n: A®V — L(X,Z)) if there exists one and only one
or-additive measure m®n: A ® V — L(X,Z), such that

(m®n)(A x B)x =n(B)m(A)x

for every x € Xy, A € Ayw, B € Vi, where there exists y € I', p € &, ¢ € P,
such that y =Y op and V C (W), W C p(U), v(U) C ¥(e(U)).

For more results on bornological product measures and related Fubini-type
theorem see [20] and [21].

3. MEASURABILITY OF THE PARTIAL INTEGRAL

Let (U, W, V) € UxWxV. According to the example before [6, Theorem 6] it is
clear that in the general Fubini theorem we must assume that for a Ay w ® Vv -
measurable function f : 7' x S — Xy the function ¢ — f(¢,s), t € T, must
be Ay w-integrable for all s € S. Since a Apyw ® Vyy-measurable function
is a pointwise (bornological) limit of Ayw ® Vy,y-simple functions, from [12,
Theorem A, § 34] and from the fact that Ay -measurable functions are from
the closure of pointwise bornological limits it follows that the function f(-,s) is
Ay w-measurable for each s € S. This guarantees that f : 7" x S — Xy is
Ayw @ Vi y-measurable.

Recall now the following useful notion, see [19].

Definition 3.1. Let (U W) e U x W. If g : T — Xy is a Ay w-measurable
function, then the L}J’W—gauge of the function g on the set & € X, denoted
by myw (g, £), is a non-negative not necessarily finite number defined by the

equality
my,w (g, ) = sup {pw </ fdm) } )
E

where the supremum is taken over all f € Syw, such that py(£(¢)) < pu(g(t))
for each t € E. The Lhw-gauge of the function g is then defined by

ﬁlU,W(g:T) = Sup ﬁlU,W(& E)
Eexy
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Let us denote by L,y (m) the space of all Ay y-integrable functions with the
bounded and continuous seminorm My (-, £). Analogously, for (W, V) € WxV
we define the Ly -gauge fyy (-, F') and the space Ly (n).

Let f: T xS — Xy be a Ayw ® Vyy-measurable function and let (-, s) be
Ay w-integrable for each s € S. In this part of paper we investigate the theory
of Vyyy-measurability and the nyyy-essential Vyyy-measurability of the partial
integral gg,

g(s) = / £(.s)dm, se S, Eco(buw @ Viny).

In this part we also obtain results for Vyyy-measurability of the function hg,
hE(S) = Ii’law(f(',S),ES), s € S,

and other results which will be important for the proof of general Fubini theorem
in Section 4. In what follows gg and hg always denote the above stated functions.

Theorem 3.2. Let (U, W, V) € UxWxV andf : TxS — Xy be a Afy, @Vy -
measurable function. Then for each E € o(Ayw ® Vwy) the function hg is
Vv -measurable.

Proof. Let E € o(Ayw ® Vw,) and let (£,)7° be a sequence of Afy @ Viyy-
simple functions, such that f,(t,s) — f(¢,s) and py(£.(¢,s)) " pu(f(t,s)) for
each (t,s) € T'x S. According to [5, Theorem 4] we get

myw(f(-, s), E°) = sup /spU(f(-,s))dvarU(y’m,-)

y' eEWO
for each s € S. The same equality also holds for each f,,, n € N. Then the Fatou
lemma yields
ﬁlaw(f(', S), ES) = nh—{{olo IhU,W(fn('a 8), Es)
for each s € S. Therefore it is enough to prove that the theorem holds for each
A%,W ® Vi y-simple function f : 7' x S — Xy.

Let £ : T'x S — Xy be a Afy ® Vyyy-simple function of the form f =
Z::l XiXE;» where X; € XU; Ez € A((:],W & VW,V7 EZ N Ej = @, 1 7é j, Z,j =
1,2,....r,and let & € U(AU’W(X)wa). Since A?]W(X)VI/V,VQU(AU,W@VW,V) =
Afw @ Vv, and since E; € ALy, @ Vyy, @ = 1; 2,...,r, then we may suppose
without loss of generality that E € Afw @ Viyy.

Choose A € Afy and B € Vyy, such that F C A x B. Let x € U,
and k : T'— Xy be a Af -simple function defined by k = (3 °;_; pu(x;)) - Xxa-
Obviously, k € L,y (m), cf. [19, Theorem 3.8(c)]. Let us denote by R a ring of all
finite unions of pairwise disjoint rectangles C'x D, C' € Ay, D € Vyy, cf. [12,
Theorem E, § 33]. If F; € RN(AX B) fori=1,2,...,r, thenforg=>"_ X;xr
the function s — myw(g(-, s),A), s € 9, is clearly Vy,-measurable.

Denote by M; a class of all sets F1 € Afy @ Viyy N (A x B) for which
the function s — myw(g(-,s),4), s € 9, is Vyy-measurable provided g =
Yo xixm and Fy, ..., F, € RN (A x B). Then RN (A x B) C M, and since
pu(g(t,s)) < pu(go(t)) for each (t,s) € T x S, then M; is a monotone class of
sets by the Lebesgue dominated convergence theorem, see [5, Theorem 17].
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So, M1 = Afy ® Viy N (A x B) by [12, Theorem B, § 6]. Similarly, if
My is a class of all sets I, € Afy @ Viyy N (A x B) for which the function
s — myw(g(-,s),A), s € S, is Vy,y-measurable provided g = > . | X;Xr,,
Fie M; and Fs,...,F, € RN (A x B), then My = A%, @ Vipy N (A x B).
Continuing in this way we get 7

M, = A?],W X va N (A X B),

which completes the proof of theorem. O

Recall that A C W9 is called norming set for Yy if py(y) = sup,ca [(y,¥")|
for eachy € Yy, W € W, cf. [22, Definition 2.8.1]. Note that separable Banach
spaces and their duals have countable norming sets.

Theorem 3.3. Let (U W, V) e UxWxV andf : TxS — Xy be a Ayw V-
measurable function. Then for each E € o(Ayw ® Vwy) the function hg is
Vw.v-measurable.

Proof. Let yl, € W° n € N, be a countable norming set and let £ € o(Ayw @
Vw.yv). Then by [5, Theorem 4] holds

hp(s) =myw(f(-,s), E%) = sup/spU(f(-, s)) dvary (y,m, )

neN J E

for each s € S. Therefore by [12, Theorem A, § 20] it is enough to prove Ay -
measurability of the function

S ;—>/pU(f(-,s))dvarU(y;m,-), s€S,
E

for each n € N. But it follows directly from Theorem 3.2 since by assumption
the function f is Ay w ® Vyy,y-measurable and vary (y,m, -) is a o-additive finite
measure on Ay yy for each n € N. O

Theorem 3.4. Let (U, VV, V) EUXWXV. [ff :T'xS — XU 1S a AU,W®VW7V‘
measurable function and £(-,5) € Li;y(m) for each s € S, then for each E €
o(Auw @ Vwy) the functions gg and hg are Vy,y-measurable. Moreover, if the
product measure myw @ Ny exists on Ayw @ Vwy and if hpyeg € L%V’V(n),
then f € Ly, (m @ n).

Proof. Let (£,)7° be a sequence of Ay @ Vyyy-simple functions on T' x S, such
that f,(t,s) — (¢, s) and py(£.(t,s)) /" pu(f(t,s)) for each (¢t,s) € T x S. Then
clearly f,(-,s) € Ly, (m) for each n € N and each s € S. Thus, f is Af @ Vv -
measurable. Then by Theorem 3.2 the function hg is Vyy-measurable for each
E € o(Apw ® V). Further, by the Lebesgue dominated convergence theorem,
see [0, Theorem 17], we have

myw(f(-,s) — £,(-,5),T) — 0
for each s € S. Let E € o(Ayw ® Vwy) and put

gn,e(s) = / f,(,s)dm, s€S, neN.
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According to [21, Lemma 2.5(i)] the functions g, g, n € N, are Vy,,,-measurable.
Using [19, Lemma 3.13] we get

pW(gn,E(S) - gE<S)) < mU,W(fn('> S) - f('? 5)7 T) — 0
as n — 00. S0, g, r(s) — gr(s) for each s € S, which proves Vy,-measurability
of gg, because Vyy-measurable functions are closed with respect to bornological
limits of sequences.

For the second statement we have to prove that Ly, -gauge (m®n)yy(f,) is
continuous on o(Ayw ® Vw,v). Let (Ei)3° be a sequence of sets from o(Apw ®
Vi, ), such that Ej, \ 0. The assumption f(-,s) € Lg;y (m) for each s € S and
the Lebesgue dominated convergence theorem implies that hg, (s) — 0 for each
s € S. Then from hyryg € L%MV(n) and the Lebesgue dominated convergence
theorem again we get ny v (hg,,S) — 0. Then [20, Theorem 2.6] yields

(m@n)yy(f, B < fwy(hg,S) — 0,
which completes the proof. O]
Theorem 3.5. Let (U, W, V) € UxWxV. Letf : TxS — Xy be a Ay @Vwy-
measurable function and for each s € S the function t — f(t,s), t € T, be

Ay w-integrable. Then for each E € o(Apw @ Vwy) the function gg is V-
measurable.

Proof. Put F' = {(t,s) € T x S; f(t,s) # 0}. Then F' € o(Afy ® Vi), and
therefore there exist sets A € o(Af ) and B € o(Vy,y) such that ' C A x B.
Choose a sequence (A,){° of sets from Af y,, such that A, / A. Obviously,

F,={(ts) €T xS; py(f(t,s)) <n} € o(Ajw @ Vwy)
and F,, /" F, n € N. Now it is easy to see that
H, = (An X B) NE, e ACU’W & U(VW\/),

also H, /" F, and f(-,s)xu, € Ly (m) for each n € N and each s € S. Then
by Theorem 3.4 the functions g, g,

gnr(s) = / £f(-,s)xm,(-,s)dm, neN,seS EecoApw @ Vwy)

are Vyyy-measurable. Since Ay y-integrability of function ¢ — f(t,s), t € T, for
each s € S implies that gg(s) = lim g, g(s) for each E € o(Apw ® Vwy) and
each s € S, the theorem is proved. O
Theorem 3.6. Let (U, W, V) e UxWxV. Letf: TxS — Xy be a Ayw V-
measurable function and let for each s € S the function (-, s) be Ay w-integrable.
Then for each E € o(Ayw @ Vw,v) the function g is weakly YV -measurable,

i.e., for each y' € WO the function y'gr is V. -measurable. Therefore, if Yy
is separable, then g is Vyy,y-measurable for each E € o(Ayw @ V).

Proof. Let E € o(Ayw ® V) and y' € WP, Then

Vee(s) = [ £ dym
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for each s € S (see the paragraph after Theorem 3.5 in [19]) and we have
vary (y'm, A) = y'm(A) < pyo(y) - g (A) < 400

for each A € Ayw. Thus, y/’r\n is continuous on Ay and by Theorem 3.5 y'gp
is Vyyy-measurable.
For the proof of the second statement see [22, Theorem 3.5.3]. Il

Theorem 3.7. Let (U, W, V) e UxWxV. Letf : TxS — Xy be a Ayw V-
measurable function and for each s € S the function f(-,s) be Ay w-integrable.
If
f, = an,iXEmu Xni € Xy, Eni € Apyw @V, i =1,2,...,m, n €N,
i=1
is a sequence of Ayw @ Vwy-simple functions such that f,(t,s) — £(t,s) for
each (t,s) € T x S and if X{; is the closed span of
Xo = 2_xn
n=1 i=1
in Xy, then for each s € S the function f(-,s) is integrable with respect to the
restriction of the measure myy, : Ayw — L(X{, Yw) and the set of all finite
sums of the form 22:1 m(A)x;, A; € Ayw, x5 € Xo, j=1,2,...,7, is a dense
subset of a set

{/ f(-,s)dm; Aco(Apw),s € S}
A
of the space Yy .

Proof. Under the assumptions of theorem (see also proofs of convergence theorems
in [18]) for each s € S there exist a sequence (Fi(s))° of sets from Ay, a set
N(s) € o(Ayw), and a subsequence (n(s));° of natural numbers, such that

lim [ £, (- $) XN (5 9) dm:/f(-,S) dm
A A

k—o0

uniformly with respect to A € o(Ayw). It remains to observe that for each s € S

integrals on the left-hand side of the last equality are of the form Z;Zl m(A;)x;

with A; € Apw, x; € Xo, j = 1,...,7. Note that the (U, W)-semivariation

of the restricted measure myy, = Ayw — L(Xg, Yw) is less than or equal to

the (U, W)-semivariation of myw : Ayw — L(Xy, Yw), hence it is finite on

AU,W- ]
As a direct consequence of theorem we have the following result.

Corollary 3.8. Let (UW,V)eU xW x V. Let £ : T xS — Xy bea Ayw ®
Vw.v-measurable function and let for each s € S the function f(-,s) be Ay -
integrable. Let {m(A)x; A € Ayw} be a separable subset of Yy for each x €
Xy. Then

(i) the set B ={[,f(-,s)dm; A € o(Ayw),s € S} is a separable subset of
Y ; especially we may choose W € W such that span B = Yy ;
(ii) for each E € o(Ayw ® Vw,v) the function gg is Vyy,y-measurable.
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Theorem 3.9. Let (U,W,V) e U xW xV. Let Ayw be generated by a countable
system of subsets of T, letf : T'x S — Xy be a Ayw @ Vw,y-measurable function
and for each s € S the function f(-, s) be Ay w-integrable. Then

(a) the set {fA f(-,s)dm; Aeco(Apw),s € S} is a separable subset of Yy ;
(b) for each E € o(Apw @ Vw,yv) the function gg is Vw,v-measurable; and
(c) the function v,

w6 = sw ([ reoam). ses

Aco(Ay,w)
is finite-valued and Vv -measurable.

Proof. Without loss of generality we may assume that Ay is generated by a
countable ring R = {N,;;n € N}, see [12, Theorem C, § 5.

We will prove (a) and (b) together. With respect to Corollary 3.8 it suffices
to show that Yy = {m(A)x; A € Ayw} is a separable subset of Yy for each
x € Xy.

Let x € Xy, Put B, = (ViU ---UN,)NAR, and &,, = 0(R,,), n € N. Then
clearly Ayw = 0(R) = U, S,. Let us show that a set Y, of all finite sums of
the form Y., m(R,,)x is dense in Yy (Y is clearly separable).

Let A € Ayw. Then there exists an ng4, such that A€ &,,,. Let h,,, : 6,,, —
Yy be a control measure for the vector measure m(-)x : &,,, — Yw. Then the
desired assertion directly follows from [12, Theorem D, § 13| applied to h,,, and
from the following inequality

pw(m(A;)x — m(Ag)x) < pw(m(A; — Az)x) + pw (m(Ay — A;)x)
< oflm()xfluw (AiAdy), Ar, Ay € Gy,

(c) Since A — [, f(-,s)dm, A € o(Ayw), is a (W, 0)-additive vector measure
on a o-ring, then v is a finite-valued measure, see [10, Theorem IV.10.4]. By [10,
Theorem 1V.10.5] and [12, Theorem D] we get

) = s #(.9dm)

for each s € S. Thus part (b) and [12, Theorem A, § 20] imply Vyy,, -measurability
Of V. 0

Theorem 3.10. Let (U,W) € U x W and Xy be a separable space. Then for
each A € o(Ayw) there exists a o-additive measure Ay : o(Ayw) — [0,00), such

that C € o(Ayw) and
)\A(A N C) =0 = l'ilUJ/V(A N C) =0.

Proof. Let A € o(Ayw) and choose a sequence (A,)° of sets from Ay, such
that A, / A. Since

myw(C) = sup vary(y'm,C)
y/EWo
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for each C' € o(Apw), see (2.1), then
IflU’W(A N C) = lim IilUyw(An N C)

for each C' € o(Apw).

Let us suppose that the theorem is proved for all A € Ay and consider o-
additive measures A, : 0(Ayw) — [0,00), such that C' € o(Ayw) and A, (A, N
C) = 0 implies my w (A, NC) =0, n € N. Put

M) =3 %% C € (D).

n=1
Obviously, A4 has required properties, and therefore it is sufficient to prove the
theorem for each A € Ay .

Let A € Ayw and {x; € Xy, k € N} be a dense subset of X;;. Let for each

keN

At ANo(Apw) — [0,00)
be a control measure for vector measure m(-)x; : ANo(Apw) — Yw. Then
clearly

=1 M(ANO)
Aa(C) = ; F 1y C €oBow)

has the required properties. ]

Theorem 3.11. Let (U W, V) eU X W x V. Let£: T x S — Xy be a Ayw @
Vw.v-measurable function, for each s € S the function £(-,s) be Ay w-integrable.
If for each B € o(Vw,y) there exists a o-additive measure Ag : o(Vw.y) — [0, 00),
such that

)\B(BQD) =0 = IAIW,\/'(BQD):O, DGU(va),

then for each E € o(Ayw ® Vwy) the function gg is Ny -essentially Vv -
measurable.

Proof. Let E € o(Ayw ® Vw,y). Consider A € o(Ayw) and B € o(Vwy),
such that £ C A x B and let A\g : 0(Vwy) — [0,00) be the corresponding
measure. Let (f, : 7' — Xy){° be a sequence of Ay y ® Vi y-simple functions,
such that f,(t,s) — f(t,s) for each (t,s) € T x S and let X{, be the closed
linear span of the union of their ranges in X;. By Theorem 3.7 we may replace
Xy by the separable subspace X};. By Theorem 3.10 there exists a o-additive
measure pq : o(Apw) — [0,00), such that C € o(Ayw) and pa(ANC) =
0 = 1y (ANC) = 0, where my, yy, is the (U, W)-semivariation of the restricted
measure myy : 0(Ayw) — L(X(, Yw). Clearly, my, y,(C) < myy (C) for each
C € o(Ayw). Obviously,

F=|J{(t,s) e T xS; fu(t,s) # 0} € o(Ayw) ® 0(Vwy) = o(Auw @ Vwy),
n=0

where fy = f. Since pa ® Ap : o(Auw @ Vwv) — [0, 00) is a o-additive measure,

by the Egoroff-Luzin theorem there exists a set N € o(Ayw @ Viy), N C F, a

sequence (Fy)5° of set from Ay w®@Vw.v, such that (ua®Ag)(N) =0, F, /" F\N,
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and a sequence (f,)7° of functions U-converges uniformly to f on each Fj, k € N.
Clearly,

ge(s) = 8uenr\\)(5) + 8enn(s) = ]}1_{210 genr, (S) + 8enn(s)

for each s € S. By Theorem 3.7 each function ggnp,, k € N, is Vi -measurable.
Thus, it is sufficient to prove that the function ggnn is Ny y-null.
Obviously, {s € S;grnn(s) # 0} C B. Since

0= (,UA@/\B)(AX BﬂN) :/MA(AﬂNs)d/\B,
B

there exists a set D € o(Vy,y) with Ag(B N D) = 0 such that ua(ANN®) =0
for each s € B\ D, see [12, Theorem A, § 36]. But then my, (AN N®) =0, and
therefore gpnn(s) = 0 for each s € B\ D. Thus {s € S;grnn(s) # 0} C BN D.
However, ny, (B N D) = 0, and therefore gy is Ny y-null, which completes
the proof. O

Remark 3.12. Let (U,W, V) e UxWxV. Let f : T'xS — Xy be a Ayw @ Vyyy-
measurable function and for each s € S the function f(-,s) be Ay w-integrable.
Then Vy v-measurability of function gg for each E € o(Apyw ® Vw.y) depends
naturally on the function f. Particularly, if the range of f is a relatively o-compact
set on Xy, then [18, Theorem 3.2] and [18, Theorem 4.4] (on interchange of limit
and integral) immediately imply Vyy,-measurability of the function gg for each
FE e O'(AUJ/V ® VVV,V)

4. THE GENERAL FUBINI THEOREM

Lemma 4.1. Let (U,W, V) e UxW XV, andf : T xS — Xy be a Ayw @V -
measurable function. Then there exist sequences (A,)7° € Auw, (Bn)° € Vwv,
such that £ is 0({ A, X By, }nen)-measurable.

Proof. By definition of a Ay ®Vyy-measurable function there exists a sequence
(fx)3° of Ayw ® Vi y-simple functions, such that f;(¢,s) — £(¢, s) for each (¢, s) €
T x S. Each f; is of the form f; = > xpxp,,, where x4; € Xy, Ep; €
AUJ/V ® VWv, Ek,i N Ekz,j = @ for i 7& j, Z,] = 1, 2, ey T Since AU,W &® VWJ/ is
the smallest J-ring over all rectangles Ax B, A € Ayw, B € Vv, the obviously
valid d-version of [12, Theorem D, § 5] implies that for each couple (k,i7), k € N,
i=1,2,..., 1, there exist sequences (Ay; ;)32 € Avw, (Brij)321 € Vwy, such
that

Eri € 6({Arij X Brij}jen).
By a suitable enumeration of the countable set
{(k,i,7); keN,i=1,2,...,r, j € N}

we immediately get the desired sequences (A4,,)° € Apw and (B,)® € Vyy. O
The next lemma is a direct consequence of the Orlicz-Pettis theorem, see [22,
Theorem 3.2.3] and [10, Theorem IV.10.1].
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Lemma 4.2. Let V € V and X, € Zy, k,n € N. Let for each n € N the series

> Zn g be unconditionally V -bornologically convergent (in Zy ), and let for each
n=1

I, C N the series Y. > znx be unconditionally V-bornologically convergent.

n=1kel,
0o 00

Then the series >, > zn ) is unconditionally V -bornologically convergent.
k=1n=1

Using the above lemmas we prove the following

Lemma 4.3. Let (U W, V) e UxWxV. Letf :TxS — Xy be a Agyw V-
measurable function, for each s € S the function £(-,s) be Ay w-integrable, and
for each E € o(Ayw ® Vwy) the function g be V. v-integrable. Then the set
function

E s // s)ydmdn, FE € o(Apw ®@ Vwy),

is a (V,0)-additive measure on o(Ayw & Viy).

Proof. Let (Ek) be a sequence of pairwise disjoint sets from o(Ayw ® V)

and put Ey = U E). We have to show that

// dmdn—Z// s) dmdn

in the sense of unconditional V-bornological convergence. By [18, Theorem 4.4]
(on interchange of limit and integral) it is enough to show that the series on the
right-hand side is unconditionally V-bornologically convergent.

By Lemma 4.1 there exists a countable system A C Apyw, such that Ej €
0(A) ® o(Vy) for each k € N. Choose the sets A € 0(A), B € o(Vy,y), such
that Ey C A x B, and choose the sequence (B,,)?° of sets from Vyy, such that
B, /' B and By = (). By Theorem 3.9(c) the function v,

v(s) = sup pw (/ f(-,s) dm) , S€ES,
Ai1€0(A) AINES

is finite-valued and Vyyy-measurable. Thus,
F,={seS; 0<u(s) <n} €a(Vwy)
for each n=0,1,..., and F,, /. Put
G,=B,NF,\B,.1NF, 1, neN.

o
Then Gy, n € N, are pairwise disjoint elements of Vyyy, and |J G,, C B. Put

n=1
znk—// s)dmdn, n,keN.
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Using Lemma 4.1 we will show that the series Y > 2, is unconditionally V-
n=1k=1
bornologically convergent, and this will prove the lemma since by [18, Theo-

rem 4.4] we have

ZZZ"k_ZZ/ / dmdn—Z// s) dmdn.

n=1 k=1 =1 k=1

Therefore, it remains to verify the validity of assumptions of Lemma 4.1.
Let n € N be fixed. We will show that for each 2’ € V° the equality

<// dmdnz>:< // dmdnz> <§;sz>

holds in the sense of unconditional V'-bornological convergence, and so by Orlicz-
Pettis theorem we will prove the unconditional V-bornological convergence of

0
Z ka.
k

-1
Since the function f(-, s) is Ay w-integrable for each s € S, by [18, Theorem 4.4]
we immediately get that for each s € §

/gf(-,s)dmzi/Ezf( s)dm

in the sense of unconditional V-bornological convergence. ;From the definition
of the function v it is clear that

()

for each s € S and each K C N. Thus, for any finite X' C N by [19, Lemma 3.3]

we have
(B )
< pyo(?) - pv (/Gn (Z /Ek £(-,s) dm> dn)

keK

Z/ ) -y (Gr)

keK

< pyo(2') - sup p (
se n

< pyo(2') - sup v(s) - A,y (By)
seGp

S pvo(Z/) N - ﬁW,V(Bn) < 400.

Therefore, the series

<Z// dmdnz>: // s)dmd(z'n)
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is unconditionally V-bornologically convergent, thus by [18, Theorem 4.4] we get

o0

Z(Zn,m»’/) = Z/ / s) dmd(z'n) / / s) dmd(z'n)

([ [ tramin )

which was to be shown.
Now, let I,, C N, n € N, and put

Ez[j(TXG,Jﬁ(U Ek)

n=1 kel,

Since G, n € N, are pairwise disjoint, the Vyyy-integrability of gz implies that

the series
S [ i3 (Fa)
Uke] Ek n=1 \k€l,
is unconditionally V-bornologlcally convergent, i.e., the assumptions of Lemma 4.1
are satisfied which was to be shown. Il

Lemma 4.4. Let (UW) e U xW, and £ : T — Xy be a Ayw-measurable
function. Then there exists a o-additive measure A : o(Apw) — [0, 00), such that
N € o(Auw), NN) = 0 implies that £xy is Ay -integrable and [, fdm = 0.

Proof. Let (f, : T — Xy)3° be a sequence of Ay yy-simple functions such that
f.(t) — f(t) for each t € T. To each vector measure A — [, f,dm, A € o(Ayw),
n € N, take a control measure A, : 0(Ayw) — [0,00). Now it is sufficient to put

=1 (A4

AA) = — 2 1+ Ay (T)’

A € U(AU,W>7

which has the desired properties. Il

Lemma 4.5. Let (U, W, V) e UxWxV. Letf :TxS — Xy be a Ayw V-
measurable function and for each s € S the function f(-,s) be Ay w-integrable.
Then for each set E € o(Apw @ Vw.yv) the function g is Vw.v-measurable.

Proof. Let E € o(Ayw ® Vwy). Since the function fxg is Apw ® V-

measurable, then by Lemma 4.1 there exists a sequence (A,)y° of sets from

o(Ayw), such that fxg is 0({A41,..., An, ... }) ® Vi y-measurable. By [7, The-
orem 4] for each s € S the function fyg(-,s) is integrable with respect to the
restriction

m" =m:6({A,...,A,,...}) = L(Xy,Yw),
and there holds

ge(s) = [ f.9)dm= [ (.5 dm’ = gis)

Since §({A1, ..., Apn,...}) is o-generated, then g = g}, and by Theorem 3.9(b)
is Vyyy-measurable. O
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Finally, now we are able to prove the main theorem of this paper — the general
Fubini theorem for the Dobrakov integral in C. B. L. C. S.

Theorem 4.6. (Fubini) Let (U, W,V) € U x W x V. Let the product measure
my w X nyy : AU,W & VW,V — L(XU, Zv) erist and let £ : T x S — XU be a
Ay w @ Vw,v-measurable function. Further, let for each s € S the function f(-, s)
be Ay w-integrable. Then the following conditions are equivalent:
(a) for each E € o(Ayw @ Vwy) the function f is Apw @ Vw.v-integrable;
(b) for each E € o(Ayw ® Vw,yv) the function gg is Dy, -essentially Vv -
integrable.

If these conditions are satisfied, then

/fd m® n) //s s) dmdn (4.1)

for each E € o(Apyw @ Vwy).

Proof. Without loss of generality we may suppose that for each £ € o(Apw ®
Vw.yv) the function gg is Vy,-measurable. Let (f, : T — Xy)°® be a sequence
of Ayw ® Vy,y-simple functions, such that f,(¢,s) — £(¢,s) and py(£.(¢,s))
pu(f(t,s)) for each (t,s) € T x S. For each vector measure

E|—>/fnd(m®n), EGO’(AU,W@VW’V), n €N,
E

take a control measure A, : J(AUW ® Vw,v) — [0, 00) and put

1 A

2 2—1+)\ ), EEO’(AUJ/V(@VVV"/).

Let X}; be the closed linear span of the set {f,(t,s); (t,s) € T x S,n € N}. Then
X{; is a separable Banach space and according to Theorem 3.7 we may replace
Xy by X{;. Hence, we may assume that X;; is a separable Banach space.

Take Ay € o(Ayw) and By € o(Vw,y) such that

F={(t,s) e T xS; f(t,s) #0} C Ay X By.
Then by Theorem 3.10 there exists a o-additive measure v4, : o(Ayw) — [0, 00)
such that C' € o(Ayw) and v4,(AoNC) =0=myw (A4 NC) = 0.

Let £ € o(Ayw ® Vwy). Then by Lemma 4.5 the function gg is V-
measurable. Therefore by Lemma 4.4 there exists a c-additive measure ng :
o(Vw,y) — [0,00) such that D € o(Vyy), ng(D) = 0 implies gpxp is V-
integrable and fD grdn = 0. Put

pe(G) = MG) + (va, @ ne)(G), G € o(Apw @ V).

Then from the above stated results and [12, Theorem A, § 36] it follows that if
N € O'(AU7W & vW,V) and ME(N) =0, then the function fXNﬂE is AU,W & VW,V‘
integrable, the function gyng is Vyyy-integrable and

/ fd(m@n):/gNmEdnzo.
NNE s
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According to the Egoroff-Lusin theorem there is aset N € o(Apyw®@Vy,v) with
pe(N) =0, a sequence (F})3° of sets from Ay w @ Vi, such that £}, / F\ N,

and the sequence (f,);° of functions U-converging uniformly to f on each Fy,

k € N. Thus by [20, Theorem 3.1] the function fxgnr is Apw ® Vw,v-integrable
for each k € N, the function ggnp is Vyyp-integrable and

/ fdim®@mn) = / gcnenk, dn = // f(-,s)dmdn (4.2)
GNENF}, S S J(GNENFy)®

for each G € o(Ayw ® Vw.v). Since by assumption the function f(-,s) is Ay w-
integrable for each s € S, then

grnr,(s) = / f(-,s)dm — f(-,s)dm
(ENF)*® [EN(E\N)]*
= gen(rnN) () = gr\n(5) (4.3)

for each s € S.
(a)=(b) and (4.1). Let us suppose that f is Ay ® Vyyy-integrable and
B e O'(wav). Then

/gEmFdn:/ fdm®n) — fd(m ® n)
B (Aox B)NENF}, (Aox B)N(F\N)NE
= / fd(m ®n). (4.4)
(AxB)NE

Then [18, Theorem 4.4], (4.3) and (4.4) imply that the function gg\ n, hence also
g, is Vi y-integrable and thus

/gEdn:/gE\Ndn:/ fd(m ®n)
B B (Aox B)NE

for each B € o(Vw.v). Taking B = By we get the equality (4.1).

(b)=(a) and (4.1). Let us suppose that for each E € o(Apw ® Vi) the
function gg is Vyy-integrable. Take E = Ay x By in the proof of (a)=-(b)
and (4.1) above. Then for each k& € N the function fxp, = fx(aoxpy)np is
Apyw ® Vyy-integrable and

(Exr )t s) = (Exmw)(E, 5) (4.5)

for each (t,s) € T x S.
Since by Lemma 4.3 the set function

G — / gedn, Geo(Auw @ Vy),
s

is a (V, 0)-additive measure, then by (4.2) we have

[t dmen = [ fd(men) = [ guaeneonn, dn
G (AoXBo)ﬂGﬂFk S

= /ngﬂGdn_)/gGﬁ(F\N) dn:/ggdn. (4.6)
S S s
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Then [18, Theorem 4.4], (4.5) and (4.6) imply Ay w ® V,y-integrability of func-
tion f and the equality (4.1). The theorem is proved. O
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