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Abstract

In this paper among the other things, we give some sufficient and necessary conditions for an
element of L2 (K) to be a Parseval admissible vector, where K is a locally compact hypergroup.
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1 Introduction and preliminaries

Locally compact hypergroups, as extensions of locally compact groups, were introduced in a series
of papers by C. F. Dunkl [2], R. I. Jewett [5] and R. Spector [8] (see also [9]). Roughly speaking, a
hypergroup is a locally compact Hausdorff space with a convolution and involution such that the
space of its regular measures is an associative Banach algebra. Examples include locally compact
groups, double coset spaces, polynomial hypergroups, and orbit spaces (for more examples see [1]).
In the last decade, the theory of frame and wavelet has been extended in harmonic analysis on
locally compact groups. In [11], we have initiated the study of admissible vectors on some function
spaces related to hypergroups and we have generalized basic properties of coorbit spaces.

In this paper, by a version of Wiener’s theorem which was proved in [10], we give a character-
ization of admissible vectors related to the left regular representation of hypergroups, and extend
the main results of [6].

Let K be a locally compact Hausdorff space. We denote by M(K) the space of all regular
complex Borel measures on K, by C.(K) the set of all compact supported complex-valued continuous
functions on K, and by 0, the Dirac measure at € K. The support of a measure u € M(K) is
denoted by supp(u).

In this paper, we assume that K is a commutative locally compact hypergroup (or simply a
hypergroup) together with a convolution (u,v) — p* v from M(K) x M(K) into M(K), an
involution x — = from K onto K, and the identity element e. Also, we assume that m is a Haar
measure for K. For definition and basic properties of hypergroups see [5] and [1].

For each complex-valued Borel function f on K, p € M(K) and z,y € K we denote

flawy) = /K fd(G, 6, and  (ux f)(x) = /K -« 2)du(y).

A non-zero complex-valued bounded continuous function £ on a commutative hypergroup K is

called a character if for all z,y € K, {(zxy) = £(x)&(y) and £(x~) = &(x). The set of all characters
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of K equipped with the uniform convergence topology on compact subsets of K, is denoted by K
and is called dual of K. If K with the complex conjugation as involution and poinwise product, i.e.

E@)n(z) = / X@)d(Ee % 6,)(x),  (x € K and £, € K),

as convolution is a hypergroup, then K is called a strong hypergroup. In spite of the group case,

in general, K is not necessarily a strong hypergroup. In the case that the second dual of K, K , is
also a hypergroup, K is called Pontryagin hypergroup. If K is a Pontryagin hypergroup, then we

have K 2 K [1, Theorem 2.4.3].

For each 1 < p < oo, we denote the Lebesgue space LP(K,m) by LP(K), where m is the (left)
Haar measure. By the Levitan Theorem [1], there exists a unique non-negative measure 7 for K
(called Plancherel measure) such that for each f € L'(K,m) N L2(K,m), [, |f|*dm = [ |f|2dm,
where

)= /K f@E@dm(z), (€ € K)

is the Fourier transform of f. The mapping f — f can be extended to an isometric isomorphism
from L2(K,m) onto L2(K, ).

For each 1 < p < oo, we denote LP(K) := LP(K,7), where 7 is the Plancherel measure on
K associated with the (left) Haar measure m. If K is a strong hypergroup, then the Plancherel
measure 7 is a Haar measure on K and supp(m) = K 1, 2.4.3].

For every k € L'(K), the inverse Fourier transform k of k is defined by

(2) = /K §@k©)dr(E), (z € K).

Let H be a normal subhypergroup of K. Then, K/H := {z*H : © € K} equipped with quotient
topology is a locally compact space. In general, K/H is not a hypergroup. For giving a reasonable
convolution on K/H, the mappings

(6, % 6,)(f) == /Kf(z*H)d((Sx £6,)(2)  (my €K, feC(K/H)), (1.1)

must be well-defined, i.e., independent of the representatives x and y of the cosets x «* H and y* H.
In this case, the mapping 1.1 can be extended to a convolution on M(K/H), and K/H is called a
quotient hypergroup; for details see [12]. By [12, Proposition 1.8], if a normal subhypergroup H of
K is of compact type, then K/H is a quotient hypergroup.

A closed subhypergroup H of K is called a Weil subhypergroup if Ty : f — Ty f defined by
(T f)(x*H) = [, f(xxt)dt, (ze K)isa well-defined linear mapping from C.(K) into C.(K/H).
Let H be a Well subhypcrgroup of K such that K/H is a quotient hypergroup. By [4, Proposition
1], if K/H admits a Haar measure, then the Weil’s formula

/Kf(z)dz:/K/H/Hf(x*t)dtd(x*H),

holds. Also, by [12, Proposition 1.8 and Theorem 2.3], if H is a normal compact subhypergroup of
K, then the Weil’s formula holds.
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2 Main results

Definition 2.1. A complex valued function f on K is called a trigonometric polynomial if for some
a1y.--,0, € Cand &,...,&, € K we have f = Z?:l a;&;. The set of all trigonometric functions
on K is denoted by Trig(K).

By [1], Trig(K) is dense in L?(K).
Definition 2.2. If H is a subhypergroup of a hypergroup K, then
HY :={¢e K:&(x)=1forall z c H}
is called the annihilator of H in K.

If K is a commutative hypergroup, then H L is closed in K , and if K is a strong hypergroup,
then H+ is a subhypergroup of K (see [1, 2.2.45]).

Lemma 2.3. If K is a strong commutative hypergroup and H is a compact subhypergroup of K,
then K/H is a hypergroup and K/H = H*. In addition, H is strong, K/HL = ﬁ, and H has a
left Haar measure.

Proof. See [1, 2.4.8, 2.4.10, 2.4.16 and 2.4.3]. Q.E.D.

In the sequel, we assume that K is a compact Pontryagin commutative hypergroup and H is a
compact subhypergroup of K.
If fe L?(K) and x € K, we put 7,.f(y) := f(z~ *y), where y € K.

Remark 2.4. For each z € K, f € L*(K) and ¢ € K we have 7;\f(§) = f(&)&(x).

Definition 2.5. For each ¢ € L?(K) we denote A, := linear span {7,¢ : € K}, and ||.||>—closure
of A, is denoted by V,,. In this definition, if the elements x are considered from a subhypergroup
H of K, then V,, would be correspondent to H.

Definition 2.6. Let ¢ € L*(K). We denote by L*(H,w,) the space of all functions r : H — C
with [z |r(&)]*we(€)dé < oo, where

= D 2dn.
wpl) = [ lote )
In this case, the mapping
o= ([ rOPu©d) (e 22 w,)

is a norm on L2(H,w,).
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Remark 2.7. Under above notations, we have w, € LY(H). In fact,
[ twetolds = [ [ ot mpanas
< / / |@12(&€ xn)dnd¢  (by Holder inequality)
aJHL
= / / |Q12(€ xn)dnd(€* HY) (by Lemma 2.3)
K/H+ JHL
= [ Iot©)de = 1018 = llo1} < oo.

Lemma 2.8. Let ¢ € L>(K). Then, f € A, if and only if for some r € Trig(K), F(&) =r(©)@(E)
(¢ € K).

Proof. Let f € A,. Then, there are y1,...,y, € H and ay,...,a, € C such that

Zaﬂyw Zazgo *x .

So by [5, 5.1D],

- ZT@/) / P2 ()
—Zazg yi)p(§) = @(r (),

where 7(&) := 31, a;£(y:), and so r € Trlg(K)

Conversely, let for some 7 € Trig(K), f(£) = r(€)@(€) (€ € K). Then, there are y1,...,yn € K
and ay,...,a, € Csuchthatr = Y7 | a;&(y;). Foreachi=1,...,nweput M; := [ [x(v;)]2dm(x).
So by [13], 0 < M; < oo and for each y € K,

| cwEtmante) =
K 0 if y # yi.
Then, for each y € K,

- /K Er©dn(©) = a / EWEGAT(E) = 3 aiMixgy,

i=1 K i=1
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where x4 is the characteristic function on a set A.
So,

f(2) = (7 o)) = /K )y~ * 2)dm(y)
= e [ vty +a)dm(y)

— ZaiMigo(y; *x)m({yi})

= biry.p@),
=1

where b; := a;M;m({y;}). Hence, f € A,. Q.E.D.

Remark 2.9. In the following result, we put the condition of boundedness on the dual hypergroup
K. In fact, there are several classes of hypergroups satisfying this condition. For example, for
every character £ of the compact countable hypergroup Z* , introduced by C. F. Dunkl and C. E.
Ramirez [3], we have |£] <1 (see [3, 3.6 and 3.7]).

Lemma 2.10. Let K be bounded (i.e. there is a constant number M > 0 such that for all { € K,
€] < M), and ¢ € L*(K). Then, Trig(K) C L?(H,w,).

Proof. The proof is similar to the Remark 2.7. Q.E.D.
Here, we recall the following theorem from [10].

Theorem 2.11. Let K be a locally compact commutative strong hypergroup with a Haar measure
m and associated Plancherel measure 7, ¢ > 0, and A := {Z?Zl Ai{zj,) :neNX € Czj e
K (j =1,...,n)}, where for each z € K and ¢ € K, (x,£) := £(z). If k€ L2(K, ) has a null
zeros set with respect to Plancherel measure 7, then for each ko € L2(K,7) there exists an element
1 € A such that ||ky — ¥ki|2 < e.

Corollary 2.12. Let ¢ € L2(K), and ¢ # 0 a.e. on K. f € V., if and only if F(€) = r(©)p(¢) for
some 7 € L2(H,w,).

Proof. The proof follows from Theorem 2.11 and Lemma 2.8. Q.E.D.

Example 2.13. Let Z% be the one-point compactification of Z = {0,1,2,...}, and p be a prime
number. A convolution, with oo as the identity, is defined on M (Z7 ) by:

§min(n,m) n 7é m
O * 0y 1=
m * On p—25 © 1s _
p—19n + Zk:1 pF Ok4n T =T,
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where m,n € Z,. Then, Z? is a Hermitian hypergroup. This compact countable hyprgroup was
introduced by Dunkl and Ramirez [3]. A Haar measure on Z? is given by

G)(1—3) k=0,1,2,..
m({k}) :=
0 k = oo.
Also, we have ii ={xn:n=0,1,2,...}, where
1 m>n or m= o0
Xn(m) = p:ll m=n-—1

0 m<n-—2.

Actually, 21 = 7. is again a Hermitian hypergroup, with xo = 1 as the identity, and the convolu-
tion defined by

Xmaz(n,m) n 7£ m, n, m € Z+

-1 _ _
m(so + Zzzl pE=n8, + %(5” n=m, ne€ZZ;.

The Plancherel measure on 21 is given by

(o)) =4 U

For more details see [3]. We have ( ) = {x0}-
Let K =H =77 and ¢ € L*(Z ) Then,

we(€) =/{ }|¢I2(§*n)dn = [gPOr({xo}) = 16P(©),  (€€Z3).

Since 21 is discrete, ¢ # 0 a.e. on 21 if and only if ¢(€) # 0 for all € € Zi So, if for all
n € Zy,

Z@ Xn {k})
_ —go(n—l) 1 1
- (p) +Zs0 "1 S 70

then, by Corollary 2.12, f € V,, if and only if f({) =7(£)p(€) for some r € L*(Zy, |$)?).
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Definition 2.14. The mapping 7 : M(K) — B(L?(K)) defined by 7(u)(f) := p * f, where f €
L?(K) and pu € M(K), is a representation of the hypergroup K called left regular representation.

Proposition 2.15. Let ¢ € L*(K). The set {T,¢ : © € K} is an orthogonal system in L*(K) if
|p| =1 a.e. on K.

Proof. For each x,y € K we have
<7-x§0a7y§0> = <@77{y—§\0> (by [1, 2.2.20])
- | Fom:

- / HOFDPOE () de

= [ Iperea e

Now, let || =1 a.e. on K. Then, by above relation and orthogonality of the elements of K = K
[13], {7z : € K} is an orthogonal system. Q.E.D.

Definition 2.16. Let K be a hypergroup with a (left) Haar measure m, H be a subhypergroup
of K, 7 : M(K) — B(H,) be a representation of K on a Hilbert space H,, and V C H,. A
vector hg € H is called a (7, V) —admissible vector with respect to H if there are constant numbers
A, B > 0 such that for every h € V,

AL < [ (s o), ) Pdmae) < B
where my is a left Haar measure on H and 7, := 7(0;).
If A= B =1, hyg is called Parseval admissible.
Definition 2.17. Let K be a hypergroup. The center of K is defined by
Z(K):={x € K : 03 % 0y— = 8¢ = 0~ * 0z}

In fact, Z(K) is the maximal subgroup of K, and was defined in [2, 1.6] by Dunkl and named
maximal subgroup in an equivalent definition in [5, 10.4] by Jewett (see [5, 10.4B] and [7]).

Remark 2.18. In particular, if H := {z}}}_, is a subhypergroup of K and H C Z(K), then
ho € H, is a m—admissible vector with respect to H if and only if there exist constant numbers
A, B > 0 such that for every h € H,

ARIP <Y [{ma, (ho), W) < BA|1%,
k=1

since in this case my is the counting measure.

Theorem 2.19. A function ¢ € L?*(K) is a Parseval (1, V,,)-admissible vector if and only if
$ = xq, a.e. on K, where Q, = supp(p).
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Proof. Let ¢ € L*(K) and f € V,,. By Corollary 2.12, there is r € L*(K,w,) such that f = r¢.
Then, for each x € K we have

I
3
&
7%
—~
&

U
7

where F(&) == [4(§)[*r(€). So

[ Vo P dmia) = [ 1F@P am@) = [ [POP &= [ @RI ds

Also, we have
1712 = 17112 = / FO de = / (€)1 6(6) 2 de.

Then, by Definition 2.16, ¢ is a Parseval (7, V,,)-admissible vector if and only if

[ ORI (19O - 1) ds =0,

and this holds if and only if ¢ = xq_, a.e. on K. For this, one can put r = xr where L := {{ €
Qo [P >1}or L:={£€Q,:|p(&)]* <1} Q.E.D.
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