On some special kind of space-times, II
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§1. Introduction.

The present paper is a continuation of the paper under the same title
[1]” and makes clear some geometric properties of the space-time V which
will be of use when we deal with the problem of the freedom of the char-
acteristic system. The same notations and terminologies as those in
will be used.

We shall first give some results in which will play important roles
in the present paper. V is a 4-dimensional Riemannian space whose metric
can be brought into the form

(1. 1) ds* = —dx?— Bdy’— Cdz* + Dd¢? , ()= (x, v, 2, 1),

where B, C and D are positive-valued functions of one variable . A set

of vectors ;t,;, (e, B,+-=1,-,454,7,---=1, ---, 4), and scalars 24, s, L1a (=2a1)s
Ao (=2a), (@, 6=2, 3, 4), is defined in this coordinate system by
1 2 3 . 4 .

(1. 2) u; =0, u;=VB&, u;=VC&, u,=+Dot;
(1 3) Zz=_13/2, 23=_T/2, 24":_5/2,

' (8=B|B, 1=C|C, 6=D'|D; '=d|dx);
(1 4) )u2=_18,/29 /"SZ_rl/z? ﬂ4=—5,/2;
(1 5) Zla = (/2a)2_'#a ’ Zab = zazb ’ (a#:b) >

The set is called a characteristic system (abbreviated to c.s.) of the V under
consideration.

These quantities satisfy the following tensor relations :

11 2 2 33 44 a B
(1. 6) —wu, = —vwu, = —wu;=wu; =1, wu,=0, (a#p);
1 2 2 33 4 4
Viw; = — A j— At ue ;+ A
(]_, 7) a a 1
Vs = dusuy, (not summed for a);

1) Numbers in brackets refer to the references at the end of the paper.
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1

(1. 8) Vq,la = [!,,u¢ .

Further, we have

(1.9) Kﬂ:i = uaZﬁ , (not summed for a),

where K;/ is the Ricci tensor and v's are the principal values (i. e. eigenvalues
of the Ricci tensor), and

v = —(p+hs+a) (=K, v=—(e+is+i) (=K,

(1.10
) vy = —(hs+ s +2u) (=K, v=—(dutlut) (=K.

It was shown in that a necessary and sufficient condition that

a space-time be a V is given by the existence of a set {{Zi, Aas Mo satisfying
(1.6), (1.7) and (1. 8). Further some relations satisfied by the members of
c.s. are obtained and some fundamental theorems concerning the freedom
of c.s. are proved. These results will be used without detailed explanations
in the following.

As is stated at the beginning of this section, the purpose of the present
paper is to make clear some invariant properties of V, to classify V’s
using these investigations, and o make preparation for solving the problem
of the freedom of c.s. \

§ 2. Classification of P’s in terms of V’s.

As is seen from (1.9), z:;’s are eigenvectors of the Ricci tensor (i e.
they are unit vectors in the principal directions). We can easily find that
the problem of the freedom has an intimate connection with the proper-
ties of v,’s. Moreover v,’s are invariant under coordinate transformations.
Therefore, we classify all V’s in terms of v,’s as follows:

Vi: The case of 4 simple eigenvalues or, in terms of v.s in (1.10),
the case of {vi,vs,vs, v, ¥} .

Viu: The case of 2 simple eigenvalues and 1 double eigenvalue. Vi's
are further classified into the following four types :

Vna . The case Of {Uz =V3, (Ul, Vo, 94:#)} .
VIII VIIb : » o» {vl =Yy, (vl, V3, Vﬁﬁ)} or {ul =y
(”1, Yo, ”4:7&)} .
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4
Vue: The case of {u3 =y, ; (v, Vs, uﬁ&)} or {uz =y, ;
VIIZ (vly Y3, V4#:)} N
{ VIId . » » {V1 =V, (Vl, Vg, ”37&)} .

Vin: The case of 1 simple eigenvalue and 1 triple eigenvalue. Vs
are further classified into the following three types :

Vim=Viua; The case Of {Ul =Y, = v3=#u4} .

VIIIb : » » {U] =Yy = U4:#V3} or {Vl = VY3 = XJ4¢V2} .
VIIIZ

Vine » o » {V1¢U2 =y; = v4} .

Viv: The case of 2 double eigenvalues. Vy's are further classified
into the following two types:

Viva : The case of {ul =y, Fy; = v4} or {vl =y Fy, = v4} .

VIVb . ”» »” {Vl = V4¢)J2 = V3} .
Vy: The case of 1 quadruple eigenvalue, i.e. the case of {y,=v,=uy;,
=y }.

Here we shall add a proposition which is closely connected with the
classifications in the above :

ProrosiTiON 2. 1. Let V be non-Minkowskian, i.e. non-flat. Then we
. . . . . 1 2 3
can discriminate invariantly u; from u, (or u,).

1 2
PROOF Both #, and ui are space -like unit eigenvectors of K;7. We
have uV iuj—O and uViuj———-lzuj#O when 2,#0. Next, if 2,=0, we
have Viuj—O and Viuj——lauiuj—i—l‘,uiuﬂﬁo (Note that V is flat when

A=2=2,=0 holds.) Similarly, we can distinguish invariantly 11% from zz.
Q.E.D.

In the following sections, we shall make clear the actual methods of
classifying the eleven types of V’s listed above when the fundamental tensors
are given.

§3. Some preparatory propositions, 1.

It is evident that V’s of type Vi or Vy are completely characterized by
the condition {v, vy, v5, v,#} or {y=y,=y;=v,} respectively, and that the
problem of the invariant classification is out of the question for V’s of these



46 H. Takeno and S. Kitamura

two types. The problem is important when we consider the classifications
of Vi's, Vi's and Vyy’s. In this section we first prove the following prop-
osition which will play an important role in the theory of classification :

ProprosITION 3.1. Let (1. 1) be the line element of a V. If we assume
that all six eigenvalues of K:F (=K;;™"; A=(jj), B=(mn); 1=(12), 2=(13),
, 6=(34); A,B=1,2,---,6) are constants, then the possible (B,7,d) and
the corresponding (B, C, D) are given by the following four types :
(I) When Bré6+0, we have
(31) 18=2P2> T=2P3, 522?49
(3. 2) B=c,exp(2p,x), C=csexp(2psx), D =c, exp(2px),

where (and throughout the remainder of the paper) c,, c; and c, are arbi-

trary positive constants, and p’s arbitrary non-vanishing constants. In this
case, we have

(3° 3) Zla = (Pa)za 'Zab zpan .
When and only when p,=p;=p, holds, the V is S(A).

(II) When one of (B,7,0) is O and the remaining two are non-zero, i.e.
when one of (II,) (8=0,75+0), (IL;) (r=0, §8+0) and (IL,) (6=0, 7 £0) holds,
we have, for example, for (11,)

(ILg):  (3.1), (3.2), (3.3) with (p,=0, p,p,#0),

()

B=2p(ae™—be ™) (ae™+be ™),

r=2plae™+be ™) (ae™—be ™), §=0;

(3.5) B=c,(ae”+be ™7, C=clae™—be™?, D=g,,
or (II,):

(3. 4)

B = 2p(a cos px—b sin px)(a sin px+b cos px)?,

3.4’
(8. 4) 7 = —2p(asin pr+b cos px)(acos pr—bsin px)™, 6§=0;
(3.5") B=clasinpxr+bcospxf, C=clacospxr—bsinpxf, D=c,,

where p(#0), a and b are arbitrary constants, which do not satisfy a=b
=0. We have for (Il;) and (11,,)

(3.6) M=y =2u4=0, Ap=Ay=lpg=xp* (=P),

where + and — correspond to (l,) and (1l,,) respectively. Similar results

hold for (II,) and (II,). The V in (I,,) or (I, is nothing but S(C), and the
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corresponding ones in (IL,,), (IL,), (Ily) and () are of the same character
except the signature, i.e. each V is a direct product of a straight line and
a 3-dimensional space of constant curvature.

(IIl) When two of (B,7,6) are 0 and the remaining one is non-zero,
i.e. when one of (IIL) (8#0,7=06=0), (IIL) (r+#0,6=B=0) and (IIL) (60,
B=7=0) holds, we have, for example, for (Ill,)

(IIL,) :

3.7 B=1r=0, 0=2(x+c7",

(3. 8) B=c¢,, C=c¢, D=c(x+cf,

where ¢ is an arbitrary constant. In this case, we have

(3.9) he=2Aa =0, and accordingly KFf=0, ie K;j"=0,
which means that the V is S(B).

(I11,) :

(3. 10) B=7=0, 6=2plae™—be ™) (ae™+be ™)},

(3.11) B=¢, C=c¢, D=clae™+be *};

(1)

(3.10 B=7=0, §=2p(acospxr—bsinpx)(asinpx+bcospr)’,
(3.11%) B=c¢,, C=c¢, D=c/lasinpx+bcospx),

where p, a and b are of the same meanings as in (IL,) and (). In this
case, we have

(3.12) ho=As=loy=Idu=Ay=0, M=cxp'=P.
Similar results hold for (111,) and (IIL).
(V) When all of (B, 7, 6) vanish, we have
(3.13) B=1=6=0; B=¢, C=¢, D=c.
ProoF. The proof is easy if we use the relations:
Ay =28+ B2, Ay =21"+7%, 4k, = 20"+,
A0 =70, 4Ay=00, 42=PT,
which are obtained from (1. 3), (1. 4) and (1. 5). Hence we omit it. (See §7
below).

Here the notations S(A), S(B) and S(C) denote respectively de Sitter’s
space-time (or geometrically, the space-time of constant curvature), Min-

(3. 14)
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kowski’s space-time (or geometrically, the flat space-time) and Einstein’s
space-time. These notations were introduced in [2], and we use them only
for brevity’s sake. As is well-known, both S(A) and S(C) played important
roles in the early stage of relativistic cosmology as models of the universe.

We shall denote in the following by V, a V whose six eigenvalues of
K2 are all constants, and further by S(C) the V which belongs to (II),
(IL,), (II) or (IL;,) and corresponds to S(C). In more detail, (B, C, D) of
an S(C) are obtained from (3.5) or (3.5') by interchanging, for example,
C with D.

It should be noted here that the cases obtained from (I) by putting,
for example, (p,#0, p;=p,=0) are included in (IIL,) or (IIL;.), (#=2, 3, 4),
and that we have no need of dealing with such cases separately.

Next, we proceed to the consideration of the relation between the V’s
obtained in the above proposition, and to the classification of V’s in terms
of the four eigenvalues of the Ricci tensor given in §2. By examining in
detail the V’s in the classification table of §2 from the standpoint of the
proposition, we have

ProrosiTiON 3. 2. Vi’s belonging to Vi, Vi, -, Vy respectively are
given by the following table :

(I), (TLg)  weeeereeeeeremmmmmmmmmnnnnrineeeeeen s, v,
(I) ceveeeeneinen, Vitas Vies Vites Ve Vi
(I) cevevvememmmnmnnnnnn. Vittes
(ILg) «+vevervevnneeereenes Vittas Vi, Vit : Vi
(Hpb) (Hpb') """""" VIIIew VIIIb, VIIIc
(IILp), (TXLyp0) oeeeeeeses Vive, Vive : Vi
(I) coveereeeemmnnnnennn S(A)
(IIL,) eeevevemnnnnens S(B) ! : Vy
(IV) cevvmenreennnnnnn S(B) ]

(0=2,3, 4).

The meanings of the table will easily be understood. More detailed
results have been obtained. For example, Viy, belonging to (IL,,) is possible
only for p=4. But we omit them for brevity’s sake.

§ 4. Invariant classification of ¥i/s.

A Vy is characterized by {2 simple eigenvalues and 1 double eigenvalue)
of the Ricci tensor. As is seen in § 2, Vis are classified into two classes
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Vin and Vi, and each class into two subclasses. When all eigenvectors
corresponding to the double eigenvalue are space-like, the Vi is Viy. In
this case, eigenvectors corresponding to the two simple eigenvalues are space-
like and time-like respectively. On the other hand, when all eigenvectors
corresponding to the simple eigenvalues are space-like, the Vi is Vi, and
in this case, the eigenvectors corresponding to the double eigenvalue can be
space-like or null or time-like.

Now we shall study how to classify invariantly Vi, and Vi, and then
Vie and Vig,.

First we consider Vi, denoting by v the simple eigenvalue to which the
unit space-like eigenvector u, corresponds. Take any Vi, and it is evident

1
that we have v=y, and wu,=eu,, (¥=1), which is evidently a gradient. On
3 2
the other hand, if the Vi is Vi, we have v=y;, (or v,) and u;=cu; (or euy).

Further, the condition that the zib (or lztz) be a gradient is given by 4,=7=0
(or 2,=$=0), from which we have v,=0 (or v,=0). Thus we can conclude
that, when «, of a Vi, is not a gradient, the Vi, is Vi, and further,
when u; is a gradient and v+#0, the Vi, is Vi.

Next we consider the case in which #; is a gradient and v=0. Then
it is easy to see that such a Vi cannot be a V,. In other words, at least
one of six eigenvalues of K-.? is non-constant. If we denote by 2 any of
such non-constant eigenvalues, then it is evident that when F;1 is pro-
portional to the w;, the Vi, is Vi, and otherwise it is Vi,. These results
can be written in a table as follows :

u, i1s not a gradient .............................. Vi
[ PF D ceeeriiiiiiiiii Vita

U; isv a gradient ] o [ Ugoc P oo Vi
SR - ) T Vi

Now we proceed to the classification of Vi’s. Let (v, %;) and (v, ;')
be two sets of a simple eigenvalue and the corresponding unit space-like
eigenvector. It is evident that when both #, and #, are not gradients, the
Vi is Vi. Next we consider the case in which #; is a gradient but #,
is not. If the Vi, is V., we have v=0 from (1.7). Thus, when v #0,
the Vi, is Vi,. When %, is a gradient, v=0 and %,/ is not a gradient,
we can find, just as in the case of Vi, that any Vi, satisfying these con-
ditions cannot be V,, and that the Vi, is Vi, or Vi, according as #;ocl ;2
or u; <V, respectively. Lastly we deal with the case in which both %, and

u; are not gradients. We can easily see that any Vi, cannot satisfy this
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condition, and hence the Vi, is Vi,. Corresponding to the table of Vi,
we have:

both u; and u;, are gradients ........................... Vi
both u, and u; are not gradients - -----eovvveeeeeen Vita
one iS a g?’adient but vio ........................ VIIc
the other is not b—0 [ ugocVd  woeeeeees Vit
l'uigéViz ......... Vi -

Lastly it should be noted that the Vi’s of the four types dealt with
in this section really exist and that it is not difficult to give some examples
of the actual forms of their line elements.

§ 5. Some preparatory propositions, 2.

We proceed to the classification of Viy’s. Vi is characterized by {1
simple eigenvalue and 1 triple eigenvalue}. Further Vi (= Vi) is charac-
terized by that the eigenvectors corresponding to the simple eigenvalue is
time-like, while Vi (i.e. Vi or Vi) is by that they are space-like. The
reason why we distinguish Vi, from Vi, lies in [Proposition 2. 1.

First we prove some propositions which are necessary when we deal
with the freedom of c.s. of Viy,.

PropoSITION 5.1. Let D in the coordinate system of (1.1) satisfies
D'=0 (and accordingly, 6=0) and v's be of the form v,=v,=v;#v,=0.
Then v, must be a constant (#0).

ProofF. From the actual expression of v’s given in §1 and the as-
sumption, we have

(5. 1) ou =BT, 2B+ =P =20"+T,
from which we can easily obtain v/=0. Q.E.D.

ProrosiTION __5. 2. The line element of the Vi, stated in Proposition
5.1 is reducible to the form

(5. 2) ds® = —dx*— Bdy*— Cdz*+ dt?,
where B and C are functions of x given by

(5. 3) (3.5) when <0,

(5. 3" (3.5") when v >0.

Corresponding to (5. 3) or (5.3'), we have respectively
(5. 4) Vi = "‘ZPZ, (5. 4’) YV, = ZPZ.
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Note that we have K=3y,=T6p* respectively.
Proor. It is evident that 0. Hence we have from (5. 1)

(5.5) 28'1B+B—r=0, is. 28/8+B/B-C|C=0,
the integration of which gives B'/2V B =e4/C. Similarly we have C'/2/C

=ewWB. Here ¢ and e, are arbitrary non-vanishing constants. When
e.e,>0, putting Vee, = p and integrating these equations, we obtain

(5. 6) VB =mer+me 7, +C =vele, (me”—me ), (87 =4p?,

where m, and m, are arbitrary constants which do not satisfy m,=m,=0.
Then it is evident that we have (5. 3) by a simple transformation. On the
other hand, when e,<0, we can similarly obtain (5. 3') by putting v—e, e,
=p. The remaining part is evident. Q.E.D.

Let [K] be the c.s. for which the coordinate system of (5.2) with (5. 3)
(or (5.3") is standard. Then we have from (1. 3)

(5. 7) 2420, 2223=‘BT/4=___|EPZEP,

from which we have

ProrosiTiON 5. 3. If we usz [K], the classification of (5.3) and (5. 3),
or equivalently, that of (5.4) and (5.4'), is equivalent to

(5. 8) 2d> 0, (5. 8) 2k <0,
Further we have

PROPOSITION 5.4. In the primed case, we cannot have l,=1; so far
as we are dealing with real quantities. In the unprimed case, on the other
hand, a necessary and sufficient condition for =14 is given by (a+#0,5=0)
or (a=0, b+0), and it holds that ly=2;=p in the former case and Ay=124s
= —p in the latter.

Note that in the primed case, if we admit complex quantities, the con-
dition for 2,=14; is given by a= +ib, and again we have 4,=Z,=const. #0.

For Vi, of Proposition 5.1, we have from (1.5)

(5-9) 1122213=223=P, ]14=124=134=0~

The Vi, under consideration is nothing but the S(C) as is elucidated in
§3. It is easy to see from (5. 1), etc. that it satisfies

(5. 10) K, =w/2)(6r02—610y), (0,0,---=1,2,3),

where v,=—2P. (5.10) together with (5.2) shows that the 3-dimensional
space of (x, y, 2) is of constant curvature. Here it should be noted that we
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use the notation S(C) irrespectively of whether v,=—2p* or v, =2p* holds.
The most familiar form of its line element in relativistic theories is

(5. 11) ds? = — (1 +r*/4R®)*(dx*+ dy* + d2?) + dt?,

where r=+vx?+y?+2* and 1/R? is a constant. It is easy to see that the
relation between R? and P(= *p?) is given by

(5. 12) 1/R*=P= —y/2.
From the results obtained above, we have

ProPOSITION 5. 5. In S(C) of the unprimed type, (i) we have c.s.
satisfying l=12 and those satisfying X+1Z, (it) the former satisfy either
=X=p or h=2X=—p, and (iii) when A (or %) is a constant (accordingly
X (or 2,) is also a constant), we have A;=1;.

Proor. We have only to prove (iiZ). Take the standard coordinate
system for the c.s. If we put 4=p, and A4=p;, where p’s are constants
satisfying p,p;=p% then from 2,=—p/2 and 4= —7/2, we have B=c,exp
(—2p,x) and C=c; exp (—2p,x), where ¢’s are arbitrary positive constants.
From the relations —4v,=p*+7*=f*+pr=1r*+ 1, we have =7, p,=p, and
A=2 in turn. This result is seen also from the fact that when 2,#4,,
both 2, and A; cannot be constants. Q.E.D. .

Now we shall add some propositions concerning S(C). The meaning
of the results so far obtained will be understood more deeply by these prop-
ositions. A parallel vector field (‘field” will be omitted hereafter) v, is

defined by
(5. 13) Vﬂ)j=0,

from which follows v,=d;v. Now we cons’ider the general V. In the co-
ordinate system of (1.1), (5.13) becomes by virtue of (2.2) of

0V = 030 = 0pV = 03V = {612_(18/2) az} v
(5. 14) = {0~ (1/2) 0} v = {0, — (3/2) 8} v = {0+ (B'/2)31} v,
= {8 +(C2)d} v = {du—(D'[2) 0} v = 0.

By solving (5. 14), we can easily obtain (cf. [Proposition 3. 1))

ProrosITION 5.6. When Brd+0, the V admits no parallel vector. (II)
when one of (IL)(f=0,70+0), (IL) (=0, 68+0) and (11,)(6=0, pr+0) holds,
we have one and only one parallel vector v,. It is cd3, cd} (space-like), and
cdt (time-like) respectively. Here c¢ is a non-vanishing arbitrary constant.

(III) When one of (IIL,) r=6=0, B+#0), (IlL;) (60=8=0,7+0) and (I11,) (B=T
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=0, 0+#0) holds and the V is non-flat, we have two linearly independent
(with constant coefficients) parallel vectors. They are cd+c'd:, cdt+c'6:
(space-like, null, time-like) and cdi+ c'6} (space-like) respectively. Here ¢ and
¢’ are arbitrary constants which do not satisfy c=c'=0. When the V is
flat, i.e. when (3.7) or a similar relation holds, we have evidently four
linearly independent parallel vectors. In other words, we have parallel
vectors in any direction at any point. (IV) When B=7=0=0 holds, the V
is flat, and we have four linearly independent parallel vectors.

Consequently, we find that, for example, there exists no V admitting
three parallel vectors, which is also seen from the well-known theorem of
Walker [3].

Evidently S(C) belongs to the type (II,) and admits only one parallel
vector which is time-like. (See also [2].) We have further

ProrosITION 5. 7. Vi, (more generally, V) which satisfies 670 in
the coordinate system of (1.1) is not S(C).

ProposiTION 5.8. S(C) cannot admit a c.s. satisfying Adsd#O0.

§6. Invariant classification of ¥;,’s.

Let V be a Vi, i.e. Vi or Vi,. We consider the problem of clas-
sifying invariantly Vi, and Vig,. Let v and v be the simple and triple
eigenvalues respectively. In any Vi, the unit eigenvector u, corresponding
to v is space-like, and further we have

PrROPOSITION 6.1. In Viy,, the unit eigenvector v, is a gradient. Ac-
cordingly, Vi, is Vi if u; is not a gradient.

1
The proof is evident, since #, is nothing but eu, (?=1).

ProPosITION 6. 2. Assume that u, in a Vi, be a gradient. Then the
Vine 5 Vi, or Vin, according as u; is a parallel field or not.

Proor. The proof is easy if we use [Proposition 5.6 and the fact that

the condition :%.:[C“ag be a gradient (i.e. Fu;;=0) is given by 4=0 (i.e.
7=0) and that we have V,u;=0 in this case.
In connection with this proposition, we add the following :
PrROPOSITION 6.3. Vi, cannot admit a c.s. satisfying 2,=2;=0.

ProposiTiON 6. 4. Any c.s. of the Vuy, stated in Proposition 6.2
satisfies either (2,70, 2;=0) or (2,=0, 1;#0). For this Vyy, we have v=0.

ProrosiTioN 6.5. When a c.s. of Vi, satisfies either (,#0, 23=0) or
(=0, 4,%#0), we have V' =0.
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The proofs of these propositions are easy, so we omit them.

From the discussions of the last and the present sections, we can
conclude that when a Vi is given in any coordinate system, we can deter-
mine whether it is Vine or Vi or Vin,. The classifications are independent
of the coordinate system.

REMARK. As is seen in §4, the classification of Vi’s is easy if we
use [Proposition 3. 1. However, it is not so easy to classify Vi 's by using
the same proposition. The reason is that we have many Vi,’s belonging
to V,.

Now we shall write down some propositions corresponding to those in
§5. These propositions will be of use when we consider the freedom of
c.s. in Vyy. The proofs are similar to those in §5.

PrROPOSITION 6.6. Let C in the coordinate system of (1.1) satisfy
C'=0 (i.e. 7=0) and v's be of the form v,=v,=v,#v;=0. Then v, (i.e. V')
must be a non-vanishing constant.

PrOPOSITION 6.7. The line element of the Vi, stated above is re-
ducible to the form

(6.1) ds® = —dx*— Bdy*—dz*+ Ddt?,
where B and D are functions of x given by
(6. 2) B=c(ae™+be ™, C=c, D=c,(ae™—be ™)},

when V' =—2p*<0,
(6.2 B=c,(asinpr+bcospxf, C=c;, D=c,(acospx—bsinpx),
when v =2p*>0.
Here p, ¢’s, a and b are of the same meanings as in Propositibn 3.1, and
again we have K=3V' = T 6p* respectively.
Thus the Vi is nothing but S(C). We can obtain various results

concerning S(C) similar to those obtained in §5 concerning S(C). We
have, for example,

(6.3) hdy=—V|[2=1p* (=P),

and we can easily find, just as in the case of S(C), that many kinds of c.s.
are possible in S(C). It goes without saying that we can obtain similar
results for the Vi, of the type yv,=v;=v,#1v,=0.

§ 7. Invariant classification of ¥iy’s.

In this section we deal with the case of two double eigenvalues. Viy,
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and Viy, belong to this case. In both Vi’s, eigenvectors corresponding to
the one double eigenvalue v are space-like and those corresponding to the
other eigenvalue v/ are space-like or null or time-like. In Vi, in which
nw=v,#v;=y, (or v;=v,#y,=y,) holds, we have v=y, and v =y,, while in
Vivs in which v, =y,#v,=v, holds, we have v=y, and V' =y,.

We can solve the problem of invariant classification of Viy’s by con-
sidering the eigenvalues of KZ, i.e. 4, and 1,,. First we can prove the
following proposition by examining the results of [Proposition 3. 1 in detail :

PropPOSITION 7.1. Let a Viy be V,. Then only the following 3 cases
are possible: (i) Viy of type (Illy) or (Ill,.): (B, C, D) are given by

(7. 1) B=c,(ae™+be ™ or=casin px+bcospxf, C=c;, D=g.

(1) Viy of type (Ill,) or (IIL,.): (B, C, D) are given by the expressions

which are obtained from (7.1) by interchanging B with C, and ¢, with c;.
The Viy in (2) or (ii) is Vi, and we have (v=—P, ' =0).

(@i) Vi of type (11l,) or (11,): (B, C, D) are given by

(7. 2) B=c¢,, C=c¢, D=c/lae”™+be ™} or=c,(asin px+b cos px).
The VIV is VIVb and we have (VZO, V,: —P).
Here P, p,c’s,a and b are of the same meanings as in Proposition 3. 1.

We have from this proposition

ProrosiTION 7.2. Let Viy be V,. Then one of v and v' is 0 and the
remaining one is a non-vanishing constant —P. The Viy is Viy, or Vi,
according as v=—DP or v=0 respectively.

Next we consider Viy which is not V,. Then at least one of six
eigenvalues is not constant. We denote one of such eigenvalues by 2 using
the same notation as in §4. Then we have from [Proposition 7 1

ProrosiTioN 7.3. Consider a Viy which is not V,. Denote by u, the
unit vector proportional to the gradient V,A. Then u; is a unit eigenvector
of K. The Vi is Viya or Viy, according as u, corresponds to v or v
respectively.

Here it should be noted that even when two or more eigenvalues of
KZ are not constants, the #; is determined uniquely to within its sign.

Thus the problem of discriminating whether the given Viy is Viy, or
Vivs has been completely solved.

§8. Some preparatory propositions, 3.

Vy is characterized by the condition v,=v,=v;=y,=v, that is, in V5,
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the Ricci tensor has a quadruple eigenvalue v. In terms of the usual
terminology in Riemannian geometry, Vy belongs to the Einstein space.
As is easily seen, any V of constant curvature (i.e. S(A)), including a flat
V (i.e. S(B)), is Vy.

PROPOSITION 8.1. In an Einstein V, v is a constant, and accordingly
K(=4v) is also a constant.

ProofF. From the actual expressions of v’s in the coordinate system of
(1.1) given in §1, we find that the condition for the Einstein V is given,
in terms of 2’s, by

(8. 1) B = s As=lus Au=las,

or, in terms of B,7 and 4§, by

(8. 2) B +B =T, 2 +1°=08, 20/ +0°=pr.
Further we have

(8. 3) y=—Apt+Ay+ie)=—(1/4)(pr+76+6p), K=4v.

From (8.3) and (8. 2), we can obtain »'=0. Q.E.D.

Although we proved directly in the above, it is well-known that the
scalar curvature K of an Einstein space is a constant. ([4], p. 93.)

Next we can easily obtain from [Proposition 3 1

PrROPOSITION 8.2. The line element of S(B) in the form of (1.1) is
given by the following four types:

(IIL,) B=c(x+c?, C=¢, D=,
(Ill,) B=c¢,, C=clx+c?, D=gc,,
(IIl,,) B=c¢,, C=c¢, D=c(x+cf,
IV) B=¢, C=¢, D=,

(8. 4)

where ’s are of the same meanings as those in Proposition 3. 1.

- It should be noted here that B, ¥ and 6 in (IIL,,) respectively are not
constants. The above proposition can be rewritten in the form:
ProrosiTioN 8.3. C.s. of S(B) maust satisfy one of the following con-
ditions :
(IIL,,) A, #const., A3=2,=0,
8.5) (Ils,) A3 const., 2, =2,=0,
(Ill,,) As#const., 2, =2,=0,
(

I ) 22=23:24=0-
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Now we consider a non-flat space-time of constant curvature, i.e. S (A).
We can easily obtain from [Proposition 3. 1l

PrROPOSITION 8.4. The line element of S(A) in the form of (1.1) is
given by

(8.6) B=ce™, C=cye™, D=c,e™,

where p=+y—KJ3. Thus we have a real metric of the form (1. 1) when
and only when K is negative.

ProposITION 8.5. C.s. of S(A) must satisfy
8.7) h=k=n=—p2, (p*=—K/3).

Thus c.s. is real when and only when K is negative.

Evidently, S(B) and S(A) are characterized by that K:Z has one sex-
tuple constant eigenvalue. Of course, this eigenvalue is 0 or a non-vanishing
constant according as the Vy is S(B) or S(A) respectively. It should
especially be noted that there exist some sets of (4, 4, 4,) whose ’s are not
necessarily 0, for the Minkowski space-time S(B).

§9. Some preparatory propositions, 4.

In the present and the next sections, we shall integrate (8.2) and
determine the actual forms of the line element of Vy. As a matter of
course, S(B) and S(A) dealt with in the last section are included in the
following discussions. From (8. 2) and (8. 3), we can easily obtain

9.1) S +f2+3K/2=0,
where we put f=8+7+6. Then if we put f=2v'/v, (9.1) becomes
9. 2) v = —(3K/4)v.

(A) In this section, we consider the case of K=0. In this case g,; of
the space-time under consideration satisfies the Einstein equation for purely
gravitational field :

(9‘ 3) Kij =0 >

and the results are especially significant from the physical point of view.
Therefore we shall state the results somewhat in detail.
We have from (9. 2), or directly from (9. 1),

(9. 4) (a) f=0 or (b) f=2M"', (M=zx+c)),

where ¢ is an arbitrary constant.
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(A,) In the first place we consider the case of f=0. This condition
gives BCD=const. When (7)(8,7,0+#) holds, we have pré+0 from (8. 2).
Further we can easily find that we cannot have such a case so far as we
are dealing with real quantities. We can also prove that we cannot have
the cases of (i) (B#7=0), (ii;) (*#p=0) and (iz,) (B=7+#06). If we consider
finally the case of (i) (8=7=4), we arrive at f=7=8=0. Therefore we
have

ProrosiTION 9. 1. When K=0 holds, the only possible solution of (8. 2)
is given by B=1=0=0, if we assume f=0. That is, the Vy is S(B), the
line element is given by (IV) of Proposition 8.2, and the c.s. satisfies (IV)
of Proposition 8. 3.

(A,) Now we consider the case in which f=2M"+0 holds.
() We assume (B,7,0%). From (8.2), we have
(9. 5) B—1=aM, T—6=aM, 6—B=al,
where a’s are arbitrary constants satisfying
(9. 6) ata;+a,=0.
Then from (8. 2) and (9. 5), we obtain
9.7) B=2+a,—a)M3, r=2+ay;—a,) M3, 6=02+a,—a;)M/3.

The condition (8,7,8+) is equivalent to a,a,a,#0. Using (8.2) again, we
have _

(9. 8) a22+ a32+ a42 - 8 .

Conversely, when a,a;a,#0, and (9.6) and .(9. 8) hold, (9.7) satisfies (8. 2)
and K=0. Therefore we have ‘

ProrosiTioN 9. 2. Let K=0 hold. If we assume f=2M"' and (8,7,
0%), the solution of (8.2) is given by (9.7), where a’s are arbitrary non-
vanishing constants satisfying (9.6) and (9.8). In this case, we have

9.9) B = M®au—ws C=cMeta-aB D= ¢ M-/,

The actual method of obtaining a’s is as follows: If we eliminate a,
from (9. 6) and (9. 8), we have
(9. 10) al+tal+taa,=4.

Take a; and a, satisfying a;a,#0 and (9. 10), and determine a, from (9. 8).
Then this set (a,, a;, a,) gives the solution, if @,#0. An example is given

by
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=1, a=(=1+413)/2, a=—(1+413)2;
(9.11) - = B=(7T+4I3)/6M, 7=(Q1+413)/6M, 6= (2—V13)/3M;
R B‘:CZM(7+/T3>{/5, C=63M“+"1_3)/6, D=C4M(2"/1—3)/3-
Further we have

ProposITION 9.3. K.Z of Vy stated in Proposition 9.2 has 3 double
eigenvalues, and these values are not constants. (As a result, they are
non-vanishing.)

The proof is easy if we use the fact that, for example, f6=7d is
equivalent to =0, i.e. a;—a,=2, which together with (9. 10) gives asa,=0.

(7)) Next, we assume f=2M""' and (8=7+46). Just as in (), we obtain
from (8. 2)

9. 12) 6—B = a,M-.

Making use of (8. 2) again, we find that (8=7, ) and (B, C, D) must be one
of the following two types :

(ii4a) a4=2, B:T':O, 5=2M_1; B=CZ, C:C3, D=C4M2.
a=—2, B=r=@A4RB)M", o=—28)M;

B=cM"?, C=cM¥”3, D=cM?¥,

(ii4,) is nothing but the one given in (IIL,,) of Propositions and 8.3, and
K:? has a sextuple eigenvalue 0. K.? of (ii,) has a quadruple eigenvalue
—(2/9)M2 and a double eigenvalue (4/9) M2 Both eigenvalues are func-
tions of x, and are not constants.

(i) We now assume f=2M"'! and (f#7=40). (The case of (i) (T+p
=0) can be obtained from the present one by a simple change.) Just as in
(ii,), we can obtain, by making use of f—7=a,/M, the following two kinds
of solutions :

(iiZ(z) a2=2, 7=5=0, ﬁ=2M_1; B::CzMz, C=:C3, D=C4,

a=—2, B=—02)M!*, r=56=04/3)M;

B=cM?%, C=cM"”, D=cM*.

(ity4) is the one in (III,,) of Propositions and Concerning the eigen-

values of K:Z of (ii), we have the same results as in (). .
(i) The case in which f=2M" and B=7=05 hold. We have B=7

=0=(2/3)M™'. Since this f does not satisfy 28'+pg=pg, i.e. f/'=0, we

cannot have such a solution.

(¢is5)

(¢230)
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Summarizing the results obtained above, we have

ProPOSITION 9. 4. When K=0, the solutions of (8.2) are given by
those stated in (ii,,) and (ii,,), (0=2, 3, 4), if we assume f=2M" and exclude
the case of (B,7,0%). The Vy’s in (ii,,) are S(B), while those in (ii,;) are
not S(B). K of (i) has one quadruple eigenvalue v and one double
eigenvalue ' (= —2v), where v is a non-constant function.

We do not restate, with use of the members of c.s., the results ob-
tained above. But it should be noted that the gradients of eigenvalues of
K in [Proposition 9.3 and those in (i7,,) of Proposition 9.4 are propor-

1 .
tional to #,. As is stated at the beginning of this section, these space-times
are non-flat exact solutions of the Einstein equation (9. 3).

Thus we have completed the study of the Einstein Vy satisfying K=0.

§10. Some preparatory propositions, 5.

In this last section, we consider the case of the Einstein V5 satisfying
K0, the last case remained. Then we have, corresponding to (9. 3),

(10. 1) K= (K/4) 9ss»

where K/4=v=const. (cf. Proposition 8 1). (10.1) is nothing but the
Einstein field equation with a cosmological term. So, again the results of
this section will be of some meanings from the physical point of view.
The results obtained in §8 concerning S(A) will be included in those of
this section.

(B) We first assume K<0, and put p=+v—3K/2. Thus p is a non-

vanishing constant. Then from (9. 2), we have

(10. 2) v =ae”+be ",

where a and b are arbitrary constants which do not satisfy a=b6=0. Then
we can obtain from (8. 2)

B=1v" {a2+(2p/3)w} , IT=v™ {a3+(2p/3)w} ,
(10. 3)

o=v"! {a4+(2p/3)w} , w=ae®—be ”, (Vv =pw, w’ = pv),
where a’s are arbitrary constants satisfying

(10. 4) a2+a3+a4=0.

Again substituting (10. 3) into (8. 2), we find that a necessary and suf-

ficient condition that 8, 7, § given by (10. 3) satisfy (8. 2), is given by (10. 4)
and
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(10. 5) aa; + aza,+aa, = 16 abp?/3 = —4abK .
From (10. 3), we have
(10. 6) B=cv”exp(a,F), C=cv*exp(aF), D=cv**exp(aF),

where F= fv“ldxzy(aepz+be“px)“l dzx. Therefore we have

ProrosiTiON 10. 1. When K<O0, the general forms of (B,7,0) and (B, C, D)
satisfying (8.2) are given by (10.3) and (10.6) respectively, where a’s are
arbitrary constants satisfying (10. 4) and (10. 5).

Especially when #=0 (or a=0) and f=7=4, we have a,=a;=a,=0 and
(10 7) ﬁ=r=5:2P/3 > B=CZG, C:C3G7 D:C4G, (G=esz/3>’

where ¢’s are new arbitrary positive constants. (10.7) is nothing but those
given by (8.6) in which p is replaced by 2p/3. In connection with this,
we have

ProrosiTioN 10.2. When K<O0, Vy must be S(A), if B=7=05 holds.

Proor. From (10.3) and (10.4), we have a,=a;=a,=0, and from
(10.5), ab=0. Then it is evident that the Vy is .S(A) (cf. [Proposition 8. 4).
Q.E.D.

It is easy to show that we have solutions (a;, a;, a,) of (10. 4) and (10. 5)
giving various types: (7) (8,7, 0%#), (it,) (B#7=40), ---. Examples are

(i) {@=a/2=—a/3=(4N2D)pV—ab}, (id) {~a/2=a=a,=(4/3)p\ —ab}, ---

ProprosITION 10.3. A necessary and sufficient condition that we have
a real solution of (10.4) and (10.5) is ab<0.

ProOF. By virtue of (10. 4), we have a,a,+ asa, + aa,= —(a’ + a’ + a?)[2
and hence from (10.5), the proposition follows. Q.E.D.

Thus we can say that the space-time under consideration cannot be Vy
in our sense when ab>0. Evidently K:? has a sextuple eigenvalue for
S(A), a quadruple and a double eigenvalues when two of B,7,d coincide,
and three double eigenvalues when (8,7, 9#). Except the case of S(A), the
eigenvalues are non-constant functions of x.

(C) Lastly, we consider the case K>0, and put +3K/2=p. Then,
corresponding to (10.2), we have from (9. 2)

(10. 8) v = asin px+b cos px,

where a and b are arbitrary constants, at least one of which is non-vanish-
ing. The equations corresponding to (10. 3), (10.4) and (10.5) are respec-
tively
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B=v{a+(@Rw], T=v"{a+(p3)w},

(10.9)

6=v"! {a4+(2p/3)w} ; w=acos pr—bsinpx, (Vv =pw, w'=—pv),
(10. 10) a+tat+a,=0,
(10. 11) a,a;+ aya, + aa, = —(4)3)pA (a2 + b)) = — (@ + K.

The actual forms of B, C and D are given by (10.6) with F =s'o'ldx=
j(a sin px+b cos px)' dx.

If we put B=7r=04, we have from (10.10) and (10.11), a,=a;=a,=a
=b=0, which cannot be the case. Therefore the Vy cannot be S(A4), in
conformity with the result in [Proposition 8.4 Similarly to the preceding
case, we can show the actual examples of the solutions of (10. 10) and
(10. 11) of type (i) and (iz,). (As is stated in the above, we cannot have the
type (7ii).) The eigenvalues of K.# are of type { 1 double and 1 quadruple}-
or {3 double}-values and these values are not constants.

~Thus in §8, §9 and the present section, we have completed the pre-
paratory investigations concerning the Einstein V’s. When K has a sex-
tuple eigenvalue, the V is S(B) or S(A). The value is 0 for S(B) and
a non-vanishing constant for S(A). If we exclude such cases, the remaining
Vy’s are of type {1 double and 1 quadruple}- or {3 double}-eigenvalues, and
further the values are non-constant functions of x in all cases. This result
will be used in considering the freedom of c.s. in these Vi’s.
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