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Abstract

In 1932 R. P. Agnew present a definition for Deferred Cesaro mean. Using this definition R.
P. Agnew present inclusion theorems for the deferred and none Deferred Cesaro means. This
paper is part 2 of a series of papers that present extensions to the notion of double Deferred
Cesaro means. Similar to part 1 this paper uses this definition and the notion of regularity
for four dimensional matrices, to present extensions and variations of the inclusion theorems
presented by R. P. Agnew in [2].
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1 Introduction

This paper is part 2 of a series of papers characterization the inclusion between Cesaro means and
double Deferred Cesaro means. In part 1[11] we presented the notion of double Deferred Cesaro
means which is a multi-dimensional analog and Agnew’s Deferred Cesaro means in [2]. Using this
notions and as series of basic results in [11], this paper present a series of inclusion theorems similar
to the following: The double Cesdro mean includes Dy, —1.q,, n—1,p, be a Deferred Cesaro mean with
Qm =M, Pp =N;M # Q1,Qs, ... and n # By, Ba, ... with

qo; :O[i+1—1;7::1,2,3,...,0ém

and
Pp; :5j+1_1;j+172737"'7ﬁn

where {qq, } and {pg,} are increasing single dimensional sequences of integers such that cu,, > m
and B, > n.

2 Definitions, notations and preliminary results

The definitions, notations, and preliminary results are similar to those in Part 1 [11] which are
restated here for the purpose of completeness.

Definition 2.1 (Pringsheim, 1900). A double sequence z = {zy,;} has a Pringsheim limit
L (denoted by P-lima = L) provided that, given an € > 0 there exists an N € N such that
|zr; — L| < € whenever k,l > N. Such an {z} is described more briefly as “P-convergent”.

Thbilisi Mathematical Journal 9(2) (2016), pp. 15-23.
Thilisi Centre for Mathematical Sciences.

Received by the editors: 14 March 2016.
Accepted for publication: 07 May 2016.



16 R. F. Patterson, F. Nuray, M. Basarir

Definition 2.2 (Patterson, 2000). A double sequence {y} is a double subsequence of {z} pro-
vided that there exist increasing index sequences {n;} and {k;} such that, if {x;} = {xn, x,}, then
{y} is formed by

1 T2 Ts T10

T4 T3 Te —

Tg Xy L7  —

In [13] Robison presented the following notion of conservative four-dimensional matrix transfor-
mation and a Silverman-Toeplitz type characterization of such notion.

Definition 2.3. The four-dimensional matrix A is said to be RH-regular if it maps every bounded
P-convergent sequence into a P-convergent sequence with the same P-limit.

The assumption of bounded was added because a double sequence which is P-convergent is not
necessarily bounded. Along these same lines, Robison and Hamilton presented a Silverman-Toeplitz
type multidimensional characterization of regularity in [3] and [13].

Theorem 2.4. (Hamilton [3], Robison [13]) The four-dimensional matrix A is RH-regular if and
only if

RHy: P-limy, p Gy i = 0 for each k£ and [;

RH,: P-limm’n Z?Iﬁ%,() Amyn k] = 1;

RHjy: P-limy, 0 Y 5o g |@m,n,k,1| = 0 for each I

RHy: P-limy, 5, Y120 [@mon k| = 0 for each k;

RHs: Z?[i%}o |@m.n k1| is P-convergent;

RHg: there exist finite positive integers A and I' such that
Z A>T Iam,n,k,l| < A.

The main goals of this paper includes the comparison of double Cesaro mean transformation

1 .
= if k <m and [ <n
(C,1, Dot o= { 0, if  otherwise

with the double Deferred Cesaro mean

gt if B <k <y and p, <1< gy
Db ;_{ @B @ LB S Om 804 Pn <ES o,

0, if otherwise

where [pn] [qn] [am], and [By,] are sequences of nonnegative integers satisfying

m < Bm, and p, < g, for myn=1,2...; (1.1)

and
lim 8,, = +o00, and limg, = +oc. (1.2)

Using these four dimensional transformations we shall present a catalog of inclusion theorems such
as the following. The four dimensional summability method M include Dy, o, q..3, where p, and
qn for almost all n is a give non-negative integer p if and only if o, and B, are almost all positive
integers.
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3 Main results

Theorem 3.1. The Double Cesaro transformation includes every Double Deferred Cesaro mean
of the form Dy, ,.4,.3, for which a,, and 3,, contains almost all positive integers.

Proof. Let [x),] be summable by D, o, 4.3, (say to L) such that P—lim,, ,, D, , = L and choose
two integers K and L large such that [p,,] and [g,] contains all integers greater than K and L,
respectively. Thus let i1 =49 =i3=---=ix =1 and j; = jo = j3 =--- = jr = 1 and determine
for m > K and n > L index i,, and j, is such that p; = m and ¢;, = n. Since lim,, i, = +00
and lim,, j, = 400, it follows

P-lmD,,,=Land P—-1limD; ; =L.

m,n m,n
Therefore [z] is summable by Dy, m.g,.n t0 L. The result follows from Lemma 3.3 of [11]. q.e.p.

Theorem 3.2. The Double Cesaro transformation fails to contain includes Dy, ., 4.8, if there
exists an Pringsheim increasing sequence double sequence [y ] of integers whose elements belong
to neither [p,] nor [g,].

Proof. Let us consider the following

M _ Oa if (m7n) 7£ (amaﬂn); m,n = 172333 cee
mn Tmn, 1 (Mm,n) = (am,Bn); mn=1,2,3,...

)

where [7] is a P-divergent double sequence. Let [sy, ] be double sequence that is mapped by M
into M. Condition 3.2, pn, # o, and ¢, # B, asure us that Dy, o, 4..3, sum [z] to zero. Since
M fails to sum [z]. Q.E.D.

The following theorem follows from Theorem 3.1 and 3.2.

Theorem 3.3. The four dimensional summability method M include D, q, 4.3, Where p, and
qn for almost all n is a give non-negative integer p if and only if «,, and ,, are almost all positive
integers.

Theorem 3.4. The four dimensional summability method M include Dy,—1,q,, n—1,3, Where g, —m
and p, — n both increases monotonically with m and n, respectively if and only if ¢,, — m and
Pn — n both are both bounded.

Proof. To establish to sufficiency part not that g,, —m and p,, — n must have a limit, say a and
B, respectively and that ¢,, — m = « and p,, — n = g for almost all m and n. Thus {¢,,} and {p,}
contains almost all positive integers and Theorem 3.1 grants us the results.

To established the necessary part, suppose ¢, — m and p, — n increases monotonically with
m and n are both unbounded. The goal now is to show that the set of double sequences that are
double Cesaro summable are not summable by the double Deferred Cesaro mean. Let m; =n; =1
and mo and ng are the smallest integers such that

Gm — M > @, —m1 and p, —n > pp, — N1
Then choose m3 and ng to be the smallest integers m and n such that

Gm — M > Gm, — Mo and p, — N > Py, — Na.
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Thus having chosen
mp <mg < -+ <My and ng <ng <--- < ng.

We then choose mq+1 and ng4;1 to be the smallest integers such that
Gm — M > Gm, — Mo and p, —n > pp, — ng.
We than define a double sequence {sj;} as follows:

6 = d dmiPngs if k= gm; and I =pp;;1,5 =1,2,3,...
kit = ki, if Kk # qm, and/or | # py 54,5 =1,2,3,...

Note Dy, , maps {sj;} into 1. for all (m,n). Thus {sg;} is D-summable to 1. Also {sy} is not

M-summable, since P—1limy % # 0. Thus the double Cesaro mean is contained in the double
Deferred Cesaro mean. Q.E.D.
Theorem 3.5. Let Dy,—1,4,,,n—1,p, be a Deferred Cesaro mean with ¢, = m, p, = n;m #

ay,as,...and n # B, Be, ... with
qo; :Oéi+171;7::1,2,3,...,0ém

and
ij :/6_7'-{-1 - 1;.]""17273’---7/8'”

where {qo,} and {pg,} are increasing single dimensional sequences of integers such that a,, > m
and 3, > n. Then D is included in M if and only if 4= and 2= are bounded for all m and n.

Proof. Note Dy,—1 mn—1n is the identity transformation. Let us consider the ordered pair (m,n)
and observe that for each pair (m,n), let

i =1, and j = j,

be such that a; < m < a;11 and 8; <n < B;. Let {s;,»} be a given double sequence and consider
the transformation

$11 + S12 + S13 + -+ Sia
1 So1 + S22 + S23 + - +  San

Sm,1 + Sm,2 + Sm,3 + -+ Sm,n
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Using the definition of double Deferred Cesaro mean we obtain the following

511 4+ s+ $1.8—1 $1,8; + -+ S1,8;41—1
s21. 0+ S281 s21.  + o F 82,81
. . . . + - + . . . .
L San—1,1 + T Sai-18-1 J L Sau—1,8; + t Sa1-1,841-1 J
Say,1 + + Say,p1—1 Sa1,B; + + Sai,Bj41—1
Sa 41,1 + +  Sai+1,8-1 Sa+1,1 + + Sai+1,6-1
. . . + - + . . .
L Sas—1,1 + o+ Sas-1,6-1 i | Sas—1,8; + 1 Saz—1,841-1 i
Sas,1 + e+ Sag,p1—1 Sas,B; + + Sag,Bj4+1—1
Sag+1,1 T 0t Sas41,8-1 Sas+1,1  + + Saz+1,81—1
. ) .. + _ -
| Saz—1,1 T 0+ Saz—1,8-1 | | Sas—1,8; + o Saz—1,8j41—1 |
Sa;,1 + o+ Sa;,B1—1 Sa;, By + ot Sai,Bip1—1
Sqi1,1 + 0+ Sa41,8-1 Sa;+1,1 ot Sai41,6-1
. . . + -+ . .
Saipr—1,1 F o Sai-1,8-1 Soaipr—1,8; T T Sai-1811-1
Let us denote the above sum by €, , and the sum below by A, ,
S1,n+1 + + 51,8j41—1
82, n+1 + + 52,8;11—1
+ +
Sm,n+1 + + sm,ﬂj_;.l*l
Sm+1,1 + -+ Sm+1,n+1 + Sm+1,n+1 + + Sm+1,8j41—1
Sm+21  + -+ Smi42nt+l  + Smi2n+1 T + Sm+2,8;41-1
s()éi+171,1 + e + Sai+171,n+1 + Sai+171,n+1 + e + sai+171,6j+171
Therefore M, , = %(an — Ayyn). It is important to observe that if m = a;41 — 1 and/or

n = Bj+1 — 1 then the terms in A,, ,, will not exist that is if m = a;41 — 1 and/or n = 5,41 — 1
then the terms in the rows and/or columns will not exists. Let us also denote the following sum by




20 R. F. Patterson, F. Nuray, M. Basarir

Qm,n
il 5)11 1 5k,1 + a1(B2—p51) Do .1 + + a1(Bjr1— /BJ)DO
(a2— 041),31 D, + (a2 — (11)(52 51)D1 .+ + (o2 — 041)(/33+1 B])D 1
(as mO;lz)ﬁl D2 0 + (a3 — aizngQ Bl)D 21 + + (az— a2jﬂ€bﬁg+1 ﬁJ)D
+ + + + + + +
+ + + + + + +
(OéH»l";séi)ﬁl Do + (aHli%%ﬁziﬂl)Di,l + e (oviq1— Oéf,y)L(le ﬁJ)D
and also denote the following sum by A, ,
D1t + + Dig; -1
Do i1 + + D2g, 1
: + + :
Dm,n—i—l + + DnL,,BjJrl—l
Dpy1p + -+ +  Dpgin  +  Dpginsr  + +  Dmt1,84,-1
Dm+271 + -+ Dm+2,n + Dm+2,n+1 + + Dm+2,5_7~+171
Doc13+1—1,1 + -+ Dai+1—1,n + Dai+1—1,n+1 T Da,y+1—1,,8j+1—1

Then we can now rewrite M, , in the following manner Qm n— %Am n- The relation Qmm —
LA, » hold for each (m,n) and defines a four-dimensional transformation of the form

mn
00,00
Om,n = § Am,n,k,1Sk,l

k=11

which carries Dy, ,, into My, ,,. This transformation clearly satisfies RH; and RH,. This transfor-
mation satisfies RHy and RHy only if 221="=2 44 28i21=1=2 416 bounded respectively for each
(m,n), which is equivalent to % and % are bounded, which is also equivalent to the bound-

edness of = and 2= for each (m,n). Condition RHs and RHs hold only when both W
2,3]‘4_1777,72

and are bounded, and as above the is equivalent to boundedness of = and 2= for each
(m,n). Since D is a factorable four-dimensional summability matrix the main theorem in [1] assure
us that it has an inverse. Thus the result follows for the Robison-Hamilton characterization of
regularity. Q.E.D.

Theorem 3.6. The double Cesdro mean includes D,,, 1
Qm =M, Pp, =N;M F# Q1,Qs,... and n # B, Ba, ... with

n—1,p, b€ a Deferred Cesaro mean with

sdms

Qos = Qg1 — 1;i=1,2,3,...,ap,
and
pg; = Bj+1— L +1,2,3,..., 8,

where {qo, } and {pg,} are increasing single dimensional sequences of integers such that a,, > m
and 8, > n.
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Proof. Observe that for each pair (m,n), let
i =1y, and j = j,

be such that h; <m < h;y1 and t; <n < t;11. Let {s;, ] be a given double sequence and consider
the following four dimensional Cesaro transformation

$11 + S12 + s13 + -+ Ssia

1 So1 + S22 + S23 4+ - +  San
mn . . . . . .

Sm,1 + Sm2 + Sm3 + - + Smn

Using the definition of double Deferred Cesaro mean we can rewrite mnM,, , using the following,
respectively, Al Ai-l Aﬁ;% ooy AQ, o and Ko, where Ky, 5, is

m,n’ “tm,n>

81,1 + 81,2 + + 81,85 —1
82,1 + 82,2 + + 82,85—1
+ + + :
S6a-11 T Sga-12 + +  58a-1,85-1

with A and § are 2 or 1 depending on weather o and/ or 3 are odd or even, and the A’s are define
below, respectively

Sm,n + Sm,n—1 + + sm,tj+1
Sm—1,n + Sm—1,n—1 + + Smfl,thrl
. . . b
+ + +
Sh;+1,n  t+  Shi+in—1 T+ + Shit1,t+1
Sm,t; + + Smyt;
sm—l,tj + + sm—l,t]‘_l
+ +
Shli4+1,t; + + Shit1,t 4 s
Shi,n T Shin-1 + o+ Sl + Sa,t; + + Shiti—a
+ : + -+ : : + +
Shi—ym T Shi_ym-1 + o+ Shi_1,t;+1 + Shi_1,t; + + Shi_1,tj1
Snb,tj,l—l + + Sm,tj,g-‘rl
: + +
Shi_1—1m + Sh;_y—1n—1 + -+ + Shi_1—1,t;+1 + Shi_1—1.; + + Shi_1—1,tj_2+1 >
+ : + - + : : : + +
Shi_a+1,n + Shi_olm—1 + o0+ Shi_a+1,t;+1 + Shi_a+1,t; + + Shi_o+1,t;_2+1
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Smyt;_o + + Sm,t; _a+1
: + +
Shi_a,n + Shi_g,n—1 + o+ Shi_a,tj+1 + Shi_a,tj_2 + + Shi_a,tj_3+1
+ : + - 4+ : : : + +
Shi_s+1,n + Shi_s+1,n—1 R Shi_z+1,t;+1 + Shi_z+1,t;_» + + Shi_s+1,t;_3+1
Sm,t5+172 + + Sm,tg
+ +
Shat1,n + Shat1,n—1 + o F Shati,tpy1—1 + Shati,tpy1—2 + + Shat1,ts
+ : + -+ + +
Sho+ln T Sho+ln-1 + o+ Sho4ltgy—1 + Shotltsi—2 T + Sho+1,ts
It is clear that )
i i—1 i—2
My =—[AL,  + AL+ AL o 4 AS L+ K -
mn
. . .. . . Koom
Now using the above identities we can rewrite our equation as follow 75, », = My, p — prom and the

D’s grants us the following:

Dm,n + Dm,nfl + -+ Dm,ﬁ_7~+1
1 Dyin + Dpoin— + -+ + Dm—l,ﬁj+1
Tm,n = . . . . . .
mn : : : Do :
DO¢1‘+1,’I’L + Dozﬁ—l,n—l + -+ ‘DOéi"rl,,Bj“l‘l

(ai—oi1+1)(Bi+1-n) + (ai—oi1+1)(Bi—Bi—+1-n)

mn a;i,n mn ai_1,85-1

+ (oe,v,—m+1)([3j—n+1)D

mn m,fB;

+ (asy1—m+1)(Bat1—Ba+1) D (asy1—as+1)(Bat1—Ba+1) D

mn m,Bs + mn as,Ba
—as+1)(Bat1—Ba+1)
+ (asp1—as 7)nnA+1 N Da(;,n

Since the above equalities define four dimensional RH-regular transformation from {D,,,} to
{T)n} we are granted the if the double sequence {D,, ,} convergence to L in the Pringsheim
sense then {7}, ,} convergence to L in the Pringsheim sense and since the double sequence {K,, ,, }
is bounded then {M,, ,} convergence to L in the Pringsheim sense. Thus double Cesaro means
includes double Deferred Cesaro means. The completes the proof.

Q.E.D.
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