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On the infinitesimal Blaschke conjecture
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Introduction

Let M be a riemannian manifold and ¢ its riemannian metric. Then
M is called a C,-manifold and ¢ a C;-metric if all of its geodesics are periodic
and have the same length [. So far very few C;-manifolds are known except
for the following famous examples: The spheres S"(n=1) and the various
projective spaces, i.e., the real projective spaces RP" (n=2), the complex
projective spaces CP* (n=2), the quaternion projective spaces HP" (n=2),
and the Cayley projective plane CaP? all of these being equipped with the
standard metrics. In the case of S* we know that there are non-standard
C,-metrics, which are given by Zoll and Weinstein (cf. [1]). On the other
hand, for RP", the non-existence of such metrics was proved by Berger
(ct. Appendix D). But it is not known whether there exist non-standard
C,-metrics on any other projective space. For a historical reason, the con-
jecture of non-existence of such metrics on the projective spaces is called
the Blaschke conjecture.

The main purpose of the present paper is to study an infinitesimal
version of the Blaschke conjecture, the infinitesimal Blaschke conjecture,
and to give a partial affirmative answer to this conjecture.

Let M be one of the spaces CP", HP* (n=2), and CaP? and ¢, its
standard C.-metric. Let us consider a deformation ¢, of the riemannian
metric g, which satisfies the following conditions :

1) Each g¢; is a C,-metric;

2) Each g, is semi-conformal to ¢,, i.e., for any projective line NC M
there is a function A, on N such that c*g,=hy*g,, where ¢ denotes the
inclusion N—M.

Then we know that the linearization f:%%t— s—0 Of g, at t=0, being a

symmetric 2-form on M, satisfies the following conditions :
a) [[£(70,70) de=0 for any geodesic 7(t) with |7 =1;
0

b) fis semi-conformal to g, i.e., for any projective line NC M there
is a function 2 on N such that *f=he*g, where ¢ denotes the inclusion
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N—-M.

Now we say that a deformation g, of ¢, is a semi-conformal C.-defor-
mation of ¢, if it satisfies conditions 1) and 2), and correspondingly that
a symmetric 2-form f on M is an infinitesimal semi-conformal C,-deforma-
tion of g, if it satisfies conditions a) and b). Then our result may be stated
as follows:

THEOREM A. Any infinitesimal semi-conformal C,-deformation f of go
is trivial, that is, there is a vector field X on M such that f=Zx§o.

Here we make several remarks on the theorem :

(1) The theorem is not the case when M is CP' or HP' or CaP!
(cf. Lemma 1.2 and [5]).

(2) In case M=CP", condition b) means that f is hermitian with respect
to the standard complex structure I of CP". Thus the adjective “semi-
conformal” may be replaced by the adjective “hermitian”, and the theorem
asserts that any infinitesimal hermitian C,.-deformation of g, is trivial.

(3) In case M=CP" or HP", our theorem combined with the results
of Tanaka and Kaneda-Tanaka [3] yields the finite dimensionality of the
space F' of infinitesimal semi-conformal C,-deformations of ¢,.

(4) Using these results, N. Tanaka has recently proved the following

TueoreM (Tanaka). Let M=CP», and let g, be a kdhlerian C.-defor-
mation of Go. If ¢: depends real analytically on the parameter t, then
there is a one-parameter family ¢, of holomorphic transformations of CcPr
such that ¢o=1identity and §.=¢*go.

This paper consists of four sections and an appendix. In §1 we reduce

the proof of A to the case M=CP2 For this purpose we use
Michel’s result [5], which is also used in §4. §§2-4 are devoted to the
proof of the case M=CP? i.e., the following.

TueoreM A'. On CP% any infinitesimal hermitian C,-deformation f
of g, is trivial.

In § 2 we first define a space &/, of hermitian 3-matrix valued functions
on the unit sphere S° of €% and then show that there is a one-to-one cor-
respondence between the space &/, and the space &' of infinitesimal her-
mitian C.-deformations of ¢, through the natural projection ,: S'—CP2
In §3 we define another space &/, and study the property of its elements
in detail. Finally, in §4 we relate the space 7, with the space &/, and,
using the result in § 3, complete the proof. In Appendix we give a proof
of Tanaka’s theorem stated above.
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Notations and preliminary remarks

1) In this paper we always assume the differetiability of class C* unless
otherwise stated.

2) Let M be a compact symmetric space of rank one with the standard
C.-metric ¢y, and & (M) be the space of symmetric 2-forms on M. Then
we define a subspace &' (M) of (M) by &' (M)={fcS (M||f satisfies
condition a) in Introduction}. In case M is one of the spaces CP*, HP»
(n=2), and CaP?, ?'(M) denotes the space of infinitesimal semi-conformal
C.-deformations.

§ 1. Reduction of Theorem A to the case M=CP:
In this section we shall show that we have only to prove A

in the case M=CP% For this purpose we need the following theorem due

to Michel [5].

THEOREM 1.1. (Michel). Let M be one of the spaces RP*, CP", HP"
(n=2), and CaP? and let he S’ (M). Assume that for each projective line
KP' in M=KP", there is a vector field X on KP! such that < (c*gy)=c*h,
¢ being the inclusion KP'—>M. Then there exists a vector field Y on M
satisfying Zygo=h.

We moreover need the following lemmas, which are well known (see

for the former, and for the latter).

LEmmMma 1.2, Let S":{xER"“] lx[:%} and let ¢, be the rieman-

nian metric on S* induced from the standard metric on R*'. Let X be
a conformal vector field on S*:

Zxo = hy,,

h being a function on S*. Then h is a linear function on S*, i.e., the
restriction of a linear function on R**' to S*. Conversely, if h is a linear
Sfunction on S, there is a conformal vector field X on S* such that <£xg,=
hg,.

LEmMMA 1.3. Let M be one of the spaces CP", HP* (n=2), and CaP?
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with the standard C.-metric ¢, Then for each totally geodesic submanifold
S? of M which is isometric to (S? 9o), there is a totally geodesic submanifold
CP? of M which is isometric to (CP? g,) and contains the S

From the above facts we can obtain the following

ProposITION 1.4. If Theorem A is true in the case M=CP? then it
is also true for any other case, i.e., M=CP", HP" (n=2), or CaP2.

ProoF. Let M be as in Lemma 1.3. We put a=2, 4, or 8 accordingly
as M=CP», HP* or CaP? respectively. Let f€%' (M) and fix a projective
line S* in M. From the very definition of ' (M) we can find a function
h on S such that

¥ f=hi*g,,

where i being the inclusion S*—M. We now take a totally geodesic sub-
manifold .S? of Se. Let 7, and #, be the inclusions S*—M and $*—S5° re-
spectively. By Lemma 1.3 there is a totally geodesic submanifold CP? of

M containing the S% Let j; and j, be the inclusions CP*—M and S2—CP?
respectively.

Since for any line CP! in CP? there is a line S* in M which contains the
CP! (cf. [7]), we see j/* fe?’(CPz). Hence there is a vector field Y on
CP? such that <y(ji*go)=j*f by the assumption. We decompose Y on $?
as follows: Y=Z-+W, where Z is tangent to S? and W is normal to S%
Then we can easily see that

w*f=jg* (o‘ZY(].l*go))

= Zz(i1*qo) -

On the other hand, since i* f=hi*g, we obtain

i* f = (ig*h) (i1* Q) -
Hence by Lemma 1.2 we see that i*h is a linear function on S2. . Since
S$?—S2 is arbitrary, it follows that A is a linear function on S* Thus, again

by Lemma 1.2, there is a vector field V on S* such that Zy(¢*go) = hi*g,.
Therefore, by Theorem 1.1 there is a vector field X on M such that

eixgo:f. q.e.d.
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§2. The spaces & and oy
In this and subsequent sections we shall prove A’, which,
combined with [Proposition 1.4, gives the proof of A.

Let $% be the unit sphere of €3 and z,: S*—CP? be the natural pro-
jection. Let (, > be the canonical hermitian inner product of C®:

3
{z, w) = Z1 2, W,
=

where 2=(z,, 2, 25), W=(w,, Wy, w) =C%. We define a submanifold T of

S x C* by
T ={(z w)eS x C<z, w) =0},

and denote by ' the natural projection 7—S5%; 7’ (2, w)=2. Then we see
that 7" is a complex vector bundle over .S* with projection #' and that it
can be naturally regarded as a subbundle of the tangent bundle T.S® of ,Sv.
Let m; be the restriction of 7y to 7. Then it is clear that . T—-TCP?
is a homomorphism as complex vector bundles.

Now let # denote the space of hermitian (or semi-conformal) symmetric
2-forms on CP2 i.e.,

S ={f €S (CPY|f (I, lu) = f (u, w), uTCP?),

where I denotes the complex structure on CP2. Let f€.%. Then it is clear
that 7;* £ is a hermitian symmetric 2-form on each fiber T,(2€8% of T, i.e.,

(w* £) (= i), (2, 70)) = (@ f) (=, 0), (2, 0), (mv) ET.

Let H(3) be the space of hermitian matrices of degree 3. We now define
a vector space &/ as follows :

Heg/ if and only f H is a H(3)-valued function on S which
satisfies the following conditions :

1) H(2)2=0, where 2=(2, 25, 2;) =S° should be considered as a column
vector ; '

2) His U(l)-invariant, i.e, H(az)=H (2) for each a=C with la| =1.
PrROPOSITION 2.1. There is a one-to-one correspondence (fe>H ) between
& and &, where f and H are related by

(*1)  (m* f) <(z, v), (2, v)) = <H(z) v, v>, (z,v)ET.

Proor. First suppose fEe#. Fix z&.55. Since
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(2, 0)=(m* £) (2, 0), (2,0)) = (7 (2 0), m(z0)

is a hermitian form on 7, we see that there exists a unique element H (2)&
H (3) satisfying (%) and H(2)2=0. For each a=U(1l), we define a H(3)-
valued function H* by H*(2)=H(az). Then we have H“(2)z=0 because
H(az)az=0. Moreover, since (2, v)& 7T implies (az,av)eT and = (az, av)=
7 (2, v), we have

<H" (2)v, v> = <H(az) av, av>
=f (nl(az, av), m(az, av))

= f(m(z ), m(z ).

Therefore H* also satisfies (%) and H*(2)2=0. By the uniqueness it follows
that H= H*, which implies that H is U(l)-invariant. Hence H=.o/. Con-
versely, suppose HE.o/. Then we have

<H(az) av, av> = <H(az) v, v> = <H(z)v, v>

for any (2,v)€T and acU(1). Thus we see that there uniquely exists
fe K7 satisfying (). g.e.d.

Let ¢, be the geodesic flow on SCP? the unit tangent bundle of CP:
¢, is characterized by the following property :

Let ©=SCP* and 7(¢) be the geodesic on CP? with 7(0)=«. Then
Cau=1(t).

LEMMA 2.2. Let fEF' =" (CP?). Then we have

SCru, Czu) = —flu, u)

for any ueSCP:
Proor. Fix u=SCP? and a projective line CP*C CP? such that «=.SCP:.

Let ¢: CP'->CP? be the inclusion. Since fe?’, we see that there is a
function A on CP! such that

X f = he*g
and

[ n(re)ar=0

for any (closed) geodesic 7(z) in CP' with ||7()]|=1. Let us now identify

: .1 . : i
CP' with the sphere S?CR?® of radius "5 as riemannian manifolds and let
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r be the antipodal map on S%. Then it follows that 4 is an odd function,
ie.,

hot= —h
(see [I] p. 123). Thus we have
F(C3u C50) = h(x(C5) = h(e(z@))
= —h(z(w)=—f(uu). q.e. d.
We define a submanifold S of T" by
S ={(z w)eCx 2| =|w|=1, {zw)=0},

which may be characterized as the unit sphere bundle of the vector bundle
T over S°. We also define a subspace 7, of &/ by

MO:{HG&(KH(z)v, v>-—— —<H(v)z, z> for any (z, v)ES}.

Then we have

PROPOSITION 2.3. The assignment f— H given in Proposition 2.1 also
gives a one-to-one correspondence between &' and sl

Proor. Let fe.?’ and let H be the corresponding element of ..
Take any (2, v)ES. Then we easily see that

¢, mi(2, v) = my(coste2+sintev, —sint+z-+costev),

especially,
C~§—7T1(z, v) =m(v, —2).

Since f({zu, {zu)=—f(u, u) for any u=.SCP? and ||my(2, v)||=]|m (v, —2)||=1,

we have
F(mlv, —2), m(©, —2) = FCsm (2 v), L3m(z )
= —f(m(zv), m(z ).
Therefore
{H(v)z,2)= —(H(2)v, v),

which implies HE o/, Conversely, let He </, and f be the corresponding
element of <. For any (z, v) €S, we have
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f(esmlz v), Cimlzv) = f(m(v, —2), m(v, —2))
= <H(v)z, z> = — <H(z)v, 'v>
=—f <7r1(z, v), m(z, v)) .

Since tha map z,: S—SCP? is surjective, it follows that f({zu, {su)=—f(u,

u) for any «=.SCP2. Thne we have

S" F(Couy L)y de = 0, wesSCP?,

0

and hence fe?’. gq.e. d.
§ 3. The space ./,
First of all we define a subspace &/, of &/ as follows:

He o/ belongs to o/, if and only if for each (g, v)E.S, there exist
real constants a, b, ¢, d such that

<H(az—|—,8v) (—pz+av), ——,@z—l—dv>
= ala|*4-b|B|*+cReap+dImap

for any (a, B)=.5% where S* stands for the unit sphere in C% i.e., S*={(a,
B e C?lal*+|BI>=1}.

Remark that the equality
<az+‘8v, —Bz—l—c‘w> =0
always holds, provided (2, v)&.S.

We now study the property of elements of .o/, in detail. Consider the
canonical basis {e, e, €5} of C®:

e, =(1,0,0), ea=(0,1,0), es=(0,0,1).
Fix he o/, and define a function A;; on S by
hy (2) = <H (2)es, e1> :
Furthermore define functions a, b, ¢, d on
Set) = {‘vECez(—BCe?,] |v] = 1}
by
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<H(“€1+;8'v)(“531+5w), _Be1+d'0>
= a(v)|a|?*+b(v)| B2+ c(v)Reap+d (v)Inag,

where (@, B)&S5% Then we have
LemMa 3.1. For any vES(ef) and any (a, f)ES%, we have
hay(aey+ Bo) =812 {a(v)|a]*+ b(v)| fI*+ ¢ (v) Reap+d(v) Imap} .
Proor We have
<H(ae1+ﬁv) (—Bey+av), —Be1+dv>
= a(v)|a|2+b(v)| B2+ c(v)Reap+d(v) Imap
and
H (ae,+ pv) (wey+pv) =0,
from which follows easily the lemma. q. e d.
Form the above lemma we know that the equality
(%9)  hulae;+ o) (|al*+[B]%)
=|pI*{a(v)|a|*+b(v)|B|*+c(v)Re ap+d(v) Im ap}

holds for any (a, B)&S%. This being said, we extend h to a homogeneous
function of degree 2 on C*\{0}. Then we see that (%) holds for any (a, g)E
C?\{0}, because both sides of (*;) are homogeneous functions of degree 4 in
(e, B)-

Let (2;, 22 25) be the natural complex coordinates of C®. We then put z;=uz;
44 =1y, (j=1,2,3) and take (z,¥;, Xz, Yo, T3 Ys) as real coordinates of C.
We also put

a:rl—i—«/_—”lu Sis ﬁ:rﬁ—«/ —1 s
for (@, )= C? and take (ry, 51, 7, S2) a8 real coordinates of C2
LemMMA 3.2. Let Heof and vES(et). Putting

0 0 0 0
D, —-—Re‘vz—a}; —{—Imvz—ag—/; +Re v, —a—a;—{-lm‘v?,a—%,

we have

1

hy(v) = ) <(Dv)2hu> (e) + Tzlz ((Dv)4h11> (e1) -

Proor. We differentiate both sides of
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(%2)  hulae,+Bo) (Jal>+ 1819 ‘
= 1BI*{a(w)lal*+b(2)|5]*+c(v) Re as+d(v) Imap)
4 times with respect to the variable r.. Since the map (a, f)—ae+pv

(CA\ {0} —C*\{0}) transforms ir to D,, we obtain the following formula:
2

((Dthas) (s + o)« (1l + 1819 48 (Dfhus) (aes + fo)
+12 ((D”)2h11) (crey+ fv) = 24 b(v) .

Therefore putting a=1 and =0, we have

b(e) = (D)) (e + 4 (D) ()

On the other hand, putting a=0 and B=1 in (x,), we have hy(v)=>5b(v).
q. e.d.

Here we notice that the right-hand side of the equality in Lemma 3.2
is a sum of homogeneous polynomials in v of degrees 2 and 4. By exchang-
ing the basis of C® we thereby obtain the following proposition :

ProrosiTiON 3.3. Let HE s/, and fix a unitary basis {v, w,z2} of
C:. Then there exist U(l)-invariant homogeneous polynomials in (a, f) € C*
of degrees 2 and 4, f; and fi, such that fy(a, p)ER, fila, )ER and

(H (az+ pw)v, v) = fila, B+ fila, §)
Jor any (a, B)=S°

Proor. The only part which is not clear is the U (1)-invariance of f;
and f;. To see this we first take f, and f; which are not necessarily U (1)-
invariant. Since H is U(1)-invariant, it follows that

feleta, éB)+ fu(eta, €B) = frla, B)+ fula, B)
for any teR. If we put
o Bl =g [ S el (=2,
T Jo
we easily see that f;’ and f/ are U(l)-invariant and satisfy

S (e, ﬁ) +ﬁ, (e, B) = Sola, ‘B) +ﬁ(a’ B) .

Therefore we have seen that f; and f{ satisfy all the conditions in the pro-
position. g.e.d.
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LemMA 3.4. Let f, and fi be as in |Proposition 3.3. Then fi(a, B)—
—fo(—Bs @) is a linear combination of |a|*—|B|%, ReaB, ImaB with real
coeffecients. And fi(e, B)—fi(—B, @) is of the form :

(la|24-1Bl%) {a linear combination of |a|*—|B|% ReaB, Imaf with real
coeffecients).

Proor. f, being a U (1)-invariant quadratic form, is a hermitian form.
Therefore there are real constants a, b, ¢, d such that

Sole, B) = alal®+ b/ B2+ cReap+dImag.
Then we have

fo(—B, @& = a| B2+ bla|*— cReap—dImag,
and hence

faley ) —fo(—B, @) = (a—b) (lal*~ |9 +2cReap+2dImaB .
For f, we first express it as
Sila, B) = 3 Apgrs0Pa®B7 B, apys=C,

where the sum is taken over all 4-tuples of non-negative integers (p, g, 1, s)
with p4+q+r+s=4. We have

%Szxﬁ(e"‘% e“f)dt = fi(a, )
and
o [t @ ey @y

0

2
—_ _21;5 eitp—atr—3s Jr .apdq‘Br‘és
0

(@B, prr—gts (=2
l 0 , pt+rxqgts.
Hence it follows that

fula, B)= X by oPadfr2pre,

0sp, g=2

where b,,=ayg2-p2- Thus we have
fila, {)—fi(—=B, @)

= [ {apdq‘32-p Bz—q — (—1)rte l§p ﬂqaz—paz—q} .

0=p, g2

On the other hand, we can easily see that
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aPaiprr ‘gz—q —(—1)r*e gp Bla?Pa*1
is 0 or of one of the following forms for each (p, q) with 0=p, ¢=2:
T(lal?+ 8D (lal*— 1819, £(lal*+]p)as, *(al*+]p%ap:
Consequently we have seen that there are constants a, b, c&C such that

fila, )—fi(—B, @)
= (lal*+18I* {a(la|*—|8]°)+ bReap +cImag} .

Since fi(a, B)ER, it is clear that a, b, ¢ are real numbers. g.e.d.

By [Proposition 3.3 and Lemma 3.4, we have proved the following

ProrositioN 3.5. Let HEof,. Fix a unitary basis {v, w, 2} of C
Then there are real constants a, b, ¢ such that

(H (az+ pw) v, v> — <H(—Bz+dw)v, ‘v>
= a(|la|®*—|B|2)+bReap+cImap
Jor any (a, f)E.S2.
§ 4. Proof of Theorem A’

Let fe (CP?. By [Proposition 2.3 there uniquely exists H' €&, such
that

(H (2w, w) = f (m(z, w), m(zw), (zw)eT.
LEmMA 4.1. There is H= o/, such that
(H'(2)w, wy = (H (2)v, v) — (H (w)v, v)
for any unitary basis {v,w,2} of C.

Proor. Fix 2z&.S® and a unitary basis {e, ey of 7,. Then we define
a R-linear transformation ¢ of 7, by

o(ae,+ fe) = — Pey+aey, (a, p=C?.

Since the function
w—>—;*<H’(z)a(w), o(w)), weT,

is a hermitian form on 7, we see that there uniquely exists a hermitian
matrix H (2) of degree 3 such that H(2)2=0 and

(H(2w, wy =5 (H(#)o(w), ow), weT:.
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Since {z, w, 0 (w)} is a unitary basis of C% it follows that

<H(z) w, w> = % <H’(z) v, v>

for any uhitary basis {2, w, v} of C% Clearly the map 2—H(2) is U(1)-
invariant, and hence He.«/. Furthermore we have

<H(z) v, v> = —; <H’(z) w, w>
and
<H(w) v, v> = % <H’(w)z, z> = — —é— <H’ (2) w, w> ,
whence
<H(z) v, ‘v> — <H(w)'v, v> = <H’(z) w, w>

for any unitary basis {z, v, w} of C®. On the other hand, since {az-+pw,
—Bz+aw, v} is a unitary basis for any (a, §)S8, it follows that

<H(az-|—ﬂw) (—Bz+aw), —Bz—{—c‘vw>

:% <H’(az+ﬁ‘w) v, v>

1 AY
=—5 <H’(v) (az+fw), az+pw).
Clearly the last term can be expressed as a linear combination of |al?% ||
ReaB, Imap with real coefficients. Thus He /. q.e.d.
We continue the proof of A’. We fix a unitary basis {v, w, 2}

of C3. Using the above lemma and Proposition 3.5 we have
f(ﬂl(az—l—ﬂw, —Bz+aw), mlaz+ pw, —ﬁz+aw))
= <H(az—|—‘8w)v, ‘v> — <H(—/§z+c‘tw)‘v, v>
= a(|a|2—|B|) +bReap+cImap

for any (a, B)=S8% where He o/, and a, b, ¢ are real constants. On the
other hand, the set

{molez+ pw)| (e, e

represents a projective line CP! in CP? and

m(az+ pw, —pBz+aw) e TCP'C TCP?.
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Let ¢ denotes the inclusion CP'—»CP2 Then, expressing f as
& f =htg, heC(CPY,

we have
f (mlaz+puw, —pz+aw), mlaz+ o, —fz+aw))
= h(z(az+ pw))
and therefore
() h(m(az+pw)) = a(|a?—||) +bRea+cImag .

Remarking the fact that (a, §)—>n,(az+ Bw) gives the natural projection
C*D.5*—CP', we can easily see that the map

1
mo(az+ fw) f—><~2~(]a12—],6[2), Reap, Imdﬁ)
gives an isometry CP‘~—>S2:{xER3| lxl:%}. Under this identification

we see by (%) that A is a linear function on CP*=.S2. Therefore by Lemma
1.2, it follows that there is a vector field Y on CP! such that ZLy(t*gy) =% f.
If we vary {v, w, 2} over all unitary basis of €%, the set

{molaz+pro)l(a, p) €57

can represent any projective line in CP2. Thus by Theorem 1.1 we have
shown that there is a vector field X on CP? such that Zx0=Ff.
q.e. d.

Appendix
In this appendix we give a proof of the following theorem due to Tanaka.

THEOREM (Tanaka). Let M=CP" (n=2) and let (¢)icr be a kdhlerian
C.-deformation of ¢, where I is an open interval containing 0. If ¢,
depends real analytically on the parameter t, then there is a one-parameter
Sfamily ($)ier of holomorphic transformations of CP* defined on the same
interval 1, such that ¢o=identity and g,=d*q,.

Proor. Let X be a vector field on CP" and ¢ a 1-form dual to X
Let D¢é be a symmetric 2-form defined by

(Dg) (Y, Z) = V) (Z)+(V z9) (Y) .
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Then we can easily see that £x9,=D¢. Let Lg be the anti-hermitian part
of D¢, i.e.,

(Lg) (Y, 2 =5 {(Dg) (¥, 2~Dp)1Y, 12}
Then by Tanaka [6], we see that Lg=0 if and only if
Ap-+dog— ((ds(pl)) I-8(n+1)$=0,
where ¢l is a 1-form defined by (4I) (Y)=¢(IY), and & denotes ik adjoint

operator of d, and 4 denotes the usual Laplace operator. We remark that
Zx0 is hermitian if and only if Lé=0. Set

B={¢|Ls=0}
B,={df|f is a function on CP*, Af=4(n+1)f}
B,={(df)I|f is a function on CP*, 4f =4(n+1)f}
By = {p|op =d(¢]) =0, 49 =8(n+1)¢} .
Remarking the fact that 8 (df)I)=0 and 4(¢I)=(44)], we can easily see that
B = B®B,PB; (orthogonal decomposition) .

Moreover it is well known that X is an infinitesimal isometry if and only if
¢= B, and that X is an infinitesimal holomorphic transformation if and only
if ¢= B+ B,.

For any ¢= B, we define a 2-form P¢ by
(Pg) (Y, Z) = (Dg)(Y, 1Z).
LemMma 1. If ¢&B; and dP$=0, then we have $=0.

Proor. By calculating dP, we have
0 = (5dPg) (Y, 2) = 4(n+1){(F ) UIZ, Y)~(F9) (IY, 2}

From this we easily have Dg=0. Since ¢ B, it follows that ¢=0.
g. e. d.

By Lemma 1 we see that £x0, is hermitian and dP$=0 if and only
if X is an infinitesimal holomorphic transformation.

LEMmMA 2. There is a series of infinitesimal holomorphic transforma-
tions X® (i=0) such that for any integer =0 we have

0
() o"?fxtng'a%t (mod #¥1),
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where X, = Z‘ rXP,

Proor. We shall define X% inductively. Let 2, be the 2-form associ-
ated with g,, 7. e, 2,(Y, Z)=g,(Y, IZ). Since g, is kihlerian, we have d@,=0.
We describe g, as

(%o 9g:=go+th (mod¢?).

Then we see that he.#'. Hence by A there is a vector field X
such that Zzgo=h. Let © be the 2-form defined by

6(Y,Z)=h(Y,12).
Then we have
2, =2,+t0 (mod ¢}

and d0=0. Hence by Lemma 1 we see that X is an infinitesimal holomorphic
transformation. We put X®=X. Now we assume that there are infinitesi-

!
mal holomorphic transformations X@, ..., X® such that X,= )] t#!X® satisfies
i=0
(e Zrge="2 (mods+y.

Let @, be the one-parameter family of holomorphic transformations generated
by X., i.e., ®,=identity and

(@); {at o, )}z(X,)m,xECP“.

Putting ¢,=(®@;")*g,, we have
* ag—t — agt

Thus we obtain

& * aait =0 (mod £+
and hence
50 (mod s

Therefore we have
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% being a symmetric 2-form. Since §, is kihlerian and C, it follows easily
that k€%'. Hence by A there is a vector field X such that
Zs0o=h. Let 2, and @ be the 2-forms defined respectively by
0., 2)=qg.Y, 12), 6(Y,Z)=h(Y, 1Z).
Then we have
1
[+

and d#=0. Thus by Lemma 1 we see that X is an infinitesimal holomorphic
transformation. Therefore, putting

Yt - Xt“l_tH_lX,

2, =0+ 5 £726 (mod #*?)

we have
Zy,0: = ZLx,0e 1 L0,
v o
= aa%t —@t*aitt + L 2,
E%* — R+t L g, (mod £77)
_——_%. (mod #*?)
Thus, putting X®*? =X, we see that (%);4; holds. g. e. d.

LEMmMa 3. The holomorphic sectional curvature of (CP", g,) is constant,
and this constant does not depend on the parameter t.

Proor. Let F,, R, ¢, be the connection, the curvature and the holo-
morphic sectional curvature of g, respectively. Here we note that ¢; is a
function on the grassmann bundle of 1-dimensional complex contact elements

l
to CPr. Let X,= > #X® be as in Lemma 2 and @, be the one-parameter

i=0
family of holomorphic transformations generated by X, Put G:;=(@7)*g,.
Let 7,, R,, ¢, be the connection, the curvature, and the holomorphic sectional
curvature of §, respectively. Then we have
g:=¢o (mod £77)
and
V.=V, (mod t*?
R,=R, (mod #*)

G =c, (mod #7%.
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Since ¢, is constant, we have
de,=0 (mod #*%).
Since ¢, =@,*¢,, it follows dc;=®;*dc;, and hence
dc;,=0 (mod #7*?).

Since this is true for any =0, and since c; is analytic in ¢, we have dc,=0.
Thus ¢, is constant. On the other hand, from @/*¢,=c, we have

ac; oc,
LxotOF 5 =G

Since Zx,c;=0 and —aact—t_:_O (mod #*Y), we obtain

oc;

— 1+1

o =0 (mod #*Y).

Since this is true for any /=0, and since ¢, is analytic in the parameter ¢,
. oc

it follows that a; —(. Therefore we have c;=c,=constant.  gq.e.d.

By and II Theorem 7.9, we see that each (CP", ¢, is
holomorphically isometric to (CP", g,). The construction of ¢, is then trivial.
q. e. d. of [Theoreml
Finally we make a remark. If the infinitesimal Blaschke conjecture is
true for a projective space M, then we have the following :

Let (g,):er be a one-parameter family of C,-metrics on M such that g,
is the standard C.-metric. If g, depends real analytically on the parameter
¢ then there is a one-parameter family (¢);es of diffeomorphisms of M such
that ¢,=identity and ¢;*go=9: .

The proof is completely analogous to the above. We use V,R; instead
of ¢, and prove V,R,=0, which implies that (M, g,) is a symmetric space.
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