Weighted composition operators from Nevanlinna type
spaces to weighted Bloch type spaces
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Abstract

In this paper, we characterize metrically compact weighted composition operators from Nevan-
linna type spaces to weighted Bloch type spaces.
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1 Introduction

Let D be the open unit disk in the complex plane C, H(D) the space of all analytic functions on D,
T the boundary of D and do denote the normalized Lebesgue measure on T. The Nevanlinna class
N is defined as the set of all holomorphic functions f on D such that

sup / log(1 + |£(rO)]) do(C) < oo.

0<r<1

It is well-known fact that every holomorphic function f in the class N has a finite non-tangential
limit, denoted by f*, almost everywhere on T.

For each 1 < p < o0, the Nevanlinna type space NP is a subspace of the Nevanlinna class N
defined as

Np:{feH(D) Nflle = sup ( / <log<1+|f<r<>|>>pda<<>)l/p<oo}.

0<r<1

NP is an F-space with respect to the translation-invariant metric dy»(f,g) = ||f — g||n». Moreover,
the subharmonicity of (log(1 + |f]))? implies that f € NP has the following growth estimation:

A7) flve

APy -

log(1+|f(2)]) <

for z € D. Thus the convergence in NP gives the uniform convergence on compact subsets of D.
For more informations on Nevanlinna type spaces, see [1, 2, 3, 5, 6, 14].

Let v be a continuous function (weight) on D such that v(z) = v(|z|) for every z € D and v is
normal, that is, there exist positive numbers 1 and 7, 0 < n < 7, and § € [0,1) such that

_vir) is decreasing on [d,1) and lim v = 0;
(L—=r)n r—1 (1 —r)"
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& is increasing on [d,1) and lim & =
(1 - T)T r—1 (1 — 1")7'
For such a weight v, the weighted Bloch-type space B, on D is the space of all holomorphic functions
f on D such that
supv(z)|f'(2)] < oo.
zeD

The little weighted Bloch-type space B, consists of all f € B, such that

lim v(2)|f'(z)| = 0.

|z]—1

Both spaces B, and B, are Banach spaces with the norm
1fls, = f(0)] + SEBV(Z)IJ”(Z)I,

and B, is a closed subspace of B,,. The compactness of a closed subset L C B, can be charac-
terized as follows.

Lemma 1.1. A closed set L in B, is compact if and only if it is bounded with respect to the
norm || - ||, and satisfies

lim supv(z)|f'(2)] = 0.
lz]=1 fer

This result for the case v(z) = (1 — |z|?) was proved by Madigan and Matheson [7]. By a
modification of their proof, we can prove the above lemma. Lemma 1.1 is a very useful tool in the
study of the compactness of linear operators, when the range space is B, o(see [7, 8, 9, 10], etc).

Let 9 € H(D) and ¢ a holomorphic self-map of D, the weighted composition operator W .,
is a linear operator on H(ID) defined by Wy ,f = ¢ - foy for f € H(D). It is of interest to
provide function-theoretic characterizations involving 1 and ¢ of boundedness and compactness of
Wy, acting between different function spaces. Given two linear topological vector spaces X and
Y, a linear operator T' : X — Y is metrically bounded if there exists a constant C' > 0 such that
dy (Tf,0) < Cdx(f,0) for f € X. In general, the boundedness of T' and the metrical boundedness
of T' do not coincide. However, if X and Y are Banach spaces, then the metrical boundedness of
T coincides with the boundedness of T'. For more informations on the metrical boundedness, we
can refer to papers [2, 3]. Also recall that a linear operator T : X — Y is bounded with respect to
metric balls if it takes every metric ball in X into a metric ball in Y. Since a metric ball is also a
bounded set, so boundedness with respect to metric balls also coincides with metrical boundedness,
if X and Y are Banach spaces. For the compactness of linear operators, for example, composition
operators or weighted composition operators on these spaces, we use the metrical compactness.
Namely, T : X — Y is metrically compact if it takes every metric ball in X into a relatively
compact subset in Y. These operators on Nevanlinna type spaces have been studied by several
authors (see [1, 2, 3, 8, 9, 10, 11, 12, 13]). Motivated by their work, in this paper, we will give
characterizations for the boundedness with metric balls and the metrical compactness of Wy .
acting from Nevanlinna type spaces into weighted Bloch-type spaces.
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2 Boundedness and compactness

We first give sufficient conditions for W, , to be bounded with respect to metric balls.

Proposition 2.1. If ¢y € H(D) and ¢ a holomorphic self-map of D such that

v(2)[¥(2)¢' (2)| { ¢ }
sup exp < 00 (2.1)
zed 1 —p(2)]? (1= lp(2)[?)1/P
and
c
supv(z)[¢' (2 exp{}<oo 2.2
Sup ()19 (2)] (SEBBEE (2.2)
for every ¢ > 0, then Wy, , : NP — B, is bounded with respect to metric balls.
Proof. For z € D and ¢ € T, we have
L=z + (1= [2D)¢/217 > 1= (1 +]20)/4 > (1 = [2*) /4.
Thus by Cauchy’s integral formula and (1.1), we obtain that
2 AP f e
1—z2)|f < — 1-— 2)||d¢| <4 -_— 2.3
-2 [Ie+ a-lolia e {100 @)

for each z € D. Hence we have that

We,o flls, = [¥(0)f((0))] + sup v(2)[¢(2) f (0 (2)) + ¥ (2)¢" (2) ' (0(2))]

zeD
AP ||| v , 4P| f]|n
< oo { R |+ Ol { G

+ 4 sup
zed 1 —[p(2)]?

V@I () [ Al
P { (1—[p(z)]2)77 } '

Combining the above inequality and condition (2.1) and condition (2.2), we see that W, , takes
every metric ball in N? into a metric ball in B, namely Wy, : N? — B, is bounded with respect
to metric balls. Q.E.D.

Proposition 2.2. If ¢ € H(D) and ¢ a holomorphic self-map of D satisfying the conditions (2.1)
and (2.2) for every ¢ > 0, then Wy, , : NP — B, is bounded.

Proof. Suppose that conditions (2.1) and (2.2) hold, then proceeding as in the proof of Proposition
2.1, we see that Wy, ,(NP) C B,. Since N? is an F-space, hence by the closed graph theorem, we
have that Wy, , : NP — B, is also bounded. Q.E.D.

The main result of this paper, characterizes the metrical compactness of Wy, , : N — B,. In
fact, we prove that boundedness of Wy, , : NP — B, with respect to metric balls is equivalent to
metrically compactness of Wy, , : NP — B,,.

To prove the main result, we need the following lemma.
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Lemma 2.3. Suppose that ¢ € H(D) and ¢ a holomorphic self-map of D such that W, ,(N?) C
B,. Then Wy, : N? — B, is metrically compact if and only if for any sequence {f;} in N?

with sup || f;||n» < K and which converges to zero uniformly on compact subsets of D, {Wy, ., f;}
J
converges to zero in B, .

Proof. This is an extension of a well-known result on the compactness of weighted composition
operators on holomorphic function spaces. By (1.1), we see that any metrical bounded sequence
in NP form a normal family. Hence an argument by using the Montel theorem proves this lemma
proceeding on the same lines as the proof of Proposition 3.11 in [4]. Q.E.D.

Theorem 2.4. Let ¢» € H(D) and ¢ be a holomorphic self-map of D. Then the following conditions
are equivalent;

(i) Wy, : NP — B, is bounded with respect to metric balls,

(if) Wy, : NP — B, is metrically compact,

(iii) ¥ € By,
sup v (2)[$ ()¢ (2)] < oo, (2.4)
im v le { e =0 (2.5)
and
i @RS f e ]
ol 1) 7 { (1 |g0(z)|2)1/17} 0 (2.6)
for any ¢ > 0.

Proof. Since B, is a Banach space, so each bounded set is also in a metric ball in B,,. Hence the
metrical compactness of Wy, , from N? to B, gives the boundedness with respect to metric balls.
So implication (ii) = (i) holds.

Now we will prove (iii) = (ii). Assume that ¢ € B, and that the conditions (2.4), (2.5) and
(2.6) hold for every ¢ > 0. Let € > 0 be arbitrary. Then we can choose ry € (0,1) such that

<e€

sup v(2)'(2)] exp{

le(2)[>7o

(1- Iw(Z)IQ)l/”}

and
v YRR ¢
o 1—le)E P { (- I@(Z)Iz)l/”} =c

for any ¢ > 0. Choose a sequence {f;} in N? such that sup || f;||nv» < K and {f;} converges to zero
J

uniformly on compact subsets of D. Since ¢ € B, and (2.5) imply (2.2), and (2.4) and (2.6) imply
(2.1), so by Proposition 2.2, we see that Wy, ,(N?) C B,. The assumptions ¢ € B, and (2.4) also
imply that

sup  v(2)[Y'(2)|[f;(¢(2))] < supv(2)[Y)'(2)] - max |f;j(w)| =0
lp(2)|<ro z€D [w]|<ro
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and
sup  v(2)[(2)¢ (2)||f;(0(2)] < supv(2)|(2)¢(2)] - max |f(w)] — 0
lo(2)|<ro z€D |w|<ro
as j — oo. Therefore, we have

sup - v(2)|(Wyo ) (2)] = 0

le(2)|<ro
as j — 00. On the other hand, it follows from (1.1) and (2.3) that
4Ur K
(1- <P(Z)|2)1/”}

P { (- |¢<z>|2>1/p} =&

sup ()| (Wyof) ()| < sup u<z>|¢'<z>|exp{
lo(z)|>ro le(2)]>70

+4 sup
lo(z)>r0 1= lp(2)[?

Thus we see that
limsup |[Wy,, fills, <e.
J—00

Since € > 0 is arbitrary, we have that |[Wy o f;llz, — 0 as j — oo. Hence Lemma 2.3 shows that
Wy.o : NP — B, is metrically compact.

Finally we prove the implication (i) = (iii). By taking the constant function f(z) =1 in NP,
we have that ¢ € B,,. Again by taking f(z) = z in N? and using facts that |p(2)| < 1 and ¢ € B,,
we have that

sup v(2)[1h(2)¢' (2)| < oo.
zeD

Fix ¢ > 0 and put w = p(z). We define the following function

P N L e O G
fulv) = {3(1 —wv)? 2 (1 —ww)3 }exp {0{3(1 —w)? ? (1 —wv)? } } .

Then we can easily see that the family {f,,} forms a metric ball in N?. Also we have that
W 1 — |wl? 1— wl2)2) /P 1wl 1— lwl?)2

JEACORR i Pt U A6 S 3 S L S S U

p (1 —wv)? (1 —wv)3 1—wvp (1—aw)

Lo fwP (P2}
X 3 -2 .
e"p{c{ I—wv)? (1w
Since {Wy , fw} is a metric ball in B, there is a positive constant C' which is independent of
w = @(z) such that |Wy , fuwlls, < C. Thus by using the fact that f; (w) = 0, we obtain that

C > v(2)|(Wy,pfu) (2)]
_ @R E ¢
T I le@R P { (1- IsD(Z)|2)1/p} ’
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and so

v @)oo { e b < €= o)

Taking limit as |¢(z)| — 1 on both sides of the above inequality, we get (2.5). Again fix ¢ > 0, put
w = p(2) and consider the following function

1 — |wl? 1 — |wl2)2 1 — lwl? 1— lwl2)2) /P
o (0) = [wl” (= Jul) expdeds [w]” (= w) .
(I1-—wv)? (1—wv)3 (1 —wv)? (1 —wv)3
Then once again we can easily see that {h,,} forms a metric ball in N? and h,,(w) = 0. Also we
have that
/ o I—fw? (A w)? | Gef 1—fw]? (1 [w]?)?
i (V) P{G—MP ooyt [T 7" \0=w0)? (=0

x {3(1 —wl?) o1 = lw*)? }Hl/p { (1 — w2 (1= |wf?)? H

A—wv)? (1) I—av)?  (1—av)

- |wf? (1= |w?)2
X eXp{c{S(l—wv)2_2(1—wv)3} }

Therefore, we have that

o { )
exp .
(1= [wf?)? (1= lo(2)|2) />
Since {Wy, ,hy} is a metric ball in B, , there is a positive constant C' which is independent of
w = @(z) such that |Wy ohy||g, < C. Thus we obtain that

C 2 () W tu) (2)
_OREEIeE) c
el ere ot

v(2)[P(2)¢' (2)] exp{ c } < Ol —|p(x)]")
1—lp(2)? (1= lp(2)2)"/ o (2)]

Taking limit as [¢(z)| — 1 on both sides of the above inequality, we get (2.6). This completes the

proof. Q.E.D.

hioy (w) =

and so

Next we will investigate the compactness of operators Wy, , : N — B, .
Proposition 2.5. If ¢y € H(D) and ¢ a holomorphic self-map of D such that
c
lim v(2)]'(2)|exp {} =0 (2.7)
VOISR 7

|z|—1
 v(2)[$(2)¢ (2)] { c }
lim ex =0
e O R (P BIDE
for all ¢ > 0, then Wy, , : NP — B, o is bounded with respect to metric balls. Also we obtain that
Ww’w(Np) C By,(].

(2.8)
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Proof. Since Wy, , : NP — B, is bounded with respect to metric balls by Proposition 2.1, we only
need to prove that Wy, (L) C B, o for any metric balls L in N?. However, the inequalities (1.1)
and (2.3) show that

1/p »
VNWaio ) ) < e Gl esp { e

v(2)|¢'(2)] ox AP f v+
41 — Jp(2)]? P { (1- |<P(Z)|2)1/p}

which holds for each f € L. Thus the conditions (2.7) and (2.8) imply that
v(2)|{(Wy,of) (2)] = 0 as |z] — 1. This completes the proof. Q.E.D.

Theorem 2.6. Let » € H(D) and ¢ be a holomorphic self-map of D. Then the following conditions
are equivalent;

(i) Wy, : NP — B, is bounded with respect to metric balls,

(if) Wy, : NP — B, is bounded with respect to metric balls, ¥ € B, o
and lim;| 1 v(2)[¥(2)¢'(2)| = 0,

(i) Wy, : NP — B, o is metrically compact,
(vii) ¢ and ¢ satisfy the conditions (2.7) and (2.8).

Proof. The implication (iii) = (i) is obvious. Also we can easily see that (i) = (ii) are holds. In
fact, we may consider the function f(z) =1 in NP. Then ||f||n» = log2, and so f is in some metric
balls in NP. This shows that ¢ € B, . Again, consider the function f(z) = z in N?. Once again
| fllnr < log2, and so f is in some metric balls in N?. Thus using ¥ € B, o, we can shows that
limy .11 v((2)e ()] = 0.

To prove (ii) = (iv), we take a sequence {z;} in D with |z;| — 1 as j — co. Then

VR G

i S o )
i YN c
- i MRS e { (29

If sup;>q |¢(2;)| < 1, then the assumption ¢ € B, o implies that the right limit in the equation
(2.9) is equal to 0, and so we obtain the condition (2.7). If sup,~; [¢(z;)| = 1, then we can choose
a subsequence {z;, } C {z;} such that |p(z;, )] = 1 as k — oco. Since Wy, , : NP — B, is bounded
with respect to metric balls, by Theorem 2.4, ¥ and ¢ satisfy

@) ¢ B
W e @m{a—wwwﬂm}o (2.10)
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for any ¢ > 0. By (2.9) and (2.10) we have that

L vEREEE) ¢
B ()P p{<1|w<z>|2>1/p}

(Zak)W’(Zg)@I( i) ox c
= — lo(z,) 2 p{(l SD(ij)|2)1/p}
im su (2)] ex ¢ _
- \Iw(znﬁ TP 7 { (1- |g0(z)|2)1/17} 0-

( )(2)e
This implies that (2.7) holds. Similarly, we can show that (2.8) also holds.
Finally we will prove the implication (iv) = (iii). Take any metric ball Ly» in N?. Then there
is a constant K > 0 such that || f||ny» < K for any f € Ly». For any f € Ly» and z € D we have
that

1/p
VW) G < v Olesw { =i s |

VD) () [ 4K
T eGP e"p{l—ww}'

Combining this with (2.7) and (2.8), we obtain

lim  sup v(z)|(Wy,of) (2)] =0,
[2|=1 feLyp

+

and so Lemma 1.1 shows that Wy, ,(Ly») is compact in B, o for any metric ball Ly». This means
that Wy, , : NP — B, o is metrically compact. The proof is accomplished. Q.E.D.
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