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ABSTRACT. In this paper, we define a new cone ball-metric and get fixed points
and common fixed points for the Meir-Keeler type functions in cone ball-metric
spaces.

1. INTRODUCTION AND PRELIMINARIES

Huang and Zhang [3] have introduced the concept of the cone metric space,
replacing the set of real numbers by an ordered Banach space, and they showed
some fixed point theorems of contractive type mappings on cone metric spaces.
In 2006, Mustafa and Sims [5] introduced a more appropriate generalization of
metric spaces, G-metric spaces. Recently, Beg et al. [2] introduced the notion of
generalized cone metric spaces, and proved some fixed point results for mappings
satisfying certain contractive conditions. In this paper, we define a new cone
ball-metric and get fixed point and common fixed results for the Meir-Keeler
type functions in cone ball-metric spaces.

Throughout this paper, by R*, we denote the set of all non-negative numbers,
while N is the set of all natural numbers, and we recall some definitions of the
cone metric spaces and some of the properties [3], as follow:

Definition 1.1. [3] Let E be a real Banach space and P a subset of E. P is
called a cone if and only if:

(i) P is nonempty, closed, and P # {0},
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(ii) a,b e RT, 2,y € P = ax + by € P,
(ii) r € Pand —z € P = x = 0.

For given a cone P C E, we can define a partial ordering with respect to P
by x < yorx =y if and only if y —x € P for all x,y € E. The real Banach
space E equipped with the partial ordered induced by P is denoted by (F,<).
We shall write < y to indicate that z < y but = # y, while x < y will stand
for y — x € int P, where int P denotes the interior of P.

The cone P is called normal if there exists a real number K > 0 such that for
all z,y € F,

O<z<y = |zl <Kyl
The least positive number K satisfying above is called the normal constant of P.

The cone P is called regular if every non-decreasing sequence which is bounded

from above is convergent, that is, if {x,} is a sequence such that

T1ST2SS T S 0] Y,

for some y € F, then there is x € F such that ||z, — z|]| = 0 as n — oo.
Equivalently, the cone P is regular if and only if every non-increasing sequence
which is bounded from below is convergent. It is well known that a regular cone
is a normal cone. Moreover, P is called stronger minihedral if every subset of £
which is bounded above has a supremum [1].

In the following we always suppose that F is a real Banach space with a stronger
minihedral regular cone P and intP # ¢, and < is a partial ordering with respect
to P.

Metric spaces are playing an important role in mathematics and the applied
sciences. In 2003, Mustafa and Sims [5] introduced a more appropriate and robust
notion of a generalized metric space as follows.

Definition 1.2. [5] Let X be a nonempty set, and let G : X x X x X — [0, 00)
be a function satisfying the following axioms:

(1) G(z,y,2z) =0 if and only if x = y = z;

(2) G(z,z,y) > 0, for all x # y;

(3) G(z,y,z) > G(z,x,y), for all x,y,z € X

4) G(z,y,z) = G(x,z,y) = G(z,y,x) = --- (symmetric in all three vari-

ables);

(5) G(z,y,2) < G(z,w,w) + G(w,y, 2), for all z,y,z,w € X.
Then the function G is called a generalized metric, or, more specifically a G-metric
on X, and the pair (X, G) is called a G-metric space.

This research subject is interesting and widespread. But is too abstract makes
the human difficulty with to understand. So we introduce the concept of cone
ball-metric spaces and we prove fixed point results on such spaces for functions
satisfying the contractions involving the Meir-Keeler type functions.

We introduce the following notion of the cone ball-metric B.

Definition 1.3. Let (X,d) be a cone metric space, B : X x X x X — E|
x,y,z € X and we denote

d(B) = sup{d(a,b) : a,b € B},
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and
B(x,y,2) = 6(B),
where B = N{F C X|F is a closed ball and {x,y,2z} C F}. Then we call B

a ball-metric with respect to the cone metric d, and (X, B) a cone ball-metric
space. It is clear that B(z,x,y) = d(z,y).

Remark 1.4. Tt is clear that the cone ball-metric B has the following properties:
(1) B(z,y,2z) =0 if and only if x = y = z;
(2) B(z,x,y) = 6, for all x # y;
<3> B(flf,l‘,y) < B(.T, Y, Z), for all x, Y,z € Xa
(4) B(z,y,z) = B(z,z,y) = B(z,y,x) = --- (symmetric in all three vari-
B

(5) B(:E7ya Z) < (x,w,w) +B(waya 2)7 for all T, Y,z,w e Xa
(6) B(x,y,z) < B(z,w,w) + By, w,w) + B(z,w,w), for all z,y,z,w € X.

Definition 1.5. Let (X, B) be a cone ball-metric space and {z,,} be a sequence
in X. We say that {z,} is

(1) Cauchy sequence if for every ¢ € E with 6 < ¢, there exists ny € N such
that for all n,m,l > ng, B(xy,, Tm, 1) < €.

(2) Convergent sequence if for every ¢ € E with § < ¢, there exists np € N
such that for all n,m > ng, B(z,, Tm, ) < € for some x € X. Here z is
called the limit of the sequence {z,} and is denoted by lim,, o 2, = = or
T, —> T as n — 0.

Definition 1.6. Let (X, B) be a cone ball-metric space. Then X is said to be
complete if every Cauchy sequence is convergent in X.

Proposition 1.7. Let (X, B) be a cone ball-metric space and {x,} be a sequence
in X. Then the following are equivalent:
(i) {zn} converges to x;
(ii) B(xp,xn,x) = 0 as n — oo;
(iii) B(zp,z,x) = 0 asn — oo;
(iv) B(zp, Tm,x) — 0 as n,m — oco.

Proposition 1.8. Let (X, B) be a cone ball-metric space and {x,} be a sequence
m X, z,ye X. If v, = x and x,, =y as n — oo, then x =y.

Proof. Let ¢ € E with 6 < ¢ be given. Since z, — = and =, — y as n — 00,
there exists ng € N such that for all m,n > ny,

B(xp, tm, ) < % and B(xy,, T, y) < %'

Therefore,
B(z,z,y) < B(x,x,, x,)+ Blx,, x,y)
= Bz, zp,x,) + By, zn, )
< Bz, xn,zn) + By, T, Tm) + B(Tpm, T, )

L s +5+5=¢
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Hence, B(z,z,y) < £ foralla > 1, and so £ —B(xz,z,y) € P forall « > 1. Since
£ = 0as a— ooand P is closed, we have that —B(z,z,y) € P. This implies
that B(z,x,y) = 0, since B(x,z,y) € P. So xz = y. O

Proposition 1.9. Let (X, B) be a cone ball-metric space and {x,},{ym}, {z} be
three sequences in X. If v, = x, Ym — Y, 21 — 2 asn — 00, then B(xn, Ym, 21) —
B(z,y,z) as n — oco.

Proof. Let € € E with 6§ < € be given. Since x,, = &, Y, — Y, 21 — 2 as N — 00,
there exists ng € N such that for all n,m,l > ng,

15 9 15
B(xn,a:,x) < 7, B(ym,y,y) < 5, B(ZlanZ) < g’

3 3
Therefore,
B(xn, Ym,z1) < Blzp,x,z)+ BT, Ym, 21)
< Blan, z,2) + B(ym, y,y) + By, , 2)
< B(xn,z,2) + B(Ym, v, y) + Bz, 2,2) + B(z, x,y)
e € €
< 3 +§+ 3 + B(z,y,2),
that is,
B(Zn, Ym, 21) — B(z,y,2) < .
Similarly,

B(iL‘, Y, Z) - B<$n7 Yms Zl) <e.
Therefore, for all a > 1, we have

9
B<xnyym7zl) - B(may72) < 57

and
€
B(x, Y, Z) - B(‘Tnvymv Zl) < O
These imply that
2 - B(-Tnayma Zl) + B(ZI?, Y, Z) € P,

2 + B(zp, Ym, z1) — B(x,y,2) € P.
Since P is closed and £ — ¢ as a — oo, we have that

n,m,l—o00

h{n [B(xmymazl) - B(.’L’,y,Z)] S
n,m,l—oo

These show that
im  B(zn, Ym, 21) = B(x,y, 2).

n,m,l—oo

So we complete the proof. O
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2. MAIN RESULTS

In the section, we first recall the notion of the Meir-Keeler type function. A
function ¢ : RT — R is said to be a Meir-Keeler type function (see [1]), if for
each € RT, there exists 6 > 0 such that for t € RT with n <t < n+ 4, we
have ¥ (t) < n. We now define a new weaker Meir-Keeler type function in a cone
ball-metric space (X, B), as follows:

Definition 2.1. Let (X,B) be a cone ball-metric space with cone P, and let
¥ intP U {0} — intP U {0}. Then the function ¢ is called a weaker Meir-
Keeler type function in X, if for each n, § < n, there exists §, § < ¢ such
that for z,y,z € X with n < B(z,y,2) < § + 7, there exists ng € N such that
(B2, y.2)) < 1.

Further, we let the function ¢ : int PU{0} — int PU{0} satisfying the following
conditions:

(i) ¥ be a weaker Meir-Keeler type function;

(ii) for each t € intP, we have § < ¥ (t) < t and ¥(0) = 6;
(iii) for ¢, € intP U {0}, if lim,, o0 t,, = v > 0, then lim,, o ¥ (t,) < 7;
(iv) {¥"™(t)}nen is non-increasing.

Then we call this mapping a -function.

We now state our main common fixed point result for the weaker Meir-Keeler
type function in a cone ball-metric space (X, B), as follows:

Theorem 2.2. Let (X, B) be a complete cone ball-metric space, P be a reqular
cone in E and f, g be two self-mapplings of X such that fX C gX. Suppose that
there exists a -function such that

B(fz, fy, f2) < ¥(L(z,y,2)), (2.1)

where

L(z,y,2) € {B(gz,gy,92),B(gz, fz, fx),B(gy, fy, fy), B9z, fz, f2)}.

If gX is closed, then f and g have a coincidence point in X.
Moreover, if f and g commute at their coincidence points, then f and g have
a unique common fixed point in X

Proof. Given zy € X. Since fX C gX, we can choose x; € X such that gz, =
fxo. Continuing this process, we define the sequence {z,} in X recursively as
follows:

frn, = gr,,1 for each n € NU{0}.
In what follows we will suppose that fx,.1 # fz, for all n € N, since if fz,, =
fx, for some n, then fx, .1 = gr, 1, that is , f, g have a coincidence point x, 1,

and so we complete the proof.
By (2.1), we have

B(fxn, S Tna, f$n+1) 3 ¢(L($m Tpi1, Tntl)),
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where

L(%p, Tny1, Tng1) € AB(9Tn, 9Tni1, 9Tni1), B(GTn, fTn, f2n),
B(g2ni1; frni1, frng), B(9Tni1, fTny1, fTni1)}
= {B(fn-1, fan, fxn), B(fra-1, frn, fo,),
B(fan, frni1, [ons1), B(fTn, fEnir, frasn)}
€ AB(frn-1, fxn, fxn), B(fTn, fTni1, fTni1)}
Therefore, by the condition (ii) of ¥, we conclude that for each n € N,

B(fxm fxn—i-h fxn+1) < B(fxn—la fxru fxn)7

and

B(f$n>fxn+lafxn+l) w(B(fxn—lafmnafxn)>

< U (B(fxo, fo1, f21)).

Since {Y™(B(fxo, fx1, fr1))}nen is non-incresing, it must converge to some
n, 8 < n. We claim that n = 6. On the contrary, assume that § < 7.
Then by the definition of the ¢-function, there exists §, # <  such that for
0 < B(fxo, fry, fo1) with n < B(fzo, fx1, fr1) < 0+, there exists ng € N such
that "™ (B(fxo, fz1, fr1)) < 1. Since lim,, o " (B(fxo, fz1, fx1)) = 7, there
exists mgy € N such that n < V" B(fxo, fr1, fr1) < 0 +n, for all m > mg. Thus,
we conclude that ™0t (B( fzg, fr1, fr1)) < 1. So we get a contradiction. So
limy, o0 ¥ (B(fxo, f21, fr1)) = 0, and so we have lim,, oo B(fxy, fTni1, fTni1) =
0.

Next, we claim that the sequence {fz,} is a Cauchy sequence. Suppose that
{fz,} is not a Cauchy sequence. Then there exists v € F with § < ~ such that
for all £ € N, there are my, n, € N with my > n;, > k satisfying:

AN

(1) my is even and ny is odd,

(2) B(fmnka fxmka fxmk) =, and
(3) my is the smallest even number such that the conditions (1), (2) hold.

Since lim,, o0 B(fxy, fTni1, frni1) = 0 and by (2), (3), we have that

Y B(fxnk7fxmk7fxmk)

B(f@ngs fon—1; frp—1) + B(fTm—1, [Ty [Tmy)

B(fn, [Tmy—2: fTmy—2) + B([Tmy—2, fTmp—1, fTmy—1)
+B(fTm,—1, frger frur,)

Y+ B(frmy—2, frm—1, [Tmy—1) + B(fTmy—1, [Ty, fTmy)-

Taking limy_,,, we deduce

A AN

N

Since

B(fxnk.—lv fxmk—h fxmk—l) # B(fxnk—h fxnk7 fxnk) + B(fxnka fxm)w fxmk)
+B(fxmk7 fxmk—h fxmk—l)-
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Taking limy_,.., we deduce

lim B(fxnk—lyfxmk—lafxmk—l) < - (22)

k—o00

On the other hand,

v X B(fxa, fomg, [Tm,)
< B(fon, frn—1, fon—1) + B(fTn—1, fTmy, fTm,)
< B(fan, [Tn—1, [on,—1) + B(fTn—1, fTmy—1, [Tmy—1)
+B(f:vmk_1, fxmm fxmk)

Taking limy_,,, we also deduce

v =< ]}Lrgo B(frn,—1, [Tmp—1, [Tmp—1)- (2.3)
By (2.2) and (2.3), we get

im B(f2n,—1, fTme—1, fTm—1) = 7-

k—o00

And, by (2.1), we have that

B(fon,, fTmg, fTm,) S V(L(Tp,, Ty s Ty )
where

L(%ny, Ty, Tmy,) € AB(GTnys 9Tmy> 9Ty )y B(GTnys [Ty, [Tn,),
B(g2mys fTms [Tmy)s BTy, [Tmys fTm, )}

= AB(frn—1, frmp—1, fTmy—1), B(f 20,1, [0y, fT0,),

B(fTmy—-1, [Tmys fTm, ), B o1, [Ty [Tmy) }

(I) If
L(l‘nka Ly, s xmk) - B(fxnk—la fxmk—lv fxmk—l)a
then taking limy_,o, we deduce

lim B(fxnk—h fxmk—la fxmk—l) =7,
k—o0

and
Y < lim B, frm,, [om) <7,
—00

a contradiction.
(IT) If

L(xnka Ty, s xmk) = B(fxnkfla fxnk’ fxnk)’
or

L(xnm LTy s xmk> = B(fxmk—la fwmkv fxmk)’

then taking limy_,o0, we deduce
kh_)rgolg(fl‘nk—la fxnka fxnk) = 07
im B(fTm,—1, fTmys fTm,) =0,

k—o0
and

—00
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a contradiction.
Follow (I) and (II), we get the sequence { fz,} is a Cauchy sequence.
Since X is complete and gX is closed, there exist v, u € X such that

Tim g(z,) = lim f(zn) = g(p) = v.
We shall show that u is a coincidence point of f and g, that is, we claim that

B(gu, fu, fu) = 0.
If not, assume that B(gu, fu, fu) # 0, then by (2.1), we have

Blgp, fu, fr) < Blgp, fon, fon) + B(faa, fu, f1r)
< Blgp, fan, fon) +O(L(zn, i, 1)),

where

L(2n, i, 1) € {B(gn, gpt, git), B(gn, fan, frn), Blgm, fu, fr), B(gp, fu, fr)}.

(I11) If
L(xp, iy ) = B(gTn, g, g1t),
then taking lim,, ., we deduce

Tim B(gan, g, gir) = Blgp g: gp) = 0,
and
B(gp, fu, fi)

Tim B(gp, fn, fon) + lm ¢ (B(gan, gi, gir))
<0,
a contradiction.
(IV) If
L, gy p1) = B(gn, fn, fn),
then taking lim,, ., we deduce
Tim B(gzy, fon, frn) = Blgu, gi, gp) = 6,

and

Blgp, fu, fr) = T Blgp, fn, fon) + lim (B(gzn, fan, f2n) <0,
a contradiction.
(V) If

L(xn, pty 1) = Bgp, fu, f),
then

B(gp, fu, fr) = 0 (B(gp, fu, fr) < Blgp, fu, fi),

a contradiction.

Follow (III)-(V), we obtain that B(gu, fu, fu) = 0, that is, gu = fu = v, and
so 4 is a coincidence point of f and g.

Suppose that f and g commute at . Then

Jv=fgu=gfp=gv.
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Later, we claim that B(fu, fv, fv) = 6. By (2.1), we have
B(fu, fv, fv) < ¢(L(p, v, v)),

where

L(z,y,2) € {B(gu,gv,gv),B(gu, fu, fun), Blgv, fv, fv),B(gv, fv, fv)}
= {B(fu, fv, fv), B(fu, fu, fr), B(fv, fv, fv), B(fv, fv, fv)}
= {B(fu, fv, fv),0}.

Therefore, if

B(fu, fv, fv) S 0(B(fu fv, fr) < B(fu, fv, fv),

then we get a contradition, which implies that B(fu, fv, fv) =60, B(v, fv, fv) =
0, that is, v = fv = gv. So v is a common fixed point of f and g.
Let 7 be another common fixed point of f and g. By (2.1),

B(ﬁ,l/ﬂ/) :B(fﬁ,fy,fu) 41?([/(77”7”))7
where
L(x,y,2) € {B(gv,gv,gv),B(gv, [7, [V),B(gv, fv, fv), B(gv, fv, fv)}
{B(fv, fv, fv), B(f7, fv, f), B(fv, fv, fv), B(fv, fv, fv)}
= {B(f7, fv, fv),0}

= {B(v,v,v),0}.
Therefore, we also conclude that B(7,v,v) = 6, that is ¥ = v. So we show that
v is the unique common fixed point of g and f. 0

Next, we state the following fixed point resuts for the weaker Meir-Keeler type
functions in ball-metric spaces.

Theorem 2.3. Let (X, B) be a complete cone ball-metric space, P be a regular
cone in B and f: X — X. Suppose that there exists a -function such that

B(fx, fy, fz)  v(L(x,y,2)) forall z,y,z € X, (2.4)
where
L(z,y,z) € {B(z,y,2), Bz, fz, f), By, fy, fy), B(fz,y,2)}
Then f has a unique fixed point (say ) in X and f is continuous at p.
Proof. Given zy € X. Define the sequence {z,} in X recursively as follows:
fr,_1=x, for each n € N.

In what follows we will suppose that z,.1 # x, for all n € N, since if x,,1 = z,
for some n, then z,,1 = fx, = x,, and so we complete the proof.
By (2.4), we deduce

B(xnaxn—&-hxn—&-l) = B(fxn—laf-rn?fzn)
% 1/}(£(In_1,$n,$n)),
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where
L(Tp_1,%n,Tn) € {B(Xpn_1,%n,Tn), B(xpn_1, fra_1, fra_1),
B(xp, fon, fon), B(fTn1,Tn,Tn)}
= {B(xyp_1,2n,xn), B(xp_1,Tp, Ts),
B(x, oot Tna1), B(xn, Tny x0)
= {B(xyp_1,%n, ), B(xp, Tpi1, Tni1)}-
If
L(xn_ 1, Tn, Tpn) = B(Tp, Tpi1, Tns1),
then

B<mn7xn+1axn+l) < @Z)(ﬁ(l’n_l,fl}n,l‘n))
< B(Q3n7 Tnt1, xn+1)7

a contradiction. So we deduce that
B(xn,l'n+1,l'n+1) < @Z)(ﬁ(mn_l,wn,l‘n))
< B(‘xnfl; Tn, 'T'n)7
and

B('Tn)xn-f—hxn—l—l) < w(B(xn_l,In,xn))
_\< 1/)2(6(;[”_2’ Tp—1, In—l))

# ¢n(B<$0, Ty, ml))

Since {¢"(B(zo, x1, 1)) }nen is non-incresing, it must converge to some 1, n = 6.
We claim that n = 6. On the contrary, assume that n > 6. Then by the
definition of the w-function, there exists § > 0 such that for zo,z; € X with
n < B(zg, x1,71) < 0+ 1, there exists ng € N such that " (B(fxg, fx1, fx1)) <
n. Since lim, o V" (B(zo, x1,71)) = n, there exists my € N such that n <
V" B(xg, 21, 21) K 0+, for all m > mg. Thus, we get ™0t (B(xq, 21, 21)) <K 1,
and we get a contradiction. So limy, o ¥"(B(zg,x1,21)) = 60, and so we have
limy, 00 B(xna Tnt1, $n+1) =0.

For m,n € N with m > n > kg, we claim that the following result holds:

B(Zp, T, Tm) < € for all m >n > k. (2.5)

Let ¢ € F with € > 0 be given. Since lim,_,o ¢"(B(zo,z1,71)) = 0 and
1 (e) < e, there exists kg € N such that

V" (B(xo, x1,21)) K e —1p(e) for all n > ko,
that is,
B(zn, Tni1, Tni1) < € — () for all n > k. (2.6)

We prove (2.5) by induction on m. Assume that the inequality (2.5) holds for
m = k. Then by (2.6), we have that for m =k + 1,
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B(xp, i1, Trr1) = B(@ns Tngr, Togr) + B(Tngt, Trgr, Tegr)
< B(xn, Tpit, Tnar) + O(B(zp, Tg, 1)
< e—=9Y(e) +¢(e)
= e.
Thus, we conclude that B(z,, Tm, xm) < € for all m > n > ro. So {z,} is a
Cauchy sequence in X. Since (X, B) is a complete cone ball-metric space, there

exists p € X such that lim, . z, = p, that is, B(x,, z,, p) — 0.
For n € N, we have

B(:U’nu’a f:u) < B(Naﬂaxn)"‘B(xnaImfN)
< B(,u,u,xn) +B(fxn—1af$n—lyf:u)
<

B, g, ) + Y(L(Tn-1, Tn-1, 1t)),

where
L(In—l’ Tn—1, /vb) € {B<xn—17 Tn—1, M)a B(xn—h fxn—la fxn—1)7
B(:Cnfla fxnfh fxnfl)a B(fl'n,h Tp—1, ,U/)}
= {B(:Un—la Tp—1, u), B($n—1> L,y l’n),

B<xn—17 L, xn); B(xn, Tp—1, /j,)}

(1) If

£<J;n—17 Tn—1, M) = B(xn—la Tn—-1, M)y
then

B(/@ s f;u) < B(,u, 1, xn) + B(xn—la Ln—1, ,U)
Letting n — oo, we conclude that B(u, p, fu) = 6, and so u = fpu.
(I1) If

‘C(xn—la Tp-1, ,u) = B((L’n_1, L, fL‘n),

then

B(:Uﬂ 122 f:u) < B(:uv K, In) + B(xn*h Tn, x'n)
Letting n — oo, we conclude that B(u, u, fuu) =6, and so u = fpu.
(II1) If

E(xn—la Tp—1, N) - B(Z‘n, Tn—1, M) < B(ZEn, LTn—-1, xn—l) + B(xn—b Tn-1, M)7
then
B(p, g, The) < Bty oy o) + B2, @1, Tn1) + B(n-1, 001, ).

Letting n — oo, we conclude that B(u, p, fu) =6, and so u = fpu.
Follow (I), (II) and (III), we have that u is a fixed point of f.
Let v be another fixed point of f with u # v. Then

B(p,v,v) = B(fu, fv, fv) S (L(p,v,v)),
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where

L(p,v,v) € {B(uv,v), B, fu, fu), B(v, fv, fv), B(fp,v,v)}
{B(u,v,v), B, pr, 1), B(v, v,v), B(p, v,v)}
= {B(u,v,v)},0}.
Therefore, if B(u,v,v) < B(u,v,v), then we get a contradiction. So pu = v, and
we show that p is a unique fixed point of f.

To show that f is continuous at p. Let {y,} be any sequence in X such that
{yn} convergent to p. Then

B(w, i, fyn) = B(fu, fr, fyn)
< (Lt 115 Yn)),s
where

Ly o yn) € AB, oy yn), B, fro, f10), B(p, fra, f11), BOf o, 1, yn) }
= A{B(p, pt;yn), 0}
Thus

B(ft, o fyn) < B(p, 1, Yn)-

Letting n — oco. Then we deduce that {fy,} is convergent to fu = pu. Hence f
is continuous at . 0

By Theorem 2.3, we immediate get the following corollary.

Corollary 2.4. Let (X,B) be a complete cone ball-metric space, P be a regular
cone in E and f: X — X. Suppose that there exists a 1-function such that

B(fz, fy, fz) S ¥(B(w,y,2)  (x,9,2 € X).
Then f has a unique fized point (say ) in X and f is continuous at p.

In the sequel, we introduce the stronger Meir-Keeler cone-type function ¢ :
intPU{0} — [0,1) in cone ball-metric spaces, and prove the fixed point theorem
for this type of function.

Definition 2.5. Let (X, B) be a cone ball-metric space with cone P, and let
¢ intPU{0} — [0,1).
Then the function ¢ is called a stronger Meir-Keeler type function, if for each

n € P with n > 6, there exists § > 0 such that for z,y,2 € X with n <
B(x,y,z) < 0 +n, there exists v, € [0,1) such that ¢(B(z,y,2)) < vy

Theorem 2.6. Let (X, B) be a complete cone ball-metric space, P be a reqular
cone in E and f: X — X. Suppose that there exists a stronger Meir-Keeler type
function ¢ :intP U {0} — [0,1) such that
B(fz, fy, fz) < ¢(L(z,y,2)) - L(z,y,2) forall z,y,z € X, (2.7)
where
‘C(x7 y7 Z) G {B(x’ y7 Z)? B('CL" fI’ fﬂj)7 B(y7 fy7 fy)’ B(fx’ y7 Z)}
Then f has a unique fized point (say u) in X and f is continuous at p.
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Proof. Given zy € X. Define the sequence {z,} in X recursively as follows:
fr,_1=x, for each n € N.

In what follows, we will suppose that z,.1 # x, for all n € N, since if z,,.1 = z,
for some n, then z,,1 = fx, = x,, and so we complete the proof.
By (2.7), we deduce

B<xmxn+laxn+1) = B(fxn—lafxmfxn)
# ¢(£(mn71:xn:$n)> : ﬁ(xnflaxnaxn)
< '777 : £($n—1amn7xn)a

where
L(Tp_1,Tn,Tn) € {B(xp_1,Tn,xn), B(xn_1, frn_1, frn_1),
B(zn, fon, fon), B(fTn-1,Tn, Tn)}
= {B(xy_1,%n,xn), B(xp_1,Tn, Ts),
B(xp, Tpst1, Tni1), B(xn, Tn, xn)
= {B(xn_1,Tn,xn), B(xp, Tpi1, Tni1)}-
If
L(Tp_1,Tn, Tpn) = B(Tp, Tpi1, Tni1),
then

B(xnvxn-&-bmn-&-l) < fYn'B(xnaxn-i-laxn-i-l)a

a contradiction. So we deduce that

B(xn,xn+1,xn+1) S ¢<£($n_1,$n,$n>>
L Yy Blap_1, zy, xp).
Then the sequence {B(x,,Zy+1,Tne1)} is decreasing and bounded below. Let

limy, 00 B(%p, Tpat1, Tny1) = 1 %= 0. Then there exists kg € N and § > 6 such that
for all n > kg

N =< B(xp, Tni1, Tppr) K 0+ 0.

For each n € N, since ¢ : intP U {6} — [0,1) is a stronger Meir-Keeler
type function, for these n and 6 we have that for x. in,Twyint1 € X with
N < B(Tugtn, Trgtntls Tugint1) <K 0 + 7, there exists v, € [0,1) such that
O(B(Trp+n> Trgtnt1s Trgtnt1)) < Yn- Thus, by (2.7), we can deduce
B(Trotn, Trotnt1, Trotnt1) = @(B(Trgin—1, Trotns Trotn)) * B(Trotn—1, Trotn, Trgtn)

K Yy B(ZTrgtn—1, Trgtns Trgtn)s
and it follows that for each n € N,
B(Zyg4ns Togtnti Trggnt1) <K ’Yn‘B(ﬂfno+n—1,$no+n>$m+n)
<
< 717 ' B(xﬂovxﬁo+1axl€o+1>'

So

le B(Zrgtns Trotntls Tugtnt1) = 0, since 7, < 1.
n (o)
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We next claim that lim,, oo B(Trgtn, Trgtm, Tuo+m) = 0. For m,n € N with
m > n, we have

m—1
B<xlﬁo+na :L‘ffo-‘rma :L'Ho-‘rm) < B(xmo-i-h xl@o-}—i-ﬁ-la xm)-‘ri-i—l)
i=n
,ym—l
n
< 1 B(xﬁo+17xﬁo+27xﬁo+2)7
T m

and hence B(Zygtn; Trotms Tug+m) — 0 as m,n — oo, since 0 < 7, < 1.
By the properties of the cone ball-metric, we obtain

B(Ifio-‘rna xlﬁo-‘y—ma ‘rfio-‘rl) < B(xlﬂo+n7 xlio—l—’mn xlio-l—’m) + B(‘rlio-i-m) CClio-i-mn 'rlio-i-l)?

taking limit as m,n,l — 0o, we get B(Zyytn; Trgtms Tro+1) — 0. So {z,} is a
Cauchy sequence. Since (X, B) is a complete cone ball-metric space, there exists
€ X such that lim,, o, x, = u, that is, B(x,, z,, n) — 0.

For n € N, we have

B, ps fr) < Bl s 20) + B2, T, f12)
< Bty wn) + B(fan-1, fon-, f11)
< Bl i 20) + O(L(Tn1, Tno1, ) - L(Xn—1, Tyt 1)
< B,y xn) + v - L(Tp—1, Tno1, 1),
where
L(zn-1,Zp-1,1) € {B(@n-1,2p-1, ), B@n-1, fTn-1, fTn-1),
B(xp—1,Txp1, frn-1), B(fTn-1,Tn-1,1)}
= {B(xy_1,2n 1, 1), B(xp_1,2n, ),
B<xn717 Ty :Cn), 8(17717 Tn—1, N)}
(I) It
L(Tp-1,Tn-1, 1) = B(xp-1,Tn_1, 1),
then

B, gy fr) < Bl s 20) + Yy - B(Tn—1, Tt 1)
Letting n — oo, we conclude that B(u, u, fu) =6, and so u = fpu.
(I1) If

L(xp_1,Tp_1, 1) = B(Tp_1,Tn, Tpn),

then

Blp, p, frr) = Bl g, &) + vy - B(Tp-1, Tn, Tn).
Letting n — oo, we conclude that B(u, pu, Tp) =0, and so u = fpu.
(IT1) If

L(xn 1, Tn1, ) = B(xp, Tn_1, 1) < B(Tp, Tn_1,Tn_1) + B(xp_1, 001, 1),

then

B(M? M, f/i) S B(,LL7 Ly xn) + Tn - [B(Ina Tn—1, xn—l) + B<xn—17 Tn—1, M)]
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Letting n — oo, we conclude that B(u, u, fu) =6, and so u = fpu.
Follow (I), (II) and (III), we have that u is a fixed point of f.
Let v be another fixed point of f with u # v. Then

Bu,v,v) = B(fp, fv, fv)
< w(‘c(ua%y)).‘C(MaV?V)
< ’YW"C(M”/’V%

where

L(p,v,v) € {B(u,v,v), B(u, fu, fu), B(v, fv, fv), B(Tu,v,v)}
{B(w, v, v), B(p, p, 1), B(v,v,v), B(p, v,v)}
= {B(u,v,v),0}.
Thus if B(p,v,v) < v, - B(i, v, v), then we get a contradiction. So p = v, and
we show that p is a unique fixed point of 7.

To show that f is continuous at p. Let {y,} be any sequence in X such taht
{yn} convergent to u. Then

B(p, ps fyn) = B(fu, fr, fyn)
< V(L 1, Yn)) - L1, 115 Yn)
< Yy L 15 Yn)s
where

L(ps pt,yn) € AB(s s Yn ), B(p, T, Ta), B(p, fre, f1a), BOf s s yn) }-
Thus

B(p, b, Tyn) < v - B(ps 11, yn)-
Letting n — oco. Then we deduce that {fy,} is convergent to fu = pu. Hence f
is continuous at p. 0

REFERENCES

1. C.D. Aliprantis and R. Tourky, Cones and Duality, in: Graduate studies in Mathematics,
Amer. Math. Soc. 84 (2007). 215-240.

2. 1. Beg, M. Abbas and T. Nazir, Generalized cone metric spaces, J. Nonlinear Sci. Appl. 3
(2010), no. 1, 23-31.

3. L. G. Huang and X. Zhang, Cone metric spaces and fized point theorems of contractive
mappings, J. Math. Anal. Appl. 322 (2007), 1468-1476.

4. A. Meir and E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl. 28 (1969),
326-329.

5. Z. Mustafa and B. Sims, A new approach to generalized metric spaces, J. Nonlinear and
Convex Anal. 7 (2006), no. 2, 289-297.

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL HSINCHU UNIVERSITY, OF EDUCA-
TION, TATWAN.

E-mail address: ming@mail .nhcue.edu.tw

E-mail address: g10024212@mail .nhcue.edu.tw



	1. Introduction and preliminaries
	2. Main results
	References

