K

)

ADVANCES IN OPERATOR THEORY

Adv. Oper. Theory 3 (2018), no. 4, 763-780
https://doi.org/10.15352/a0t.1801-1303
ISSN: 2538-225X (electronic)
https://projecteuclid.org/aot

ESTIMATIONS OF THE LEHMER MEAN BY THE HERON
MEAN AND THEIR GENERALIZATIONS INVOLVING
REFINED HEINZ OPERATOR INEQUALITIES

MASATOSHI ITO

Communicated by R. Drnovsek

ABSTRACT. As generalizations of the arithmetic and the geometric means, for
q qdtl_pa+l

g+l a9-b7
and the Heron mean K,(a,b) = (1 —

positive real numbers a and b, the power difference mean J,(a, b) =
the Lehmer mean L,(a,b) = %
q)Vab+ q‘%b are well known.

In this paper, concerning our recent results on estimations of the power

difference mean, we obtain the greatest value « = a(q) and the least value
B = B(q) such that the double inequality for the Lehmer mean

Ka(a,b) < Lg(a,b) < Kg(a,b)
holds for any ¢ € R. We also obtain an operator version of this estimation.
Moreover, we discuss generalizations of the results on estimations of the power

difference and the Lehmer means.This argument involves refined Heinz opera-
tor inequalities by Liang and Shi.

1. INTRODUCTION

Many researchers investigate means of positive numbers or operators. In what
follows, we use the following notations for several means of two positive real
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764 M. ITO

numbers a and b. For ¢ € R,

b
A(a,b) = ot (arithmetic mean), G(a,b) = vVab (geometric mean),
9 —
H(a,b) = - j—bb (harmonic mean), LM (a,b) = m (logarithmic mean),
( g+l _ petl
q a .
f 0,—1
r1 ai— q#0,-1,
Jy(a,b) = _azb if g =0, (power difference mean),
loga — logb
ab(loga — logb) T
\ a—b
a‘l+1 + bq+1
Lq(CL7 b) = aq—+bq (Lehmer mean),

K,(a,b) = (1 —q)Vab+ an—i_b (Heron mean).

These means are symmetric, that is, A(a,b) = A(b,a), G(a,b) = G(b,a) and so
on. We note that J,(a,a) = ll)lilal Jy(a,b) = a. It is well known that

H(a,b) < G(a,b) < LM(a,b) < A(a,b),

A(a,b) = Ji(a,b) = Lo(a,b) = Ki(a,b),

LM/(a,b) = Jy(a,b),

G(a,b) = J%l(a, b) = L%(a,b) = Ko(a,b),

H(a,b) = J_s(a,b) = L_y(a,b),

and also Jy(a,b), L,(a,b) and K,(a,b) are monotone increasing on ¢ € R.
As estimations of these means, the following relation is well known.

1
LM(a,b) < K,(a,b) for all a,b > 0 if and only if oo > 3 (1.1)

The inequality LM (a,b) < K 1 (a,b) is sometimes called the classical Pélya in-
equality [4, 14, 18]. In [1], Bhatia proved (1.1) by using Taylor expansion. Re-
cently, inspired by (1.1) and its proof in [1], we obtained estimations of the power
difference mean by the Heron mean as follows:

Theorem 1.A ([7]). For all a,b > 0 with a # b, we have the following.
(i) Let g € (0,3) U (1,00). Then

K%(a, b) < Jy(a,b) < K%(a, b).
(ii) Let q € (3,1). Then
K%(a,b) < Jy(a,b) < K 2 (a,b).

2q
q+1
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(iii) Let g € (5,0]. Then
G(a,b) = Ko(a,b) < Jy(a,b) < qu%(a, b).
(iv) Let g € (—o0,5). Then
K%(a,b) < Jy(a,b) < Ko(a,b) = G(a,b).
The given parameters of K,(a,b) in each case are best possible.

A part of Theorem 1.A is shown by Xia, Hou, Wang and Chu [17]. We remark
that equalities hold between Jy(a,b) and K, (a, b) for some v = a(q) if ¢ = 1, 3, 5,
and also Theorem 1.A implies (1.1) by putting ¢ = 0.

Here, an operator means a bounded linear operator on a Hilbert space H. An
operator 7' is said to be positive (denoted by T' > 0) if (T'z,z) > 0 for all x € H,
and also an operator T is said to be strictly positive (denoted by 7" > 0) if T is
positive and invertible. A real-valued function f defined on J C R is said to be
operator monotone if

A < B implies f(A) < f(B)

for selfadjoint operators A and B whose spectra o(A),o(B) C J, where A < B
means B — A > 0. We remark that zf(z™!), f(z=")~! and 7y are operator
monotone if f > 0 is operator monotone on (0, c0).

Kubo and Ando [10] investigated an axiomatic approach for operator means.
In [10], they obtained that there exists a one-to-one correspondence between an
operator mean 9t and an operator monotone function f > 0 on [0,00) with
f(1) = 1. We remark that f is called the representing function of 9%, and also

an operator mean 91 can be defined by
M(A, B) = A2 f(A2 BA? )Az (1.2)

if A>0and B> 0.
For two strictly positive operators A and B, the arithmetic mean (A, B), the
geometric mean & (A, B) and the harmonic mean (A, B) are defined as follows:

A+ B A1+Bl>1
> .

They are typical examples of operator means, and their representing functions
are

a4 5) = 232, o(a,8) = aba7 Ba)iak, sa,5) =

r+1 2z
Al x) = 5 G(l,z) =z, H(l,z)= 1

Now it is permitted to consider binary operations given by (1.2) for general
real-valued functions. The logarithmic mean £9(A, B), the power difference
mean J,(A, B), the Lehmer mean £,(A, B), and the Heron mean &,(A, B) are
given by LM(1,x), J,(1,z), L,(1,z) and K (1, z), respectively. For —2 < ¢ <1,
it is known in [2, 5, 6, 16] that J,(A, B) is increasing on ¢ and J,(A, B) is an
operator mean. For —1 < ¢ < 0, it is known in [13] that £,(A, B) is increasing
on ¢ and £,(A, B) is an operator mean. Obviously &,(A, B) is an operator mean
for 0 < ¢ <1.




766 M. ITO

In [7], we obtain an operator version of Theorem 1.A as a generalization of
Fujii, Furuichi and Nakamoto’s result in [3].

In this paper, we obtain estimations of the Lehmer mean by the Heron mean
concerning Theorem 1.A and its operator version. Moreover, we discuss gener-
alizations of our results on estimations of the power difference and the Lehmer

means. This argument involves refined Heinz inequalities by Liang and Shi [11].

2. LEMMAS

In this section, as lemmas to prove our main results, we show two properties
of functions hy(q) for k =1,2,... and ¢ € R defined by

(g + 1) —¢*

h = 2.1
O e Y
!
and h,(0) = 1 for convenience’ sake. Here, ") = — ™ is a binomial
r rl(n —r)!

coefficient for nonnegative integers n and r such that 0 < r < n. We remark that
hi(q) = 2q + 1 in particular.

2 (¢>0),
Lemma 2.1. The limit ho(q) = klim hi(q) exists and hoo(q) = ¢ 1 (¢ =0),
—00
0 (¢<0

Proof. Firstly, we state the following relation (2.2) which is important to prove
results in this paper. By putting j = k — 4,

k k—1
2k (k=) _ 2k 94
2;(%)q =22 Lo )7

j=0

e o (2.2)
=9 2j_22k: 12k _12]6_22]6.
;(zj)q = (a4 )% 4 (g - )% 2
If ¢ # 0, the following holds by (2.2).
hi(q) = SR
3 L@+ 1%+ (¢ — 1) — 2¢7+}
21— (-1)*
_ e q} = (ifg#—1) (2.3)
L+ (5)" —2(5)
+1\2k
_ 2 ()" 1) (2.4)

() (5" -2

Now we divide the range of ¢ into four cases.
(Case 1) If ¢ > 0, then —1 < er—} <land 0 < 4 < 1. Therefore (2.3) implies
he(q) = 2.
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(Case 2) If 5t < ¢ < 0, then 3% < —land —1 < 5 < 0, so that we have
h(q) = 0.

(Case 3) If ¢ < 5=, then —1 < %1 < 1 and % > 1. Therefore (2.4) implies
hoo(q) = 0.

(Case 4) If ¢ =0, then h(0) =1 — 1 as k — oc.

Hence the proof is complete. O

Lemma 2.2. Let hy(q) for g € R as in (2.1). Then the following assertions hold:

(i) If k> 2, then

R e =D SR AR R

ut+vt+tw=k—2
(ii) If k > 1 and ¢ > 0, then
2q—1 20 2
hi(q) — hoo(q) = = , (¢ —1)"q™".
G TP
v+w=k—1

Proof. (i) We have only to show the case ¢ # 0. Since we get

(g + 1) —¢*

Zf 1 (22§>Q2(k_i)

_ Qe+ 1) (G — {(a+ 1) - )
Z?:l (2215) g*h=) ’

hi(q) — hu(q) = 2¢+1 -

we have only to show

q) = (2¢+1) Z (2215) 2ED — f(g+1)% — ¢}
» (2.5)
2q9(2g+1)(2¢ — 1) Z (g + 1)%(q — 1)g?.

u,v,w>0
utv+w=k—2
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By (2.2), the equation (2.5) holds since
5 (2%
k1(q) = (2¢+1) Z (Qi)qwc—z) (g 1) — )

=1

= 2q2+1 {(g+ 1% + (- 1)* =24} — {(¢ + D* — ¢*}

= 20 g+ 1%+ 2+ (g — 1% — 220 + 1) — 2(q + 1) + 20
= {20 Va1 + 20+ 1)(g — 1% — g )

= 2 (0= D {a+ 1%~} — g+ ) {¢* — (g - )*)]
22+ 0201 Y (@+1™- )"

u,v,w>0
utv+w=k—2

and the last equality (x) holds since

2¢— 1) {(g+D* —¢*} —2¢+ 1) {¢* — (¢ 1) 2’“}
= (2¢-D{(g+ 1 =@ {lg+ 1"V + (¢ + 12522 - 4 (g + 1722 4 ¢2*D}
~2¢+ D {¢* = (¢ = 1)@V + (g - 1)2+---+q (q = 1) + (g - 1)V}

k—1

=20+ 120 - 1> {(g+1)” = (g—1)*} ¢

=1
k—1

=20+ 1)(2¢-1)> {(g+1)*—(¢—1)*}

X

= 4q(2¢+1)(2¢ — 1) Z {

i=1
{ g+1) 2(i-1) 4 (g+1 2(i—2)(q — 1244 (g — 1)2@'—1)} 21

-1
q + 1)2j(q . 1)2(i—1—j)} q2(l~c—1—i)

7=0

= 49(2g+1)(2¢—1) > (g+1)™(q— D>

u,v,w>0
ut+vtw=k—2

Therefore the desired result holds.
(i) We get

(g + 1) —¢*
) = hoola) = S () g2t

R T
o k 2k i ’
>t (5)

-2
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so we have only to show

k
ra(q) = (g + 1) — ¢** — 2 Z (22’:) Rl
=(2¢—1) ) (¢—D>¢™

v,w>0
vtw=k—1

By (2.2), the equation (2.6) holds since

k
KQ(Q) _ (q+ 1)2k _ q2k _ 22 (zz)qQ(k )
=1

2k _q2k‘_ {(q+1)2k+ (q_ 1)2k’ _2q2k‘}

(2.6)

— {q2 (g — 1)2} {qQ(k—l) + q2(k—2)(q _ 1)2 4ot qQ(q _ 1)2(k—2) + (C] _ 1)2(k—1)}
=(2¢-1) > (g—1)*¢™
v,w>0
v+w=k—1
Hence the proof is complete. 0

3. MAIN RESULTS

Firstly, we obtain estimations of the Lehmer mean of two positive real numbers
by the Heron mean.

Theorem 3.1. For all a,b > 0 with a # b, we have the following.
(i) Let q € (3,00). Then
Ks(a,b) < Ly(a,b) < Kagt1(a,b).
(ii) Let q € (0,3). Then
Koyi1(a,b) < Ly(a,b) < Ks(a,b).
(iii) Let g € (5,0). Then
G(a,b) = Ko(a,b) < Ly(a,b) < Kagy1(a,b).
(iv) Let g € (—o0,5t). Then
Koyi1(a,b) < Ly(a,b) < Ko(a,b) = G(a,b).
The given parameters of K, (a,b) in each case are best possible.

We remark that equalities hold between L,(a,b) and K,(a,b) in the following
cases.

Ly(a,b) = Kgi1(a,b) = Ka(a,b) for ¢ = 3.
L,(a,b) = Ksgy1(a,b) = Ki(a,b) for ¢ =0.
Ly(a,b) = Kagy1(a,b) = Ko(a,b) for g = 3.

To prove Theorem 3.1, we shall show the following propositions.
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Proposition 3.2. The following statements hold:
(i) Let g € (5+,0) U (5,00). Then

L,(1,2) < Ko(1,2) for all x > 0 with x # 1 if and only if o> 2q+ 1.

(i) Let g € (—oo, 51) U (0,2). Then
L,(1,2) > K,(1,2) for all x > 0 with x # 1 if and only if o <2q+ 1.
Proposition 3.3. The following statements hold:
(i-1) Let q € (3,00). Then
L,(1,z) > K,(1,z) for all x > 0 with v # 1 if and only if o < 2.
(i-2) Let g € (3£,0). Then
L,1,2) > K,(1,2) for all x > 0 with x # 1 if and only if a <0.
(ii-1) Let g € (0,%). Then
L,(1,z) < K,(1,2) for all x > 0 with x # 1 if and only if o> 2.
(ii-2) Let g € (—o0,5t). Then
L,(1,2) < K,(1,z) for all x > 0 with v # 1 if and only if a > 0.

Proof of Proposition 5.2. (i) Let ¢ € (3},0) U (3,00). Firstly we show that o >
2q + 1 ensures

1
<1 —a)\/E+ozx; = Ko(1,2)

for all x > 0 with = # 1.

'I(I‘i’l + 1

Lq(l,l‘) - xq _I_ 1

(3.1)

By putting z = €%, (3.1) holds if and only if

e(Q+1)t —+ e_(Q+1)t et + e—t
<(1-a)+a
edt + et

for all t € R\ {0}. (3.2)

Since both sides of (3.2) are even functions, we have only to consider the case
t > 0. Then, (3.2) for t > 0 is equivalent to

f(t) = (eqt + efqt) {(1 . O() n aet + G_t} _ (e(qul)t + 67(q+1)t)
2

= 2cosh(qt) {(1 — a) + acosht} —2cosh((q + 1)t) >0 for all ¢t > 0.
(3.3)
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Therefore we prove (3.3). By Taylor expansion, we have

242 444 2 4
B qt q-t t t
f(t)—2<1+7+T+-~){(1—04)—1—04(1—1—2'—1—4'—1— )}

+ 1)%¢? + 144
_2{1+(q 2') L g 4') L

91 4! 2! 4!

_2{ (Q+1) +(qz!1) t4+---}

S L e gt
Z{ +; 212k =20 (2k)! }t
Z tZk

2
:2<1+q—t2+q th . )<1+—t2+at4+--~>

where

B ¢ k q2(k—i)a (¢ + 1>2k
Drqla) = T > G o @) fork=1,2,.... (3.4)
=1

Then ¢ 4(c) > 0 if and only if

By (i) in Lemma 2.2, ¢ € (3},0) U (3, 00) ensures that hi(q) > hi(q) for all
k > 2. Therefore, if @ > 2¢ + 1 = hy(q), then ¢1 4() > 0 and ¢y 4(cr) > 0 for all
k > 2, that is, (3.3) holds.

On the other hand, if @ < 2¢ + 1 = hy(g), then ¢ ,(«) < 0 holds, that is,
f(t) < 0 for sufficiently small ¢ > 0. Therefore (3.3) assures o > 2q + 1.

We can prove (ii) similarly, so the proof is complete. O

Proof of Proposition 5.3. (i) Let q € (_71, 0)u (%, o0). Then by the same way to

the proof of Proposition 3.2, we have only to consider the case that

= 2Z¢kq )1?* <0 holds for all ¢ > 0, (3.5)

that is, a < hy(q) for k = 1,2, ..., where ¢4 ,() is defined in (3.4), and also hx(q)
is in (2.1).

(i-1) Let ¢ € (3,00). By (ii) in Lemma 2.2, ¢ € (3,00) ensures that hy(q) >
hoo(q) for all k > 1, so that (3.5) holds if & < 2 = h(¢) by Lemma 2.1.

On the other hand, for any € > 0, there exists a natural number ngy such that
n > ng implies hoo(q) < hn(q) < hoo(q) + €. If ae = hoo(q) + € > 2 = hoo(q), then
®n,q(ce) > 0 holds for n > ng, that is, f(¢) > 0 for sufficiently large t. Therefore
(3.5) assures a < 2.
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(i-2) Let ¢ € (55,0). Then hi(q) > hoo(g) = 0 for all k& > 2 by Lemma 2.1.
Therefore (3.5) holds if a < 0. We can show “only if” part by the same way to

(i-1).

We can prove (ii-1) and (ii-2) similarly, so the proof is complete. O

Proof of Theorem 5.1. By putting x = g in Propositions 3.2 and 3.3, we imme-
diately obtain the desired result. 0

We remark that we obtain the following inequalities on hyperbolic functions
by (3.3) in the proof of Proposition 3.2. This proposition corresponds to [7,
Proposition 3.4]. Of course, we can produce related inequalities from other results
in Propositions 3.2 and 3.3.

Proposition 3.4. Let g > % Then the following inequalities hold.
(i) If a« > 2q + 1, then
(v — 2) cosh((q + 1)t) + 2(1 — a) cosh(qt) + accosh((qg — 1)t) > 0
holds for all t > 0.
(ii) (2g—1)cosh((g+1)t)+(2¢+1)cosh((q—1)t) > 4qcosh(qt) for allt > 0.

Proof. (i) is shown by applying the product-to-sum formula to (3.3). We have
(i) by putting a = 2¢ + 1 in (i). O

Next, we state estimations of the Lehmer mean of two strictly positive oper-
ators. In [7], we obtained estimations of the power difference mean for positive
operators as a generalization of Fujii, Furuichi and Nakamoto’s result in [3].

Theorem 3.A ([7]). Let A and B be positive invertible operators.
(i) Let g € (0,5) U (1,00). Then
ﬁq%(A, B) <3J,(A B) < Rag1 (A, B).
(i) Let g € (5,1). Then
Raass (A, B) < 3,(A. B) < 82 (4. B).
(iii) Let g € (5,0]. Then
(A, B) = Ro(A. B) < 3,(A, B) < R (A, B).
(iv) Let g € (—o0,5t). Then
Q%(A,B) < J,(A,B) < Ry(A,B) = (A, B).
The given parameters of R, (A, B) in each case are best possible.

Similarly, we have the following result on the Lehmer mean £,(A, B).

Theorem 3.5. Let A and B be positive invertible operators.
(i) Let q € (3,00). Then
R2(A, B) < £4(A, B) < R2411(4, B).
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(i) Let g € (0,3). Then
Ro,+1(A, B) < £,(A, B) < Ra(A, B).
,0). Then
B) = fi(A, B) < £,(A, B) < fog11(A, B).
(iv) Let g € (—o0,5t). Then
fagr(A, B) < £,(A, B) < oA, B) = 6(A, B).

(iii) Let g € (5
&(4,

The given parameters of R,(A, B) in each case are best possible.

Proof. We have Theorem 3.5 by putting x = A% BA7 and applying the standard
operational calculus in Propositions 3.2 and 3.3. O

4. GENERALIZATIONS INVOLVING REFINED HEINZ OPERATOR INEQUALITIES

In this section, we discuss generalizations of the results in section 3. We con-
sider extensions of the power difference and the Lehmer means for two positive
real numbers a and b as follows: For p,q € R,

(g’ =B
(ab) e if p£0and g #0,
1+q q(loga — log b) )
fp=
Jpq(a,b) = (ab)” ad — ba if p=0and q # 0,
1-p aP — bP
b) = i do—
) ploga—logh) P70anda=0,
a i£p—q—0,
\Jab R
1— p+q aP + bP
vaq(aa b) (Gb) pr bq

We remark that J,,(a,b) and L, ,(a,b) are symmetric, and also J,.14(a,b) =
Jy(a,b) and Ly 4(a,b) = Ly(a,b) hold. For positive real numbers a,b and for
q € R, the Heinz mean is defined by
a1 + atb' 1
2

We remark that HZy(a,b) = HZi(a,b) = A(a,b), HZ1(a b) = G(a,b) and
HZ,_,(a,b) = HZ (a b) hold, and also HZ,(a,b) is decreasmg for ¢ < 5 and
increasing for ¢ > 1. These properties ensure G(a,b) < HZ,(a,b) < A(a,b) for

c [0,1].
! V\£e co]nsider opertor versions of these mean, and they are denoted by J, (4, B),
£,4(A,B) and $H3,(A, B) for A, B > 0. Here, we call inequalities

B(A, B) < $3,(A, B) < A(A, B) (4.1)

for ¢ € [0,1] the Heinz operator inequalities [9, 11]. We state in the next section
that we have the results on operator monotonicity of the representing functions
of J,4(A, B) and £, ,(A, B) by using Nagisa and Wada’s result in [12].

HZ,(a,b) =
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Now we are ready to get generalizations of Theorems 3.A and 3.5. We obtain
estimations of J, ,(A4, B) and £, ,(A, B) by extensions of the Heron mean

Rag(A, B) = (1 — a)&(A, B) + aH3,(A, B).

We remark that R, ,(A, B) are increasing for o € R. We can also obtain gener-
alizations for positive real numbers by using

1-qpa apl—a
Koyla,) = (1= a)Vab+ o=,

but we omit them.

Theorem 4.1. Let A, B > 0 and p,q € R with p # q.
(i) If 55 € (0 YU (1, 00), then

)
ﬁ@}@(fl, B) < 3p4(A, B) < ﬁ%,%(’& B).
(ii) ]fp%q € (%, 1), then
R pto 1psa(A, B) < 3p(A, B) < R 1y (4, B).
(ili) If -1 € (5%, 0], then
&(A, B) = ﬁ&%(z‘l, B) < Jp4(A,B) < ﬁ%,%(’& B).

(iv) If =& € (—o0, 5), then

pP—q

.ﬁ p+q 17;27+q (A, B) S 3p7q(A, B) S ﬁ07175+q (A, B) == 6(14, B)

3(p—q)’
The given parameters o = a(p, q) of Raq(A, B) in each case are best possible.
Theorem 4.2. Let A, B >0 and p,q € R with p # q.
(i) If ;% € (3,00), then

%71_5_“1 (A, B) S £p7q(A7 B) S ﬁm 1—p+4q (A, B)

p— 2

Q

(i) If ;& € (0, 3), then
Rpiq 1-ptg (A, B) < Sp’q(A, B) < ﬁ2’17§+q (A, B).

p— 2

Q

(iii) If ;% € (5,0), then
®(A,B) = ﬁo’lngrq (A, B) < Sp’q(A, B) < Rpq 1914 (A, B).

p— 2

Q

(iv) If ;4 € (—oo, =), then

Kot 12p0 (A, B) < £,4(A, B) < K 124 (A, B) = 6(A, B).

p— 2

Q

The given parameters o = a(p, q) of Raq(A, B) in each case are best possible.
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Proof of Theorem /j.1. (i) For r € (0,3) U (1,00) and ¢ > 0,
K%(l,t) < Jp(1t) < Ko (1,1) (4.2)

holds by (i) in Theorem 1.A. Put r = 1%1 and t = 2P~9 for p,q € R with p # q.
Then (4.2) is equivalent to

K27q(1,$p7q> < Ji(l,xpiq) < K ptgq (1,xpiq). (43)
P P—q 3(p—q)
Since
_ _ 4 a+(p—q) _ _ p_
T §+qJL(1,xp’q) e R L B L e Rl ! = Jpq(1,2)
p—q qu‘i‘l 7 — 1 pl‘q—l
and
—pPTgq —pPTq p—gq P—a ]_
x B K, (1,277 = x B {(1 —a)r’? + a%}
1+p—gq + l1—p+gqg
T T
=(1—-a)Vz +a 5 :Ka717;27+q(1,l’>,
(4.3) is equivalent to
Kﬁ 17p+q(1,$) < Jp7q(1,x) < K p+q 17p+q(1,l‘). (44:)
p’ 2 3(p—q)’ 2

By putting z = A% BA7 and applying the standard operational calculus in
(4.4), we obtain

Reg 1pa (A, B) < Jpg(A, B) < R s 10 (A, B).

3(p—q)’

We obviously get the best possibility on oo = a(p, q) of R, 4(A, B) by the above
argument.
We can show (ii), (iii) and (iv) similarly. Hence the proof is complete. O

Proof of Theorem 4.2. Noting that

xl—g+qLL<1’ ]}piq) _ xl—g-&-q xP + 1 _
p—q xd + 1

Lpo(1,2),
we obtain the desired result by the same way as the proof of Theorem 4.1. O

Kittaneh and Krni¢ [9] obtained refined Heinz inequalities via the Hermite-
Hadamard inequality by considering the parameterized class of functions F), :
(0,00) = R, v € [0, 1] defined by

v _ . 1-v

T i

— if 1
F,(x) = log x ifzl,
2v—1 if v =1.

(4.5)

Liang and Shi [11] showed the following result on the Heinz mean and F,(x) as
an improvement of the results in [9].
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Theorem 4.A ([11]). Let A,B > 0. If s,t € [0, 1] satisfy

1 1 1
S,t;’éE, 5—5 Z‘t_i‘
and k > %, then
(1 — 2t)* (1—2t)2
93045 < (1- o0 )04 B) + [ 2085.4.8)  (10)
and
1 BN (1—2t)? (1 —2t)?
s AF(AT BAT)A: < (1 - km) & (4, B)+l<;(1 — 23)2‘635(‘4’ B)

It is the essential part of (4.7) that

S ATR(AT ? BA7)A? < (1 —k)&(A, B) + k$3,(A, B) = f.4(A, B) (4.8)

for t € [0,1]\ {3} and k > % since the inequality (4.7) is led by (4.6) and (4.8).
We remark that (4.8) is a refinement of the first inequality in the Heinz operator
inequality (4.1) in the sense that (4.8) assures

1

®(A, B) <

CATF(AT BAT)AY < & (A, B) < 93(A,B).  (4.9)
Theorems 4.1 and 4.2 assures the following refinements of the Heinz operator
inequalities including (4.9).
Corollary 4.3. Let A, B > 0 and p,q € R with p # q.
(i) If pg > 0 and |q| < ‘ , then
®(A,B) < ﬁzq Lopig (A, B) < ‘qu(A B) < R pig_ 1o Lopg (A, B) < $H31-p+g p+q(A B).

3(p—a)’

(ii) If pg > 0 and |p‘ <|q| < ‘p| , then
6(14 B) <ﬁ p+q) 1— p+q(A B) <Jpq(A B) Sﬁ

= Q(A: B) < 5’)3177;2#«1(14,3).

J
p’

(iii) If pg <0 and |q| < |p|, then
6(14,_8) ﬁ 1 p+q<A B) <\qu(A B) < ﬁ _ptq 11— 127+q (A B) < f)Bl p+q (A B)

3(p—q)’

Corollary 4.4. Let A,B > 0 and p,q € R with p # q. If pg < 0 and |q| < |p|,
then

6(14., B) = ﬁ0’17723+q (A, B) S £p7q(A, B) S .ﬁpftq}féﬂrq (A, B) S 5{)3 172p+q (A, B)
Proof of Corollaries 4.3 and /.4. Here, we give a proof of (i) in Corollary 4.3. If
p = 3¢, that is Lq = =, then

®(A,B) < (A B) = ﬁ%lazq(A,B) Sﬁalgﬂ(A, B)

K\DI)—I

holds. If pg > 0 and 0 < |¢q| < % hold, then it is equivalent to —- € (0, %)
p—q

Therefore (i) in Theorem 4.1 implies the desired inequalities since %q > 0 and

p+q Z

S <5
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(i), (iii) in Corollary 4.3 and Corollary 4.4 are shown similarly by (ii), (iii) in
Theorem 4.1 and (iii) in Theorem 4.2, respectively. O]

We remark that $3 1pig (A, B) < 24(A, B) holds if |p — ¢q| < 1. We recognize
that (iii) in Corollary 4.3 implies (4.9) as follows: By putting p = 1 — 2t and
q = 0, we have

6(147 B) = ﬁO,t(Aa B) S 31—2t,0(A7 B) S ﬁ t<A7B) S '6313(147-8)7

1
5
so that we obtain (4.9) since
S T S R |
X =
1—2t logx 2t — 1

J172t,0(1,$) = Ft(x)

5. OPERATOR MONOTONICITY OF J,(1,2) AND L, ,(1,z)

In this section, we discuss operator monotonicity of the representing functions
of 3,4(A, B) and £,,(A, B), that is,

( 1_ y
O R if p#£0and g #0,
pxd—1
144 qlog x )
x 2 if p =0 and 0,
Jye(1,z) = 79 — % p q#
b _
2L if p#0and ¢ =0,
plog x
(V& ifp=gq=0,
1-p+q 2P + 1 17p+ql'2p—]_l'q—1
Lpalli) =2 2rl 0 1o 1

We want to point out that L, ,(1,z) can be expressed as the last form.
Nagisa and Wada [12] investigated operator monotonicity of the following func-
tions faﬁ on (0, 00) including J,,(1,2) and L, ,(1,x) (see also [8, 15]).

n

aiE if o # 1,

Pl :1;/81 —1
fap@ =1 = (5.1

1% if =1,

i Bi
where a = (g, 9,...,,) and B = (B, P2,...,5,). In [12], they stated that
we have only to consider the setting |y| < 2, a;, 5; € (0,2] and o; # 5; (4,5 =
1,2,...,n), and they obtained the following Theorem 5.A. We remark that they
also gave an equivalent condition for operator monotonicity, but it seems to be
difficult to calculate in general.

Theorem 5.A ([12]). Let |v| <2, o, ;i € (0,2], a; # B (i,j =1,2,...,n) and
a; < ay, fi < B if 1 <i<j<n. If it satisfies

OSV—ZF(@,%‘) and 7+ZF(%‘75¢) <1, (5.2)
=1

=1
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then we have that faﬁ(x) in (5.1) is operator monotone on (0,00), where the
function F :10,2] x [0,2] — R s defined as follows:
a—b ifa>b, 0<b< 1,
Fla,b)=<a—-1 ifl<a,b<2,
0 ifa<b, 0<a<l.

By applying Theorem 5.A, we know the domains of (p,q) for which J,,(1,z)
and L, (1, ) are operator monotone.

Proposition 5.1. Let p,q € [-2,2].

(i) If (p, @) belongs to the domain {(p,q) : |Ipl — |al| < 1, |p| + |q| < 3}, then
Jp.q(1, ) is operator monotone on (0,00).

(i) If (p,q) belongs to the domain

1
o= bl < 5. 3l -+ 1ol <3, 1ol +300] < 3

p
{(p,q) : ’—2| < lal < 2Ipl,
U{(p. @) : Ipl + gl <1},
L, ,(1,2) is operator monotone on (0,00).
1

Corollary 5.2. Lett € [0,1]. Then Ji_ao(1,2) = 51

tone on (0,00), where Fy(x) is defined as in (4.5).

F,(x) is operator mono-

Proof of Proposition 5.1. We only give a proof of (ii) since (i) is shown by the
same way. Put L, ,(x) = L, (1, z). We remark that

is operator monotone if p € [0, 1]. By the definition of L, ,(z) and the relations
Lyg(2) = Lopg(w) = Ly o(x) = Ly o(x) and  Lyp(z) = Lyg(z™) 7

we have only to consider the case 0 < ¢ < p < 1.
(a) Case p < 2¢q. Put e = (¢,2p) and B = (p,2q) in (5.1). Then we have

o R CES)
ZZIF(BZ, i) = F(p,q) + F(2¢,2p) = {p+q_1 (> 1),

2p—2q (¢<
2p—1  (¢>

N[ N —
N—

~—

Y Flaw 8) = Flg,p) + F(2p,2q) = {
i=1
Put v = 1_’%. Ifg < %, then

Y

W —

0 S’Y—ZF(@-,O@) if and only if p—¢q <
i=1

'y—i—ZF(ai,@-)gl if and only if p—¢q <

i=1

Wl
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hold, so that the conditions in (5.2) hold if and only if p — ¢ < %. Similarly, if
q > 1, then the conditions in (5.2) hold if and only if 3p + ¢ < 3.
(b) Case 2¢ < p. Put a = (q,2p) and B = (2¢,p) in (5.1). Then we have

> F(Bi,oq) = F(2q,9) + F(p,2p) = q,
=1

> Flay, B;) = Fq.2q) + F(2p,p) = p,
=1

so the conditions in (5.2) hold if and only if p+ ¢ < 1.
Therefore L, (x) = faﬁ(:v) is operator monotone if (p,q) belongs to the

domain
1
{(p,q):0<q§p§2q, P—4<g, 3p+q§3}U{(p,q):0<2q<p, p+q=<1},
by Theorem 5.A, so that we have the desired result. O

Proof of Corollary 5.2. Put p=1— 2t and ¢ = 0 in (i) of Proposition 5.1. O
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