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ABSTRACT. In this paper we extend some theorems published lately on the
relationship between convexity/concavity, and subadditivity /superadditivity.
We also generalize inequalities of compound functions that refine Minkowski
inequality.

1. INTRODUCTION

In recent publications the relationships between convexity /concavity and sub-
additivity /superadditivity are discussed.

In this paper we use results that appeared in [1, 2, 3, 7, 8] to extend some the-
orems published about this subject in [4, 5, (]. We also use the classical Jensen’s
inequality to generalize [J].

We start with some definitions needed in the sequel.

Definition 1.1. A convex cone is a subset C of a linear space X that satisfies
(i) r,ye C=x+ye€ C,
(ii) reC, a>0= azxrecC.

Let C be a convex cone in a linear space. A functional a : C — R is called
subadditive (superadditive, resp.) on C if a (x) 4+ a(y) > (<, resp.)a(z +y) for
any z,y € C.

Definition 1.2. Let f;: [, - R,, [; C(0,00),i=1,--- ,m— 1.
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Denote for r,s € {1,--- ,;m — 1} with r < s,
Grs (Try Tpy1, o0 Tsg)
= o, (x;—ffr+l (ii e fe (xfslfs (T)))) (1)
Goi1ys () = =,
where
i‘GHLm_l (g1, yxm) €L, i=1,--- ,m—1

In particular

Gim-1(X) = Gim-1(T1,22,  ,Tm) = 21fa <i_if2 (i_z e fme (wa_ll)>) .
(1.2)

Definition 1.3. We say that a set of convex and concave functions f;, i =
1,---,m — 1 satisfies the Monotonicity Condition (MC) if all the pairs of
functions (fx, fx+1), k= 1,--- ,m — 2 satisfy the following:

(i) when both functions f; and fj; are either convex or concave, then f
is increasing.
(ii) when either fj is convex and fy,; is concave or f; is concave and fr11

is convex, then fj is decreasing.

In [8, theorems 3 and 4] the following assertions are proved:

If f:RY — Ry s bounded in the neighbourhood of 0, f(0) = 0, and f
satisfies af () +bf (y) > f (ax +by), x,y € RE, where a and b are positive real
numbers, then, for each i =1,--- k, h; : ]R]ffl — R, defined by

hi(z1, - i, Tiga, oo o) = [(@1, T, L @ig, -5 @)

s convex, and

Ty Ti—1 Tit1 Lk
f($17"'7xk):hi<_7"'v ) 7"'7_)xi7 xz>0
Conversely, if h : Rffl — R, s convex, then for each i = 1,--- |k the func-

y . k ; _ Tj— Z;
tion f: RE — Ry given by f(x1, - ,2) = h(%,--~, el - EL ,ﬁ—’:)xi,

z; > 0 satisfies af (x) + bf (y) > f(ax+by), x,y € RE, where a and b are
positive real numbers.

From these results and also independently for somewhat different conditions in
[2], the following theorem is obtained which is crucial for our ivestigation:

Theorem 1.4. [2, Theorem 1] Let f; : I; - R, I; C (0,00),i=1,--- ,m—1
be a set of functions with the MC' property.
a) Let p and q be positive real numbers. If f,. is a concave function, then for
X =(Tp, -, Tsy1) and Y = (Yp, - ,Yst1) we have for any s, s € {r,--- ,m — 1}
PG (X) + 4G (¥) < Grs (px + qy).-

If f. is a convex function then the reversed inequality holds.
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b) If f, is a concave function, then G,  is a superadditive and concave
function. If f, is a convex function, then G, s is a subadditive and convex.

Remark 1.5. Theorem 1.4 still holds when f; : I; — R instead of f; : I; — Ry
as explained in [3, Remark 1].

The main results of this paper are presented and proved in Section 2. There
we start with the proof of Lemma 2.1 which deals with inequalities related to
compound monotone functions.

The results of Theorem 2.4 in which we get inequalities involving convex/concave
functions and subadditive /superadditive functionals that extend results of [1, 1, 5]
and [0], are obtained by using Lemma 2.1 and Theorem 1.4.

In Section 3 some examples of Theorem 2.4 and Lemma 2.1 are demonstrated.

2. MAIN RESULTS

In the following Theorem 2.4 we present and prove inequalities related to

F(Gim-1(a)), a= (a1, - ,an). These inequalities involve monotone convex
and concave functions f;, ¢ = 1,--- ,m — 1 that compose G ,,—1 as defined in
(1.2), subadditive and superadditive functionals a;, i = 1,--- ,m that replace the

x;-th in (1.2), in addition to a subadditive/superadditive monotone function F.
These inequalities are associated with generalized Jensen and Holder inequalities
presented in [1, 7, 2, 3].

To prove Theorem 2.4 below we first prove the following lemma

Lemma 2.1. Let functions f; - I; —» Ry, I; C (0,00),i=1,--- ,m — 1 be such
that
a) the functions fy,, j=1,--- 1,0 < k; <m—1 are decreasing on Iy, and
fi,i=1,--- m—=1,i#k;, j=1,---,1 are increasing on I,.
b)  for A; denoted as
Ai:Gi+1,m—l($i+l7"'7xm)7 2:1,,m—2
the

1
range(—Ai)QIi, i=1,--- m—2

18 satisfied.

c) (=1)% g; () is increasing when % C I; for fized integers d; where
A; .
gi(x)=zafi| — ), i=1,---,m—1. (2.1)
x
If '
(_1)dl+J(ZZ_yl)207 7::k’ij—*_lf"ak‘lj-‘rla ]: 7"'7la
kO = 07 kl-‘rl =m — 17 (_]‘)l (Zm - ym) Z 07
then
Gim—1 (21, 2m) = Gim—1 (Y1, , Ym) - (2.2)

In particular, when m = 2 and f is increasing (decreasing) (—l)dg is increasing,
if (1) (=) 20, 2 — 1 > ()0,
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21 f (j—?) >y f (%)

Proof. Let us replace in Gy -1 (21, .-, 2r, -, 2m) & specific term z, with y,, 1 <r <
m — 1, for which there is a specific jo such that k;, +1 <r < k; y1where kj; is
the jo-th decreasing f;.

According to (1.1), (1.2) and (2.1)

then

Gl,m—l (217 Rt 7Zm) - Gl,r—l (21, 22y, Rr—1, Gr,m—l (Zr, T ,Zm))

A,
= Gl,r—l (217 Ty Rr—1, Z’I‘f'l‘ (Z_)>

= Gl,r—l (Zl, Ctt Ly Rr—1,0r (ZT’)) .

Therefore, if the compound function f; o fo 0-- -0 f._1 0 g, is increasing and
zr — Yy > 0 we get that
Gromet1 (21, Ze 3 2m) = Gt (21, Ups e s Zm) - (2.3)

If the compound function f; o f0---0 f._1 0 g, is decreasing and z, — y, <0
then inequality (2.3) holds too.

Both these possibilities are combined in the condition (—1)dr+j° (zr —y,) >0,
when kj, + 1 < r < kjo41, where fy, , is the jo-th decreasing f; . For r = m, a
similar reasoning leads to inequality (2.3) when (—1)l (Zm — Ym) > 0.

Going over all r = 1,--- ,m we get inequality (2.2). O

Remark 2.2. From Remark 1.5 it is obvious that Lemma 2.1 holds if we relax the
condition on the range of the function f;, so that f; : [; = R, I} C (0,00).

Corollary 2.3. Let a(z), b(z) and F (x) be positive concave functions, F (x)
and zF (1) be increasing functions on (0,00), and let y (z), z (z), u(z), v(z)
be positive functions. Then

z () u(x)b(Z?)
[vwa(Z8) 5 et (z;i) &
(

y(z)
o de ) o (L2 E) u () dr) b (42422
< (/y( )d) (fy(x)dx>F (fy(x)dx)anEgZz) . (24)

Indeed, from the concavity of F' we get by Jensen’s inequality that

/y<x>a(M)F w@v(6)Y

y(z)

< (G (B e

y(x)
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By choosing

e fron () e fuon (i)
and
- (fros)e (). o (frra)e (i)

we get that

?Jl:/y(z)a(;gg)dxé (/y(x)dx)a(%) .
and
L L) (o) (1655) -

Now, applying Lemma 2.1

(oo (22  (L22)

y(z) Jy(x)a (;;) dz

2 (x)dx (Ju(x)dx) u(z)dx
< (foow)e (i) () e

Y

holds. Hence from (2.5) and (2.6) we get (2.4).
A special case of (2.4) was proved in [9] which will be discussed in Section 3.

Now we are ready to prove the following theorem by using Theorem 1.4 and
Lemma 2.1.

Theorem 2.4. Let f; : I, - Ry, I; C (0,00), 4 = 1,---,m — 1, be a set of
functions with the MC property where conditions a), b), and ¢) of Lemma 2.1 are
satisfied.

Let a; : C; — R, where C; are convex cones in the linear spaces X;, and let a;,
1=1,---,m be either subadditive functionals on C; or superadditive functionals
on C; satisfying

(3

1
range {_Gi+1,m1 (@1, 7am)} C I,.
a

Let F': Iy — R, Iy C Ry be monotone and either subadditive on Iy or superaddi-
tive on 1y and range {Gim—1 (a1, ,am)} C .

A) If F is increasing and subadditive (superadditive), fi is convezr (con-
cave), (=1)%V a; are subadditive (superadditive) for i = kj + 1,--- ki1, j =
0,---,1, k=0, kj;1 =m—1 and (—1)lam is subadditive (superadditive), then
the compound functional

H:FOGLm_lICl><CQ><"'><Cm—>R
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is subadditive (superadditive). That is

F(Gim-1(a1(t1) -+ am (tm))) + F (Grm-1 (a1 (s1) , -+, am (sm)))
Z (S) F (Gl’m,1 (Cll (tl -+ 81> R (7% (tm + Sm)>> . (27)

B) If F' is decreasing and subadditive (superadditive) and fi concave (con-
ver) (—1)di+] a; are superadditive (subadditive), i =k; +1,---  kj11,j=0,---,1
and (—1)" a,, is superadditive (subadditive). Then the compound functional

H:FOGLm,lICl><CQX"‘Xcm—>R

is subadditive (superadditive) that is (2.7) holds.
Proof. We will prove here case B) of the theorem where F' is decreasing and

subadditive. The other cases follow similarly.
From case b in Theorem 1.4 it follows that when f; is concave and f;, 1 =

1,---,m — 1 satisfy the MC condition,
Gim-1 (a1 (t1), s am (tm)) + Grm-1 (a1 (51) - O (8m))
< Grmer(ar (t) 4 a1 (51), 0 G (Em) + am (5)) (2.8)
holds. In our case it is given that (—1)d"+j a, 1 =k;j+1,--- kjy1,7=0,---,1,

are superadditive, which means that
(=D (ai (ti + 5:) = (@i () + ai (51))) = 0,
i=k;j+1,-- ki, j=0,---,1,
and
(_1>l (am (b + $m) — (am (tm) + am (8m))) = 0.
Using Lemma 2.1 for
a; (t; + s:) = 2, a; (t;) + a; (s;) = i,
we get from (2.2) that
Gim—1 (a1 (t1) a1 (1), am (tn) + am (5m))
< Gimer (a1t +51),am (tm + 5m)) - (2.9)
Inequalities (2.8) and (2.9) lead to
Gim-1(a1(t1), - am (tm)) + Grm-1 (a1 (s1) -+, am (5m))
< Grme1(ar (B4 s1), - am (tm + Sm)) - (2.10)
Now as F' is subadditive we get that
F(Gim-1(ar(t1) - s am (tm))) + F(Grm-1 (a1 (s1) -+, am (5m)))
> F(Gim-1(ai(t1), - am (tm)) + Grm—1 (a1 (51) -+ s am (Sm))) - (2.11)
Because F is decreasing, inequalities (2.10) and (2.11) yield
F(Gim—1 (a1 (t1) -+ s am (tm))) + F(Grm-1 (a1 (s1) -+, am (5m)))
> F(Gim-1(ai(t1+ 1), yam (tm +5m))) .

hence H = F oGy ,,-1 : C; X Cy X --- x C,,, = R is subadditive.
This completes the proof of the theorem. O
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All the notations in the following Corollary 2.5 are as in Theorem 1.4, Theorem
2.4 and Lemma 2.1.

Corollary 2.5. Let C;, be convex cones in linear spaces X;, i = 1,2.
(i) If a; : C; — (0,00), are superadditive (subadditive) functionals on C;,
i=1,2, f:[0,00) > R, g:[0,00) = R are concave (convex) and monotonic

nondecreasing, where g (x) = xf (), then H: C; xCy - R, H = a1 (t) f (%)

is a supereadditive (subadditive) functional.

(ii) If a1 : C; — (0,00) is a subadditive (superadditive) functional on Cy,
as : Cy — (0,00) is a superadditive (subadditive) functional on Cy, f:[0,00) —
R is convex (concave) and monotonic nonincreasing, and g (x) is nondecreasing,

then H = ay (t) f (Zi%i;) is a subadditive (superadditive) functional on C.

In particular the same results on H are obtained also when ay is additive and
in this case the conditions on g are redundant. This special case was proved in [5,
Theorem 5|. To see Corollary 2.5(i) take in Theorem 2.4 F (x) =z, m =2, | =0,
d =0, and to see Corollary 2.5(ii), take m =2,1 =1, d =1 in Theorem 2./,

Corollary 2.6. Let C; be convex cones in linear spaces X; , 1 =1,---.,m
a) If fi and g;, 1 = 1,--- ,m — 1 are non-negative concave increasing func-
tions on (0,00) where g;(z) = xf; (%) and a; : C; — Ry, i = 1,--- ,m are
superadditive then Gy m,—1 (a1 (t1), -, am (tm)) s superadditive in (ti,--- ,tn).
In particular this case holds when f;, i =1,--- ,n—1 are differentiable nonneg-
ative concave increasing functions on [0,00) satisfying f; (0) = h%lJr 2fl(2) =0
zZ—r

because then g; are nonnegative increasing too. For example let f; (x) = x|
r>20,0<ay<l,2=1,--- ,m—1.

b) If fi are non-negative convex increasing functions on (0,00), g; are non-
negative decreasing on (0,00),i=1,--- , m—1,a;,: C; >Ry, i=1,--- m—1
are superadditive and a, is subadditive, then G -1 (ay (t1),---

m( )) is sub-
=1,

,n—1

additive in (t1,--+ ,t,). In particular this case holds when f;, i
[0, ) satz’sfymg

are differentiable nonnegative convex increasing functions on
fi(0) = lim zf/(z) =0 because then g; are decreasing.
2z—0t

For ezample let f;(x) =x% >0, a; >1,i=1,--- ,m—1.

3. EXAMPLES AND COMMENTS

Example 3.1. A special case of Corollary 2.3 was proved in by choosing

9]
forx >0, p,s,t >1,0< 32 <1, F(x) = T a(x) = <1+l’%> , b(x) =
(1+28)  y(@) = @), 2(0) = ¢" (@), ux) = f1(2), v(x) = g (x) , where
f(@).g(z) >0.

From this choice of the concave increasing functions F'(x), a(x), b(z), and
zF (1) we get inequality 3 in [J], that refines Minkowski’s inequality:

/ (f (2) + g (2))" de (3.1)
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< ((/ft(x)dx)iJr (/gt(:c)dx>i>t(5t |

s

From Corollary 2.3 we get the reverse of inequality (3.1) when >£ > 1, s > 1,
0 <t<1andalsowhen =2 <0, 0<s<1,t>1.

The four examples below can be derived from Theorem 2.4 as special cases.

Example 3.2. [0, Theorem 6] Let C be a convex cone in a linear space X. If
a; : C — (0,00) is a subadditive functional on C and ay : C — (0,00) is a
superadditive functional then

is a subadditive functional on C.
This follows from Theorem 2.4 and from Corollary 2.5 by observing that

W) _
az(x)

-1
ay (x) (Zigg) ,m=2 F(x)=uz, fi(x) =27, is a convex decreasing function
on (0,00), and zf (1) = 2? is increasing on (0, c0).

All other results quoted below from [1, 5] deal only with additive a;.
The following example appears in [4, Theorem 2.1, Corollary 2.2]:

Example 3.3. Let C be a convex cone in a linear space X and a; : C — (0, 00)
be an additive functional on C. If h : C — [0, 00) is a superadditive (subadditive)

functional on C and p,q > 1 (0 < p,q < 1), then H,,(z) = az(l_%) () hi (x) is
a superadditive (subadditive) functional on C.

Take F'(x) = 27 and f(x) = x%, as (x) = h? (z) and observe that if p > 1,
(0 < p < 1) and h is superadditive (subadditive) then ay (z) is also superadditive
(subadditive). Also observe that f(x) = x%, p > 1, (0<p<1) is concave
(

convex) and increasing, and F' (z) = 29, ¢ > 1 is superadditive (subadditive)
and increasing.
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From these observations, we conclude that:

H,yy (2) = i) (2) 1t (2) = ( (@) ( ‘”)‘”) D @ =R @),

is superadditive (subadditive) on C.

Theorem 2.5 and Corollary 2.6 in [1] are also special cases of Theorem 2.4. Tt
says:

Example 3.4. Let X, C and a; be as in Example 3.3. If h : C — (0,00) is a
superadditive functional on C and 0 < p,q < 1 then the functional H : C —
(0,00), H(x)= ) is subadditive on C.

ap” (x)hd (@)
This follows from Theorem 2.4 by observing that

- (o (55))

1

and by observing also that when h is superadditive, as = h™? is subadditive for
1

p > 0, and that f(x) = z», > 0 is convex increasing and that F (z) = 27 is

subadditive increasing.

More special cases of Theorem 2.4 are the following (demonstrated in [5, Propo-
sition 1]):

Example 3.5. Let C be a convex cone in a linear space X and a; : C — (0, 00)
be an additive functional on C.
(i) If as : C — (0,00) is a superadditive functional on C and r > 0 then

H(z) = <‘z;§§l);)f' is subadditive on C. In particular Zzgg is subadditive.
2
(ii) If ay : C — (0,00) is a superadditive functional on C ¢ € (0,1) then
H :=a, ?(z) a} is superadditive on C. In particular y/a; () ay (x) is superaddi-
tive.
(iii) If ay : C — (0,00) is a subadditive functional on C and p > 1, then

H(z) := % is subadditive on C. In particular % is subadditive.

We see that these three cases hold as special cases of Theorem 2.4 and Corollary
2.5 by rewriting

))1+'r

G =a @ (3g) L h@ = 20

)=z x>0

az(x))P az(z) \?
oyt = (@) (ﬁ@) »
and taking in Theorem 2.4 F (z) = x, m = 2.

Theorem 6 in [5] deals with log-convex (log-concave) functions that means a
function f for which log f is convex (concave). The results there follow from

x)=2aP, x>0,
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Theorem 2.4 for F' (z) = x, m = 2 and the convex (concave) function f; (z) =

logf .

In the next comments we deal with subadditive/superadditive functionals re-
lated to the Minkowski and Hélder inequalities. Although the results may be
obtained by a direct and simple way it is interesting to see how they are special
cases of Theorem 2.4.

In [2] the functions

1 1\P
Gl,m—1<x1;"' ,xm): <:L'f++l';;]l)

and
1 1\ P
Gl,mfl (xla T 7$m> - (wle + -+ wm$£1> )
m
i, w; > 0, 1=1,---,m, sz‘zl
i=1
are dealt with. Here we add conditions on a;, ¢ = 1,--- ,m, and get comments

(i) and (ii):

Comment (i). Let p > 1 be a real number and f be the real function
defined by

f(m)z(l%—x%)p, x> 0.

Let fi = -+ = fin.1 = [. Let C be a convex cone in a linear space X, and
a; (t) : C — Ry be superadditive on C, i =1,--- ,m.
Then

1 1

Gt (a1 (1), am (1)) = (af )+ +am (t))p

is superadditive in ¢.
This result follows from Corollary 2.6a because f; are concave and f; and

gi(x) =xf; (2) = fi(x),i=1,--- ,m — 1 are increasing.

Comment (ii). Given functions f; as

Wit1 r r .
fi(x):(l—i——w) , x>0, i=2,...,m—1,
w;

fi(x) = (wy + ngr)l/r, x>0,

where w; >0, i=1,--- ,m, Y~ w;=1,7r<1r#0.
As shown in ([2]) the function Gy ,,—; for these special functions f;,i = 1,--- ,m
have the form
Grm-1(1, ..., Tm) = (Wi} + ...+ wpat )V,
which is exactly the power mean of order r of a sequence x = (x1,...,z,,) with

weights w = (wy, ..., wWy).
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Let C be a convex cone of a linear space X, a; : C — R, i =1,...,m be
superadditive functionals and the functions f;, and g; () = xf (%), A >0,
1=1,...,m—1, be increasing and concave. Therefore Corollary 2.6a holds, that

is, Gim_1(a1 (t), ... am (t)) = (wid} (t) + ...+ wyal, (1)) is superadditive.

Comment (iii). Let C be a convex cone in a linear space X, and a; (t) :
C — Ryt =1, --- ,m be superadditive functional on C. Let also p; > 0, i =

m 1
L m, Y, i_ = 1. Then H = il;llaf (t) is superadditive on C.

Comment (iv). Let C be a convex cone in a linear space X, a; (t) : C —
Ry,i=1,---,m — 1 be superadditive functionals on C and a,, (t) : C — R, be
subadditive. Let p; < 0,i=1,--- ,m—1,p, > 1, >, z% = 1.

Then H = 1:[1@? (t) is subadditive on C.

Asin [1, 2, 3] it can be verified that
1 =\ a1
q
m 1 as [ as Ay ) Tt \ 2
Ha =a; | = —--- ,
=1 ap \ az Gm—1
where
izl_L, Lzl__ql“'qiflj i=2---,m-—1,
q1 p1 1(11' Pi . i
o —_ N t _ ) —_ PR —_
QG2 Gm-1 =Dm g = L= 21y =1 m—1L

1
It is easy to see that when p; > 0,i=1,---,m, > ", :z% =1,q4>1, fi(r)=2x9%u,
x>0,i=1,--- ,;m—1 are concave increasing and so are g; () = x f; (%) ,A>0,
and Corollary 2.6a) holds, and therefore Comment (iii) holds too.

1
In Comment (iv) it is easy to see that % > 1, fi(x) =x%, x> 0, are convex
increasing and g¢;, ¢ = 1,--- ,m — 1 are decreasing and Corollary 2.6b) holds and

therefore Comment (iv) holds too.
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