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Abstract. In the article, the boundedness of vector-valued sublinear oper-
ators in Herz–Morrey spaces with variable exponents MK̇

α(·),λ
q,p(·) (Rn) are ob-

tained. Then Herz–Morrey type Besov and Triebel-Lizorkin spaces with vari-
able exponents are introduced. Finally, we prove the equivalent quasi-norms
on these spaces by Peetre’s maximal operators.

1. Introduction

Recent decades, many attentions are paid to the variable exponent spaces and
their applications. Let p(·) : Rn → [1,∞) be a measurable function. The
Lebesgue space with variable exponent p(·) is defined by

Lp(·)(Rn) :=

{
f is measurable :

∫
Rn

∣∣∣∣f(x)

λ

∣∣∣∣p(x)

dx <∞ for some λ > 0

}
.

It is also a Banach space when it equipped with the norm

‖f‖Lp(·) := inf

{
λ > 0,

∫
Rn

∣∣∣∣f(x)

λ

∣∣∣∣p(x)

dx 6 1

}
.

The Lebesgue and Sobolev spaces with variable exponent were studied by Kováčik
and Rákosńik in [20].
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Let L1
loc(Rn) be the collection of all locally integrable functions on Rn. Given a

function f ∈ L1
loc(Rn), the Hardy–Littlewood maximal operator M is defined by

Mf(x) := sup
r>0

r−n

∫
B(x,r)

|f(y)|dy, ∀x ∈ Rn,

where B(x, r) := {y ∈ Rn : |x − y| < r}. The boundedness of the Hardy–
Littlewood maximal operator plays a great important role in variable exponent
spaces. For example, it is well known that many results in classical harmonic
analysis and function theory are also hold for the variable exponent case if the
Hardy–Littlewood maximal operator is bounded in variable exponent Lebesgue
space; see [4, 5, 6, 26]. In addition, many variable exponent spaces are introduced,
such as: variable exponent Bessel potential spaces, Besov and Trieble–Lizorkin
spaces, Hardy spaces, Herz spaces, Herz–Morrey spaces, Morrey spaces, Morrey
type Besov and Trieble–Lizorkin spaces, Trieble–Lizorkin-Morrey spaces, and so
on; see [1, 2, 3, 7, 10, 11, 13, 15, 16, 17, 18, 19, 27, 29, 30, 32, 33, 41, 42] and
references therein. And lots of results about boundedness of sublinear operators
in these spaces have been proved; see [12, 21, 22, 23, 24].

If a sublinear operator T is bounded on Lp(·) and obeys the size condition

|Tf(x)| 6 C

∫
Rn

|x− y|−n|f(y)|dy

for all f ∈ L1
loc(Rn) with compact support and a.e. x /∈ supp f, then T is bounded

on both of the homogeneous and non-homogeneous Herz space, see the mono-
graph [25] by S. Lu, D. Yang and G. Hu. This result is extended to the weighted
vector-valued case by L. Tang and D. Yang in [35]. In [33], C. Shi and the sec-
ond author introduced Herz type Besov and Triebel-Lizorkin spaces with variable
exponent K̇α,q

p(·)(R
n)Bs

β and Kα,q
p(·)(R

n)Bs
β and K̇α,q

p(·)(R
n)F s

β and Kα,q
p(·)(R

n)F s
β and ob-

tained their equivalent quasi-norms. For the constant exponent Herz type Besov
and Triebel-Lizorkin spaces we refer the reader to [37, 38, 39, 40]. In [14], M. Izuki
obtained the vector-valued boundedness for some sublinear operators satisfying
the size condition on Herz–Morrey spaces with variable exponent MK̇α,λ

q,p(·)(R
n).

And in [8], the authors established the boundedness of vector-valued Hardy–
Littlewood maximal operator in Herz spaces with variable exponents and charac-
terized Herz type Besov and Triebel-Lizorkin spaces with variable exponents by
Peetre’s maximal operators.

Inspired by the works above, the present paper is to consider the boundedness
of vector-valued Hardy–Littlewood maximal operator on Herz–Morrey type Besov
and Triebel-Lizorkin spaces with variable exponents. The structure of the paper
is as follows. In the rest of the section, we give some conventions. In Section 2
we shall give our main results which are the generalization of related results in
[14] and [8]. In Section 3 we give proofs of our results.

During the paper, we denote by |S| and χS the Lebesgue measure of S and the
characteristics function of a measurable set S ⊂ Rn respectively. We also use the
notation a . b if there exists a constant C > 0 such that a 6 Cb. If a . b and
b . a we will write a ≈ b. Finally we claim that C is always a positive constant
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but it may change from line to line. Other notations will be explained when we
meet it.

2. Main results

In this section, firstly we shall establish the boundedness of sublinear operators in
Herz–Morrey spaces with variable exponents. Before stating our result, we need
to recall some definitions, notations and a lemma.

Definition 2.1. The local Lebesgue space with variable exponent is defined by

L
p(·)
loc (Rn) := {f : fχK ∈ Lp(·)(Rn) for all compact subsets K ⊂ Rn}.

We also use the following notation: p− := ess inf{p(x) : x ∈ Rn} and p+ :=
ess sup{p(x) : x ∈ Rn}. P(Rn) is the set of p(·) satisfying p− > 1 and p+ <∞. The
set B(Rn) consists of all p(·) ∈ P(Rn) satisfying the condition that M is bounded
on Lp(·). Moreover, we denote by P0(Rn) the set of measurable functions p(·) on
Rn with the range in (0,∞] such that p− := ess inf{p(x) : x ∈ Rn} > 0 and
p+ := ess sup{p(x) : x ∈ Rn} 6 ∞. Given p(·) ∈ P0(Rn), one can define the
space Lp(·)(Rn) by the case p(·) ∈ P(Rn). For more details, it is equivalent to

define the set of all functions f such that |f |p0 ∈ L
p(·)
p0 (Rn), where 0 < p0 < p−

and p(·)
p0
∈ P(Rn) with a quasi-norm ‖f‖Lp(·) =: ‖|f |p0‖1/p0

L
p(·)
p0

.

Definition 2.2. Let α(·) be a real function on Rn.
(i) α(·) is called log-Hölder continuous on Rn if there exists C > 0 such that

|α(x)− α(y)| 6 C

log(e+ 1/|x− y|)
, ∀x, y ∈ Rn, |x− y| < 1

2
.

(ii) α(·) is called log-Hölder continuous at the origin if there exists C > 0 such
that

|α(x)− α(0)| 6 C

log(e+ 1/|x|)
, ∀x ∈ Rn.

(iii) α(·) is called log-Hölder continuous at the infinity if there exist α∞ ∈ R
and a constant C > 0 such that

|α(x)− α∞| 6
C

log(e+ |x|)
, ∀x ∈ Rn.

We denote by P log
0 (Rn) and P log

∞ (Rn) the class of all variable exponents p(·) ∈
P(Rn) which are log-Hölder continuous at the origin and at the infinity respec-
tively.

For giving the definition of the Herz–Morrey spaces with variable exponents,
let us introduce the following notations. Let k ∈ Z, Bk := {x ∈ Rn : |x| 6 2k},
Dk := Bk\Bk−1, χk := χDk

and N0 := {0} ∪ N. For any m ∈ N0, we denote
χ̃m := χDm ,m > 1 and χ̃0 := χB0 respectively.

Definition 2.3. Let 0 < q < ∞, p(·) ∈ P0(Rn), 0 ≤ λ < ∞ and α(·) : Rn → R
with α ∈ L∞(Rn).
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(i) The homogeneous Herz–Morrey spaceMK̇
α(·),λ
q,p(·) (Rn) with variable exponents

is defined by

MK̇
α(·),λ
q,p(·) (Rn) := {f ∈ Lp(·)

loc (Rn\{0}) : ‖f‖
MK̇

α(·),λ
q,p(·)

<∞},

where

‖f‖
MK̇

α(·),λ
q,p(·)

:= sup
L∈Z

2−Lλ

( L∑
k=−∞

‖2kα(·)fχk‖q

Lp(·)

) 1
q

.

(ii) The non-homogeneous Herz–Morrey space MK
α(·),λ
q,p(·) (Rn) with variable ex-

ponents is defined by

MK
α(·),λ
q,p(·) (Rn) := {f ∈ Lp(·)

loc (Rn\{0}) : ‖f‖
MK

α(·),λ
q,p(·)

<∞},

where

‖f‖
MK

α(·),λ
q,p(·)

:= sup
L∈N0

2−Lλ

( L∑
k=0

‖2kα(·)fχk‖q

Lp(·)

) 1
q

.

We want to state that if α(·) is a constant, then MK̇
α(·),λ
q,p(·) (Rn) = MK̇α,λ

q,p(·)(R
n)

was defined in [14]. If λ = 0, then MK̇
α(·),λ
q,p(·) (Rn) = K̇

α(·)
q,p(·)(R

n). If both α(·) and

p(·) are constant and λ = 0, then MK̇
α(·),λ
q,p(·) (Rn) = K̇α

q,p(Rn) is the classical Herz

space. We also want to say that there is a analog for the non-homogeneous case.

Lemma 2.1. (see [14, Remark 4.1]) Let p(·) ∈ B(Rn). Then there exist 0 < δ1, δ2 <
1 depending only on p(·) and n such that for any ball B in Rn and any measurable
subset S ⊂ B,

‖χS‖Lp(·)

‖χB‖Lp(·)
6 C

(
|S|
|B|

)δ1

and
‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

6 C

(
|S|
|B|

)δ2

. (2.1)

Now we give the boundedness of vector-valued sublinear operators in Herz–
Morrey spaces with variable exponents, which generalizes the result in [14].

Theorem 2.1. Let p(·) ∈ B(Rn), 0 < q < ∞, 1 < r < ∞, α(·) ∈ L∞(Rn) ∩
P log

0 (Rn) ∩ P log
∞ (Rn) with α(0), α∞ ∈ (−nδ1, nδ2), where δ1, δ2 ∈ (0, 1) are con-

stants appearing in (2.1) and 0 6 λ < min{(nδ1+α(0))/2, (nδ1+α∞)/2}. Suppose
that T is a sublinear operator satisfying vector-valued inequality on Lp(·)(Rn)∥∥∥∥∥∥

(
∞∑

j=1

|Tfj|r
) 1

r

∥∥∥∥∥∥
Lp(·)

6 C

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

∥∥∥∥∥∥
Lp(·)

(2.2)

for all sequences {fj}∞j=1 of locally integrable functions on Rn and size condition

|Tf(x)| 6 C

∫
Rn

|x− y|−n|f(y)|dy
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for all f ∈ L1
loc(Rn) and a.e. x /∈ supp f. Then we have the vector-valued

inequality on MK̇
α(·),λ
q,p(·) (Rn)∥∥∥∥∥∥

(
∞∑

k=1

|Tfk|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

6 C

∥∥∥∥∥∥
(

∞∑
k=1

|fk|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

for all sequences {fj}∞j=1 of locally integrable functions on Rn, where C is inde-
pendent of {fj}∞j=1.

Remark 2.1. Here and below, we only declare our main results in the homo-
geneous Herz–Morrey space with variable exponents because the proof for the
non-homogeneous case can be treated by the similar way and is much more eas-
ier.

Lemma 2.2. (see [4, Corollary 2.1]) Let p(·) ∈ B(Rn) and 1 < r < ∞, then
there exists a positive constant C such that for all sequences {fj}∞j=1 of locally
integrable functions on Rn,∥∥∥∥∥∥

(
∞∑

j=1

|Mfj|r
) 1

r

∥∥∥∥∥∥
Lp(·)

6 C

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

∥∥∥∥∥∥
Lp(·)

.

From Theorem 2.1 and Lemma 2.2, we obtain the following result for the
Hardy–Littlewood maximal operator.

Corollary 2.1. Let p(·) ∈ B(Rn), 0 < q < ∞, 1 < r < ∞, α(·) ∈ L∞(Rn) ∩
P log

0 (Rn) ∩ P log
∞ (Rn) with α(0), α∞ ∈ (−nδ1, nδ2), where δ1, δ2 ∈ (0, 1) are con-

stants appearing in (2.1) and 0 6 λ < min{(nδ1 + α(0))/2, (nδ1 + α∞)/2}, then∥∥∥∥∥∥
(

∞∑
k=1

|Mfk|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

6 C

∥∥∥∥∥∥
(

∞∑
k=1

|fk|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

with the constant C independent of sequences {fj}∞j=1 of locally integrable func-
tions on Rn.

Next we will use Corollary 2.1 to prove the equivalent quasi-norms in Herz–
Morrey type Besov and Triebel-Lizorkin spaces with variable exponents. In order
to do it, we need some notations to give the definition of these spaces.

Denote by S(Rn) the Schwartz space on Rn and S ′(Rn) its dual space on Rn.
For any ϕ ∈ S(Rn), ϕ̂ and ϕ∨ represent its Fourier transform and inverse Fourier
transform respectively. Suppose ϕ0 ∈ S(Rn) with ϕ0(x) ≥ 0 and

ϕ0(x) =

{
1 , |x| 6 1,

0 , |x| ≥ 2,

then we denote ϕ(x) := ϕ0(x) − ϕ0(2x) and set ϕj(x) := ϕ(2−jx) for all j ∈ N.

Then {ϕj}j∈N0 is a resolution of unity, namely
∞∑

j=0

ϕj(x) = 1 for all x ∈ Rn.
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Now, we introduce the Herz–Morrey type Besov spaces and Triebel-Lizorkin
spaces with variable exponents below.

Definition 2.4. Let {ϕj}j∈N0 be a resolution of unity as above, s ∈ R, 0 < β, q ≤
∞, p(·) ∈ P0(Rn) and α(·) : Rn → R with α(·) ∈ L∞(Rn).

(i) The Herz–Morrey type Besov space with variable exponents is defined by

MK̇
α(·),λ
q,p(·) B

s
β(Rn) :=

{
f ∈ S ′(Rn) : ‖f‖

`β(MK̇
α(·),λ
q,p(·) )

<∞
}
,

where

‖f‖
MK̇

α(·),λ
q,p(·) Bs

β
:=
∥∥∥{2sjϕ∨j ∗ f

}∞
j=0

∥∥∥
`β(MK̇

α(·),λ
q,p(·) )

;

(ii) For p+ <∞, the Herz-type Triebel-Lizorkin space with variable exponents
is defined by

MK̇
α(·),λ
q,p(·) F

s
β(Rn) :=

{
f ∈ S ′(Rn) : ‖f‖

MK̇
α(·),λ
q,p(·) (`β)

<∞
}
,

where

‖f‖
MK̇

α(·),λ
q,p(·) F s

β
:=
∥∥∥{2sjϕ∨j ∗ f

}∞
j=0

∥∥∥
MK̇

α(·),λ
q,p(·) (`β)

.

Here we denote respectively by `β(MK̇
α(·),λ
q,p(·) ) and MK̇

α(·),λ
q,p(·) (`β) the spaces of all

sequences {gj} of measurable functions on Rn with finite quasi-norms

‖{gj}∞j=0‖`β(MK̇
α(·),λ
q,p(·) )

:=

(
∞∑

j=0

‖gj‖β

MK̇
α(·),λ
q,p(·)

) 1
β

,

and

‖{gj}∞j=0‖MK̇
α(·),λ
q,p(·) (`β)

:=

∥∥∥∥∥∥
(

∞∑
j=0

|gj|β
)1/β

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

.

In order to make sure these spaces are well defined, we need to prove the
definition of these spaces are independent of the choice related to the resolution
of unity {ϕj}j∈N0 . To achieve this, we need more notations.

Let Ψ0,Ψ ∈ S(Rn), ε > 0 and integer S > −1 satisfy

|Ψ̂0(ξ)| > 0 on {|ξ| < 2ε}, (2.3)

|Ψ̂(ξ)| > 0 on {ε/2 < |ξ| < 2ε}, (2.4)

and
Dτ Ψ̂(0) = 0 for all |τ | 6 S, (2.5)

where (2.3) and (2.4) are Tauberian conditions and (2.5) represents vanishing
moment conditions on Ψ. If S = −1, we need not vanishing moment conditions.

In [28], J. Peetre introduced the classical Peetre’s maximal operator

(Ψ∗
kf)a(x) := sup

y∈Rn

|Ψk ∗ f(x+ y)|
(1 + 2k|y|)a

, x ∈ Rn, k ∈ Z,
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where the constant a > 0, f ∈ S ′(Rn) and {Ψk}k∈Z is a sequence of function
satisfying {Ψk}k∈Z ⊂ S(Rn).

Because Ψk ∗ f(y) make sense pointwise, everything is well-defined. We also
use dilates Ψk(x) := 2knΨ(2kx) with a fixed function Ψ ∈ S(Rn) and Ψ0(x) might
be given by a separate function. Additionally, continuous expands are needed as
well. Let Ψt := t−nΨ(t−1·). We define (Ψ∗

tf)a(x) by

(Ψ∗
tf)a(x) := sup

y∈Rn

|Ψt ∗ f(x+ y)|
(1 + |y|/t)a

x ∈ Rn, t > 0.

Now the theorem below gives the equivalent quasi-norms of these new spaces
which illustrated that they are well defined.

Theorem 2.2. Let β, q ∈ (0,∞), a ∈ R, s < S + 1, 0 6 λ < min{(nδ1 +
α(0)p0)/2, (nδ1+α∞p0)/2}, p(·) ∈ P0(Rn) for p(·)/p0 ∈ B(Rn) with p0 < min(p−, 1)

and α(·) ∈ L∞(Rn)∩P log
0 (Rn)∩P log

∞ (Rn) with α(0)p0, α∞p0 ∈ (−nδ1, nδ2), where
δ1, δ2 ∈ (0, 1) are constants appearing in (2.1) for p(·)/p0. Suppose that Φ0, Φ
belong to S(Rn) given by (2.3), (2.4) and (2.5). Then

(i) For a > n/p0, then the space MK̇
α(·),λ
q,p(·) B

s
β(Rn) can be characterized by

MK̇
α(·),λ
q,p(·) B

s
β(Rn) =

{
f ∈ S ′(Rn) : ‖f‖(i)

MK̇
α(·),λ
q,p(·) Bs

β

<∞
}
, i = 1, · · · , 4,

where

‖f‖(1)

MK̇
α(·),λ
q,p(·) Bs

β

:= ‖Φ0 ∗ f‖MK̇
α(·),λ
q,p(·)

+

(∫ 1

0

t−sβ‖Φt ∗ f‖β

MK̇
α(·),λ
q,p(·)

dt

t

)1/β

,

‖f‖(2)

MK̇
α(·),λ
q,p(·) Bs

β

:= ‖(Φ∗
0f)a‖MK̇

α(·),λ
q,p(·)

+

(∫ 1

0

t−sβ‖(Φ∗
tf)a‖β

MK̇
α(·),λ
q,p(·)

dt

t

)1/β

,

‖f‖(3)

MK̇
α(·),λ
q,p(·) Bs

β

:=

(
∞∑

k=0

2skβ‖(Φ∗
kf)a‖β

MK̇
α(·),λ
q,p(·)

)1/β

,

‖f‖(4)

MK̇
α(·),λ
q,p(·) Bs

β

:=

(
∞∑

k=0

2skβ ‖Φk ∗ f‖β

MK̇
α(·),λ
q,p(·)

)1/β

.

Then, {‖ · ‖(i)

MK̇
α(·),λ
q,p(·) Bs

β

}4
i=1 are equivalent.

(ii) If p0 < β, then for a > n/p0 the space MK̇
α(·),λ
q,p(·) F

s
β(Rn) can be characterized

by

MK̇
α(·),λ
q,p(·) F

s
β(Rn) =

{
f ∈ S ′(Rn) : ‖f‖(i)

MK̇
α(·),λ
q,p(·) F s

β

<∞
}
, i = 1, . . . , 5,
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where

‖f‖(1)

MK̇
α(·),λ
q,p(·) F s

β

:= ‖Φ0 ∗ f‖MK̇
α(·),λ
q,p(·)

+

∥∥∥∥∥
(∫ 1

0

t−sβ |Φt ∗ f |β
dt

t

)1/β
∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

, (2.6)

‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

:= ‖(Φ∗
0f)a‖MK̇

α(·),λ
q,p(·)

+

∥∥∥∥∥
(∫ 1

0

[t−s(Φ∗
tf)a]

β dt

t

)1/β
∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

, (2.7)

‖f‖(3)

MK̇
α(·),λ
q,p(·) F s

β

:= ‖Φ0 ∗ f‖MK̇
α(·),λ
q,p(·)

∥∥∥∥(∫ 1

0

t−sβ

×
∫
|z|<t

|(Φt ∗ f)(·+ z)|βdz
dt

tn+1

)1/β
∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

, (2.8)

‖f‖(4)

MK̇
α(·),λ
q,p(·) F s

β

:=

∥∥∥∥∥∥
(

∞∑
k=0

[2ksβ(Φ∗
kf)a]

β

)1/β
∥∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

, (2.9)

‖f‖(5)

MK̇
α(·),λ
q,p(·) F s

β

:=

∥∥∥∥∥∥
(

∞∑
k=0

2ksβ|Φk ∗ f |β
)1/β

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

. (2.10)

Then, {‖ · ‖(i)

MK̇
α(·),λ
q,p(·) F s

β

}5
i=1 are equivalent.

It is easy to see that Definition 2.4 is a special case of (2.10). Therefore, under
the conditions of Theorem 2.2, those spaces in Definition 2.4 are independent of
the choice of the resolution of unity {ϕj}j∈N0 .

3. Proofs of the main results

In this section, we will prove Theorems 2.1 and 2.2. Firstly, let us begin with
Theorem 2.1. To do so, we need the following lemmas.

Lemma 3.1. Let p(·) ∈ P(Rn), q ∈ (0,∞), 0 ≤ λ < ∞ and α(·) ∈ L∞(Rn) ∩
P log

0 (Rn) ∩ P log
∞ (Rn), then

‖f‖
MK̇

α(·),λ
q,p(·)

≈ max

 sup
L≤0,L∈Z

2−Lλ

(
L∑

k=−∞

2kα(0)q‖fχk‖q

Lp(·)

) 1
q

,

sup
L>0,L∈Z

2−Lλ

(
−1∑

k=−∞

2kα(0)q‖fχk‖q

Lp(·)

) 1
q

+ 2−Lλ

(
L∑

k=0

2kα∞q‖fχk‖q

Lp(·)

) 1
q

 .
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Lemma 3.1 is similar to Proposition 3.8 in [1]. Indeed, when α(·) ∈ L∞(Rn) ∩
P log

0 (Rn) ∩ P log
∞ (Rn), there exist positive constants C1, C2 such that if k ≤ 0

and x ∈ Dk then C12
kα(0) ≤ 2kα(x) ≤ C22

kα(0); if k > 1 and x ∈ Dk then
C12

kα∞ ≤ 2kα(x) ≤ C22
kα∞ . Thus, we obtain Lemma 3.1.

Lemma 3.2. (see [14, Lemma 3.4]) Let p(·) ∈ B(Rn), then there exists a constant
C > 0 such that for all balls B in Rn,

1

|B|
‖χB‖Lp(·)‖χB‖Lp′(·) 6 C.

Proof of Theorem 2.1. We only consider sequences {fj}∞j=1 of locally measur-

able functions on Rn such that (
∑∞

k=1 |fk|r)
1
r ∈ MK̇

α(·),λ
q,p(·) (Rn). Firstly we use

Lemma 3.1 to obtain∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

≈ max

 sup
L≤0,L∈Z

2−Lλ

 L∑
k=−∞

2kα(0)q

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

,

sup
L>0,L∈Z

2−Lλ

 −1∑
k=−∞

2kα(0)q

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

+2−Lλ

 L∑
k=0

2kα∞q

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q




=: max{ET , FT}.

We also denote FT by FT := supL>0,L∈Z[GT +HT ] with

GT := 2−Lλ


−1∑

k=−∞

2kα(0)q

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

,

HT := 2−Lλ


L∑

k=0

2kα∞q

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

.
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Next we need to show estimates ET . Ef , GT . Gf and HT . Hf respectively
with

Ef := sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

,

Gf := 2−Lλ


−1∑

k=−∞

2kα(0)q

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

,

Hf := 2−Lλ


L∑

k=0

2kα∞q

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χk

∥∥∥∥∥∥
q

Lp(·)


1
q

.

Then we obtain ET . Ef and FT . Ff which Ff represents supL>0,L∈Z[Gf +Hf ].
From above all and using Lemma 3.1 again, we have

∥∥∥∥∥∥
(

∞∑
j=1

|Tfj|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

≈ max{ET , FT}

. max{Ef , Ff}

≈

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

∥∥∥∥∥∥
MK̇

α(·),λ
q,p(·)

.

Now let us start to show estimates ET . Ef , GT . Gf and HT . Hf respec-
tively. We declare that the proof of GT . Gf is similar to EM . Ef . So we
only prove EM . Ef and HM . Hf respectively. To continue, we let f i

j = χifj.
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Firstly, we estimate ET by sublinear of T and Minkowski’s inequality.

ET = sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|Tfj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|T
∞∑

i=−∞

f i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

6 sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

∞∑
i=−∞

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

k−2∑
i=−∞

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

k+1∑
i=k−1

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

∞∑
i=k+2

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

=: E1
T + E2

T + E3
T .

By the same way we consider HT .

HT . 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk

k−2∑
i=−∞

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk

k+1∑
i=k−1

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk

∞∑
i=k+2

(
∞∑

j=1

|Tf i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

=: H1
T +H2

T +H3
T .

Secondly, we will prove Ei
T and H i

T , i = 1, 2, 3 and divide the proof into three
steps.

Step 1. First of all, we consider E2
T . Since T satisfies (2.2), then
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E2
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

2α(0)qk

k+1∑
i=k−1

∥∥∥∥∥∥
(

∞∑
j=1

|f i
j |r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

k+1∑
i=k−1

∥∥∥∥∥∥χi

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk−1

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk+1

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

=: Ef .

Then turn to H2
T , similarly, we have

H2
T . 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk−1

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

+ 2−Lλ


L∑

k=0

2α∞qk

∥∥∥∥∥∥χk+1

(
∞∑

j=1

|fj|r
) 1

r

∥∥∥∥∥∥
q

Lp(·)


1
q

. Hf .

Step 2. We consider E1
T . Since the sublinear operator T satisfies the size

condition

Tf(x) 6 C

∫
Rn

|x− y|−n|f(y)|dy

for all f ∈ L1
loc(Rn) and a.e x /∈ supp f.
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Then, for ∀i 6 k − 2, x ∈ Rk, 1 < r < ∞, by the size condition and the
generalized Minkowski inequality, we obtain(

∞∑
j=1

T r(f i
j)(x)

) 1
r

.

[
∞∑

j=1

(
2−kn

∫
Rn

|f i
j(y)|dy

)r
] 1

r

. 2−kn

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy.

By Hölder’s inequality we get

E1
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

k−2∑
i=−∞

2−kn

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy

∥∥∥∥∥∥
q

Lp(·)


1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk‖χk‖q

Lp(·)

 k−2∑
i=−∞

2−kn

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy

q
1
q

. sup
L60,L∈Z

2−Lλ

{
L∑

k=−∞

2α(0)qk‖χk‖q

Lp(·)

×

 k−2∑
i=−∞

2−kn

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

‖χi‖Lp′(·)

q
1
q

. (3.1)

On the other hand, by using Lemmas 2.1 and 3.2, we have

2−kn‖χk‖Lp(·)‖χi‖Lp′(·) . 2−kn‖χBi
‖Lp′(·) |Bk|‖χBk

‖−1

Lp′(·) . 2nδ2(i−k). (3.2)

We put (3.2) into (3.1) and get

E1
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

2α(0)kq

 k−2∑
i=−∞

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2nδ2(i−k)

q
1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

 k−2∑
i=−∞

2α(0)k

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2nδ2(i−k)

q
1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

 k−2∑
i=−∞

2α(0)i

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2b(i−k)

q
1
q

,

(3.3)

here b := nδ2 − α(0) > 0.
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For 1 < q <∞, we can make (3.3) further calculation by Hölder’s inequality.

E1
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

 k−2∑
i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
bq(i−k)

2


×

(
k−2∑

i=−∞

2
bq′(i−k)

2

) q
q′


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

k−2∑
i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
bq(i−k)

2


1
q

= sup
L60,L∈Z

2−Lλ


L−2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

L∑
k=i+2

2
bq(i−k)

2


1
q

. sup
L60,L∈Z

2−Lλ


L−2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)


1
q

. Ef .

For 0 < q 6 1, we use the following inequality(
∞∑
i=1

ai

)q

6
∞∑
i=1

aq
i , ai > 0, i ∈ N (3.4)

and obtain

E1
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

k−2∑
i=−∞

2α(0)qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2bq(i−k)


1
q

= sup
L60,L∈Z

2−Lλ


L−2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

L∑
k=i+2

2bq(i−k)


1
q

. sup
L60,L∈Z

2−Lλ


L−2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)


1
q

. Ef .

Similarly, we have

H1
T . 2−Lλ


∞∑

k=0

 k−2∑
i=−∞

2α∞i

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2b1(i−k)

q
1
q

,

here b1 = nδ2 − α∞ > 0.
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For 1 < q <∞, using Hölder’s inequality, we have

H1
T . 2−Lλ


L∑

k=0

k−2∑
i=−∞

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
bq(i−k)

2

(
k−2∑

i=−∞

2
b1q′(i−k)

2

) q
q′


1
q

. 2−Lλ


L∑

k=0

k−2∑
i=−∞

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
b1q(i−k)

2


1
q

6 2−Lλ


L∑

k=0

k−2∑
i=−2

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
b1q(i−k)

2


1
q

+ 2−Lλ


L∑

k=0

−3∑
i=−∞

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
b1q(i−k)

2


1
q

=: I1 + I2.

Now we consider I1 and I2 respectively. Due to b1 > 0, we have

I1 = 2−Lλ


L−2∑
i=−2

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

L∑
k=i+2

2
b1q(i−k)

2


1
q

. 2−Lλ


L−2∑
i=−2

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)


1
q

. Hf .

Because L > 0, b1 > 0 and λ > 0, we obtain

I2 . 2−Lλ


L∑

k=0

−3∑
i=−∞

2
b1q(i−k)

2

 i∑
m=∞

2α∞mq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χm

∥∥∥∥∥∥
q

Lp(·)


1
q

= 2−Lλ

{
L∑

k=0

−3∑
i=−∞

2
b1q(i−k)

2 · 2iqλHq
f

} 1
q

= 2−Lλ

{(
L∑

k=0

2−kb1q/2

)(
−3∑

i=−∞

2(b1/2+λ)qi

)
Hq

f

} 1
q

. 2−Lλ

{(
L∑

k=0

2−kb1q/2

)(
L∑

i=−∞

2(b1/2+λ)qi

)
Hq

f

} 1
q

. 2−Lλ2−Lb1/22(b1/2+λ)LHf

= Hf .
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For 0 < q 6 1, using (3.4) again, we have

H1
T . 2−Lλ


∞∑

k=0

k−2∑
i=−∞

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2b1(i−k)


1
q

. 2−Lλ


L∑

k=0

k−2∑
i=−2

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2b1(i−k)


1
q

+ 2−Lλ


L∑

k=0

−3∑
i=−∞

2α∞iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2b1(i−k)


1
q

=: J1 + J2.

Because it is similar to the process of case 1 < q < ∞ in Step 2 above, we can
conclude that H2

T . Hf is also true for 0 < q 6 1.
Step 3. First of all, we estimate E3

T . For ∀i ≥ k + 2, x ∈ Rk, by the size
condition and generalized Minkowski’s inequality again, we have(

∞∑
j=1

T r(f i
j)(x)

) 1
r

.

[
∞∑

j=1

(
2−in

∫
Rn

|f i
j(y)|dy

)r
] 1

r

= 2−in

(
∞∑

j=1

(∫
Rn

|f i
j(y)|dy

)r
) 1

r

. 2−in

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy.

By Hölder’s inequality we get

E3
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

2α(0)qk

∥∥∥∥∥∥χk

∞∑
i=k+2

2−in

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy

∥∥∥∥∥∥
q

Lp(·)


1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

2α(0)qk ‖χk‖q

Lp(·)

 ∞∑
i=k+2

2−in

∫
Rn

(
∞∑

j=1

|f i
j |r
) 1

r

dy

q
1
q

. sup
L60,L∈Z

2−Lλ

{
L∑

k=−∞

2α(0)qk‖χk‖q

Lp(·)

×

 ∞∑
i=k+2

2−in

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

‖χi‖Lp′(·)

q
1
q

. (3.5)

Using Lemmas 2.1 and 3.2 again, we obtain
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2−in‖χk‖Lp(·)‖χi‖Lp′(·) 6 2−in‖χBk
‖Lp(·)‖χBi

‖Lp′(·)

. 2−in‖χBk
‖Lp(·) |Bi|‖χBi

‖−1
Lp(·)

. 2nδ1(k−i). (3.6)

We put (3.6) into (3.5) and get

E3
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

2α(0)kq

 ∞∑
i=k+2

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2nδ1(k−i)

q
1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

 ∞∑
i=k+2

2α(0)k

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2nδ1(k−i)

q
1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

 ∞∑
i=k+2

2α(0)i

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2d(k−i)

q
1
q

,

(3.7)

where d := nδ1 + α(0) > 0.
To make (3.7) further calculation, we divide it into two case below.
If 1 < q <∞, by using Hölder’s inequality we have

E3
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

 ∞∑
i=k+2

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
dq(k−i)

2


×

(
∞∑

i=k+2

2
dq′(k−i)

2

) q
q′


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

∞∑
i=k+2

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
dq(k−i)

2


1
q

= sup
L60,L∈Z

2−Lλ


L∑

k=−∞

L+2∑
i=k+2

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
dq(k−i)

2


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

∞∑
i=L+3

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
dq(k−i)

2


1
q

=: I3 + I4.

Now we consider I3 and I4 respectively. Since d > 0, we have
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I3 = sup
L60,L∈Z

2−Lλ


L+2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

i−2∑
k=−∞

2
dq(k−i)

2


1
q

. sup
L60,L∈Z

2−Lλ


L+2∑

i=−∞

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)


1
q

. Ef .

Because d > 0 and λ− d/2 < 0, we obtain

I4 . sup
L60,L∈Z

2−Lλ


L∑

k=−∞

∞∑
i=L+3

2
dq(k−i)

2

 i∑
m=−∞

2α(0)mq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χm

∥∥∥∥∥∥
q

Lp(·)


1
q

. sup
L60,L∈Z

2−Lλ

{
L∑

k=−∞

∞∑
i=L+3

2
dq(k−i)

2 · 2iqλEq
f

} 1
q

= sup
L60,L∈Z

2−Lλ

{(
L∑

k=−∞

2dqk/2

)(
∞∑

i=L+3

2(λ−d/2)qi

)
Eq

f

} 1
q

. sup
L60,L∈Z

{
2−Lqλ2dqL/22(λ−d/2)qLEq

f

} 1
q

= Ef .

Thus, we have E3
T . Ef .

If 0 < q 6 1, then we use (3.4) in (3.7) and get

E3
T . sup

L60,L∈Z
2−Lλ


L∑

k=−∞

∞∑
i=k+2

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2dq(k−i)


1
q

. sup
L60,L∈Z

2−Lλ


L∑

k=−∞

L+2∑
i=k+2

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2dq(k−i)


1
q

+ sup
L60,L∈Z

2−Lλ


L∑

k=−∞

∞∑
i=L+3

2α(0)iq

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2dq(k−i)


1
q

=: J3 + J4.

Because it is similar to the process of case 1 < q < ∞ above, we can conclude
that E3

T . Ef is also true for 0 < q 6 1.
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Then we consider H3
T . Similarly, we have

H3
T . 2−Lλ


L∑

k=0

 ∞∑
i=k+2

2α∞i

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
Lp(·)

2d1(k−i)

q
1
q

, (3.8)

here d1 = nδ1 + α∞ > 0.
For 1 < q <∞, we can make (3.8) further calculation by Hölder’s inequality.

H3
T . 2−Lλ


L∑

k=0

 ∞∑
i=k+2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
d1q(k−i)

2


×

(
∞∑

i=k+2

2
d1q′(k−i)

2

) q
q′


1
q

. 2−Lλ


L∑

k=0

∞∑
i=k+2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
d1q(k−i)

2


1
q

6 2−Lλ


L∑

k=0

L+2∑
i=k+2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
d1q(k−i)

2


1
q

+ 2−Lλ


L∑

k=0

∞∑
i=L+3

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
d1q(k−i)

2


1
q

=: I5 + I6.

Because d1 > 0, we have

I5 = 2−Lλ


L+2∑
i=2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

i−2∑
k=0

2
d1q(k−i)

2


1
q

. 2−Lλ


L+2∑
i=2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)


1
q

. Hf .

Since d1 > 0 and λ− d1/2 < 0, we obtain

I6 = 2−Lλ


L∑

k=0

∞∑
i=L+3

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2
d1q(k−i)

2


1
q
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6 2−Lλ

{(
L∑

k=0

2
d1qk

2

)(
∞∑

i=L+3

2(λ−d1/2)qi

)

×

 i∑
m=0

2α∞qm

∥∥∥∥∥∥2−iλ

(
∞∑

j=1

|fj|r
) 1

r

χm

∥∥∥∥∥∥
q

Lp(·)


1
q

. 2−Lλ2d1/2L2(λ−d1/2)LHf

= Hf .

For 0 < q 6 1, we use (3.4) in (3.8) and have

H3
T . 2−Lλ


L∑

k=0

∞∑
i=k+2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2d1q(k−i)


1
q

6 2−Lλ


L∑

k=0

L+2∑
i=k+2

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2d1q(k−i)


1
q

+ 2−Lλ


L∑

k=0

∞∑
i=L+3

2α∞qi

∥∥∥∥∥∥
(

∞∑
j=1

|fj|r
) 1

r

χi

∥∥∥∥∥∥
q

Lp(·)

2d1q(k−i)


1
q

=: IJ + J6.

Because it is similar to the process of case 1 < q < ∞ above, we can state that
H3

T . Hf is also true for 0 < q 6 1.
This we finish the proof of Theorem 2.1. �

Now we turn to prove Theorem 2.2. Because the proofs of B-parts and F -parts
are similar, we only prove F -parts below. Our proof will use the idea that comes
from [36]. To continue, we recall some lemmas.

Lemma 3.3. (see [31, Lemma 1]) Let µ, ν ∈ S(Rn), −1 6 M ∈ Z,
Dτ µ̂(0) = 0 for all |τ | 6 M.

Then for any N > 0 there is a constant CN such that

sup
z∈Rn

|µt ∗ ν(z)|(1 + |z|)N 6 CN t
M+1,

where µt(x) = t−nµ(x
t
) for all 0 < t 6 2.

Lemma 3.4. (see [31, Lemma 2]) Let 0 < q 6 ∞, δ > 0. For any sequence {gj}∞0
of nonnegative numbers denote

Gj =
∞∑

k=0

2−|k−j|δgk.

Then there is a constant C depending only on q and δ such that

‖{Gj}∞0 ‖`q 6 C‖{gj}∞0 ‖`q . (3.9)
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Lemma 3.5. Let 0 < β 6 ∞, δ > 0, 0 < q 6 ∞, 0 6 λ < ∞, p(·) ∈ P0(Rn)
and α(·) : Rn → R with α(·) ∈ L∞(Rn). For any sequence {gj}∞0 of nonnegative
measurable functions on Rn denote

Gj(x) =
∞∑

k=0

2−|k−j|δgk(x), x ∈ Rn.

Then there are some constants C1 = C1(q, δ) and C2 = C2(p(·), q, δ) such that

‖{Gj}∞0 ‖MK̇
α(·),λ
q,p(·) (`β)

6 C1‖{gj}∞0 ‖MK̇
α(·),λ
q,p(·) (`β)

(3.10)

and

‖{Gj}∞0 ‖`β(MK̇
α(·),λ
q,p(·) )

6 C2‖{gj}∞0 ‖`β(MK̇
α(·),λ
q,p(·) )

. (3.11)

Proof. Firstly, (3.10) follows immediately from (3.9) by Lemma 3.4. Next we
prove (3.11) for p(·) ∈ P0(Rn) and we separate it into two cases.

Case 1. p− > 1, q > 1. Because ‖ · ‖
MK̇

α(·),λ
q,p(·)

is a norm, we have

‖Gj‖MK̇
α(·),λ
q,p(·)

6
∞∑

k=0

2−|k−j|δ‖gk‖MK̇
α(·),λ
q,p(·)

.

By Lemma 3.4, we obtain (3.11).
Case 2. For q < 1, we choose a constant p0 < min(p−, q) and obtain

‖Gj‖p0

MK̇
α(·),λ
q,p(·)

= ‖|Gj|p0‖
MK̇

p0α(·),p0λ

q/p0,p(·)/p0

6 ‖
∞∑

k=0

2−|k−j|p0δ|gk|p0‖
MK̇

p0α(·),p0λ

q/p0,p(·)/p0

6
∞∑

k=0

2−|k−j|p0δ‖|gk|p0‖
MK̇

p0α(·),p0λ

q/p0,p(·)/p0

.

Due to (3.4) and (3.11) proved for the space MK̇
p0α(·),p0λ
q/p0,p(·)/p0

(Rn),

‖{Gj}‖p0

`β(MK̇
α(·),λ
q,p(·) )

= ‖{|Gj|p0}‖
`β/p0

�
MK̇

p0α(·),p0λ

q/p0,p(·)/p0

�
. ‖{|gk|p0}‖

`β/p0

�
MK̇

p0α(·),p0λ

q/p0,p(·)/p0

�
= ‖{gk}‖p0

`β(MK̇
α(·),λ
q,p(·) )

.

Raising to power 1/p0 on both sides of the inequality, we have (3.11). �

Lemma 3.6. (see [9, Theorem 6]) Let {ϕj}j∈N0 be a resolution of unity and let
R ∈ N. Then there exist functions θ0, θ ∈ S(Rn) satisfy

supp θ0, supp θ ⊆ {x ∈ Rn : |x| 6 1},

|θ̂0(ξ)| > 0 on {|ξ| < 2ε},

|θ̂(ξ)| > 0 on {ε/2 < |ξ| < 2ε},∫
Rn

xγθ(x)dx = 0 for 0 < |γ| 6 R
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such that

θ̂0(ξ)ψ̂0(ξ) +
∞∑

j=1

θ̂(2−jξ)ψ̂(2−jξ) = 1, for all ξ ∈ Rn,

where the functions ψ0, ψ ∈ S(Rn) are defined via ψ̂0(ξ) = ϕ0(ξ)bθ0(ξ)
and ψ̂(ξ) = ϕ1(2ξ)bθ(ξ) .

Proof of Theorem 2.2. We separate the whole proof by four steps. The first
step is to prove the equivalence of (2.6) and (2.7). The second step is to build
the bridge from (2.7) to (2.9) and use the system (Ψ0,Ψ) to replace the system
(Φ0,Φ). Next we will state that Definition 2.4 can be seen as a special case of
(2.10) and the equivalence of (2.9) and (2.10) goes parallel to (2.6) and (2.7).
Finally, we will illustrate that (2.10) is equivalent to the rest.

Step 1. For every f ∈ S ′(Rn), we will prove the following inequalities

‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(1)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

.

Since the inequality ‖f‖(1)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

is easy to get by the definition

of Peetre’s maximal operator, we only prove the left inequality.
For any given r < min{p−, β} and N ∈ N, using Lemmas 3.3 and 3.6, there

exists a constant C > 0 such that for any f ∈ S ′(Rn),(∫ 2

1
|2ls(Φ∗

2−lt
f)a(x)|β dt

t

)r/β

.
∑

k∈l+N0
2(l−k)(Nr−n+rs)2krs

×M
[(∫ 2

1
|((Φk)t ∗ f)(·)|β dt

t

)r/β
]

(x).

For the proof of the inequality above, see [36].
Next, let p0 = r ∈ (n/a,< min{p−, β}), N > max{0,−s} + a and δ :=

N + s− d/r > 0, then we obtain for any l ∈ N(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β

.
∑

k∈l+N0

2−δr|l−k|2krsM

[(∫ 2

1

|((Φk)t ∗ f)(·)|β dt

t

)r/β
]

(x).

Applying Lemma 3.5 in the space MK̇
rα(·),rλ
q/r,p(·)/r(`β/r), we have∥∥∥∥∥

{(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β
}

l∈N

∥∥∥∥∥
K

rα(·),q/r
p(·)/r

(`β/r)

.

∥∥∥∥∥
{
M

[(∫ 2

1

|2ks((Φl)t ∗ f)(·)|β dt

t

)r/β
]}

l∈N

∥∥∥∥∥
MK̇

rα(·),rλ
q/r,p(·)/r

(`β/r)

.
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Then, we use Theorem 2.1 and obtain∥∥∥∥∥
{(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β
}

l∈N

∥∥∥∥∥
MK̇

rα(·),rλ
q/r,p(·)/r

(`β/r)

.

∥∥∥∥∥
{
M

[(∫ 2

1

|2ks((Φl)t ∗ f)(·)|β dt

t

)r/β
]}

l∈N

∥∥∥∥∥
MK̇

rα(·),rλ
q/r,p(·)/r

(`β/r)

.

∥∥∥∥∥
{(∫ 2

1

|2ks((Φl)t ∗ f)(·)|β dt

t

)r/β
}

l∈N

∥∥∥∥∥
MK̇

rα(·),rλ
q/r,p(·)/r

(`β/r)

=

∥∥∥∥∥
{(∫ 2

1

|2ks((Φl)t ∗ f)(·)|β dt

t

)1/β
}

l∈N

∥∥∥∥∥
r

MK̇
α(·),λ
q,p(·) (`β)

.

Hence, we have∥∥∥∥∥
(∫ 1

0

|λ−s(Φ∗
λf)a(·)|β

dλ

λ

)1/β
∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

≈

∥∥∥∥∥∥
(

∞∑
l=1

∫ 2

1

|2ls(Φ∗
2−ltf)a(·)|β

dt

t

)1/β
∥∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

.

∥∥∥∥∥
{(∫ 2

1

|2lsΦ2−lt ∗ f(·)|β dt

t

)1/β
}

l∈N

∥∥∥∥∥
MK̇

α(·),λ
q,p(·) (`β)

≈

∥∥∥∥∥
(∫ 1

0

|λ−sΦλ ∗ f(·)|β dλ
λ

)1/β
∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

.

This proves ‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(1)

MK̇
α(·),λ
q,p(·) F s

β

.

Step 2. Suppose that Ψ0,Ψ ∈ S ′(Rn) are functions satisfying (3.10). First of
all, we will prove for any f ∈ S ′(Rn)

‖f‖(4)

MK̇
α(·),λ
q,p(·) F s

β (Rn,Ψ)
. ‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β (Rn,Φ)
(3.12)

Let δ = min{1, S+1−s}, using Lemmas 3.6 and 3.3 again, there exists a constant
C > 0 such that for any f ∈ S ′(Rn),

2ls(Ψ∗
l f)a(x) 6 C

∑
k∈N0

2−|k−l|δ2ks(Φ∗
2−ktf)a(x), x ∈ Rn and t ∈ [1, 2]. (3.13)

For details about (3.13), see [36].

Let β > 1. We take (
∫ 2

1
| · |βdt/t)1/β on both sides of (3.13) and have

2ls(Ψ∗
l f)a(x) .

∑
k∈N0

2−|k−l|δ2ks

(∫ 2

1

|(Φ∗
2−ktf)a(x)|β

dt

t

)1/β

.
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Applying Lemma 3.5, we obtain

‖{2ls(Ψ∗
l f)a}l∈N‖MK̇

α(·),λ
q,p(·) (`β)

.

∥∥∥∥∥∥
(

∞∑
k=1

2ksβ

∫ 2

1

|(Φ∗
2−ktf)a(x)|β

dt

t

)1/β
∥∥∥∥∥∥

MK̇
α(·),λ
q,p(·)

which gives the desired result.
In the case β < 1, we prove as below. Because the quantity (

∫ 2

1
| · |βdt/t)1/β is

not a norm, we only have

(2ls(Ψ∗
l f)a(x))

β .
∑
k∈N0

2−β|k−l|δ2ksβ

∫ 2

1

|(Φ∗
2−ktf)a(x)|β

dt

t
.

We know that the right-hand side of the above inequality is less than a convolution
(γ ∗ τ)` with

γk = 2−|k|δβ and τk = 2ksβ

∫ 2

1

|(Φ∗
2−ktf)a(x)|β

dt

t
.

Now applying the `1-norm to both sides, then for any x ∈ Rn

‖2ls(Ψ∗
l f)a(x)‖β

`β
6 ‖γ‖`1 · ‖τ‖`1

.
∞∑

k=1

2ksβ

∫ 2

1

|(Φ∗
2−ktf)a(x)|β

dt

t
.

Taking the power (· · ··)1/β to both sides of the last inequality and applying the

MK̇
α(·),λ
q,p(·) -norm, then we have (3.12).

Similarly, for any f ∈ S ′(Rn), we obtain

‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β (Rn,Φ)
. ‖f‖(4)

MK̇
α(·),λ
q,p(·) F s

β (Rn,Ψ)
.

Step 3. Taking t = 1 in Step 1 and omitting the integration over t, we see
immediately

‖f‖(5)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(4)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(5)

MK̇
α(·),λ
q,p(·) F s

β

.

Step 4. We show (2.10) is equivalent to the rest.
First, we will show that for any f ∈ S ′(Rn)

‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β (Rn)
. ‖f‖(3)

MK̇
α(·),λ
q,p(·) F s

β

. (3.14)

For 0 < r < min{p−, β}, see [36], there exists a positive constant C such that
for any f ∈ S ′(Rn),(∫ 2

1

|(Ψ∗
2−ltf)a(x)|β

dt

t

)r/β

6 C
∑
k∈N0

2−kNs2(k+l)n

∫
Rn

(∫ 2

1

∫
|z|<2−(k+l)t

|((Φk+l)t ∗ f)(z + y)|βdz dt
tn+1

)r/β

(1 + 2l|x− y|)ar
dy.
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Suppose that ar > n and denote

gl(y) :=
2nl

(1 + 2l|y|)ar
, ∀y ∈ Rn.

Then gl(y) ∈ L1(Rn) and we have(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β

.
∑
k∈N0

2−kNr2kn2lsr

[
gl ∗

(∫ 2

1

∫
|z|<2−(k+l)t

|((Φk+l)t ∗ f)(z + ·)|βdz
dt

tn+1

)r/β
]

(x).

By using the majorant property of the Hardy–Littlewood maximal operator in
[34], we have(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β

.
∑
k∈N0

2lsr2k(−Nr+n)M

[(∫ 2

1

∫
|z|<2−(k+l)t

|((Φk+l)t ∗ f)(z + ·)|βdz
dt

tn+1

)r/β
]

(x).

An index shift on the right-hand side gives(∫ 2

1

|2ls(Φ∗
2−ltf)a(x)|β

dt

t

)r/β

.
∑

k∈l+N0

2lsr2(k−l)(−Nr+n)M

[(∫ 2

1

∫
|z|<2−kt

|((Φk)t ∗ f)(z + ·)|βdz
dt

tn+1

)r/β
]

(x)

=
∑

k∈l+N0

2(l−k)(Nr−n+rs)2krsM

[(∫ 2

1

∫
|z|<2−kt

|((Φk)t ∗ f)(z + ·)|βdz
dt

tn+1

)r/β
]

(x).

By the similar way as after (3.13), we have (3.14).

Second, it is easy to see that ‖f‖(3)

MK̇
α(·),λ
q,p(·) F s

β

. ‖f‖(2)

MK̇
α(·),λ
q,p(·) F s

β

, since for any t > 0

1

tn

∫
|z|<t

|(Φt ∗ f)(x+ z)|dz . sup
|z|<t

|(Φt ∗ f)(x+ z)|
(1 + 1/t|z|)a

. (Φ∗
tf)a(x).

This we finish the proof of Theorem 2.2. �
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