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ABSTRACT. Conditions such that a locally k-convex inductive limit of a se-
quence of k,-normed algebras is a locally m-(k-convex) algebra, are given. It
is shown that every locally pseudoconvex inductive limit E of a sequence of
commutative locally m-pseudoconvex algebras is a commutative locally
m-pseudoconvex algebra if the multiplication in F is jointly continuous.

1. INTRODUCTION

A. Arosio asked in [, p. 349] whether any locally convex inductive limit of
normed algebras is a locally m-convex algebra. An answer to this question has
been given in [3, p. 114] (see also [11, Theorem 15.4]), by showing that every
locally convex inductive limit of a countable family of normed algebras is a locally
m-convex algebra (another proof for this fact was given in [0, Theorem 1]). In this
paper we give an analogous result in case of locally k-convex inductive limit of
k,-normed algebras. Moreover, it is shown that a locally pseudoconvex inductive
limit £ of commutative locally m-pseudoconvex algebras is a topological algebra
of the same type as the factors if the multiplication in E is jointly continuous. In
the locally convex case a similar result has been proved in [7].
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2. PRELIMINARIES

Let £ be a unital topological algebra over K, the field of real numbers R
or complex numbers C, with separately continuous multiplication (in short, a
topological algebra). If the underlying topological linear space of E is locally
pseudoconvex (see [12, p. 4] or [13, p. 4]), then E is called a locally pseudoconvex
algebra. In this case, E has a base U = {U, : A € A} of neighborhoods of zero
consisting of balanced (uU, C Uy when |u|< 1) and pseudoconvex (Ux+U, C pU,
for ;> 2) sets. This base defines a set of numbers {k) : A € A} in (0, 1] (see, for
instance, [13, pp. 3-6] or [9, pp. 161-162]) such that

Uy + Uy C 20Uy

and

I, (Uy) C QﬁU,\ for each A € A,

where

Fk(U) = {Zuuuu:nEN:uh"'vun € Ualula"'mun € K with Z ’ My ‘kg 1}

v=1 v=1

for any subset U of E and k& € (0,1]. The set I'y(U) is the absolutely
k-convex hull of U in E. A subset U C FE is called absolutely k-convez if
U =T(U) and absolutely pseudoconvezx if U = T'y(U) for some k € (0, 1]. In case
when

inf{ky: A€ A} =k >0,

E is a locally k-convex algebra and when k = 1, then E is a locally convex
algebra. A locally m-pseudoconver (multiplicative pseudoconvex) algebra is a
topological algebra which has a base of neighborhoods of zero which consist of
m-pseudoconvex (that is, idempotent and absolutely pseudoconvex) sets. A lo-
cally m-(k-convex) algebra is a topological algebra which has a base of neigh-
borhoods of zero, which are m-(k-convex) (that is, idempotent and absolutely
k-convex). In case when k = 1, E is a locally m-convez algebra.

The topology on a locally pseudoconvex algebra E can be defined by a family
P = {px : A € A} of ky-homogeneous seminorms p, (that is, px(ua) =| pu [*pa(a)
for each u € K and a € FE), defined by the base neighborhood U, of zero, where
ky € (0,1] is the power of nonhomogeneity of py for each A € A and p, has been
defined by

pa(a) = inf{| p |™: a € uly, (UN)}

for each @ € F and A € A (see [13, pp. 3-6], [5, pp. 189 and 195] or [I, pp.

15-16]).
When the topology an of algebra F is defined by a k-homogeneous submulti-
plicative norm || - || for some k € (0, 1], then E' is called a k-normed algebra and

le]l = 1 whenever E has a unit e.
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Let (E,)nen be a sequence of locally pseudoconvex algebras and for every
m,n € N with m < n let

be a homomorphism such that

1) fun = tdg, for every n € N
and
2) fon = fom © fmn for any m,n, 0 € N such that n < m < o.

The sequence of locally pseudoconvex algebras (E,)n,en with the maps f.,
defined above is called an inductive system of locally pseudoconvex algebras and
it is denoted by (Ey, fimn)-

Let Ey be the disjoint union of algebras E,. That is,

Ey = U{(a,n) ta € B}

Then, z,y € Ey (that is, x = (z9,n) with xy € E,, and y = (yo, m) with yy € E,,
for some n and m in N) are equivalent (in short z ~ y) if there exists o € N such
that n <o, m < o0 and

Jon(T0) = fom(Yo)-

The quotient set Ey/~ is called the inductive (or direct) limit of the inductive
system (E,, fin). We shall denote this by lim(E,,, fi,) or simply by limF,,.

For every n € N, let i,, : E,, — Ej be the canonical injection or natural injection
(that is, i,(x) = (x,n) for each x € E,,) and 7 : Ey — FEy/~ the quotient map.
Then,

fon=moi,: E, - E=1mE, for every n € N

is the canonical map from FE, to E.
We endow FEy with the disjoint union topology (that is, with the topology

{UC Ey:i,*(U) €7, for every n € N},

where 7, denotes the topology of F,. Here 7, is an open and closed continuous
map. When all algebras F,, are subalgebras of some algebra F, then every i, is
an inclusion E, — FE. In this case, we endow Ej, with the coherent topology

{UCEy:UNE, €, for every n € N})

and the inductive limit E we endow with the final topology Timg, (the inductive

limit topology), defined by the homomorphisms f,, (that is
ThimE, = {UcCE: f'(U) €, for every n € N}).
A base of neighborhoods of zero in this topology is
{O C E: O is balanced and f,(0) € N, for every n € N},
(in particular, when every F, is a subalgebra of F, then

{O C E: O is balanced and O N E,, € N,, for every n € N}),
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where N,, denotes the set of all neighborhoods of zero in E,. Then, f, is a
continuous (open) map for every n € N. Since

and f,, © foun = fn when n < m (because i, (x,) ~ i frn(22))) we get fo(E,) C
fm(Em) for any m,n € N with n < m.
The algebraic operations in limFE,, are defined as usual (see [10, p. 110]): for

every z,y € E (then x € f,(E,) and y € f,,(E,,) for some m,n € N) there exists
o € N such that m < o, n < o, x = f,(x,) and y = f,(y,) for some z,,y, € E,.
So, the algebraic operations in E are defined by

T4y = folTot¥o) A= fo(Ar,), 7Y = folTolo)
for every A € K. With respect to such algebraic operations, (F,Timg,) is a

topological algebra (see [10, p. 115]).
Since the topology Timg, on E is not necessarily locally pseudoconvex, we

consider on FE the final locally pseudoconvex topology 7 (see [2, pp. 1952-1953])
defined by the base of neighborhoods at x € E,, in the form

(1) L, ={x+U:U is absolutely pseudoconvex in E and f,'(U) € N, }

where N,, denotes again the set of all neighborhoods of zero in F,. Similarly as in
[10, pp. 115-116], it is easy to show that (F, 7) is a locally pseudoconvex algebra.

In this paper, we consider inductive limits of sequences (E,),en of locally pseu-
doconvex algebras such that E, is a subalgebra of F, ., with continuous inclu-
sion and the locally pseudoconvex inductive limit topology 7 induces a topology
coarser than the initial topology of F,, for each n € N.

3. ON LOCALLY k-CONVEX INDUCTIVE LIMIT OF A SEQUENCE OF LOCALLY
k,-CONVEX ALGEBRAS

It was shown in [4, Proposition 12] that any commutative locally convex induc-
tive limit F of a countable family of normed algebras is locally m-convex. Later
on, in [3, Theorem 2.1], it was shown that the commutativity of E in this result
can be omitted (another proof of this fact has been given in [0, Theorem 1}). To
show a similar result in the case when F is a locally pseudoconvex inductive limit
of a sequence of k,-normed algebras (E,, || - ||,) with k, € (0,1] for each n € N,
we need the next.

Lemma 3.1. Let B,C be two subsets of an algebra and k € (0,1]. Then,
Iw(B)Iw(C) C Tw(BC). In particular, if U is an idempotent set, then I'y(U)
1s also idempotent.

Proof. Take x € T'y(B) and y € T'y(C). Then,

€T = i apTy, and Y= i bmyrm
n=1 m=1
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where z1,...,2, € B, y1,...,y, € C,

p q
d la,[F<1 and > | by [F< 1L
n=1 m=1

Hence

Ty = (Z anxn> ( Z bmym> = Zp: 2‘7: b Y,

n=1 n=1 m=1

where x,y,, € BC' and

p q p q p q
SN e =30 Tan [ bw = (D Tan ) (3 o[ ) <1 1
n=1 m=1

n=1 m=1 n=1 m=1

Theorem 3.2. Let (E,T) be a locally k-convex inductive limit of a sequence of
k,-normed algebras (E,, || - ||l.) with continuous inclusions. If k,k, € (0,1] and
k <k, for each n € N, then (E,T) is a locally m-(k-convez) algebra.

Proof. For any n € N, let B,, = {z € E, : ||z]|, < 1} (the unit ball in E,,), and
let k£ € (0,1] be a number such that k < k, for each n € N. Then, B, is an
idempotent and absolutely k-convex set for each n € N. Indeed, if a,b € B,, and

A+ <
then
[Aa+ bl <| A Nlallat | o ™ 10lln <A + o <A+ P

Hence, A\a + pub € B,,. Taking this into account, we can assume that every norm
| - || is k~-homogeneous otherwise, instead of || - ||,,, we consider the new norm

k.
|- ("
which is k-homogeneous.

Moreover, we can assume that B,_; C B, for each n > 1. Otherwise, we
replace k-norm || - ||, of the algebra F, with equivalent k-norm || - ||/, such that
B!, C B! for each n > 1 where B, = {a € E,, : |la]|,, < 1}. Because the
injection F,_; — FE, is a continuous linear map, there exists M, > 1 such that
lall, < M,||a||,-1 for each a € E,,_; (see [5, Proposition 4.3.11], both norms here
are k-homogeneous). We consider first the case when E,,_; and E,, have the same
unit element e,. Let ||a|} = ||a]|; (then ||a|2 < Mj||a||; where M} = M,) and

lall; = sup  go(ac)
c€Ea,q2(c)<1

where

g2(a) = sup [|sall2
sEB]

for all a € F5. Then
wp(Aa) = N g (a),  g(a+b) < gla) + (D),

lallz < g2(a) < sup [|s[|2/lalls < Mz|lall:
seB]
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and

g2(ab) = Sup [s(ab)|l> < Sup [sall2[[b]l2 = g2(a)[|b]l2 < g2(a)ga(D)
sEB] sEB]

for each A € K and a,b € E5. Hence, ¢ is a k-norm on FE, which is equivalent to
|| - |l2- Taking this into account, ||- |5 is a k-homogeneous norm on Fy. Moreover,

lablly = (Hall2)op = (Illa © Loll2)op < (Iall2)op(llell2)op = llall5]|BIl5
(here ||al|} is the operator norm (||l,]|2)ep Of the left regular representation [, of a
on (EQaQQ))a

€2
¢2(a) = gaaes) = Myqe(a—5) <My sup  go(ac) = Mslall;
M,F c€F2,q2(c)<1
because ¢a(e3) < M5 and
1 1

—llalls < 7= @) <llaly < sup  ga(a)gz(ezc) = ga(a)lleally < Mjlall2

M2 M2 c€E3,q2(c)<1
for each a,b € E5. Since

[tl; =" sup ga(tc) = sup sup[(st)cfla < sup  go(c) =1
c€FE3,q2(c)<1 c€E2,q2(c)<1 s€B] c€E3,q2(c)<1

for each t € B (because B} = By and Byt C By), then || - ||} is a k-norm on Ej,
which is equivalent to || - ||2, and satisfies the condition B} C Bj.

The norm || - |3 we define similarly, that is, we put

lall; = sup  gs(ac)

c€E3,q3(c)<1
where

g3(a) = sup ||sals
SEBY,

for all @ € E3. Now, similarly as above, we have ||a||s < M}|al|, for M} = M3Ms,,

w7 llalls < |lally < Mj|lalls for each a € E5 and ||al|5 < 1 for each a € Bj. Hence,
3

B!, C Bj. Continuing in the same way, for every fixed n > 4 we define

lal, = sup  gu(ac)
CEEn7Qn(C)<1
where
gn(a) = sup |[[sall,
sEB] _,

for all a € E,, and show that B, , C BJ.

Let now E,_; and FE),, be arbitrary k-normed algebras. Instead of these algebras,
we consider direct products F,,_; x K and E,, X K which are k-normed algebras
with respect to the algebraic operations (similarly as in case of the unitization)
and norm ||(a,\)|lx = |la|lx + |A| for each (a,\) € Ex x K (here k is n — 1 or
n). Then FE, ; x K and F, x K have the same unit element (6,1), where 6
is the zero element in E,_; and F,,. Moreover, FE, 1 x K is a subalgebra of
E, x K. Hence, there are equivalent k-norms ||(-,-)||/,_; and ||(-,-)]]’, such that

[, M < ll(as M- if (@, A)[l7—1 < 1. Thus
lall, = [I(a, 0}l < ll(a, 0)ll7—1 = llall,—
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for each a € B] Hence, B],_; C Bj, for each fixed n > 1. Consequently, we

n—1-
can assume that

BicBC---CB, C---

Since Bj is bounded in By (because ||a||s < Ms||al|; for each a € Ey) and Bs is a
neighborhood of zero in Fs, then there is a number ¢; > 1 such that By C t1Bs.
We put B} = B; and

B (1{ s Urn)) - (U (U n))

tnfl jEN tnfl

for n > 1, where I(U) is the idempotent hull (see [¢, pp. 26 and 27]) of
U C E. Then, B} is an idempotent (by Lemma 3.1) and absolutely k-convex
set. Because

1 1
BiU—By C By C By U —Bg,
t1 to

then B} C Bj (it is clear that I(U) C I(V) and T'y(U) C T'w(V) if U C V).

Since
1 1 1 1 ,
By C (31 U —BQ> - 1<B1 U —BQ) CT, (1(31 U _BQ>) _B,
1 i1 t t

then, continuing in the same way, we have an increasing sequence {B, : n > 2}
of idempotent and absolutely k-convex sets B/, such that
1
B, C By,

(2) —

Moreover, By C By, Indeed, for o € &U,n(Bi U By)) we have
tix € (By U %Bg)jo for some j, € N. Hence there is an element y € By U iBQ
such that tyz = y’. If y € By, then from tyz € BY® C By C 1B, follows that
x € By, otherwise y € %Bg. Then, from t,z € $B§° C #Bg follows that

T € th%Bg C B, provided that B, is balanced. Arguing similarly, we have
1

(3) B/ Ct, 1B,
where t,, > 1 for each n € N. Thus,
1

B, C B, Ct, 1B,
n—1
for all n € N.
Now, we shall prove that

Lo ={Tk(| JenB)) 1 cn € (0,1]}

neN

is a base of neighborhoods of zero in E which consists of idempotent abso-
lutely k-convex sets. Clearly, every element of Ly is absolutely k-convex, to

prove that every element V' = I'y(U,cn€nBy) in Ly is idempotent, we consider



LOCALLY PSEUDOCONVEX INDUCTIVE LIMITS 283

z,y € U,enenBy,- Then, x € ,B), and y € ¢;, B, forsome m,n € N. If B] C B,
(the case B;, D B,, is similar), then
vy €e,B & B Ce, B B

mTm = m mTm T m

CenBl C U enB),
neN
that is, |, ey €nB;, is idempotent and hence V' is idempotent by Lemma 3.1.

To show that Ly is a base of neighborhoods of zero for some topology 7’/ on F,
we show that L, satisfies the following conditions:

1) if V € Ly, then the zero element 0 € V;

2) if V1, V4 € Ly, then there exists a set Vi € Ly such that V3 C V3 N Va;

3) if V' € Ly, then there exists a set Vy € Ly and for every y € Vj a set
W =y + V, such that W C V.

Clearly 1) holds. To show that 2) holds, we put Vi = I'w(U,cnenB)),
Vo = Th(UnenenBy,) and e, = inf{e,,e),} for every n € N. Since z—i < 1 and

1

= < 1, then
enB;, Ce,Bl, e'B) Ce B,
and hence
enB, c(|JaB)n(|JeB,) cvint,
neN neN
for every n € N. Thus, we can put
Vs =T(|J enB)).
neN
Then,
Vs CIp(VinVe) C Te(Vi) NTk(V2) = ViNVa.
3) If Ve Ly, then
V=Tw(lJeB))
neN
for some sequence (g,), where ¢, € (0, 1] for each n € N. Since V' is k-convex,
278V +27%V C V. Moreover, 27tV € Ly since 2°+V = Lk (Uen 2_%5713;),
where 27%e, € (0,1] for every n € N. Thus V, = 2%V € Ly and

W =y+Vy CV for every y € V. Consequently, by Theorem 4.5 from [14],
Ly is a base of neighborhoods of zero for a locally m-(k-convex) topology 7" on
E.

Claim that 7 = 7. For it, let O be a neighborhood of zero in the topology 7.
Then, there exists a neighborhood U of zero such that

U=Tw(|JenB)
neN

for some sequence (g,,), where ¢, € (0,1] for each n € N, and U C O. Take
no € N and let f,, : E,, — E be the canonical map (f,, is the inclusion). Since
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%%Bno C B;IO by (2), then

Fal(U) =Ty (|J 2nBl) NV By D 20y By O ;&Bnm
neN no—1

where —"2- B, is a neighborhood of zero in E,,. Thus, f-*(U) is a neighborhood

tnp—1
of zero i?l E, for every n € N. Hence, by (1), U is a neighborhood of zero in F
in the topology 7. Thus 7" C 7.

To prove that 7 C 7/, let U be a neighborhood of zero in the topology 7.
Then, there is in E an absolutely k-convex neighborhood V' of zero such that
V C U and f,;Y(V) = V N E, is a neighborhood of zero in E, for every
n € N. Since {¢,B, : €, > 0} is a base of neighborhoods of zero in (E,,,)
(see [12, p. 14]), then ¢,B,, C E,NV C V for some ¢,, < 1. As it has been shown
in (3), By, C tn-1B, with t,_1 > 1. Therefore ;**~B; C V, where ;=- € (0, 1] for
every n. Hence, from

En B, CV
tnfl
neN
it follows
rk< - B;) ch(V)=VCU.
tnfl
neN
Hence, 7 C 7/. It means that 7 = 7. O

Corollary 3.3. Locally k-convex inductive limit of a sequence of locally k-normed
algebras with continuous inclusions is a locally m-(k-convez) algebra for every

ke (0,1].

4. LOCALLY PSEUDOCONVEX INDUCTIVE LIMIT OF LOCALLY
m-PSEUDOCONVEX ALGEBRAS

It is known that the inductive limit of locally m-convex algebras is not nec-
essarily a locally m-convex algebra (see the example in [0]). It was shown in
[7, Theorem, p. 150] that the locally convex inductive limit E of a sequence of
commutative locally m-convex algebras is a locally m-convex algebra if the mul-
tiplication in F is jointly continuous. Next we prove an analogous result for the
case of locally pseudoconvex inductive limit of a sequence of commutative locally
m-pseudoconvex algebras.

Theorem 4.1. Let E be a locally pseudoconvex inductive limit of a sequence of
commutative locally m-pseudoconvex algebras E, with continuous inclusions. If
the multiplication is jointly continuous in E, then E is a commutative locally
m-pseudoconvex algebra.

Proof. Let U be a neighborhood of zero in E. Then, there is a neighborhood
Vi C U of zero such that T'y(V;) = Vi for some k € (0,1]. By the jointly
continuity of multiplication in E, there exists a neighborhood O; of zero such
that 010, C V4. Now we put Vo = O; NV;. Then, by the jointly continuity
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of multiplication, there exists a neighborhood O; of zero such that 0,0, C V5.
Inductively we define V,.; = O, NV, for each v > 1. Since,

VioVv,o...oV,D ...,

then V,, C U for every v € N.

Since the canonical map (the inclusion) f, : E, — E is continuous for every
n € N, there exists for every v € N an m-pseudoconvex neighborhood V, ,, of zero
in E, such that V,,,, C V,. Now, for every n € N, we put VAI = V,1 and

(4) Vri,erl = Vri,v N Vn,vH
for v > 1. Then,
(5) Vo1 CVy, forall n,veN

and (V, ) is a sequence of idempotent neighborhoods of zero in E,, (since V,, is
an idempotent neighborhood of zero in E,,) for all n,v € N.

Let ng € N and 1 < p < ng be fixed. We define a new sequence (V) of
idempotent neighborhoods of zero in E, as follows: we put V', = V,; and for
v 2= 1 put

(©) o1 = Vo w1 NV,
and
Vo, =Vn, for n>ng and v e N.

So, by definition of (V',), (4), (5) and (6), we have that
(7) erH C Vétv for all v,n € N
and from

VeV Ve VI cV Ve CVe  C Vs CViC W
it follows that
) ViosVio © Ve € Vi

for every natural number p with p < ng and every natural numbers s and ¢ with
§<q.

For any numbers v(1),...,v(r) € Nwith 1 =v(0) < v(l) <v(2) < ... <wv(r)
and n(1),...,n(r+1) € N (arbitrary r 4+ 1 (not necessarily different and ordered)
numbers) we show by induction on 7 € N that

(9) Va1 V@) Va1 C Vi

For r =1, (9) holds by (8) (if n(2) > n(1), we can rename these numbers).

Now, we suppose that (9) is true for » — 1 and prove that (9) is true for r
too. Again, we can assume that n(r) > n(r + 1) (otherwise we can rename the
numbers). Then, using also (8), we get

" " 4 i i
( n(l),an(2),fu(1) Y Vn(r—l),v(r—2))Vn(r),v(r—l)Vn(r—‘rl),v(r) -
" 4 4 1
(Vn(l),lvn@),v(l) e Vn(r—l),v(r—Z))Vn(r),U(T—l)

and by the induction hypothesis, we get the assertion.
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Now, we put W,, =V’ . Then, using (7)
W V;}” ),v(r) - ‘/;)/,7“ w(r)—1 - ‘/;)//7‘) (r—1)
for each r € N. Therefore

(10) WomyWoez) === Wiy © Vo Vo) - Vot we—1y Vi
by (9) (which holds for any choice of r 4+ 1 natural numbers n(1),...,n(r) and
n(r+1)).

Take m(1),...,m(s) € N (arbitrary fixed not necessarily different s natural

numbers). We can find r < s natural numbers v(1),...v(r) such that
L<o(l)<v(2) <...<v(r)
and the set

{m(1),...,m(s)} = {v(1),...,v(r)}.

By commutativity of F, and idempotency of W,,, we have

Wm(l m (s) — H WJ}J@ )=o) C H Wv(z) C Vi

i=1
for every r € N, see also (10). Put
we=U( U W W),
seN  (m(1),...,m(s))ENs
Then, W is an idempotent subset of V;. Indeed, if z,y € W, then

S U Wm(l) to Wm(so)a

where the union is taken over all (m(1),...,m(sp)) € N* and
Y€ UWm(l) o Winish)s
where the union is taken over all (m(1),...,m(s;)) € N* for some sy and s;.
Therefore,
x € Wm’(l) s Wm (s0) and ye W, " "'Wmu(sl)

for some (m/(1),...,m/(sg)) € N* and (m”(1),...,m"(s1)) € N*1. Thus,

Ty - W "y W ’(So)Wm”(l) .. Wm//(51) C

UW c Wingsgrsr) C W,

where the union is taken over all (m(1),...,m(sp+s1)) € N1, By Lemma 3.1,

the absolutely k-convex hull of any idempotent set is idempotent and k-convex.
So,

W =T,,W)cTy(Vi)=VcCcU
is an m-(k-convex) subset of U. Since

WNE,=T\(W)NE,DWnNE,DW, =V,

for each n € N and V/ is an neighborhood of zero in E,, then W' in E is an
absolutely m-(k-convex) neighborhood of zero.

Thus, E is a commutative locally m-pseudoconvex algebra in the locally pseu-
doconvex inductive limit topology on F. O
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A topological algebra is locally idempotent if it has a base of idempotent neigh-
borhoods of zero (see [I, p. 196]). Hence, every locally m-pseudoconvex (in
particular, locally m-convex) algebra is a locally idempotent algebra.

Theorem 4.2. Let E be a topological inductive limit of a sequence of commutative
locally idempotent algebras E, with continuous inclusions. If the multiplication
15 jointly continuous in E, then E is a commutative locally idempotent algebra.

Proof. The proof is similar that of Theorem 2. OJ
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