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Abstract. The aim of this paper is to give the Schwartz kernel theorem for the space
of the tempered distributions on the Heisenberg group.
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1. Introduction

The Heisenberg group is the non-commutative Lie group. The harmonic
analysis on the Heisenberg group is studied by several mathematicians ([2],
3], [4], [6], [7], [8], [9], [12], [16], [17], [18] and so on).

The aim of this article is to give the Schwartz kernel theorem for the
tempered distributions on the Heisenberg group by means of the heat kernel
method on the Heisenberg group. The heat kernel method, introduced by T.
Matsuzawa in [13], is the method to characterize the generalized functions on
the Euclidean space by the initial value of the solutions of the heat equation.
Especially, in [14], T. Matsuzawa showed the heat kernel method for the
tempered distributions on the Euclidean space. On the other hand, in [11],
J. Kim and M. W. Wong showed the heat kernel method for the tempered
distributions on the Heisenberg group. We apply the heat kernel method
for the tempered distributions on the Heisenberg group to the proof of the
Schwartz kernel theorem for the tempered distributions on the Heisenberg
group.

As an application of the Schwartz kernel theorem for the tempered dis-
tributions, R. Ashino, T. Mandai and A. Morimoto constructed a continu-
ous linear time shift invariant system and considered BIBO (Bounded-Input
Bounded-Output) stability of the continuous linear time shift invariant sys-
tem on the Euclidean space in [1]. Under this idea, we consider BIBO
stability of a continuous linear system constructed by the tempered kernel
distribution on the Heisenberg group.
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2. The Heisenberg group H

First of all, we fix some notations. We use a multi-index a € Zi,
namely, @ = (ai,...,aq), where o; € Z and a; > 0. So, for z € R%,
x® = mgl c-ag® and Y = 091 -+ 024, where 037 = (0/0x;)* . Moreover
A= ijl(az/asz).

Let (x,y,t) and (2/,9/,t') € RY x R? x R = R24*!, Then we define the
group law of R?4*! by

(z,y, )",y ) =(@+ 2" y+y t+t' +2@" - y—x-y)), (2.1)

where z -y = Z;l:l x;1;. The group R24+1 with respect to the group
law defined by (2.1) is called the Heisenberg group and denoted by H.
Its identity element is (0,0,0) and the inverse of the element (x,y,t) is
(z,y,t)~! = (—x,—y, —t). The Heisenberg group H? is a locally compact
Hausdorff group and its Haar measure is the Lebesgue measure dzdydt.

The left-invariant vector fields on the Heisenberg group H? as R24+! are
represented by

9 0 0 0 9
X; = 9s; +2yj&7 Xaj = dy; 2%‘@ and Xqy1 = ot

for 7 =1,2,...,d and these make a basis for the Lie algebra of H?.
The sub-Laplacian Aga on H? is defined by

2d
j=1

We consider the heat operator

0
% —AHd

on HY x (0, 00).
Let A > 0. Then we define the dilations dy by

Sx(z,y,t) = (Ax, Ay, A*t)
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for (z,y,t) € HY
The homogeneous dimension @ of H? is given by

Q=2d+2.

Moreover, a function u from H? to C is called the Heisenberg-
homogeneous of degree k € Z if u o dy = Au for A > 0. Especially the
Heisenberg-homogeneous of degree of the distance function d defined by

d(z,y.t) = (2> + y*)* + 1)1/
for (z,y,t) € H? is one, that is,
d(\z, Ay, \2t) = \d(z,y,1). (2.2)

The distance between two points (z,y,t) and (z',%',#') in H? is given
by

d((«', ' 1)z, y,1)).

Let f and g be suitable functions on H¢. Then we define the convolution
f *g of f with g as follows:

(f*g)(z,y,t) = » f ' (@ ' ),y t))da' dy' di’

for (x,y,t),(z',y',t") € H?. The convolution on H¢ is non-commutative, in
general.

3. The space S(H?%) and its dual space S’(H%)

Let o € Z24. Then the functions (Xa¢)(z,y,t) are defined by
(Xaw)(,y,t) = (XT" X537 ... Xo3"¢)(, y, 1)

for a function ¢ € C°°(HY).
We define the Schwartz class S(H?) on the Heisenberg group as follows:

Definition 1  For any ¢ € C®(H9), we say ¢ € S(H?) if the function ¢
satisfies the following condition: For any N € Z,, we have
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lelly = sup  (L+da,y, )N Y [Xap(z,y,t)] < .
(xvyvt)EHd IalgN

It is clear from the definition that the space S(H?) is topologically iso-
morphic of the space S(R24*1). Moreover, it is known that the Schwartz
class S(H) is a Fréchet space in [3].

Definition 2 We denote by S’(HY) the dual space of the space S(H?)
and call it the space of the tempered distributions on the Heisenberg group.
Thus, v € S'(HY) if and only if u is a linear functional from S(H?) to C
and satisfies the following condition: There exist N € Z, and a positive
constant C' such that

|(u, 0)| < Cllelly

for any ¢ € S(H?).
By the definition, we can see that the space &'(H9) is topologically
isomorphic of the space S’'(R?¢+1),

Let f(z,y,t) = f((z,y,t)~!) for (z,y,t) € H?. Then we define the
convolution u * ¢ of u € S'(H?) with ¢ € S(H?) as follows:

(uxp, ) = (u, 9+ §)
for any ¢ € S(HY).

4. The heat kernel method for the space S’(H%)

In [6] and [9], we can find the explicit form of the heat kernel (the
fundamental solutions) Ps(z,y,t) of the heat operator

0

% —AHd

on H? as follows:

(471.5)(d+1)/

— 00

d
27 e(iTt/Qs)—(2(|x|2+\y|2)7—/4stanh?r)dT
sinh 27 ’

Ps(xayat): s >0,

0, s <0.
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The following properties of the heat kernel Ps(z,y,t) hold:

Proposition 1 ([5]) Let Ps be the heat kernel associated to the sub-
Laplacian Aga. Then the following properties hold:

(1)P5($,y,t)207

(ii) /Hd Py(z,y,t)dxdydt = 1,
(iil) Ps(z,y,t) = Ps((z,y,t)7"),
(IV) <888 —AHd)PS(xayvt) :07
(V) sl—ig-l(]

(vi) Pog(ro,ry,r?t) = T_QPS(x,yjt), r > 0.

P, =4 in S'(HY),

Moreover the heat kernel Ps(x,y,t) has the following estimate:
Proposition 2 ([10]) Let Ps(x,y,t) be the heat kernel associated to the

sub-Laplacian Aga. Then for any o € Zid and m € Z, there exist positive
constant a and C,, o such that
am

TXaPs(l" y,t)| < C s—m—lal/2-Q/2 ~ad(z,y,t)*/s
M s s > Uma .

Proposition 3  The heat kernel P(x,y,t) is in the space S(H?) for s > 0.
Moreover for any ¢ € S(H?), the following property holds:

@ * P, — ¢ € S(HY)

as s converges to +0.

Proof. Let g = (z,y,t), ¢ = (2/,%,t') € H%. Then it is enough to show
that we have for any Ny € Z, o € Zi,

lim_sup d(g)™'|Xa (¢ * Ps)(g) — Xap(g)| =0
SH+0g€Hd

for ¢ € S(HY).
Since
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d(g)™Nr <2V (d(g' " g)N + d(g)™),
by Proposition 1, we have

d(9)N' | Xa(p * P)(g) — Xap(9)|

~|aw [ Xoptarnta 90 - Xato

—-1 -1
<M /Hd dlg' 9)M Pi(g"™ 9)|Xaw(g') — Xaw(g)ldg'

+ 2Nl/ d(g") N Py (9"~ 9)| Xaip(g) — Xaw(g)ldg'
Hd
= (I) + (I).

By Proposition (5.4) in [5], for any € > 0, there exists § > 0 such that
if d(g’"'g) < 4, then we have

sup | Xap(g') — Xap(g)| <e.
g,g/eHd

Moreover since ¢ € S(H?), there exists a positive constant M, such that

sup [ Xap(g)] < M.
geHa

Now we consider the integral in (I) in the case (I,); d(¢' 'g) > 6 or in
the case (Ip); d(¢' 'g) < &. In the case (I,), by Proposition 2, we have

2Nid(g' " g) N Py (g

9)
< Onyd(g' ™ g)Nrs™ (@D (adle™ 9 /)
< On,d(g ™ g)Nre—(@dls' " 9)") /25 g—(d+1) o~ (adlg' " 9)?) /25

< C§V1SNI/287(d+1>e—(ad(g'*1g)2)/2s_ (4.1)

Hence by (2.2), (4.1) and
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/ e D 4G < oo,
Hd
we obtain
-1 -1
o / (g )N Py’ 9) Xaiplg') — Xaplg)ldg'
d(g’'~1g)>é
<Cy SNI/QS_(‘ZH)/ e~ (adls'™"9)*)/2s g1
-~ 1,

d(g'~1g)>é

Rl B e
H<

as s converges to +0. On the other hand, in the case (I},), for any € > 0, we
have

—1 —1
2™ / d(g™ )V Pi(g' 9)|Xa(g)) — Xap(g)|dg'
d(g’'~1g)<é

r—1 /

< COn,agd | Pilg
Hd

= CN'NMQECS.

g)dg

In the case (II), we can obtain the same result by a similar argument in
the case (I). Therefore we have

p* Ps — ¢

in S(H?) as s converges to +0. O

J. Kim and M. W. Wong obtained the following characterization of the
space S'(H?). This characterization is called “the heat kernel method”:

Theorem 1 ([11]) For u € S'(H?), we put
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Us(z,y,t) = (u* Ps)(z,y,t)

for (z,y,t) € HY and s > 0. Then the function Us(x,y,t) satisfies the
following four conditions:

(i) Us(z,y,t) € C(H? x (0,00)),

Os
(iii) for any ¢ € S(H?),

(ii) (8 - AHd>US(x,y,t) =0, (z,y,t) € H? and s > 0,

(u, ) = lim Us(z,y,t)p(x,y,t)dzdydt
s—+0 Hd

and
(iv) there exist pu,v >0 and a constant C > 0 such that

|Us(z,y,t)| < Cs™H(1+d(z,y,t)", 0<s <1,

for (x,y,t) € H.

Conversely every Ug(z,y,t) € C*°(H% x (0,00)) satisfying the conditions
(ii) and (iv) can be expressed in the form

Us(z,y,t) = (ux* Ps)(z,y,1)

with the unique element u € &' (H?).

Example 1 Let u be the Dirac’s delta function 6 € &'(H¢). Then we have
Us(z,y,t) = (6 x Ps)(z,y,t) = Ps(z,y,t).
Hence by Proposition 2, there exist positive constants a and C such that

U, (z,y,t)| = | Ps(z,y,t)| < Cs™4 e (ad@ut)*)/s,

5. Schwartz kernel theorem for the space S’(H?)

As an application of the characterization of the space S’(H?), we show
the Schwartz kernel theorem for the space S’(H?) as follows:
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Theorem 2 Let k be a continuous linear operator from S(H®) to S'(H™).
Then there exists T in S'(H* x H%) such that

(K, 0) = (T, 0 @),
where ¢ is in S(H™) and v is in S(H).
Proof.  Since k is continuous, the bilinear form B on S(H%) x S(H92),
B(p,¥)) = (k¢ 0), »€SH"), veSH®)

is separately continuous. Since S(H%) and S(H9%) are the Fréchet space
respectively, B is continuous. Hence we can see that there exist a positive
constant C' and Ny, Ny € Z, such that

[(kY, o) < Cllelln i, (8)
We define R,((x1,y1,t1), (x2,y2,t2)) by
Ry((z1,y1,11), (32,2, 12))
= (kPs((x2,y2,t2) "' (1)) Pol(@n,y1,8) 7 ()

for ((z1,y1,t1), (22,2, t2)) € H™ x H® and s > 0.
Now we show R, converges in S'(H?% x H%) as s — +0. By (#), there
exist a positive constant C' and M, Ny, Ny € Z such that

IR (1,51, 1), (T2, Y2, t2))| < Cs™™M (1 +d(21,y1,t1)) N (1 4 d(z2, Y2, t2)) 2,

for ($1,y1,t1) S Hdl, (.I‘Q,yg,tg) S H2 and 0 < s < 1.
Moreover we obtain

0
(83 - AHd1+d2)Rs((ﬂf173/1,t1), (22,92,t2)) =0
for (z1,y1,t1) € HY, (29, y0,t2) € H? and 0 < s < 1.

Therefore, by Theorem 1, there exists Ry € S’(H% x H%) such that

RO == hmo RS

s——
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in &'(H% x H).
Since the Riemann sum of an integral converges in S(H%), j = 1,2, by
Proposition 1, we have

(Rs,p @) = //d ) Rs((z1,y1,t1), (z2,Y2,t2))o(x1, y1,t1)Y (22, Y2, t2)
H%1 x H?2
X d[]ﬁldyldtldm'gdygdtg

= <k‘ . Py((z2,y2,t2) " (-, -, )0 (@2, Yo, t2)dzadyadts,
Hea2

/ Ps((f’fl,yl,tl)1('7','))@(xlayhtl)dfﬂldyldt1>
H1
= (k[¢ * Ps], p * Ps)

for ¢ € S(H%) and v € S(H®).
Therefore by Proposition 3, we obtain

(Ro,p @) = (kv, ),

as s — +0. O

6. The translation invariant operator

Let g = (x,y,t) € H?. Then we define the translation operator Tz by

[Tsf1(9) = f(B'g)

for 3 € H?. A continuous linear map k : S(H) — &'(H?) is said to be
translation invariant if

Tpk[y] = k[Tp9)]

for any ¢ € S(H").

By Theorem 2, for any continuous linear system (map) k from S(H?)
to S’(H?), there exists the tempered kernel distribution K € &'(H¢ x H%)
such that

(kv p) = (K, p @)
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for ¢, € S(H?).
Now we have the following Proposition 4:

Proposition 4 Let k : S(HY) — S'(HY) be a continuous linear system
and K (g1, g2) be its tempered kernel distribution on H? x H?. The system k
is translation invariant if and only if there exists h € S'(HY) such that

K(g1,92) = h(g5 " 91),

that 1is,
k[y] = h
for any ¢ € S(H?).
Proof.  Let us prove the converse first. If
K(g1,92) = h(g5 ' 91)
for some h € S'(HY), then it is clear to see that
k[y] = ¢ h

is a translation invariant.
Let us assume that k is translation invariant. Then for any ¢ € S(H?),

(K(B7g1,92),%(92)) = (K (91, 92), ¥(8" " g2))
= (K(g1,892),%(g2))

for 5 € HY. Hence we have
K(87'g1,92) = K(g1,892)
in S’'(HY), that is,
K(g1,92) = K(Bg1, Bg2). (6.1)

So we obtain

<K7 ¢> = <K7¢(5_1917/8_192)> (62)
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for any ¢ € S'(HY x HY). Therefore this completes the proof from the
following Lemma 1. O

Lemma 1 If K € S'(HYxH?) satisfies (6.1), then there exists h € S'(H?)
so that

K(g1,92) = h(g5 ' 1)

Proof. Let v € S(H?) so that

- ¥(g)dg = 1. (6.3)
Assume that h satisfies
K(g1,92) = h(gz ' 1)
Since we have
h(&1) = K(§261,62),
we can express

(hy¢) = (K(&&1, &), 0(E0)0(&2)), ¢ € S(HY).

Next we will show the existence of h. We define h € S'(H?) by

(h(g1), d(g1)) == (K (£261,6),0(&)(&2)), ¢ € S(H?). (6.4)

By (6.4), we have for f € S(H?),

(h(g3 " 91), F(92)0(91)) = (h(g1), f(g2)(g291))
= (K (€261, 82), f(92)9(9261)¢(E2))- (6.5)

By the coordinate change (£1,&2,92) — (&5 &1, €2, g2&2), We obtain

(6.5) = (K (&1,€2), f(9262)9(92€1)¥(€2)).- (6.6)

Thus, by (6.2), we have
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(6.6) = (K (&1, &2), f(E2)(€1)v (93 ' 2))- (6.7)

So, by (6.3), we obtain

(6~7) = (K(fl,fz)a f(52)¢(§1)>-

Hence we have

K(g1,92) = h(g5 "g1). O

7. BIBO stability

The BIBO (Bounded-Input Bounded-Output) stability of the continu-
ous linear system is defined as follows:

Definition 3 The continuous linear system k is said to be BIBO stable if
there exists constant C' > 0 such that

sup |k[¢](g)|] < C sup [¢(g)]
geHd g€EHd

for any ¢ € S(H?).

Theorem 3  Let k[¢)] = ¢ x h for h € S'(H?) and ¢ € S(H?). Then k is
BIBO stable if and only if A € M(H?), where A € S'(H?) is the kernel of k
and M(H?) denotes the space of bounded Radon measures on H.

Proof. Since it is clear that the sufficient condition holds, it is enough to
show the necessary. If k is BIBO stable, then there exists a constant C' > 0
such that

[E[Y)(E)] < C sup [¢(g)]

gEH

for v € S(HY), where E = (0,0,0). This implies that 1 —— k[¢](E) is
a bounded Radon measure p by Riesz’s representation theorem (see [15]).
Therefore we have

EWI(E) = (u, ) = Y(g1)du(g1)-

Hd
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Since the map k is translation invariant, we can see that for any g € HY,

o) = () = [ vandutai's) 0

Example 2 Let h = § € S’'(H%). Then we have

k[Yl(g) = (¢ *0)(g) = » W(g")o(g' " g)dg' = ¥(g), b € S(HY).

Thus we can see that the kernel of k£ can be expressed by the Dirac’s measure
and k is BIBO stable.
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