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§ 1. Introduction

Microlocal parametrices for hyperbolic mixed problems in domains with
diffractive boundary have been constructed by Ludwig [9], Melrose [1I],
Taylor [16], Eskin and others for second-order hyperbolic equations with
Dirichlet boundary conditions. Taylor (or [18]) has also obtained such
results for Neumann boundary conditions, and Imai and Shirota have
obtained such results for certain general boundary conditions which include
the Neumann conditions. (See also Shirota [14]). Moreover applying the
results in Taylor has obtained in such results for Maxwell’s equa-
tions in the exterior of a strictly convex perfect conductor.

The purpose of this paper is to give a generalization of the above results.

Let 2 be the open half space {x=(&, x,) =(x, ', ) ; LHERY, ' ER™,
2,>0} in R (n=2) with boundary 92 and P(x, D) a symmetric system
of first order defined on @ which is hyperbolic with respect to x,. Consider
a mixed problem :

Plx,D)u= Zn]Aj(x) Dju+Cx)u=0 in 2,
ji=o

B(Z)u=f(2) on o2,
u(x)=0 in 2N {x<0},

where D;=—1d/ox;, A,, j=0, 1, ---, n, are hermitian m Xm matrices, A,
is positive definite, and A; C and B are smooth (i.e., of class C*) and
are constant for |z| large enough.

Let f€&'(09), f(«)=0 for z,<0 and the wave front set WF(f) be
contained in a conic neighborhood of the diffractive points. We then want
to show that there is a parametrix for the mixed problem, i. e., a distribution
ueP' (QNU) with a neighborhood U of sing supp f in R*"! such that
u(x) is a C*-function of z,=0 with value in 2'(R%) and

(1.1) P(z, D) ucC=(2nU),
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(1. 2) Bul,o—feC(320U),
(1.3)  «eC*(2nUN{x<0}),

WF(u|;0) CWF(f) and WF(u) is contained in the set of null bicharacteristics
of P,(x, &) passing over WF(f) and going into positive time, where P(z, &)
is the principal symbol of P.

It is assumed that P is of constant multiplicity and hence det P(x, &)
can be written in the form:

det Py(z, &) = Qs(x, &)™ Qy(z, &)™ O(x, &),

where Q,, -, Q, and Q are homogeneous polynomials in & with C*(Q)
coefficients which have no common zero in &, such that Q,---,Q, are
strictly hyperbolic with respect to z, and Q(x, &) is independent of &, for
x near 0f2. (See Matsuura [10]). Moreover the boundary 092 is assumed to
be noncharacteristic for Q;, j=1,---,7. Then a point (£, &)eT*(02)\0 is
said to be diffractive if, for some j and some real &, Q;(«,0,&,¢&,) =
(0Q;/0¢,) (', 0,&,&,)=0 and the Poisson bracket {Q;, 0Q;/0¢,} (£,0,&,&,) is
positive. We impose furthermore the following condition on Q;.

(i) The surface Q;(x,0,&,¢&",&,)=0 in the (&',&,)-space is bounded
and strictly convex for every j=1,---,r, (&,0)€02 and &,>0.

It follows then that the real roots of the equation in &,: Q;(x, &, &,) =0
are at most double and there is at most such one root for z,=0, j=1, ---, 7.
Let (2", &) eT*(02)\0 be a diffractive point such that Q,(2",0,&",&,)=0
has the real double root &) and let us restrict to a conic neighborhood of
(%,0,&%,8%) in T*2. Then Q, can be writtwn as

(1. 4) Oi(x, &) = <<{-‘n—2(x, 5’))2——;1(30, E’)) «(nonzero factor),

where A(x, &) (u(x, &) is a smooth function which is analytic and homo-
geneous of degree one (two) in & respectively and such that

& = A", 0,8), u(=",0,8%)=0.

Note that (9g/0&,) (x¥, 0, &¥)20 since Q is strictly hyperbolic. For definiteness
we assume (9p/0&,) (x%,0,&¥)>0. Then, by the implicit function theorem,
¢ is factorized as

(1.5) p(x, &) = (6—pu(,€")) o, €)
with &= (2", 0,&"") and p(2", 0, &) >0.

Notice that near 92 the boundary matrix A, is of constant rank and
the number of the positive eigenvalues, say, d is constant. For the boundary

I
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operator B we assume

(i) B(Z) is a dXxm matrix with maximal rank and the kernel of
A, (L, 0) is contained in that of B(x) for each («,0)Ed%.

Then a Lopatinski determinant R(x/,&’) of the mixed problem may be
regarded as an analytic function of 2=+E—m(2,0,€") with coefficients
smooth in (&, &), where ¥ 1 =1. Set R(Z,&)=R(«,&", 2).

We assume that R(z¥,£&",2) is simply characteristic at =0, i. e,

(i) (OR/az)(a¥,&",0)%0 when R(z,&",0)=0.

Now let B(z¥,£"",0)=0. Then R is represented as

(1.6) R(,¢",2)=(2—D(,&") RO, ¢, 2),

where R (2%, £",0)%0 and D(«,&") is smooth in («,&”), homogeneous
of degree 1/2 in &".
Finally we impose the following restriction on the range of D(«,§")

which was adopted in [4].
(iv) There are positive constants oy, 0, with 0,<w/2 such that

72+, < arg (¢ D(«, €")) <3x/2—3;

Now the main result in this paper is

THEOREM. Assume conditions (i) to (iv). Let (2¥,8")eT*(02)\0 be
an arbitrary diffractive point and let f&&'(092), f(&)=0 for <0 and
WF (f) be contained in a conic neighborhood of (z¥,&"). Then there exists
a parametrizx for the mizxed problem.

In proving the theorem we will first find an asymptotic solution to
P(x, D) ©u=0 in the (microlocal) hyperbolic region by using the phase functions
constructed by Eskin [3], and then extend smoothly the solution thus obtained
to the elliptic region so that the system of equations is satisfied to infinite
order on the boundary as in Taylor [16]. This will enable us to solve
(1. 2) in both hyperbolic and elliptic regions by a unified method. For strictly
hyperbolic systems the existence of asymptotic solutions is a direct conse-
quence of the solvability of the eikonal and transport equations and Cramer’s
rule, even in the elliptic region. But in the case of non-strictly hyperbolic
systems it seems inadequate to use Cramer’s rule in this region and hence
we adopt instead an analogue to the method, due to Agranovich [I], which
brings a matrix depending smoothly on several parameters to a certain block-
diagonal form. (See section 3).

As is well known the transport equation is degenerate on the glancing
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surface. In the case of strictly hyperbolic equations or systems where the
transport equations involve scalar-valued unknowns, it is known that con-
dition (i) guarantees the solvability of the transport equations near the diffrac-
tive points. In the present article we will show that condition (i) enables
us to reduce the transport equations to symmetric hyperbolic systems which
are actually systems of ordinary differential equations with the bicharacteristic
curves of Pi(x, &) as the directions of differentiation.

It should be pointed out that if R(a¥,£")=0 and if the boundary condi-
tion is such that an incoming wave creates two or more outgoing waves
when the corresponding bicharacteristic curve hits 92 tangentially at v,
then we must in general take the initial data for the transport equation
which depend on the boundary operator B(x') so that (1.2) is solvable.
(See section 6). Moreover one can construct a parametrix in the special
cases where R(2% &")x0 or the function D(a/, £”) in (1. 6) vanishes identcally.

The plan of the paper is as follows. Section 2 contains extensions of
phase functions and a construction of a basis of the null space of P(z,§).
In section 3 we look for an asymptotic solution to P(x, D)u=0 and in sec-
tion 4 we solve the transport equations which involve matrix-valued un-
knowns. In doing so an essential role will be played by Lemma 4.1. In
section 5 we solve (1.2) and complete the proof of Theorem. Finally some
examples are given in section 6.

§ 2. Preliminaries

NoraTions. We often denote a boundary point (£, 0)€02 by £ and
for instance du(x, §)/dx by p(x, &) or d.u(x, &).

2.1. Let (2¥,&%)eT*(092) be an arbitrary fixed diffractive point with
g" 20 and let & be the real double_root of the characteristic equation in
&, say, of Qi(ax",&",£,)=0. In the present article we adopt the phase
functions 0(x,7) and p(x,7) constructed in [3], where ¥ =(n,7’)ER" is
a new covariable such that (¢, &))=0,(x", ") with =0 and 5" =¢£"’.

LemMma 2.1. ([3]). There are real valued functions 6(x,7/) and p(z, 1)
defined on a conic neighborhood of (2¥,7") in 2 X(R*\0), smooth and homo-
geneous of degree 1, 2/3 in v respectively, such that

(2.1) ¢+ (z, 1) = 0(z, ) £ % o(z, 7))

are solutions of the etkonal equation

(2- 2) <¢z‘n_ 2(1‘, ¢z’)>2_)u<x’ ¢x') =0
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Jor p=0. Moreover

(2.3) det 320/0L o9 %0  for x,=0,
2.4  p=(atO@)lf™ for z=0,
where a=n/|7 |,

(2.5) 0p/0x,>0  for p=0.

Lemma 2.2. There are smooth extensions of 0[,,%0 and p|.z0 to the
region a<0 such that

(2.6) olz, ) =alf|*®  for z2,=0, a<0,
and ¢, satisfy (2.2) to infinite order on x,=0, i.e.,
2.7) (02, 24 0 2, = M, b 4 p o))’ — (0, 00 £4 0 ) =0 for

p=0, =0(xy) as z,—+0 for a<0.
Such an extension has given in [16] when Q;(x, &) is of the second
order.
Proor oF LEMMA 2.2. Since u(x, &) is analytic in &, p(z, 0=+ o or)

may be written as

¢z, 0 iJ?Px') = p® i—“/?/‘m ’

where
pO =3 3 09 (pr) (3 Pp) (x, 0)/B Y,
7=0181=2]
2 =3 3 o (or) (0y°) (x, 00/
7=0 18152541
Analogously

A, O 4 p por) =20 £ p 22
Hence the left side of (2.7) is written as

(00 =29 £ (= 1) = £ ).
Thus for p=0 (2.7) is equivalent to the pair:
0.8 (oK)t plon— =,
2.9) 20— 20){on— 1) = .

We shall show, following [16], that 6 and p restricted to a=0 can be
extended to a<0 so that (2.8) and (2.9) as well as (2.6) are satisfied to
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infinite order on 92. To this end it suffices to specify 6, p and all their
normal derivatives on £, because Whitney’s extension theorem then allows
us to extend these quantities smoothly to the whole region Q intersected
with a small open set a close to zero. In what follows we restrict ourselves
to 92 and |y |=1.

Define p by (2.6) and take 6 an arbitrary extension. Then p is smooth
by virtue of (2.4), and for a<0 we have p®=u(x,0,), p®=0 and ¥ =
A, 0,), 22=0. Therefore, if we define '

(2.10) O (2, 7)) =20 = A<, 0,) for a<0,
then (2.9) holds. Note that
(2.11) Oz, = A? +0(a™) = A&, 0,) +O(a™) for a=0

since o, >0 and p,=0(a), so @, is smooth near a=0. Next we shall
specify p, for a<<0. From (2.8), (2.11) and (2.4) we have

(2.12) (&, O) = a5, )2+ O(a™) for a=0.
Therefore, setting
(2.13) w(Z, Ox) = aps(2, o)

we see that g4 is smooth and positive near a=0. We now define

02, (2, 1) =V ps(2, 7)) for a<0.
Then p,, is smooth near a=0, and (2.8) holds according to (2.6), (2.10)
and (2. 13).

In order to specify the normal derivatives of higher order we assume
inductively that (6/6x,)7*6, (3/dx,)’*'p, j=0, 1, -+, g—1, are given to be smooth
so that on 902 the j-th normal derivatives of the left sides of (2. 8) and (2. 9)
equal those of the right sides respectively. Differentiating both sides of
(2.9) g times with respect to x, we have

0 \ 0 \?
(e =29 (52 02, =29 4 00, =29 (52 (= 2) = 0,
where @ does not contain normal derivatives of 6, p of order g+1. Since
pz,—A?*0 and the second term on the left side vanishes by (2.10), we
find that (99710/0x%"")|,, is represented in terms of the normal derivatives
of # and p of order up to gq. Similarly from (2.8) we have

0(pz,—A?) (0/0x, ) o =T,

where ¥ is of O(a) and involves the normal derivatives of 6, p of order
up to g+1, ¢ respectively. Since p, —A? 0, (07"0/0x%*")| <o is represented
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in terms of 6, o of order up to ¢g+1, ¢ respectively. Thus the lemma is
proved.

2.2. In proving Theorem we may assume without loss of generality
that A, is the identity matrix and that A, is of the form

Alx) 0O
0 0

where A(x) is a nonsingular 2dX2d matrix which has d positive and d
negative eigenvalues respectively according to condition (i). Hence we write

A 0] [AI I(x, E’) Ay Il(x’ SH)]
o of™ Ani(x, &) Anulx€)

where Ari(Ann) is a square matrix of order 2d(m—2d) respectively. Note
that det AH 11<x0', EOI)Z\FO Set

M(x, &)= — A A11— AruAinAny) (2, &) .

(2.14) A,(z) = [ ] near 0%,

Pl(x’ E):[

Then we have

0 ) Y Anr Ann

where I, denotes the identity matrix of order k. Therefore it follows that
det (&, La— M(x, &) =Q,(x, §™ +(nonzero factor) for (z, g)eT*Q near (2%, &Y).
Moreover it is convenient to bring the matrix M(x, &) to a normal block-
diagonal form.

(2. 15) Py(z, €)= lA(E"IZd_M) Arn Ax n] [ Ly O ]’

LemMA 2.3. There exists a nonsingular smooth matrix S(z, §') defined
on a conic neighborhood of (2",&") in QX R, analytic and homogeneous
of degree zero in &, such that

"M, 0 M, 0
(2. 16) MS = SN, M= M, , M= - ,
0 M, 0 M,
where
Az, &) 1
2.17 M,(x, & :[ ]
(2.17) S I T

fOT IE’,:]- andjzl""’mlr

the eigenvalues of M, or M, are real semisimple or nonreal respectively.

This is a variant of [1], Theorem 1.2 when A,(x) is non-singular,
and can be proved in a way similar to except that A, may be singular
in our case.
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Proor oF LEMMA 2.3. Set S=[S8, S, S] and S,;=[s;, -+, 5m]. We
shall first construct S;. There is a smooth m X 2d matrix Vix, &, &, with
maximal rank, analytic in (¢, &,), such that

(2' 18> Pl(x’ 5) V: VD(.’L‘, E) ’

where
[T1~ m, 7
71
D(x, 5) =& Loa— ’
T2
L Ty
and 7;(x,§",&,), j=1, -+, q, are the mutually distinct roots of the equation

V,
in &: Qi(x, §)---Qr(x, £)=0 with ,(2, &, &) =8&. Set V= [VI
II
2d x 2d block. Then (2.18) is written, by (2.15), as
Enloa— M) Vi+ A7 Arn Aitn(An 1 Vit Anu V) = A7 VD

] with V; the

with
(2.19) An1Vi+AuuVu=VuD.

Note that Ann(z, &)—(E—r1ij(x, &, &) In_sq is nonsignular for j=1, -, q.
Therefore Vi is linearly dependent on V; and hence V; is nonsingular.
Thus, with Vi defined by (2.19), (2.18) is equivalent to

(2.20)  (&ahu—M(x,€)) Vi= A(Vi— Aru Ai'u Vi) D.

Suppose for instance that the uppermost left m; X m; block of V; is
nonsingular. We shall then define s, --+, 53, by

' - iyz 7 (z—z(x’ 5‘))2_’9
(2. 21) v2(j—1)+k(x’ §,y) = Spe VI(x’ £, 2) € (2— Az, &) )2_ﬂ(x: §) dz

and
S2(j—1)+k(x! SI) — v2(j—1)+k(x, E,’ O)’ ] = 1’ ctey, My, k = 17 2’

where {e;, -:-, esq} is the canonical basis of R,; and I' is a closed Jorden
curve enclosing & only of the roots of det P,(z¥,&Y,&,)=0. Notice that

&—1i(x, &', &) =(En—Ax, &) —p(x, &))+(nonzero factor),

for (x, &) near (2¥,&% according to (1.4), since &=1,(x, £, €&,) is a root of
Q:(x,£=0. Hence from (2.20) and (2.21) we have |
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('_la/ay —M(x’ 8,)> vl(x; ‘SI’ y) =0 fOI' Y 2 O, l = 1, see, 2m1 .
Setting =0 we obtain
M52(1—1)+1 = ASa(j-n+1 MUS20i-n +2 5

M52<1—1>+2 = Sz(j—1)+1+252(j—1)+2, J=1,m

which means MS;=S;M,.

Next we shall show that (), --:, v (y) are linearly independent.
Suppose that this is not the case at fixed point (z,&'). Then there are
polynomials R;(2), j=1, :+-, my, of degree one such that

“o R;(=2)
i N\
(2. 22) j};l K v Vo(2) e; Z—2— &
where V, is the uppermost left m, X m; block of Vi and e; are regarded as
my-vectors. Let 2, and 2z, be the roots of (2—2)?—p=0. Then, without
destroying (2. 22), we can replace Vy(z) by a corresponding Lagrange inter-
poration polynomial

Py(2) = V(1) +

dz=0 for y=0,

z'_zl

o (Valzd = Valz)

Applying the differential operator (cof Py)(—79/dy) to the left side of (2.22)
we have

:szl §r<det P0(2)> ejE§3§flﬂ dz=0,

which leads to a contradiction, since
det Py(z;) =det Vy(2;) %0 for [=1,2.

Now S, and S, with the required property can be constructed as usual.
This proves the lemma.

By means of (2.15) and Lemma 2. 3 we obtain a basis of the null space
of P;(z, &) which is very convenient. In fact, define an m X m; matrix W(z, §)

by

L

2.23 Wz, &) =
( ) 8 [—AI—IIIIAIII

] (x, ‘S') S(x, 'S,) Wl(x: S)
with
Wiz, &) = [ew € -+ €om,—i] + (6a— (%, €)) 1€/ [ew €6+, €2m ]

where {e, ey, -++, €;g} is the canonical basis of R¥. Then W is of maximal
rank and satisfies
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(2.24)  Pi(x,8) W(z,§)

[ L] o N N
= 0 A(x) S(x, &) (En La— M(z, &) Wi(z, 5))
L] 2
= :"0‘ A(x) S(x’ S') [82, €4, “',ezml]’<<5n_'2(x’ E’)) _#(x’ E’)>/IE'I .

2.3. In the present article we use one of Airy functions defined by
(2. 25) A(s) = 2ne™3 A (set’?)
— S ot & 13=sk) JJ ,
r
where L is a path running from oco.e 2 to co.¢*/6, The following asymp-

totic formula which is valid uniformly in a sector —x+d<arg 2<n—4 with
arbitrary >0, is given in [2].

(2. 26) Ai(2) = D(2) o213

with

D(2) z‘1’4<1—|—0(z‘3’2)> as |z]—o o0,

N 1

2w
which implies

@' (2) = O(z114 as |z|—co.
Therefore we have
A(s) [ —is"*(1+0(s%) as s—oo,
Al | =521 +0(s]"¥)) as s——oo.
Notice that A(s) and A’(s) do not vanish for s real.
Define a symbol K by

28 Kl =(4 )l 1= () a1

It follows (2.25) and (2.26) that (A'/A)(s)€SV2(RY, as pointed out in [16].
Therefore K(7/)ES81%, More precisely we obtain the following estimates
which will be used in § 5.

LemMmA 2.4, There are positive constants C; and C, such that
(2. 29) Ci(1+|al « |7 [V < | K(7 )| SCo(1+al < [ [F2.

Furthermore 0, K& S and for every j, B there are constants Cy, such that

(2. 27)

(2. 30)

85,04 K(f)| < Cyplof |79 | K (of)[ .
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CoROLLARY 2.5. For real number q let |K|? be the pseudo-differential
operator with symbol |K(yf)|? and let a(y',7)ESs0. Then the symbol of
the commutator [a, |K|9 is such that

2.3)  ofla |Ki)eSH ¥ ¢=2.
Moreover
(2. 32) o([a, Kl))esSi#  if ¢=<1 and a=0(a).
Proor. From (2.29) and (2. 30) we have
|9% 1 Kl < const. [/ |17 K e-2#

for each g and 8. Hence [K]|? belongs to S, for ¢=0, to S, for ¢<0
and ¢ ([a, | K|?) has the asymptotic expansion
B 8 q 1.
X (Dia) (31KJ9) 8
Moreover 3% K|2€S;¥® for |f|=1 and ¢=<2. Therefore we obtain (2. 31).
To derive (2.32) it suffices to note that for some constant C>0

(239 lal-|KG)[* < Clam2py .

§ 3. Asymptotic solutions

Let (2¥,&")eT*(02) and &) be the same point and root as in the
preceding section, and let 6, p be so extended phase functions as in
2.2. We shall look for a solution « to (1.1), (1.2) and (1.3) in the form
u=Gved' (Q) with v=4v,, -+, v) €E'(R") and

(3.1) (Gv) () = 121 GP o,

where G® is a Fourier integral operator with classical symbol which cor-
responds to the (microlocal) hyperbolic part of P;, and G® is a classical
pseudodifferential operator corresponding to the elliptic part. G® is of the
form

6.2 Gou)@={ (| e aimy,p ﬁ%g—f«am o) dy.

Here ¢(x,7, k) =0(x, ) —ko(x, )+ k£/3, L is the path in (2.25), a has

0
asymptotic expension a~ ] a;, a;(z,7, k) are polynomials in £ whose coef-

j=—o0

ficients are m X my; matrices smooth in (z,7) and which are homogeneous of
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degree j in the sense: a;(z, tr, tV*k) =t a;(x, 7/, k) for >0, v =¢(vy, --+, Vn),
?® is the Fourier transform of v, A(s) is the function defined by (2.25),
and ¥ is a cutoff function such that X(f)=XP(|7/[|—o"/I9"1])X® (7 ]),
where 19 eC*(RY), 1°(¢) is equal to one for [¢|<d and to zero for [¢]>20
with small §>0, X®(¢) is equal to one for [¢|>26~' and to zero for [¢]<d7™

The present and following sections will be devoted to construct the
amplitude a(zx, 7/, k) so that

(3.3) s P(z, D) (¢#=7' a(a, f, B)) dk
L

— SLeW(x,v’,k){ i‘ <b1].(x, 7]’)+kb2j(x, p’))} dk ,

j==o

where, for every j=1,0, —1, —2, ---, b;;(x, %) and by(x,7) are smooth in
(z,7), homogeneous of degree j, j—1/3 in 7 respectively and satisfy

(3 4)] bl,-(x, 77,> =0 for 0 g 0, [= 1, 2 y
(3.5); bii{z, 1) =0(xy) as z,—+0 for a<0,1=1,2,
which yield (1.1) for u=G®v®. (See [16]).

To accomplish the purpose above we often use the following well known
device. Consider the integral

S @1’ p( g, 7]', k) dk,
L

where b(z, 7/, k) is a polynomial of & with coefficients smooth in (z, 7) which
is homogeneous of degree g in the sense above. Then b is represented as

(3 6) b(x, n’, k) = b (z, 77/’ p)+kb2(x, 771, P)+(k2-—p) by(x, 77,, B
where
bl(x, 77’, [0) — b(xy 7 ~/ P)+2b(x, N, —4/ ‘0)~ .
(3.7) o , B
by(z, 15 p) = b($’7],N/‘0)—ﬁx,7], —vp) ,
2V o

Note that by(z, 7/, k) is homogeneous of degree ¢q—2/3 and bi(x, 7, p(x, 7))
is smooth in (z, 7/), homogeneous in 7 of degree g for {=1, ¢g—1/3 for [=2.
Moreover, if b(z, 7, =4 p)=0 for p=0 then b,(x, 7/, p)=0 for p=0, [=1, 2,
and if b(x, 7, +4 0)=0 (z) for a<0 then &(z, 7, p)=0(x;) for a<O0, =
1,2. Furthermore (k®— p) by(x, 7/, k) may be regarded as a term homogeneous
of degree g—1, since (k*— p) e**= —i0e*/0k so that

SL ¢ (Ki— p) byl = ig ¢4 (3by/0k) dk ,

JL
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where 9bs/0k is homogeneous of degree g—1. (See [3]).

We shall first derive (3. 4); and (3.5).. Since the amplitude on the left
side in (3.3) is |
(3. 8) ¢e~* P(¢¥* a) = Py(x, 0,— ko,) a+P(x, D) a,

we take a, in the form

(3.9) a(z, 7, k) = <W1 (z, 1) —kW,(z, v’)) (go(x, 1) —khy(z, 7)’))

where with the matrix W(x, €) defined by (2. 23)

Wiz, 7)) = Wz, 6,+4 p t"x);W(x’ 02— 0 pa) )
Wz, 0,+ ‘/;px) lW(x’ bs— ‘/;Px)
24 p

Wo(x, ﬂ') =

so that

(3. 10) Wz, 6,24 p p)=Wi(x, ) =4 0 Wiz, 1),

go(x, 7/) and ho(x,7) are smooth my; X m; matrices homogeneous in 7 of
degree 0 and —1/3 respectively with ¢, nonsingular. Then it follows from
(2.7) and (2. 24) that

(3. 11) Py(x, 024 0 p2) (Wi, 1) £4 p Wa(, 7)) =0
for p=0, =0(zy) for a<0,
which gives (3. 4); and (3. 5),.
We shall next establish (3. 4), and (3. 5),. By (3. 8) the relevant terms are
[ # (P 6.~ k0 @i+ Pla, D) anf bt | 6Py, 0~ ko) it
L

To the amplitude in the last integral we apply (3.6) with b&(x, o, k)=
Pi(z, 6,— ko) (W,—kW,). Then

(3.12) P, (x, 6,—koy) (Wl(x, ) —kW,(x, r/))
= by(z, )+ kby(z, 1f) +(k*— ) bs(, 1) ,

where b,(z,7/), =1, 2, satisfy (3.4); and (3.5), by virtue of (3.11), and b,
is homogeneous of degree 1/3. Thus we need only to establish

(3.13) Pi(x, 0,4 p o) a_y(x, 7, FA p )+ Fola, o/, FA p) =0
for p=0, =0(xy) as x,—+0 for a<0,

where
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(3 14) Fo(x, 77,; k) = P(.’L‘, D) ao(xs v,: k) _ibS(x’ 77') hO(x: 77I)

and bs(z, ) =Pi(x, pz) W B
We shall now look for a special solution a®(z, 7, 74 p) of (_3 13) with
Fo(z, 7, 74 p) regarded as given. For convenience set & =0,++ p p, and

_ F;
» F ] " _‘/ = - ’
] o{z, 7, F4 p) [Fn]
where @ and F; are the 2d X m; blocks. Then by (2.15) we have

A (5n Izd —M ) ar+ AI I AI_IIII(AII 1ar+ An I an)]
AII rai+ An 1 amn ’

(3.15) ai(z, 7, FA o) = [aI

an

Pi(z, &) a(x, 7, —T—«/?) = [

Hence, if we define ai; by
(3. 16) an = Ad'u(Fu—Anal) ,
then the equation P;(x, &) a°,+ F,=0 is equivalent to
(3.17) A& La— M) a;=Fi— Arn Ai'u Fu
which becomes, by (2.16),
Enlu— M) S'a; =St AW (Fi— Arn At Fu) -

Moreover set

CTd Fd
(3.18) a=S|a|, STANF—ArnAn'uFn) = Fl,
a, F,

where d, and F; are 2m, X m, matrices. Then (3.17) is written as

(3. 19) (En IZ‘ml — Md) dd - Fd y

M, 0 dp, F,
(3. 20) (fnlzd—zml‘[ 0 M]) [a] - [F] '

. M, 0 . : o
Since &, Ly om,— o i (z, &) is nonsingular, (3.20) is uniquely solvable.
On the other hand the rank of &, Izml—]%(x, £¢') is equal to m; when p=0.

Set now

(3.21) Lo(x,8) = (6a—2(x,8)) lew €5, s am, 1] +'les €8, -5 am]

where {e,, ey, -+, €2m } is the canonical basis of R*™. Then Lai(z, &) is of rank
my and its rows are, by (2.17), left null vectors of &, Izml—Md(x, g¢') for p=0.
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We shall define a solution &; of (3.19) by
(3.22) dg= —"[0, F}, 0, F5, -+, 0, F 4] ,
where Fy='[Fy, Fy, -, Fn]. Then by (2.17) and (3.21) we obtain
(60 Lom, — M, §)) dy—Fu= [0, H,, 0, Hy, -+, 0, H,],
where L,F;="[Hy, Hy, -++, H,]. With a°, thus defined, the left side of (3. 13)

is dominated by [,F,. Moreover we shall show that the latter is estimated
by W*(z, 0,4 o p.) Fo(, o/, =4 p).

Let =0 and set Wi(x, &) =S(z, &) Wl(x, £€), where W; is the matrix in
(2.23). Then from (2.15) and (3.11) we have

[A(Enlzd—M) Wi
0

Since A(¢,Lg— M) is hermitian and (2. 23) yields W*=W}[L,, — Ar 1 Ai'ul,
it follows that Wf A(§,L,;— M)=0 and hence the rows of W} AS are left
null vectors of &, L;— M according to (2. 16). On the other hand, the rows
of the m, X 2d matrix [L,(z, &), 0] is also left null vectors of &, I,;— M. Hence
there is a (nonsingular) =, X m, matrix T(x, %) such that [L4 0]=TW} AS.
Furthermore it follows from (2.23) and (3.15) that W*F,= —W§¥(Fi— Ai i
Ai'uFn). Therefore by (3. 18) we obtain [, F,= — TW*F, as desired. Thus
the left side of (3. 13) is estimated by W*(x, 6, %4 o p,) Fo(x, 7/, T4 p) not only
for p=0 but also for p<0 by continuity. Summing up we have proved

PROPOSITION 3.1. Define a’(x, 7, F4p) by (3.15), (3. 16), (3.18), (3. 20)
and (3.22). Then the left hand side of (3.13) with a_, replaced by a°, is
estimated by W*(z, 0,14 p p,) Folx, o, T4 p).

Thus, if we define a_; by

]:Rmfww@a=u

a—l(x: 7]” k) =aY (x’ 77') +ka®) (x’ 77,)
+(Wilz, o) — kWalz, 7)) (-1 o) — khs(2, 7).

where ¢_;, h_; are homogeneous of degree —1, —1—1/3 in 7' respectively
and a¥(xz,7), j=1,2, are the functions b;(x, 7, p(x, 7)) defined by (3.7)
with b(x, 7, k)=a%(x, 7, k), then (3. 13) is reduced to the transport equations
for g, and hy:

(3.23) WH(x, 0,24 0 pz) Folz, 7, FA p) =0
for p=20, =0(zy) as x,—+0 for a<0,

which will be solved in the following section. Analogously for j=—1, —2,
- we can establish



Microlocal parametrices for mizxed problems 279

Py(x, 60,14 0 p) a;_(x, 7f, FA )+ Fy(z, of, T4 p)
= O(W*(z, 04 0 02) Fi: 1, 74 p)).
where
Fj(x, of , k) = P(x, D) a;—iPi(x, p;) Wrh;,
and solve the transport equations for ¢; and A;:

W (x, 0,4 p o) Fi(x, 7, FA p) =0 for p=0, =O(z) as z,—+0 for a<0.

§ 4. Transport equations

In this section we shall look for gy(x,7) and hy(z, ) satisfying (3. 23).
From (3.9) and (3. 14) we have

41 FolmofB)= 5 Ay(2) (W;—kWy)+(Dygo—kD;h) —ibshy

+ (P(x, D) (W, — kW) (go— kho) .
Moreover, by (3.10) and (3.12), b; can be written as

1 o
N
b3(x’ 77) — 2~/ 0 Pl<x, Pw) W(x’ 0xi‘/ 14 P:c)
1 -
+ ¥2‘/? (b2(xa )+P1 (.T, 0xiA/ 0 px) W2> .
Therefore
(4.2) Fo(z,of, ¥4 p) = jf_oAj(x) W(z, 0,44 p po) D(geA o ho)
+ (P(z, D) (Wy— kW) (go— ko) x5
+ Z—j?‘ (bz(x, W’)+P1(x, 0xiJ?Pm) Wz) ho ’
since

;Z:oAj(x) Wz, 6,44 p po) Dy(+4 p) = T —27’.—; Py(z, px) Wz, 0.4 0 ps).

We shall first solve (3.23) for p=0 and then extend the obtained g, and
hy to the region p<0 as in lemma 2. 2.

Let p=0. Then b,(x,%) and (W*P)(x, 6,%+ p p,) vanish according to
(3.10), (3.11) and (3.12). Thus (3. 23) becomes, by (4. 2),
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n 0
@3, 5 AH@ o ) o (oA p )+ CH Y o) (it 0 hy =0,
where

AF(x, 7, t) = W*(x, 0,*tp,) Aj(x) Wz, 0,xtp,), j=0,1,---,n,
(4. 4)

C* (2,7, 1) = iW*(z, 0. tp) (P(x, D) Wz, 0:2p,)

Furthermore it follows from (2. 1), (2.2) and (2. 24) that for small p>0 the
direction of differentiation in (4. 3), or (4. 3)_ coincides with the bicharacter-
istic curve of &, —A(x, &) —Vu(z, &) or & —2A(x, &)+ u(x, &) respectively, i. e.,
with the incoming or outgoing bicharacteristic. (See for instance Ludwig [7]).

Let |5/|=1. We shall show that the equations (4.3), for gy*++ p h, are
uniquely solvable with data prescribed on the surface p=0. To this end
we make a change of variables (&, x,)—(2, p), 77 being regarded as a pa-
rameter, which is possible by virtue of (2.5). Set

a* (2, o, 1) =golx, 1) £N p ho(, of) .
Then (4. 3). become

da* a*

ws. (LA e)e,) 5, + LAl m ) Gy
+Ci (x’v’s‘/?) :1:.:__0’

where x,=x,(2, p,7). As will be seen in (4. 8) below, the coefficient of
da*/dp is singular for __,{):0. So, we make once more a change of variables
(<, p)—(,t) by t=4 p. Then (4.5), are equivalent to

, 0 ol da*
(4. 6). Ci(d,t,7) gt +ZC (X t, )~ oz, -+ Con(d, t,7) a* =0,

where

1 »
Cr%<x,’ ¢, 77,) Z_Z A?(x’ 77,’ t) ij ’

4.7 Ci(d,t, 1) = A*(x,n ), j=0,1,.-,n—1,
Cr?+1(x’t’77):Ci(x’77,t)-

Notice that a (2, ¢,7/) satisfies the same equation as a* (&, —t,7), since by
(4.4) and (4.7) C;(Z,t,7)=—-Ci (2, —t,7) and C;(,¢,7)=CHx, —t,7)
for j3n. Moreover C% are hermitian for j=0, 1, ---,n. Consequently (4. 6)..
have unique solutions smooth in (&,# %) for ¢ near zero provided smooth
data are prescribed on t=0, by virtue of
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LEMMA 4.1. F(sign &) C:(2,t,7) are smooth and positive definite for
small t=0. Moreover

(4. 8) W*(z, 6,) Py(x, p,) W(x, 8,) =0 for p=0,

(4.9) limoc,f (2, t,7)
= F %‘0 (a W )( ) Pl(i', 0,7;) px(ae W) (x’ ox)lp=0
= & Re{W*(x, 0,) Pi(x, p.) p:(0: W) (z, 0}, _, -

Proor. Let p>0. Then from (4.4) and (4.7) we have
Crf (x', N/Tl;‘, 7/) = (2‘/?)—1W* (x: 0wi*/?10x) P1<x’ px) W(xa 0xi~/;.0x) ’
and it follows from (3.10) and (3.11) that

WH(z, 0,4 p po) Pi(x, 02) Wz, 0:%4 p po)
= F A 0 p(0: W¥) (, 6,) Py(z, 0,) 02(0: W) (, )+ O(p) ,

which implies (4. 8) and (4.9). Therefore C:(2, ¢, 1) are smooth in (&, ¢,7)
with £>0. To prove that F(signé&) C:(d,t,7) are positive definite we
suppose first £J>0. Then it suffices to show that

(4. 10) (0, W*) (x, 0,) Py(x, 0.) (3;, W) (x, ;) is positive definite at
(x’ 01‘) = (xO,) EO) ’

since Ci(«,t,7/) are hermitian and o, (2, 7") =0, pz,(z”,%¥)>0. To do
so we need

LEMMA 4.2. Let £>0 and let &) (x, &), &, (x, &) be the outgoing,
incoming root respectively of (&,—A(x, &))2—plx, &)=0 i.e., &z, §)=4(x, §)
FVu(x, &) with V1 =1. Then, for &=p(x, &), the hermitian matriz A(x)
EF (x, &) — M(x, &)) restricted to the range of the projection

N(e8) =g (=M &) dz

2w

has m, positive and m, zero eigenvalues, where C(x,&') is a closed Jordam
curve enclosing & (x, &) only of the roots of Qi(x,&,6,)=0

ProoF. Let (x,&") be fixed. Then &:(&)=E&%(x, &), being regarded as
functions of &, only, are simple roots of Q;(x, &, &",&,)=0 for &>pu(x, &)
and hence are analytic functions of & which can be continued up to §— -+ co.

On the other hand \
N(&) = A(a) (656 — M(z, &) 1 (&)
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may be identified with a hermitian 2m, X 2m, matrix of rank m, which has
my zero and m; nonzero real eigenvalues. Thus we must only show that
the nonzero eigenvalues are positive. Since all eigenvalues of N(&), say,
71(Eo)s =5 72m (&) are real, they can be labelled so that 7,(&)= - = 72m, (60)
and every 7;(&) is a single-valued continuous function for & = p(x,£").
Therefore it suffices to show that 7,(&), -+, m, (&) are positive. For &, large
enough we have

Az) (8 (2 8, 8")— M(x, 60, €")) [60 = A(2) (&1 (, 1, 0)— M(2, 1, 0)+ O(&)

and M(z,1,0)=—A(x)"%
Here we may assume without loss of generality that A(x) is diagonal and
hence according to condition (i)

alx) I,
A<x>n<x,s'>:[(x) o0 ]

0 pla) I,

where a(x) >0 and g(x)<0. We then observe that &} (x, 1, 0)=—a(x)™* and
En (xy 1, O) = “‘B(x)—l; SO

N 3 _]0 0 ]

A (8 (51,0~ M(z, 1,0)) TT(z, 1,0 = [0 o atesn 1
which proves the lemma, since the eigenvalues of A(x) (&} (x, &)— M(x, &)
are multi-valued continuous functions of (z, &)

END OF PROOF OF [LEMMA 4.1. We shall construct another basis Wz, &)
satisfying (4.10). Let us keep using the notations in and its
proof. Let 7y, -, 7m, be the positive eigenvalues of A(x") (&) — M(2¥,&Y))
[1(x", &) and let R -, ﬁ‘,’nl be orthonormal eigenvectors of the matrix cor-
responding to 7y, -, 7m, respectively. For j=1, .-, m, set

(411 byl &) =(A(z m(5,8"),8")— M(z,§)) bz, €),
with A;(z, &)=[](z, &) A% Then h;(a”,&")=A% and it follows from Lemma
2.3 that

(.12 (=) -M=x ) (%8 =0 for &=pm(ze").

Therefore h;(x, &) are null vectors of (§f(x, &) — M(x,&)) [[(x, &) for &=y
(z,€") and hence Ay, -, Am, by e ﬁml are linearly independent. We shall
now set

La

Wiz, &) =
(8 [—AﬁlnAIII

](x, §) Wiz, €),



Microlocal parametrices for mixed problems 283

and seek a 2d X m;, matrix Wi(x, &) with maximal rank in the form
(4.13) Wiz & =h(z,&)+h(x, &) S(z,¢", Az, &) —¢.)

such that

(414 (M) Wi(n8=0 for &=E(nd),

where h=[hy, -, hy ], h=[h, '“,/;m,] and S(x,&’,2) is a smooth myXm,
matrix, analytic in 2, and 8S5/dz=1I,, for 2=0. In this case it follows from

(2.15) that Py(z, & W(x, £)=0 for &,=£&} (z, &) and
(3, W*) (2, £7) Py(2”, £%) (3, W) (2, €)
n 0
=(R* A(2?) (=M (", &) [[(a%, 6" Bo= | "= |,
0 7m

which will give (4.10). To assure (4.14) with (4.13) we need to solve the
linear equation for S

(4.15)  (Uzm&)—Vp(x &) — Mz, €)) hiz, &) S(a, €4 1)
= — (4=, &) —Vplz, &) — M(x,€)) h(z, &)

It follows from (4.11) that the ranks of ((A—+p —M)[h, h])(z, &) and
(A=v ¢ — M) h) (x, &) are equal to m,. Therefore (4.15) is uniquely solvable
so that S(x, &”,4 ¢) is smooth in (z,£”,v ¢) and analytic in ¥ #. Moreover
the right side of (4.15) vanishes for y=0 according to (4.11) and (4.12).
Hence S(z,&',Yp)=OW ). Differentiate both sides of (4.15) with respect
to ¥ ¢ and set #=0. Then, since &=y, (x, &")+O(y), we have

(a—M)h) (2,) @S/ ) = h(z,€)  for p=0.
This and (4. 11) yield
h(z, &) @S/ 1) = h(zx, &) for p£=0.

Thus we find that a.S/oV p)=1,, for p=0, since h(x, &) is of rank m,. This
completes the proof of when &)>0. The other case may be
analogously treated.

Now let a*(2,t,7) be the solutions of (4.6), with smooth data on £=0
which will be specified in the next section so that (1.2) is solvable, and let

R AN A Y AN PR
4, p,7)="2 (x’Jp’”)+2a (@, ~p.7) |
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sy @A T )
M 22 p -

Then ¢ and /4 are smooth and g+~/ ok satisfy (4.5),, since a*(«,t,7) are

smooth for ¢ near 0 and a= (2, ¢t,7)=a* (£, —t,7/). Hence if we define g,

and ho by

(x, 77) = (x p(x’ ) 77'> > hO(x’ 77,) = ;;<x” P(x’ 77I>’ 77'> )

then go=++ p h, are solutions of (4.3), or (3.23) for p=0.

Next we shall extend g, and A, to the region p<0 so that (3. 23) holds.
To do so we eliminate 4 p. Tt follows from (4.1) and (4.4) that 7 times
the left side of (3.23) is equal to

& 0 oh —
£ 4300, ) (20 5 20V 4 O (a0 o
+ W (z, 0,44 p ps) by(z, o) b -
Moreover we can write
(4.16) A% (2, 7,4 p) = AP(&, p, 1) N p AP (2, 0,7,
C*(z, 7,4 p) =C(&, p, 1) £4 0 C? (2, p, %)
W (z, 0.4 p p2) by(, 1f) = b (2, 0, 7)) £4 p BP &, 0, o),
where AP, C® and b{" are smooth in (2, p,7). Therefore for a<0 (3. 23)

becomes

< 9o ( . )
@ )
(4.17) <JZ;0AJ ij) op e ;Z'oA Oz,

oh,

+@1 O( )7

(4. 18) (ioA(f) Oz ) %0 (Z AP p ) Oy +0,=0(x7),
j=
where

Z_: ( AL LY agﬂ _|_ A(z) dhy >—|—C‘1’ Q'o+( pC(2’—|-b§”) ho :

— nz—: <A(12) giﬂ +A<1) gho >_|_C<2) g0+(C(1) +b§2)) hy.
Jj=0 J

Note that the left sides of (4.17) and (4.18) vanish for p=0. Moreover
from (4.4) and (4.16) we have for p=0

5 AP, 0,7) pa; = W, 6 Pulx, 0 Wi, 0,
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Z AP (L, p,7) o pz; = 2Re {W* (z, 05) Py(z, pz) p,,(ae W) (a, 030)} .

].;

Therefore implies that ;;0 AY p, is nonsingular and p‘ljZ::‘)A‘}) Oz,

is smooth. Hence (4.17) is equivalent to

(4.19) ( —IZ AP p )ago (Z AP, ) ohy

+071@, = O(x7) ,
where p~!®, is also smooth. Furthermore the matrix
5 AP, T AP,

Z AP o, ]Z AP oz,

is nonsingular. We shall now extend ¢, and A, arbitrarily to the region
a<0, z,=0. Then, for a<0 and xz,=0, all derivatives of ¢, and A, with
respect to p (so all normal derivatives of g, and A are uniquely determind
so that (4.18) and (4.19) hold, as in the proof of Lemma 2.2, Thus we
obtain the desired extensions of g, and A, to the region p<0 by Whitney’s
extension theorem.

§ 5. Boundary conditions

The main task in this section is to solve (1.2). It follows from (2. 25),
(2.26), (3.2) and (3.9) that the boundary value of G® v® is

P 1) (Cl(x" ) —icy(d, o) K(n')) X() 90 () dy ,

where K(7/) is the symbol defined by (2.28),

(5.1) (G v®) () = g

JR"

! .I ’ 14 2 4 2
(5.2) ¢, 1) =0, 7)— 5 pld, )"+ 5oy,
a €8, co=Sy? are classical symbols such that

Cl(x , 7)’) = W(x', 7] ) g0+O( ) mod Sl—(l] ,
(@ 1) = 0:(0: W) (2, 02) go+ W(Z, 62) ho+O(al7f |7 mod S;i'*,

and O(a|7/|9 denotes a symbol of the form aa(x,7) with a€Si, There-
fore the restriction G{" of G® to 92 is a Fourier integral operator whose
phase function is ¢(z,%)—¥ -/, whose amplitude is ¢;—ic; K. Moreover
the canonical transformation 2’ =2/ (¥/,7), € =& ¥/, /) associated with Gf’
maps a=0 onto the glancing surface and is locally bijective according to
(2.3), (2.4) and (5.2). Let X be a conic neighborhood of (z¥,&") containing

(5.3)
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WF(f) and 3 be the inverse image of 2 under the canonical transformation.
The cutoff function X is then taken so that X(y)=1 if (Z¥,7), €&, 7))
eWF(f) for some % and X(y)=0 if (¢, 7 )&% for all ¥.

G® may be constructed by the eikonal method so that G® v® satisfies
(1.1) and is of the form

(G(z) v(z)) (x) — SRn eigaa)(x, E’) a(z)(x, 5!) 11(5') 74}(2) (E') dgl .

Here ¢® is a diagonal matrix whose elements are solutions of the initial
value problems

Oen(,8)—85.4(2, 0w (1, 8)) =0 for 2,30, j=1,-,1,

o(x, &) =2a +& for z,=0,
where &} ;(x, &) are the semisimple real roots of the equation det P(x, &,£,)=0
which are outgoing, i.e., (0§} ;/0&) (2¥,&Y)<0 and a®(x,&)ES), is a clas-
sical symbol whose principal part a{”(x,&) is a basis of the null space of
Pz, &, & J(x,€)), j=1,---,1. (See for instance [7]). The cutoff function

X, is taken so that %,(¢ (¥',%))=1 on s
G® may be constructed by the theory of elliptic pseudodifferential
operators so that G® v® satisfies (1.1) and its boundary value is

(GO v?) (2) = Sm € a® (2, &) 1(§) 00 (¢) dF

where a® &S}, is a classical symbol whose principal part af is a basis of
root subspace of Py(&,&, &} ;(«,&)) corresponding to the roots & ;(«, &) of
det Py(d,&,&,) =0 with Imé&; ;(a¥,&¥)>0, j=I+1,---,d—m,. Recall that
a Lopatinski determinant R(2,&’) of the mixed problem is defined by

(5. 4) R(«, &) =det (B(z)[W(<,€,65(,8)), a®(2,8), a¥(2,9)]),

where & (2, &) is the outgoing root of (§,—A(<,&))*—pu(x, &)=0.

We shall now solve (1. 2). Let @ be the elliptic Fourier integral operator
with the same phase function as G{” whose amplitude is equal to one, and
let @ be an elliptic Fourier integral operator with canonical transformation
inverting that associated to G{" such that @®@~'v=v (modulo C*®) for vE&'(39)
with WF(v)e2. Then (1.2) is equivalent (modulo C®) to

3
(5.5) (D"lB(Gf,”v“’ + Gy @(q)—lvw)> —o-1f,
7=

where G§”, j=2, 3, denote the restrictions of G’ to 2. Note that @~*BG®
and @71 BG{" @, j=2, 3, are pseudodifferential operators. Moreover: it follows
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from (2.14) and condition (ii) that B issof the form
(5. 6) B(z')=[By(#),0]  with B; the dx2d block.

Let Wy, W, and W, be the matrices of the first 2d rows of W, af® and
af® respectively. Note that the latters are of the same rank as the formers
according to (2.15). Then it follows from (5.1), (5.3) and (5.6) that for
(o, &)= W, 1), & @ ,1)) the principal symbol in the amplitude of @1 BG{" is

6.7 B(Wila, 0. go+O0@) —iBifos, (3, W) (2, 62) 0o
+Wa(, 0) ho+ Ol |9} K,
and that of @-'B[GP, GP] @ is
(5.8) Bi[Wi, W] (2, 6)+0(e).
Moreover the Lopatinski determinant defined by (5.4) becomes
(5.9) R(2, &) =det (Bu2)[ Wi (2, &, &5 (2, €)), Wald, &), W, €)]) .

Now let R(z",£Y)2:0. In this case we shall prescribe the initial data
for the transport equations (4.6), so that a*|;—y=0sl,<o=1In,. Then (5.5)
is an elliptic pseudodifferential equation and hence is solvable, because the
second term in (5.7) is estimated by a constant times (|a| 4|7 |~#%)Y% accord-
ing to (2. 29).

In what follows we suppose R(x",&Y)=0. With o =2/(¥',7) set for
convenience

Vi, 7)=[Vy, -, Vi (', %) v
(5. 10) = Bi(2) [ Wi, 0.), Wald, 6), Wl 62) ],
(Vs o, Va d @' of) = 1/ | Bu(') (Be, W) (&', 6) -
Then V, V,&8%, and it follows from (2.11) and (5.9) that
(5.11) R(Z,6,)=det V¥, 7) for a=0.
Therefore R(z¥,£")=0 becomes
(5.12) det V¥, 9") =0

with y¥ =g, (2", "), and condition (iii) means
My

(5 13) Zodet [Vla "t Vj—l, Vj, Vj+1, Tt Vd] ﬂFO at (?j"', ﬂol) .
J=

For definiteness we assume that
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(5. ].4) det [V]_, Vg, teey, Vd] (?jo', 770') # O
and set
(5 15) V(?j', 7/’) = [Vl’ V2’ ) Vd] (y,’ 7]') .

Let V@, D,) be the elliptic pseudodifferential operator with symbol
V(y',p') and let V' be a microlocal parametrix for V. Then by (5. 8),
(5.10) and (5. 15) the principal symbol of V', D,) 101 B[GP, GP]® is

[ | moas:

(5. 16) mod S1,0 ’

since

(5.17) V', 7)YV, y)=law; 711, d, k—>1,---,d],

where a;=0; for j=1, k=2, ay=(det V)/det V, aj=—det (V|y,.v)/det 1%
for j=2, and Vlv,.v, denotes the matrix V with V; replaced by \7 Moreo-
ver according to (5 7) the principal symbol of V‘l@ 1BG{ is of the form

(5 18) —ZWK mod Sl_/3,o ’
where &5, UfESI 13 and for a=0
(519) w'(yyv):[ajk;jll""’dik__)ly"',ml] o
(6.200 W, 7)=171"p5, V' [Vs - V] 0o
+[ajk; ]l 1’ ) d’ k—>1, Tty ml] ho-

Therefore, setting

V=101 BGP = [B“] X, V-1071B[GP, G 0 = [B‘”] ,

By B,

where By and B,, are m;Xm, and (d—m,) X(d—m,) matrices of operators
respectively, we find from (5.16) that o(By) &S], is elliptic and o(By) <57,
is O(a) mod S74, o(Bj;) being the symbol of Bj;, while o(By), o(By)&Sys -
Consequently (5. 5) is equivalent (modulo C*) to

@
(5. 21) (By— Byy By' By) Xv® =f © — By, By [;cm ] =

v(2) (2
oo =052 [ - 22

where Bg' is a microlocal parametrix for By, and V=101 f=¢[tf @ tf@ tr®]

with
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Now let us consider (5.21). Since (B, Bz') =0(a) mod S7j, the principal
SymbOI of BII_BIZBZ—ZlBﬂ is

(5. 22) PO _FP®K mod Sii,,

where T®, T® are the uppermost m; X m,; blocks of ¥, ¥ respectively when
a=0. It follows from (5.17) and (5.19) that

anfus aulis -+ aulim,

o — a21g11+g21’ """ for a=0,
A1 Gt Gmyts *-
where we have set ¢,=[gx; 7! 1, -+, my k—1,---,m]. For the transport

equations (4. 6), we shall prescribe the initial data on t=0 so that ¢|,—0=0
fOI' ]Zl, ng) gllﬁt:o’ say, glllp=0:det Vla:O and

(5. 23) ajlgll+gj1:O fOI' 10:0’ j:2, AN/
Then ¢, is nonsignular by virtue of (5.14) and it follows that

det V', %) 0

(5. 24) row, ’)=[ 0 Iml_l] for a=0.

Moreover we find that the uppermost left entry ¥, of ¥® is
~ ™
(5. 25) Tn@,7)= l’?'l_lpxnjzzlldet (Vlv,op)+171720(det V) for =0,

which does not vanish by (2.5), (5.12) and (5.13). In fact, setting p-1
Vi oo Vi l=[bse; 51 1, -, d, k=1, ---, m;] we have

d
Vy=bi Vit X bes Vi =1, -+, i,

where b;=1 and b,;=0 for k=2. Therefore it follows from (5.23) that
for a=0

™ ™y e
2 det(Vly,ov) = 2 bygn+(det V) 3 by;.
Jj=1 Jj=1 J

Thus we obtain (5. 25) by (5. 20), since ay=0 (det V) for £=1.
Now set

oo [0] m=[ ] oo [ ¥ oo [Ta ]
'U' F ' Wn wzz w21 wzz

where vy, Fy, ¥y, and (INfu are scalars, and write (5.21) as
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Cu Xv1+C12Xv' = Fl
CZIX‘vl-I—ngX‘v' =F.

Then according to (5 22) and (5.24) the principal symbol ¢;; of C;; are
such that

‘u= wu“ian K, ¥,y =det V+O(a),
Ci2 = — iﬁm K+0O(a),

Cou = —iﬁm K+0(a),

e =In _1—iUpu K+0(a).

Since ¥peSrY and (2.29) implies

(5. 26)

(5.27) Iy || KG)| Cllal + 1y |-,
it follows that ¢, &8V, is elliptic. Thus (5. 21) is equivalent (modulo C*®) to
(5.28) = (Cyu—CpCs'Cy) tv, = F;—C,Ci' F' = F,
with
v = C3 (F' —Cy vy,

where C3;' denotes a microlocal parametrix for C, We shall show that
for a=0 and |7/|=1

(65.29)  Wy=D(,0x) Fiilald, 0) [pa, +O(D(, 6-)1)

Let =0, |5|=1 and for convenience set & =80, («,7). Then (1.5) and
(2.12) imply &=p4(«,&"). Hence from (1. 6)

R(«,&",0)= —D(«, &) Ro(,¢",0)
and

Ro(2,¢",0)=(0R/az) (, £", 0+ 0 (D(2, €").
Moreover it follows from (5.9) and (5. 10) that

(0R/92) (, &”, 0) = —V (2, E7) Z det(VIVM

since &, &)=z, &) —Nu{@ ,S’) . Therefore we obtam (5. 29) by virtue of
(5. 11),

First we consider a special case where D(z’,&"”) vanishes identically.
Then ¥ ;=0(a) and hence ‘ "

w@, ) = —i¥,K+0(a).
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Set, as in [17],
U= ]Dy’lllsK(Dy')_l Ty

and to both sides of (5.28) apply ¥/, D,)"!|D,|~* which is an elliptic
pseudodifferential operator of order zero according to (5.25). Then (5. 28)
is equivalent (modulo C*) to

(I4+Cp) X9, = 0 3! | D, |8 Fy
where the principal symbol &; of C; is
cu's 1) =171 K O(a)
+ (@l | K+0()) &' (Fh+ 1| KO0(a))  mod Sk
with ¥/, ¥, S8, Therefore we find from (2.33) and (5.27) that 1+,

Sis,e is elliptic. Consequently (5.28) or (5.21) is solvable modulo C* with
|| KXvy|| -3 Zconst. ||FY]].

1
4=
Now we shall consider the general case. Assume that condition (iv)
holds. In this case we use a device, due to Imai and Shirota [4], which
is based on

LEMMA 5.1. ([4]). The real and imaginary parts of A'(s)/A(s) are
negative for real s. »

We shall first derive the a priori estimate for (5.28):
(5. 30) |[Xvylo < const.|| ]y

taking 6 in the cutoff function X small enough. Applying the elliptic operator
—e" e St to both sides of (5.28) we see that the equation is equivalent
to

(6.31) (=€ URCyte Ui CuCxl Cy) vy = — e U Fy
and by (5.26) the principal symbol of —e® ¥ 5'Cy is
e K— e U5, mod S;%; .
It follows from (5.29) and condition (iv) that
(5.32) Re (—e U3 W) (W,7) =0 for a=0,

while (2. 27), (2.29) and 1 imply that for some positive constant
G

(5. 33) Re (ie™ K(yf)) = 4C)| K ()| .

Therefore by virtue of the sharp form of Garding’s inequality we have
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4G, K| 20y, < Re (— e U5 Cu 2oy, Xvy)
+Re (a(y’, D,)b (D) v, Xv1> +const.||Xv||2ys

where a(y',7)ESY; and b(yf)=a. Moreover the second term on the right
side is estimated by Cy|| | K|¥?Xv,|l5. In fact, write

(abXvy, Xvy) = (lKl‘VzablKl‘W(lKil/Zle), |K[1/2Xv1> :

Then by means of (2.31) and (2.33) we get for small ¢>0
|(ab%v1, Xv1)| < e|| IKII""X‘vlllz .
Therefore by (5. 31) we obtain
(5.34)  2G||KI"™xv [ < C|IKI7# U5 CuCr! Cutwi|
+CNE|s+C" Xy s

with some constants C, C' and C”. Furthermore we claim that for small
e>0
(5. 35) " |K|-2 @3 C12C2—21 Cy X“vluz = 8" | K| V2 X, ||Z+const. || |K] 1/2Xv1||2_

73 °

To this end we write Xv,=|K|¥3 K|7}|K|"*Xv,) and
(5.36)  |K|V2¥5! CuCil Cy | K|V K| = U Cip Cip Coy | K|
+ K[ {5 Co G, | K2 G+ U5 Ca Gt G, | KTV} KT

It follows from (2. 33) and (5. 26) that Cy|K|™!is of order —1/3. Moreover
C,, is an operator of order zero whose norm is small according to (5. 26)
and (5.27). Therefore the first term on the right side in (5.36) is an
operator of order zero whose norm is small. On the other hand the second
term is of order —1/3. In fact we have for example

i[ G |KI¥2] | K| = [T, | K] K|K| 7+ @ | K] K],

where a(y’,7/)=0(a). Hence Corollary 2.5 implies that [Cy, | K|V} |K|™! is
of order —2/3. Thus we get (5.35), which and (5. 34) yield (5. 30).

Now in order to solve (5.28) it suffices to derive the a priori estimate
analogous to (5.30) for the adjoint problem of (5.31). This can be accom-
plished by a producre similar to that derived (5.30), since it is clear that
the analogues to (5.32) and (5. 33) hold. Consequently (5. 5) is solvable with
WF(®) c WE(@7'f) and WF(v?)c WE(f) for j=2,3. Therefore WF
(GPvP)CcWF(f) for j=1,2,3 and it is known that for some neighborhood
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U of 2% in R G?®9?® and G®v® satisfy (1.3), G®v®=C*(2NU) and
WF(G®v®) as a subset of T*(2NU) has the required property. Further-
more it is shown in‘l- that, according to the choice (2.25) of Airy func-
tion, GP v® also satisfies (1.3) and WF(G® v®) has the required property.
(See also [3]).

§ 6. Remarks and examples

Let (z%,&")eT*(02)\0 be a diffractive point and let R(z¥,&¥)=0. In
this case we had to choose the initial data ¢/, for the transport equations
(4.6). so that (5.23) holds for z,=0 if Aj1)a=o¥0 for some j=2,---, my.
Hereafter we keep using the notations in (5.4), (5.9), (5.10), (5.15) and
(5.17). We shall show that a,¥", "), j=2, -+, m;, are proportional to the
corresponding reflection coefficients c;(x¥,&") (which will be defined below)
with a nonzero ratio and hence @|,-s,-o must be so taken as to depend on
B(Z) if c;(2¥,8")%0 for some j=2,.--,m; and for any basis W(x, &) of
the null space of P(«,&) with Q,(2,&) =0 which satisfies (5.14) and is
‘independent of B(x'). In fact, such situations appear for example in the
case of Maxwell’s equations or the linear elastic equations in an isotropic
medium with certain energy conserving boundary conditions which satisfy
condition (iv), as will be seen below. ,

Recall that for &> (2, &’) the reflection coefficients ¢ associated with
a basis of the null space of P, are defined by

(6' 1) [Cjk(xI9 E,) 5 ] l 1’ Ty d, k—)ly Ty ml]
={B@)[W(2,¢, (2, 8)), o (2,8, a2, &)
Bx)W(2,¢,6(2,¢)),
where &;(d,¢) is the incoming root of (§,—A(2,&))2—pu(2,&)=0. (See
[5]; the other cj, k=m;+1, -+, d, can be defined analogously, although they
do not be used here.) Note that ¢ (2, &) are well defined for such (&, ¢')
since [R(x,&)| is from below by a nonzero constant times (&— (2, &"))V?
according to condition (iv). For &=py(2,&") these are defined to be the
limits as &, tends to p(2/,&”).
An interpretation of ¢ (2%, &) for &> m(x¥, &) is as follows. Consider
the frozen (constant coefficients) problem at z¥ :
Pz D)u=0 in 2,
B(x")u=f on 092,
u(x) =0 in 2N {x,<0} .
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Let u; be an incoming solution of P(x¥, D)u=0 defined by

ui () =S

where W(a,8) =[Wy(Z,§), -, Wa, (2, 8)], ¢*(x, &) =(2 —2")-§ +xaba(2”,€)
and XeCg(R™ is a cutoff function supported in a small neighborhood of
&Y with &>(x¥,€"). Note that sing supp w; is contained in the bichar-
acteristic lines of &,—¢&;(x",&) with & &supp X which hit 02 transversally
at £ =a¥. Let f=B(z2") u;|;0 and 2J>0. Assume for simplicity that det
Py(z, &) =Qi(x, &™ Q(x, &) and Q, is of the second order. Then a parametrix
u for the frozen problem is given by

nei;é"(x,e') X(fl) Wk (xol’ Sr, E; (xol’ S')> df’ ’

R

ulz) = OUE) T ay(a?, &) Wy(20, €, 6128, 8))
where, for & &supp X, a; are determined by
3 a(a, §) Bla?) W,(2", ¢, 612", ) = Ba?) W2, €, &1 (27, €))

Thus we have a;(z¥,&)=cu(z”,€). Roughly speaking, the “k-th incident
wave” creates cj;(z¥,&) times the “j-th reflected wave”.

Now let &=y (x¥,6")>0. We shall then prove that for j=2,-.-,m,
and [y¥|=1
6.2 calat,8") = an”,7") det Vi, o) lim (€5 —&)/R) (2" 608",

2750

where the coefficient of a;,(y",7") is a nonzero constant by virtue of (5. 14)
and (1.6). For convenience set¢ =0, («,7) and denote by V7(«,&) the
j-th coiumn of the matrix in (5.9): By(&) [Wi(x, €, & (L, 8&)), Wi, §),
W, (d,€)] and by Vi the vector Vi with &' replaced by &,. Then from
(5.10) we have Vi(d,&)=Vi(¥,7) for a=0. Let a>0, |7/|=1 and set
U,=(Vi—=V7)/(er —¢&;). Then alirg U, &)=V, 7)|azo and it follows from

(6.1) and (5.6) that

Vi@, €)= 3 enld,§) Vi(Z,8).
Hence

(& &) Ui=(1—cu) Vi— 5 cu V5

Therefore we find that for j=2, .-, m,
cu(d,&)=bu(d,€)(Er —8&)/R(ZL,E),



Microlocal parametrices for mixed problems 295

where b;;=—det [VY, -+, VI_,, U, Vi, -+, Vi] tends, by (5.17), to aj det 1%
as a—+0. Thus we obtain (6. 2).
To illustrate the arguments above we shall treat the linear elastic equa-

3
tions in a homogeneous, isotropic medium defined by 0, *w;=}; 05,6, j=
k=1
1,2, 3, where [6;x; j, k=1,2,3] is the stress tensor and w=(w;, w,, w;) the
displacement vector. On the boundary we prescribe a condition of the form

3
bxaxow:() and Zlbjajknkzo,

Jik=

where n=(n,, ny, ny) is the inward unit normal and b=(by, b,, b;) are real
valued functions with n<b30. (See [15]). Since the equations are invariant
under rotations and the Lopatinski determinant and reflection coefhicients
may be obtained from the frozen problems we shall in what follows a constant
coefficients problem in the half space 2={x=(xy, x1, 23 x5) ; 23>0}.

Set u=Y0y1, Gz, O3, Oz, O35 012, 0z, w). Then the equations can be written
as

and the boundary condition as

Bu=f on adf

with
0 00O O 0 0 b —b
B=|0 0 0 0 0 0 b 0 —b|, by=x0.
0O 0 b by b 0 0 0 O
Here
0 0 A+2p 2 2
A7'=10 ply O), Eg'= A A+2p 2 )
0 0 Is A A A+2u

where A, ¢ are the Lamé parameters of the medium, and

51 0 O 0 53 &'2
], tC(S): 0 & 0 & 0 &,
0 0 & & & 0

because Y6y, Oy, 033) = Eq 'e® and Yy, 013, 012) = 2/1@(2)1 where e® = "¢y, ez, €3),
e® =Y ey, €13, €12) and ez =(0z, w;+ 0., wy)/2. Noting that the eigenvalues of

0 C@)

éA’& - [tC(s) 0
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Eg' are 2p, 2p and 324-2p we assume that >0 and 34+2¢>0. Then A,
is positive definite, so P(D) is hyperbolic. Moreover we have det A;'P(¢)
=Q,(8)? Q2(5>~Q(5)’ where Q1(5):502_#<512+522+532); Qz(f)zfoz“(z‘{‘zﬂ) &2+
&74&%) and Q(§)=§,". Furthermore the boundary condition Bux=0 is energy
conserving (i.e., u+A;u=0 for ucker B) with respect to the quadratic form
u+Agu/2 which equals the classical energy density: e®«E;'e®/2+42p/e® |2+
0z, w|?/2.

Now let &Y =R3\0 be a point such that Q,(é”,&)=0 has the real double
root &=0, say, &=+ [&¥'| and &0, and let & belong to a conic neigh-
borhood of &”. Then a basis W(&)=[W, (&), W,(£)]/|&"|2 of the null space of
P(¢) with Q;(6)=0 is given by m<5):t<2#51537 0, —2pé &, — & (&2 =89,
Ue26s, £06sy 0, —&o6y), WiE) ="(—2u:&,, 206165, 0, p€1&sy — a6y, (67 —8652), — &0y
€61, 0) and a null vector Wy(§) of P(§) with Qy(§)=0 by W;(8)=4&?—2u(&*+
&), 502—2/«¢<51Z+532>, & — 2/1(512“*‘522)’ 2046285 2061 &5, 206189 §061s So62y §06s).  Let
i (§') be the outgoing root of Q,(&,%)=0, i.e., ri (€)= —(&Yu—|&"[»"2 and
77 (&) be the root of Qy(&,&)=0 with Im 77 >0, i.e., 75 (&)=i(|¢" |*—E&(A+
2p))2.  Taking af? =0 and af® = Wy(¢,r(€))/|€"]? in (5.4) we find that

modulo a nonzero factor
R(f') = 7"1+ {532502/#‘*‘@251“‘blfz)z‘f'rf' r;(b12+b22)}+r;(b151—|-b2§2)2 .

Let R(¥)=0. Then 5,4 b,£=0 and condition (iii) holds, since r{ (&)
= —2(2/ p|&" |+ 22V p with 2=(&—+ ¢ |€"])"2. Moreover we observe that
condition (iv) is satisfied with arg D(¢")=nr/2. In fact, iR(¢) is an analytic
function of —iz with real coefficients and irf (¢)<0, so if R(&)=0 then
—12=0.

We shall examine reflection coefficients. Let first ;=b,=0 and b;=1.
Then we find that for &> ¢ |€"] cu(f')=cp(€) =0, cy(&)=—1 and cn(&)=1.
Thus the boundary condition does not couple two shear waves. Suppose
next for example that 6,—=56,%0 and &= —£&% We then have

.Cu Ci2 0 -1 0 0 2
" = (b —2b,2 2b, b
Lm cn](“ (b n[ . 1]+ 13[1 :

which one can never bring to a triangular matrix by any similar transfor-
mation independent of b,/b;.

We can also treat similarly Maxwell’s equations defined by

E 1] 0 —curl E )
A e T B

where E(H) is the electric (magnetic) field vector respectively, and det P(&)
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=&2(ER2—E2—&2—&2)% For the system a class of energy conserving boundary
conditions is given in the form: nX E=b(nX H), where b is a real valued
function. (See for instance [13]). Note that =0 corresponds to the classical
boundary condition.

Let & =R\0 be a point such that &=[£"|>0. Then for & near &
a basis W(E) = [W,(€), W(£)]/I€"]? of the null space of P(§) with &?=§&?—
g2—&7 is given by Wi(E) ="—&1&s —&2s E2+HEE —6oba o6 0) and Wy(é)=
HEoEg —Eobp, 0, —&1&3y — &35, E2+E). Therefore we have R(&')=£,65 (§')+(non-
zero factor). (See for instance [5]). Consequently condition (iii) and (iv) with
D(&")=0 hold, while for &>|£"|

cy € _pl -1 0 0 1
[“ ”](s'>:—1 ”2[ +-—2”2[ -
Ca1 Cop 146 0 1 14811 0
Thus if =0 then the boundary condition does not couple two waves, while

if 830 then one can never bring [c;;] to a triangular matrix by any similar
transformation independent of &. We may also show that condition (iv) with

arg D(¢")= —= holds for each maximal dissipative boundary condition B[EI]
=0 with B real valued which satisfies condition (iii). (See [5]).
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