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ABSTRACT. In the article, the boundedness of vector-valued sublinear oper-
ators in Herz—Morrey spaces with variable exponents M K;‘;()_’))‘ (R™) are ob-
tained. Then Herz—Morrey type Besov and Triebel-Lizorkin spaces with vari-

able exponents are introduced. Finally, we prove the equivalent quasi-norms
on these spaces by Peetre’s maximal operators.

1. INTRODUCTION

Recent decades, many attentions are paid to the variable exponent spaces and
their applications. Let p(-) : R" — [1,00) be a measurable function. The
Lebesgue space with variable exponent p(-) is defined by

(=)

A

p(z)

LPO(R™) := { f is measurable : / dz < oo for some A >0

n

It is also a Banach space when it equipped with the norm

f (=)

A

p(z)

| fll ey == inf § A > 0,/ dr <1

The Lebesgue and Sobolev spaces with variable exponent were studied by Kovacik
and Rékosnik in [20].
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Let L},.(R") be the collection of all locally integrable functions on R™. Given a
function f € L] (R™), the Hardy—Littlewood maximal operator M is defined by

loc

MiG@)i=swpr [ |y, v e R,
r>0 B(z,r)
where B(z,7) := {y € R" : | —y| < r}. The boundedness of the Hardy—
Littlewood maximal operator plays a great important role in variable exponent
spaces. For example, it is well known that many results in classical harmonic
analysis and function theory are also hold for the variable exponent case if the
Hardy-Littlewood maximal operator is bounded in variable exponent Lebesgue
space; see [4, 5, 6, 26]. In addition, many variable exponent spaces are introduced,
such as: variable exponent Bessel potential spaces, Besov and Trieble-Lizorkin
spaces, Hardy spaces, Herz spaces, Herz—Morrey spaces, Morrey spaces, Morrey
type Besov and Trieble-Lizorkin spaces, Trieble—Lizorkin-Morrey spaces, and so
on; see [1, 2, 3, 7, 10, 11, 13, 15, 16, 17, 18, 19, 27, 29, 30, 32, 33, 41, 42] and
references therein. And lots of results about boundedness of sublinear operators
in these spaces have been proved; see [12, 21, 22, 23, 24].
If a sublinear operator T is bounded on LP() and obeys the size condition

Trl<C [ o=y 1wy

for all f € L}, (R™) with compact support and a.e. x ¢ supp f, then T is bounded
on both of the homogeneous and non-homogeneous Herz space, see the mono-
graph [25] by S. Lu, D. Yang and G. Hu. This result is extended to the weighted
vector-valued case by L. Tang and D. Yang in [35]. In [33], C. Shi and the sec-
ond author introduced Herz type Besov and Triebel-Lizorkin spaces with variable
exponent K §(R")Bj and K (R") Bj and K;(% (R")F3 and K (R")Fj5 and ob-
tained their equivalent quasi-norms. For the constant exponent Herz type Besov
and Triebel-Lizorkin spaces we refer the reader to [37, 38, 39, 40]. In [14], M. Izuki
obtained the vector-valued boundedness for some sublinear operators satisfying
the size condition on Herz—Morrey spaces with variable exponent M KZ?(.)(]R”).
And in [8], the authors established the boundedness of vector-valued Hardy-
Littlewood maximal operator in Herz spaces with variable exponents and charac-
terized Herz type Besov and Triebel-Lizorkin spaces with variable exponents by
Peetre’s maximal operators.

Inspired by the works above, the present paper is to consider the boundedness
of vector-valued Hardy—Littlewood maximal operator on Herz—Morrey type Besov
and Triebel-Lizorkin spaces with variable exponents. The structure of the paper
is as follows. In the rest of the section, we give some conventions. In Section 2
we shall give our main results which are the generalization of related results in
[14] and [8]. In Section 3 we give proofs of our results.

During the paper, we denote by |S| and xg the Lebesgue measure of S and the
characteristics function of a measurable set S C R" respectively. We also use the
notation a < b if there exists a constant C' > 0 such that a < Cb. If a < b and
b < a we will write a = b. Finally we claim that C is always a positive constant
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but it may change from line to line. Other notations will be explained when we
meet it.

2. MAIN RESULTS

In this section, firstly we shall establish the boundedness of sublinear operators in
Herz—Morrey spaces with variable exponents. Before stating our result, we need
to recall some definitions, notations and a lemma.

Definition 2.1. The local Lebesgue space with variable exponent is defined by
Lp()(R") = {f: fxx € L’V (R") for all compact subsets K C R"}.

loc

We also use the following notation: p_ := essinf{p(z) : z € R"} and p; :=
esssup{p(z) : « € R"}. P(R") is the set of p(-) satisfying p_ > 1 and p; < oo. The
set B(R™) consists of all p(-) € P(R™) satisfying the condition that M is bounded
on LP0). Moreover, we denote by P°(R") the set of measurable functions p(-) on
R"™ with the range in (0,00] such that p_ := essinf{p(z) : € R"} > 0 and
Py = esssup{p( )z € R"} < oo. Given p(-) € P°(R"), one can define the
space LPO)(R™) by the case p(-) € P(R"™). For more details, it is equivalent to

p()
define the set of all functions f such that |f[P° € L» (R™), where 0 < py < p_

and 2 € P(R") with a quasi-norm ||z = || F]2,
L Po

Definition 2.2. Let a(-) be a real function on R".
(i) a(-) is called log-Holder continuous on R™ if there exists C' > 0 such that
C
log(e +1/|z —y[)’

(ii) a(-) is called log-Holder continuous at the origin if there exists C' > 0 such
that

1
a@) - aly)| < Y,y €R", o — gyl < 3.

C
—a0)| < —————, Vz e R"™.
(iii) «(-) is called log-Hélder continuous at the infinity if there exist a., € R

and a constant C' > 0 such that

la(z) — ase| < L, Vo € R".
log(e + [x])

We denote by P*(R") and P%(R") the class of all variable exponents p(-) €
P(R™) which are log-Holder continuous at the origin and at the infinity respec-
tively.

For giving the definition of the Herz—Morrey spaces with variable exponents,
let us introduce the following notations. Let k € Z, By := {z € R" : |z| < 2F},
Dk := Bi\Bk-1, Xt := Xp, and Ny := {0} UN. For any m € Ny, we denote
Xm = XD,,,m = 1 and X¢ := xp, respectively.

Definition 2.3. Let 0 < ¢ < oo, p(-) € PY(R"), 0 < XA < o0 and a(-) : R" — R
with o € L>(R").
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(i) The homogeneous Herz—Morrey space M K (]R”) with variable exponents
is defined by

MEZENRY) = {f € L) (RO}« 1l yyacy < 00},

where

1
q
s =22 (3 0 sl)

k=—o00

(ii) The non-homogeneous Herz—Morrey space MK (() (R™) with variable ex-
ponents is defined by

MEGN @) 1= {1 € LO@NOD) 1y < 00},

where

1

1l = sup 2 ”(an’m Pl )

LeNg

We want to state that if «(-) is a constant, then M K

) 7.p(")
was defined in [14]. If A = 0, then Mvap(.) (R") = 5(R™). If both af(-) and

p(+) are constant and A\ = 0, then M KZ;()_’))‘(]R”) =K gjp(R”) is the classical Herz

space. We also want to say that there is a analog for the non-homogeneous case.

A n (0% n
;3 (R") = MK (R")
)

Lemma 2.1. (see [14, Remark 4.1]) Let p(-) € B(R™). Then there exist 0 < §1, s <
1 depending only on p(-) and n such that for any ball B in R" and any measurable
subset S C B,

. S\ X5l o) @n S1\*
[Ixs]lzee < C(M) and Xl oo ny <C<u) ' @2.1)
x5 e | B IXBl o) @) | B
Now we give the boundedness of vector-valued sublinear operators in Herz—
Morrey spaces with variable exponents, which generalizes the result in [14].

Theorem 2.1. Let p(-) € B(R"), 0 < ¢ < 00, 1 < r < o0, a(-) € L*(R") N
PrE(R™) N PL2(R™) with a(0), ase € (—ndy,nds), where &;,8, € (0,1) are con-
stants appearing in (2.1) and 0 < A\ < min{(nd;+a(0))/2, (nd1+as)/2}. Suppose
that T' is a sublinear operator satisfying vector-valued inequality on LPC)(R™)

Z|ng <c (Zw)T (22

p() Lp()

for all sequences { f;}32, of locally integrable functions on R™ and size condition

Tf(z c/ & — 4171 f()\dy
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for all f € L} .(R") and a.e. z ¢ supp f. Then we have the vector-valued

loc

inequality on M KZ;().’)’\(R”)

<Z !Tka)
k=1

=S =

<C (Z |fk|r>
k=1

o), o),
MKq,p(d MKq,p(‘)
for all sequences {f; 524 of locally integrable functions on R", where C' is inde-

pendent of {f;}52,.

Remark 2.1. Here and below, we only declare our main results in the homo-
geneous Herz—Morrey space with variable exponents because the proof for the
non-homogeneous case can be treated by the similar way and is much more eas-
ier.

Lemma 2.2. (see [4, Corollary 2.1]) Let p(-) € B(R") and 1 < r < oo, then
there exists a positive constant C' such that for all sequences {f;}52, of locally
integrable functions on R",

1

(Z |ij|T> <C (Z |fj|r>

From Theorem 2.1 and Lemma 2.2, we obtain the following result for the
Hardy-Littlewood maximal operator.

Corollary 2.1. Let p(-) € B(R"), 0 < g < 00, 1 <1 < 00, a-) € L¥(R™) N
PRE(R™) N PR2(R™) with a(0), aee € (—ndy, nds), where &;,8, € (0,1) are con-
stants appearing in (2.1) and 0 < A < min{(nd; + «(0))/2, (nd + a)/2}, then

<Z ‘Mfk‘r>
k=1

with the constant C' independent of sequences { f;}32, of locally integrable func-
tions on R".

p() Lp()

1

o) T
<C (Z |fk‘r>
a(-),A k=1 MECOA

MKq’p(') q,p(")

Next we will use Corollary 2.1 to prove the equivalent quasi-norms in Herz-
Morrey type Besov and Triebel-Lizorkin spaces with variable exponents. In order
to do it, we need some notations to give the definition of these spaces.

Denote by S(R"™) the Schwartz space on R"™ and §'(R") its dual space on R".
For any ¢ € S(R"), ¢ and ¢" represent its Fourier transform and inverse Fourier
transform respectively. Suppose ¢y € S(R™) with ¢o(z) > 0 and

( ) 1 7|x| < 17

xT) =

70 0,z >2,

then we denote ¢(x) := po(z) — ¢o(22) and set p;(z) := @(277z) for all j € N.

Then {¢;};en, is a resolution of unity, namely > ¢,(x) =1 for all x € R".
=0
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Now, we introduce the Herz—Morrey type Besov spaces and Triebel-Lizorkin
spaces with variable exponents below.

Definition 2.4. Let {¢;};en, be a resolution of unity as above, s € R, 0 < 3,¢q <
o0, p(-) € PY(R") and a(-) : R® — R with a(-) € L=(R").
(i) The Herz—Morrey type Besov space with variable exponents is defined by
a(-),A ps n n
MK 03 By(R") = {f € SR = M llgyuicetyny < OO}’

where

||f||MKa(>*Bs' H{ng% f}] =0

(i) For py < oo, the Herz-type Triebel-Lizorkin space with variable exponents
is defined by

(), s n n
MEGRESE) = {1 € SE®): Wiy <o)

¢ (MKO‘( ), *)

where

Hf”MK;L())AFE = H{Qsj(p}/ * f}jiOH

MKO‘(M(%)

Here we denote respectively by ¢5(M K ( ) and MK (ﬁﬁ) the spaces of all

qp(
sequences {g;} of measurable functions on ]R" with finite quasi-norms

o 5
o3 Zall iy (Z ||gj||MK$3_,;) |

and

a(:),\

1/8
||{g]}] OHMK‘I( ) >‘ 45) Z |gj|/6>
a,p()

In order to make sure these spaces are well defined, we need to prove the
definition of these spaces are independent of the choice related to the resolution
of unity {¢;};en,. To achieve this, we need more notations.

Let Wy, ¥ € S(R"),e > 0 and integer S > —1 satisfy

MK

[Wo(§)] >0 on  {[¢] < 2e}, (2.3)
[T(€)] >0 on {e/2<|g| < 2}, (2.4)
and R
D™U(0) =0 forall |7]<S, (2.5)
where (2.3) and (2.4) are Tauberian conditions and (2.5) represents vanishing
moment conditions on W. If § = —1, we need not vanishing moment conditions.
In [28], J. Peetre introduced the classical Peetre’s maximal operator
v
(Wi ala) 1= sup LT gn e g

sup
yern (14 28y[)
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where the constant a > 0, f € S'(R™) and {¥;}rez is a sequence of function
satisfying {¥y }rez C S(R™).

Because U x f(y) make sense pointwise, everything is well-defined. We also
use dilates Uy () := 280 (2%x) with a fixed function ¥ € S(R") and V() might
be given by a separate function. Additionally, continuous expands are needed as
well. Let ¥, :=¢t7"U(t~1). We define (U} f),(z) by

Now the theorem below gives the equivalent quasi-norms of these new spaces
which illustrated that they are well defined.

Theorem 2.2. Let 5,q € (0,00), a € R, s < S+ 1,0 < A < min{(nd; +
a(0)po)/2, (né1+asepo)/2}, p(+) € PO(R™) for p(-)/po € B(R™) with po < min(p—, 1)
and a(-) € L®(R™) NPLE(R™) NPLE(R™) with a(0)po, eopo € (—ndy, ndy), where
91,02 € (0,1) are constants appearing in (2.1) for p(-)/pg. Suppose that &y, ®
belong to S(R™) given by (2.3), (2.4) and (2.5). Then

(i) For a > n/po, then the space M K;I(D'().’)’\BE(R”) can be characterized by

(A ps (n n i )
ME B = { £ € SR 11y, <oof o 1Lt

a,p(") Bg
where
M e 8 AN
o = D * ca(),a T+ /ts D, * —orus )
2) g 8 ) "’
- - oF ot + /ts P* o —
1y = 1@l + ([ 0@ 0 F)
3
A irnpe = (D22 N@0al peirn |
a.p(-) 7B k=0 a,p(-)
oo 1/p
4
11 iy, = (Z 249 | f||fm>,x> |
a.p(-) 7B k=0 a.p()
Then, {|| - ||§\2Ka(‘g’f35}?1 are equivalent.
q,p(-
(ii) If po < B, then for a > n/py the space M an;()f)’\F 5(R™) can be characterized
by

. a(.))\ S n\ __ ny . (Z) .
MES)MF3(R) = {f € SR+ Il gacr sy < oo} i=1,....5
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where
= @ k o),
HfHMK;‘;“FS H 0 fHMKq’;())/\
1
dt
(e e
0 MKa()A
HfHMK;‘;”FS = H((Dof)aHMK;;g)*
1
dt
# ([ @iy ) , (27)
' MEGE
1
— . —sp
I irne; = 190 Mz | ([
dt /B
<[ 1@ ne P ey
|z|<t MKQ('()_’;‘
0o /B
4 s
A an e = ([ DSR2 (@5 1)a)? , (2.9)
a.p(-) "B —0 oA
Mqu()
0o /8
HfHMKa( —_— > 25 Py« f|° . (2.10)
qp() k=0 a(),\
Mqu()
Then, {|| - |”... }2_, are equivalent.
MK )N gl i=t

It is easy to see that Definition 2.4 is a special case of (2.10). Therefore, under
the conditions of Theorem 2.2, those spaces in Definition 2.4 are independent of
the choice of the resolution of unity {y;};en,-

3. PROOFS OF THE MAIN RESULTS

In this section, we will prove Theorems 2.1 and 2.2. Firstly, let us begin with
Theorem 2.1. To do so, we need the following lemmas.

Lemma 3.1. Let p(-) € P(R"), ¢ € (0,00), 0 < XA < o0 and a(-) € L®(R™) N
Péog(R”) N Plg(R™), then

1
q
£l sty 2 max 4 sup 2“(2 2* O)ql\kaHm) ’

L<0,LEZ .
=—00

sup (Z ghe(® ql!kalleu) +27 <Z2ka°°q!\kallm>>

L>0,L€Z
k=—o00
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Lemma 3.1 is similar to Proposition 3.8 in [1]. Indeed, when «a(-) € L>*(R"™) N
PLE(R™) N PL2(R™), there exist positive constants Cy,C, such that if & < 0
and x € Dy then €20 < okal@) < (,2k2(0). if ' > 1 and x € Dy then
C)2kaee < okal®) < (O 9kaee  Thyus, we obtain Lemma 3.1.

Lemma 3.2. (see [14, Lemma 3.4]) Let p(-) € B(R™), then there exists a constant
C > 0 such that for all balls B in R",

1
EHXBHLP(‘)”XBHLP’(') <O

Proof of Theorem 2.1. We only consider sequences { f;}52, of locally measur-
able functions on R such that (335°, | fxl")" € ME*OMR). Firstly we use

a,p(-)
Lemma 3.1 to obtain

Z ITf]

a(:),\
»p(+)

L 00 T
A max sup 2 LA Z gke(0)d <Z|Tfj|r Xk )
j=1

L<0,LEZ e
=—00

MK

=
Q
Q=

2
Q

-1

sup |27%* Z 2ka(0) <Z|Tfy > Xk

L>0,L€Z )
=—00

Lp()
L 00 % 1 %
pre 3zt (z w) “
k=0 j=1 ()
= maX{ET, FT}

We also denote Fr by Fr := supy~q ez [Gr + Hr| with

Q=

-1 o] s
Gp =27 ¢ 3 2kl (Z\ﬂ%!’“) Xk :

j=1 Lp()

1
1 q =
L r a

Hp =271 ZZkawq (Z |Tfj|r> Xk
j=1

k=0 Lr()
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Next we need to show estimates Er < Ef, Gr S Gy and Hp < Hy respectively
with

1
1119 q

L 0o
Ef:= sup 275 Z 2000k | (Z ) ;

L<0,LEZ “
h k=—o0 Lr()

q

()
1
q q

L o) %
Hp =271 22]“"“"1 <Z|fj|r> Xk

Lr()

Then we obtain Er < Ey and Fr S Fy which Fy represents sup; - 1<z |Gy + Hyl.
From above all and using Lemma 3.1 again, we have

1
p-

(Z T fj|r> ~ max{Er, Fr}
j=1

a(),A
MK ()

,S HlaX{Ef, Ff}

(j;;W)}‘

a(-),\

MK

Now let us start to show estimates Ep S Ey, Gr S Gy and Hp S Hy respec-
tively. We declare that the proof of Gp < Gy is similar to Ey S Ey. So we
only prove Ey S Er and Hpq S Hy respectively. To continue, we let f’ = Xifj
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Firstly, we estimate Ep by sublinear of T" and Minkowski’s inequality.

1

1119 -
L 0o T a
ET = sup 2—L)\ 2a(0)qk Y Tf r
Le(-
L 00 00 % 1 %
_ —LX a(0)gk i|r
= sup 2 2 k T 4
L<0,LeZ k_z: X (Z’ _Z: 7l )
=—00 7j=1 1=—00 ()
L o) e8] % 1 %
< 283 w0 3 (S
L<0,LEZ < i —
k=—00 i=—oco \j=1 ()
L k—2 00 % ! é
S sup 2—L)\ 2a(0)qk: Yk szr
L<0,LEZ _z: _2_: Z' |
k=—00 i=—o00 \j=l1 1p0)
1
L k+1 0o % 1 a
+ sup 27% Z 200k ||y Z T
L<0,Lez k=—o0 i—k—1 \j=1 o
LoC
L e} 00 % ! %
T sup 27[/)\ 2a(O)qk . T 7, r
L 2 2 T e 2 (21T
=T = = Lr()
=: E% + E% + E%
By the same way we consider Hr.
119 :

L k—2 00 I
Hp S 2724 20" g, ) ( !Tf}\’">
j=1

k=0 1=—00

gk
=
Sh
-
N——
S|
Q|

L k+1
T 27[)\ Z 20400(1]6 Xk (

k=0 i=k—1 \j=1 ()
1
L o) o] % 1 a
—L\ oo qk i|r
+ 27 8N ek | ST (ST T
k=0 i=k+2 \j=1 o)

= Hj + H + H3.

Secondly, we will prove Ei. and H%, i = 1,2,3 and divide the proof into three

steps.
Step 1. First of all, we consider EZ. Since T satisfies (2.2), then
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1
L k+1 00 = !
E:< sup 278 20k f;1"
L<0,Lez Zoo Z-;l le ’
Lp()
1
L k+1 00 | !
B —LX a(0)qk r
= sup 2 2 Xi | i
L<0,L€Z k_zzoo i—zkzl Z (Z—; ’
= = J= e()
. w Y
< sup 2 ST 2000k (ST
L<O0,LEZ k_zoo Z1 :
= J= Lr()
L o0 | ‘
+ sup 270 2000k ||y |f517
L<O0,LEZ kz_:oo Z—; ’
= J= Lr()
: . 119 i
+ sup 278 Z 2000kl Z|fg’r
L<0,L€eZ Pl —
= J= Lr()
. -~ )
S sup 27 LS e (S
L<0,LEZ k_z:m ; ’
= ()
= Ef.
Then turn to HZ, similarly, we have
. =~ \H )
s S (S )
k=0 Jj=1 r()
L = M)
+27 I 8 ok |y (Zlfjl’“)
k=0 g=1 Lp()
. SRk
4oL ZQOéooqk‘ Yt <Z|f]|r)
k=0 Jj=1 j70)

< Hy.

Step 2. We consider El. Since the sublinear operator T satisfies the size
condition

750 <C [ o=l Iy

for all f € L} (R™) and a.e x ¢ supp f.

loc
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Then, for Vi < k—2,2 € Rg,1 < r < oo, by the size condition and the
generalized Minkowski inequality, we obtain

(i Tr<f;‘><as>>i < [fj (2 [ i) ]

Jj=1

1
p

1
sz [ (Zu;r) dy.
R \ S5

By Holder’s inequality we get

q

L k—2 -
E% 5 sup 2—L)\ Z 204(0)qk Y& Z Q—kn/ (Z |fz 7”> dy
L<0,LeZ e Pl
p()
k—2 00 % 1 %
LgO,EeZ k_zoo Xk HLP() i:zoo - ; ’f]| y
< sup 271 9(0)gk
~ LSO,II?EZ {k_z:oo ||X/€||Lp( )
k—2 00 % 1 i
x| 2 (Z \ij> il Il | g (3.1)
=00 =1 720
On the other hand, by using Lemmas 2.1 and 3.2, we have
27" Il oo Il o S xall ey S 272070, (3.2)

We put (3.2) into (3.1) and get

L k—2 (e’ s
Bh S sup 2P 3 a0 [ 30 (zw) ol e

L<L0,LeZ -
= k=—o00 1=—00 1p0)

L k—2 00
= sup 9—LA Z Z 9a(0)k (Z’fj’r> Y onida (i~

L<0,LeZ - T
= k=—0c0 \t=—00 p()

L k—2 00 -
= sup 2—L)\ Z Z 2a(0)i <Z|f]’T> i 2b(i—k) ’

LgO,LEZ ]{,‘:—OO 1=—00
(3.3)

here b := ndy — a(0) > 0.
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For 1 < ¢ < oo, we can make (3.3) further calculation by Holder’s inequality.

(
-2 =
oo T
] ba(ie
EL< sup 278 ( 20‘ (0)iq (ZUJ’T) Xi 27T
L<0,LEZ —
k=—00 —00 Jj=1 Lr()
(i=k)
1=—00
1
< _LA L k72 a(o) . o . T bq(ifk)
< sup 2 Z Z 2 Z|f]| Xi 27z
L<0,LEZ < —
k=—o00i=—00 Jj=1 Lp()
L2 . A T A,
— q27
SR DL DI IRY IS ol
L<0,LEZ P =1 Lo() k=i+2
L R
< sup 9—LA 9(0)ig T ,
™ L<o,Lez ,Z Z i v
1=—00 Jj=1 p()
< By
For 0 < ¢ < 1, we use the following inequality
[e'e) q o0
(Zm) <D al, a;20ieN
i=1 i=1
and obtain
L k-2 -
EL< sup 272 9a(0)ai fIN) ol 2k
T L<0.Lez k_z “— Zl J 1
=—00 1=—00 Lp()
L—2 00 . ! L
= sup 278 20(0)ia Z|fj|r Xi Z i
L<0,LET — —1 k=i+2
i=—00 j Le() R=EF
1
L2 00 o !
< sup 279 2 i) X
L<0,LEZ P 1
= J= Lr()
S By
Similarly, we have
) k—2 00 % !
w3 3 g (Zw) x| 2
k=0 \i=—cc Jj=1 Lp()

here by = ndy — ase > 0.

k)

k)

Q=

Q=

Q=

Q=

S

(3.4)
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For 1 < ¢ < o0, using Holder’s inequality, we have

L k-2 00 % k—2
HE<2 ST Y g <Z|fjv> Yi (
k=0 i=—o0 j=1 1p0) —00
L k-2 o) % 1 beo ik é
5 9—LX Z Q0teoiq Z |f]‘7’> Y 9 1‘1(;* )
k=0 i=—o00 j=1 150)
L k=2 a b i
S [Pollt P e
k=0 i1=-2 [0
L -3 oo % e %
+27IAEN N g (ZIfjl“) Xi o
k=0 i=—o0 j=1 150)

=. Il -+ [2.

q

Now we consider I; and I respectively. Due to b; > 0, we have

L-2

’S 27L)\ Z 2aooiq

i=—2
S Hy.
Because L > 0, by > 0 and A

L

T

k=0 i=—o00

L

_ 9-Lx Z i o 1=

k=0 t=—00

L
(Z o—kbiq/2

k=0

{
-
{

-3
) <Z 9(b1/2+7)q

(;!f] >1X¢
(jf;fjl’")ixi

> 0, we obtain

m=0o0

1
q
g\ 174

q

L
Z 9 b1q(;'*k)

() k=i+2

q

()

1

q

1
p-

Z 9aeomy (Z |fj|r> Ym

1

1
L L q
S 27L)\ (Z 2kb1q/2> ( Z 2(b1/2+)\)q’i> H?}
k=0 1=—00

< 2—L)\2—Lb1/22(bl/2+)\)LHf

= H.

q

Lp()

89
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For 0 < ¢ < 1, using (3.4) again, we have
oo k-2 00 % 1 %
H% ,S 2—L)\ Z Z 9aooiq (Z ’f]|r> Yi 2b1(z—k’)
k=0 i=—00 j=1 Lo0)
1
L k-2 o) ; 7 4
5 9—LA Z Z Qaooiq (Z ‘fj‘r> i 2b1(sz)
k=0 i=—2 j=1 o)
L o] % 1
+ 2 L\ Z Z 2aoozq (Z |f]‘7‘) XZ 2b1(l—k)
k=0 i=—o00 j=1 ()
== Jl + JQ.

Because it is similar to the process of case 1 < ¢ < oo in Step 2 above, we can
conclude that HZ < Hy is also true for 0 < ¢ < 1.

Step 3. First of all, we estimate E3. For Vi > k + 2,z € Ry, by the size
condition and generalized Minkowski’s inequality again, we have

<§: TT(f;)(x)y - li (2 /. \f}(y)ldy) ]

7=1

e (S ([ ) )

1
s

1
T

J

1
T

<o (zu;rr) iy
Rn ]:1

By Holder’s inequality we get

L 00
E3 < gsu 2—L)\ 2a(0)qk‘ 2—7,n/ 7, r d
PSS > Xe Y Z 157 ] dy

q

k=—o00 i=k+2 1p0)
L N
= su 9~ L\ 2a )qk 9~ zn/ 17" d
Lgofez k_z Xkl o0 ; Z | /7] Yy
—00 1=k+2
L
< gsup 279 2(0)gk
~ Lgo,fez {kz ||Xk:||Lp<>
=—00
1
o0 o0 % e q
x|y (Z\fﬁ) x| Il | ¢ (3.5)
i=k-+2 j=1

()
Using Lemmas 2.1 and 3.2 again, we obtain
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27" Il oo Il

We put (3.6) into (3.5) and get

1

L fe') [e’e) 71 7 «
RN TR DOELLI D> (Zw) }
1

L<0,LET < 4
= ——0c0 i=k+2 r()

L SR ’
=~ 20 S [T 20 E A7) a2
L<O,LeZ k=—oco \i=k+2 J=1 220!
1
L oo g 1"
— sup 2—L)\ § :204 i E |fj|7‘ Xi Qd(k—l) ,
L<0,LeZ k_,oo i=k+2 J=1 J220)

where d := nd; + a(0) > 0.
To make (3.7) further calculation, we divide it into two case below.
If 1 < g < 0o, by using Holder’s inequality we have

q

1
L 00 oo 1 |
E%S sup 2_L>\ Z Z 2a(0)i‘1 (Z|f]|r> i 2dq(1;—1)
j=1

L<0,LEZ - T
= k=—o00 \i=k+2 1p0)

q 1
=T q

> dq’ (k—13) 1
X E 272
i=k+2

1
L 00 o 1 |
< sup 2~ LA Z Z 9(0)ig (Z‘fj‘q) u 2@(2_1)

L<0,Lez k=—o00 i=k+2 j=1

s}
Q=

L L+2 oo G sl
= sup 9—LA Z Z 9a(0)ig (Z'fﬂr) Yi o2
j=1

L<0,LEZ k=—o0 i=k+2 p()
o e ;
+ sup 2_L>‘ Z Z QQ(O)iq <Z|f]|r> Xi quU;i)
L<0,LEZ k=—o00i=L+3 J=1 Lr()
= [3 —+ 14.

Now we consider I3 and I respectively. Since d > 0, we have



92 B.H. DONG, J.S. XU

1
L+2 00 % I i—2 dq(k—7) !
_ (0)i r agq{k—2)
= sup 27540 3 900 (ZW> i d o2
L<L0,LEZ i=—oco i—1 k=—o00
J Lr()
1
L+2 o0 = !
< sup 9—LA 9a(0)ig T ;
L<0,LEZ i_z_:oo z_; i *
= J= Lr()
S By
Because d > 0 and A\ — d/2 < 0, we obtain
L ] g !
(k—i)
RS Db ol b oEI (Dol %
L<0,LeZ ke 00 i=L13 m=—oo Jj=1 Lr()
L 00 da(h—i) %
S sup 279 NT N2 2 Ey
L<0,LeZ k=—o00 i=L+3
1
L 00 g
— sup 9—LX Z 9dgk/2 Z 9(A=d/2)qi E;
L<O,L€Z k=—o0 i=L+3

< sup {2—Lq>\2qu/22(/\—d/2)qLE; }%
L<0,LeZ

Thus, we have E3 < E.
If 0 < ¢ <1, then we use (3.4) in (3.7) and get

Q=

1
L 00 1
E%S sup 27L)\ E E 2a(0)iq <§ |f]‘r> Xi 2dq(k7i)
i=1

L<0,L€EZ — £
= k=—o00 i=k+2 o)

q

1
L L+2 [e'¢) T
S sup 2—L)\ Z Z 2&(0)21} (Z|f]|r> i 2dq(k:—z)
j=1

L<0,LET

Q=

k=—o00 i=k+2 10
L 00 oo % ¢ é
+ sup 2—L/\ Z Z 2a(O)iq Z |fj|r i 2dq(k—i)
L<0,LeZ e - —
=—o0t=L+3 7j=1 120
= J3 + J4.

Because it is similar to the process of case 1 < ¢ < oo above, we can conclude
that £ < Ey is also true for 0 < ¢ < 1.
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Then we consider H3. Similarly, we have
1
q

L I 00 L
Hps2 o)y | D 2 (Z\fﬂ’") vl 2R s (38)
j=1

k=0 \i=k+2 00

q

here di = nd; + oy > 0.
For 1 < ¢ < oo, we can make (3.8) further calculation by Holder’s inequality.

q

1
L 0o 00 T
m<r S 3 g (va) W 2t

k=0 \i=k+2 j=1 )220
1
} q

> dia’ (k—i)
19 (k—?
X E 27 2
i=k+2
L 0o o dyalk—i)

_ . 19(k—1

5 9 LA E E Qo qi E i 23—

=1 Lr()

k=0 i=k+2

-:\‘_Q

Q=

r

i ) 2d1q(2 —1)

Q=

< 27L)\ Z Z zamqi

(S
-

k=0 i=k+2 170)
1
L o) 00 % 1 J (k N d
— 5 ajg(k—1)
49 L\ Z Z 9atooqi (Z |f]|T> Yi 9
k=0 i=L+3 j=1 150)
== [5 -+ [6'
Because d; > 0, we have
1
L+2 o) ; I -2 - B
. q(k—1
Is = 2—L>\ Z Qoo i (Z |fj|r> i Z 9 La(t
=2 j=1 Lp() k=0
1
L+2 % % 1 a
<27h Z 20t (Z ’fj|r> Xi
=2 j=1 720
< Hjy.
Since d; > 0 and A — d;/2 < 0, we obtain
L o) 00 % 1 %
. d (k )
_ 2—L>\ Z Z 9tooqi <Z ’f]|r> i 9 dya(k—1i)
k=0 i=L+3 j=1

p()
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L [e's)
< 2 I { <Z 2"’12"’“) ( Z 2(Ad1/2)qi>
k=0 i=L+3

, 1
D (z w) ‘
m=0 j=1
5 27L/\2d1/2L2(/\7d1/2)LHf
— .
For 0 < ¢ < 1, we use (3.4) in (3.8) and have

q

Q=

Lp()

1 q =
L 00 00 T a
CEERI DS (Dol IR0 T
k=0 i—k+2 =1 O
1
L L+2 0o % 1 q
< 2—L/\ Z Z 2aooqi (Z ’f]|r> i 2d1q(k—i)
k=0 i=k+2 j=1 L)
L 00 00 % ! %
+ 2—L>\ Z Z 2C¥ocqi (Z |f]|7‘) i 2d1q(k—i)
k=0 i=L+3 =1 o0

:IIJ+J6.

Because it is similar to the process of case 1 < ¢ < oo above, we can state that
H3 < Hy is also true for 0 < ¢ < 1.
This we finish the proof of Theorem 2.1. 0

Now we turn to prove Theorem 2.2. Because the proofs of B-parts and F-parts
are similar, we only prove F-parts below. Our proof will use the idea that comes
from [36]. To continue, we recall some lemmas.

Lemma 3.3. (see [31, Lemma 1)) Let p,v € S(R"), -1 < M € Z,
D7(0) =0 forall |7] < M.
Then for any N > 0 there is a constant Cy such that
sup |pe * v(2)|(1+ |2 < OntM ™,
z€R®

where p;(z) = t™"u(%) for all 0 <t < 2.

Q

Lemma 3.4. (see [31, Lemma 2]) Let 0 < ¢ < 00, § > 0. For any sequence {g; }°
of nonnegative numbers denote

o0

Gj = Z 2_‘k_j|§gk.

k=0
Then there is a constant C' depending only on ¢ and ¢ such that

G535 ey < ClHg;30 e (3.9)
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Lemma 3.5. Let 0 < f < o0, § >0,0< qg<o00,0<)\< oo, p(r) € PURY)
and o(-) : R® — R with a(-) € L>(R"). For any sequence {g;}¢° of nonnegative
measurable functions on R" denote

[e.9]

Gj(x) = ZQ"k_j“sgk(x), x € R".
k=0
Then there are some constants Cy = Cy(g,0) and Cy = Ca(p(+), ¢,9) such that
G330 o0y < Crl{933 s icer 2 oy (3.10)
and
MG iy < Colh sy .11

Proof. Firstly, (3.10) follows immediately from (3.9) by Lemma 3.4. Next we
prove (3.11) for p(-) € P°(R") and we separate it into two cases.
1,

Case 1. p_ > 1,q > 1. Because || - ||,,za0)» is a norm, we have
4,p(+)

(o ¢]
1Gllyygeeern < D275l gi | ot
a,p(+) 0 a,p(+)

By Lemma 3.4, we obtain (3.11).
Case 2. For ¢ < 1, we choose a constant pyg < min(p_, ¢) and obtain

G PO ‘ = |||G.|Po poal),
IG5 ocrs = NG g

(o)
< Z 2*\kfj\poé‘gk |Po HMK”OQ(')’”)A

o a/po,p()/Po

oo
< Z2_‘k_]lp°5|||gk‘p0||MKpoa<->moA ]
=0 a/po-r(-)/Po

Due to (3.4) and (3.11) proved for the space MKP*/Por (Rn),

q/po,p(-)/Po

q/Poyp(-)/po)
S I, (rrimnton )

- q/pg.p(-)/po
= ||{gk}||zﬂ(MK;;()j)*)'

p —
MG iairn, = G, i

Raising to power 1/py on both sides of the inequality, we have (3.11). Il

Lemma 3.6. (see [9, Theorem 6]) Let {y,};en, be a resolution of unity and let
R € N. Then there exist functions 6y, 0 € S(R") satisfy

supp 0o, supp 0 C {x € R" : |z| < 1},
06(€)] >0 on {|¢] < 2},

~

()] >0 on {e/2 <[¢] < 2e},

20(x)dx =0 for 0<|y|<R

Rn
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such that

Z 279¢) =1, forall &eR",

where the functions 1y, ¢ € S(R™) are defined via %(5) = “;’0(6) and ¢(£) = é(%é)
Proof of Theorem 2.2. We separate the whole proof by four steps. The first
step is to prove the equivalence of (2.6) and (2.7). The second step is to build
the bridge from (2.7) to (2.9) and use the system (Wy, ¥) to replace the system
(g, D). Next we will state that Definition 2.4 can be seen as a special case of
(2.10) and the equivalence of (2.9) and (2.10) goes parallel to (2.6) and (2.7).
Finally, we will illustrate that (2.10) is equivalent to the rest.
Step 1. For every f € S'(R"), we will prove the following inequalities

2) 2)
Aoy S I e e S MU atra
qp() p(-) qp()

MKa(>>\F5 ~ ||f||MKa()/\FS
a,p() a,p(:) . .
of Peetre’s maximal operator, we only prove the left inequality.
For any given r < min{p_, 3} and N € N, using Lemmas 3.3 and 3.6, there

exists a constant C' > 0 such that for any f € S'(R"),

Since the inequality || f || is easy to get by the definition

r/B
2 S{ Rk - r—n-+rs TS
(S 12505 Da@PL) T S Serpnyy 2070728

< (57 1@ nors) ™| o,

For the proof of the inequality above, see [30].
Next, let pp = r € (n/a,< min{p_,5}), N > maz{0,—s} + a and § :=
N + s —d/r > 0, then we obtain for any | € N

([ s anort)”

< Z o—0rll—klokrs A4 [(/ 1((Pp)s * f )Iﬁdt)r/ﬁ] (7).

kel+Ng

Applying Lemma 3.5 in the space MKT/T o) /r(éﬁ/r) we have

r/B
S * dt
H{ |zl ; ztf><>|ﬁ7) }
0 o)

<) ]

leN

sra(s),rA
KoyrptyeEorr)
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Then, we use Theorem 2.1 and obtain

/8
|{(/ @) ) }
MKT‘Q()(T/\

s v/ (a/r)
< {M [( EECORTOES

|

leN

ra(-),rA
LENTME D S5 Lo

1Nl (4,

S Rasrpy/r

1ENTIMEL ) (¢5)

MK“('))\
a,p(-)

[ 1/8
1S ( o % dt
<l21:/1 12 (q)z—ztf)a(.)’ﬁ7>

{ (/12 2501 f(-)|ﬁ%) W}

1 d\ /B
([ noeaesor?)
‘()

O sy S 11
Step 2. Suppose that Uy, ¥ € §'(R™) are functions satisfying (3.10). First of
all, we will prove for any f € S’(R")

(4)
IF11, ko)

Let 6 = min{1, S+1—s}, using Lemmas 3.6 and 3.3 again, there exists a constant
C > 0 such that for any f € §’'(R"),

25U fla(z) < C Y 27 K02 (®5 , f)a(x), 2 € R” and t € [1,2].  (3.13)
keNp

For details about (3.13), see [30].
Let 8 > 1. We take (ff |- |#dt/t)Y/8 on both sides of (3.13) and have

dt
20 ute) £ 3 202 ([0 o )

keNp

Q

a(),A

AiKT 0)

N

1eN MK eg)

Q

a(),A
A4KT A

This proves || f|

S s (3.12)

SRR, T) ™ KoV g (R, @)
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Applying Lemma 3.5, we obtain

S * s * dt
20 Dahenllygarag, S (} 2 [ |<<1>2ktf>a<x>|ﬁ7)
a,p(: —1 1

a(+),A
MK ()

which gives the desired result.
In the case # < 1, we prove as below. Because the quantity (f |- [8dt/t)1/0 is
not a norm, we only have

. dt
(2°(W} f)aa))® £ 3 2 k-5t / (@1 Pal) S

keNy

We know that the right-hand side of the above inequality is less than a convolution
(7 * 7)¢ with
k|58 ksp L sdt
Vi = 2 and T, =2 (PS5, f)a()] 5
1
Now applying the ¢;-norm to both sides, then for any x € R"

12295 Ha@)llg, < 7les - 7l

= s [ e a
DIy RUSHNCTES
k=1

Taking the power (----)'/# to both sides of the last inequality and applying the

MKO‘(()) -norm, then we have (3.12).

Similarly, for any f € §'(R™), we obtain

2 4
11 o <

N E (R, @) MEC0)A

a,p(") Fg(R",\P)'
Step 3. Taking t = 1 in Step 1 and omitting the integration over ¢, we see
immediately
L1 e S I e S I
q P( )AF p(: ;\F q p( )A
Step 4. We show (2.10) is equivalent to the rest.

First, we will show that for any f € S'(R")

2 3
1A SIAP

qp()

Fs

(3.14)

D Fy(R) Fy’

For 0 < r < min{p_, 8}, see [3 )], there exists a positive constant C' such that
for any f € S'(R"),

([iosnir)
r/B
kNso(k+0)n (fl f |2|<2— (kD) ((q)kH)t*f)(z-l-y)]ﬁdzth)
<O gkl /} TR i dy.

keNg
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Suppose that ar > n and denote

2nl
(1 + 2'y|)er’
Then ¢;(y) € L1(R™) and we have

(/ 2@, ()P ) "

r/B
dt
kNroknolsr YL
< Z 2 22 [g ' (/ /z<2 (k+1)¢ (I)kH)t *f>(2+ )’ dztn+1) ] (x>

keNg

a(y) = Vy € R™.

By using the majorant property of the Hardy—Littlewood maximal operator in
[34], we have

([ sy )

r/B

keNg

An index shift on the right—hand side gives

([ s anord)”

r/pB
sro(k—1)(=Nr+n) ’
< Z olsro(k—1)(~Nr+n) [(/ Ad ., (@) * )z + )] dzth) ](:I:)

kel+Ng

2 dt 7"//6
> Q‘l_“‘N’"_WWM[(/ / (®p)# £)(= + ) dz ) ](az).
kel+No 1 J]z|<27 k¢ t

By the similar way as after (3.13), we have (3. 14)
Second, it is easy to see that HfH(g) Oaps D HfH

, since for any ¢t > 0

Kgn0) MRS
1 (D¢ * f)(z + 2)
- (@ f)(x + 2)[dz < sup S (@7 f)a().
' S i<t (14 1/t]z]) :
This we finish the proof of Theorem 2.2. 0
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