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Analysis of a family of strongly commuting self-adjoint
operators with applications to perturbed d’Alembertians
and the external field problem in quantum field theory

Asao ARAI' and Norio TOMINAGA
(Received April 3, 1995)

Abstract. A family of strongly commuting self-adjoint operators associated with some
objects in the d-dimensional Minkowski space is introduced and operator calculi con-
cerning these self-adjoint operators and the canonical momentum operator p =
(po,p1,---,pd—1) are developed. It is shown that a class of unitary transformations
of p, is given by a class of operator-valued Lorentz transformations of perturbed p,’s.
Moreover, the integral kernels of the unitary groups of perturbed d’Alembertians are
explicitly computed. As an application, a detailed analysis of the quantum theory of
a charged spinless relativistic particle in an external electromagnetic field is given. The
present analysis clarifies a general mathematical structure behind Schwinger’s proper-time
method for the external field problem in quantum field theory.
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1. Introduction

In the external field problem in quantum field theory, which concerns a
quantized scalar field or a quantized Dirac field interacting with an external
(unquantized) electromagnetic field, it is important to investigate the prop-
erties of Green’s functions ( “propagators”) of the Dirac or the Klein-Gordon
operators with vector potentials. Schwinger presented a beautiful
heuristic method, called the proper-time method, to obtain explicit formu-
lae of Green’s functions for some classes of electromagnetic fields (cf. also
[I-Z, §2-5-4]). In spite of the beauty and the usefulness of the proper-time
method, no mathematically rigorous basis has been given to it so far. Re-
cently Vaidya et al have reconsidered the proper-time method from
an algebraic point of view and algebraically computed a Green’s function
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for a spinless charged particle in an external plane-wave electromagnetic
field. The discussions in also are heuristic, but we find that some
ideas in may be exploited to give a rigorous basis and a complete
understanding to the proper-time method. With this motivation, we de-
velop in this paper an operator theory associated with some objects in the
d-dimensional Minkowski space M?. The operator theory presented here
not only clarifies algebraic-analytic structures of the proper-time method
for a class of vector potentials, but also is interesting in its own right. In
particular, it has applications to perturbed d’Alembertians or Klein-Gordon
operators.

Before describing the outline of the present paper, we briefly explain,
for the reader’s convenience, what the proper-time method is like. We first
introduce some basic symbols. We denote a vector in M? or the Euclidean
space R% as x = (20,..., 297 1) = (:c“)ﬁ;%) and by g = (9w )y v=o,..d—1 the
metric tensor of M¢ with

Qooz—gijL j':l""ad—lv
guw =0, p#v,

so that the indefinite inner product of M? is given by
-1
zy = guaty’ = 2%y’ = > aly’. (1.1)
j=1

Here, and in what follows, summation over repeated Greek indices, one

upper and the other lower, 1s understood unless otherwise stated. We write
2

T = x°.

We define
Ty =gur’, pw=0,...,d-1

Then we can write zy = z#y,. The inverse g~ ! of the matrix g is given by
97! = (¢")pv=0.. d—1 With ¢"¥ = g, p,v =0,...,d — 1, so that one can
write

¢ =gz, p=0,...,d-1.

In the theory of a quantized complex scalar field interacting with an
external electromagnetic field on M¢, the main object to be analyzed is a
Green’s function G(z,y) (z,y € M%), a fundamental solution to a perturbed
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Klein-Gordon equation:

(a_i; + ieA“(a;)) (% + ieAu(:c)> G(z,y) + m*G(z,y)

— 5z — ), (1.2)

where A = (Ag, A1,...,Aq4-1) is a vector potential of the electromagnetic
field, m > 0 and e € R denote the mass and the charge of the boson of the
quantized complex scalar field, respectively, and §(x) is the d-dimensional
Dirac distribution!. In field theoretical language, such a Green’s function
may be given by a time-ordered, two-point vacuum expectation value of the

quantized scalar field, called the “Feynman propagator”.
The basic idea of the proper-time method to seek for a solution G(z, y)

to Eq.[1.2) is as follows: One first introduces an operator

H = (5% + z'eA“(:L‘)) (% + ieAM(:c)> + m?,
regarding it as a Hamiltonian that describes the proper-time evolution of

a quantum system, and considers a fundamental solution U(z,y;s) to the
Schrodinger equation with respect to the Hamiltonian H :

9
i—U(z,y;s) = HU(z,y; s)
0s

with the boundary conditions
lim U(z,y; s) = 6(z —y), lim U(z,y;5) =0. (1.3)
In terms of U(z,y;s), a formal solution G(z,y) to Eq.[1.2] is given by
G(z,y) = i/ooo U(z,y;s)ds. (1.4)
Thus the problem is reduced to that of seeking for U(z,y;s). For this

purpose, one considers the operators X, Il,, © =0,1,...,d— 1, defined by

L .0
, = the multiplication operator by z,, II, = zaﬁ —eA,,

where A, is the multiplication operator by the function A, (x). Then

X

H = —II> + m? = —TI*I1,, + m?.

! Throughout this paper, we use a physical unit system such that & (the Planck constant
divided by 2m) = ¢ (the light speed) = 1.
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Let
XM(S) — eiSHXM6~iSH, Hu(s) — eiSHHue_iSH,

the Heisenberg operators of X, and II, with the Hamiltonian H, respec-
tively. Then it is easy to show formally that

%XH(S) = ie"H[H, X Je ™" = 211,,(s), (1.5)
%H“(s) = ie"H[H, TI,)e "
= 2eF),, (X (s))II”(s) — e(0"Frpu)(X(s)), (1.6)
where
F(z)= 94, (x) - 94,(x) w,v=0,1,...,d—1,

ozH Oxv '’

are the components of the electromagnetic field tensor with the vector po-
tential A. Let H(s) = " He %H s ¢c R. Then we have for all s € R

H = H(s) = —II(s)* + m>.

Suppose that (1.5) and (1.6) are solved in such a way that II(s) is a poly-
nomial of X(s) and X(0) = X and [X,(s), X,] is a constant multiple of
identity. Then, using the commutation relations [X,(s), X, ], we can re-
arrange the expression of H(s), which is now a polynomial of X (s) and
X, such that all X(s),’s are placed on the left side of X,’s, to obtain a
representation

H(s) = E(X(s), X;s), s€R,

with E(z,y;s) a function. By employing Dirac’s formalism of quantum
mechanics [D], we may consider U(z, y; s) as

U(z,y;s) = (zle ™ [y)
with (z| and |y) the bra and the ket vectors, respectively, satisfying

Xy >=yuly >, <z|Xp==z,<z|, p=0,...,d—1.
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Hence we have

a —18 —1is
i5.Ulz,y;8) = (z|He Hly) = (zle™" H(s)|y)

(

(zle " E(X(s), X; s)|y)
= (zle " E(X(s),y;5)|y)

(z| E(X,y; s)e” ”Hly> = (z|E(z,y;s)e A y)
= E(z,y;5)U(z,y; s).

This equation can be integrated to yield

U(z,y;s) =C(, y)e_ifSo E(m’y;T)dT, (1.7)

where C(z,y) is a function and sp # 0 is a constant. The function C(z,y)
is determined by the boundary conditions (1.3) and the following identities:

(z£ —eA,(z )) U(z,y;s) = (z|e”“HI,(s)|y),

(i — e4u)) Ule335) = (ale™ ML, 0)1).

where the right hand sides (RHS) are computed in terms of the solution
T(s) to [1.5)] and [1.6) in the same way as that shown in the case of
(x|He —isH |y> above. With C(z,y) thus determined, putting | into
gives a Green’s function as desired. This is an outline of Schwinger’s proper-
time method applied to a quantized complex scalar field interacting with
an external electromagnetic field.

As is seen, the proper-time method may be useful as a heuristic tool,
but, there arise some questions from a mathematically rigorous point of
view. For example: (i) Is H essentially self-adjoint? (note that H may
be indefinite, i.e., neither bounded from below nor bounded from above)
(ii) Is e~ actually an integral operator? (iii) On which domain do
and hold? (iv) Can one justify the Dirac’s formalism used in such a
way as above? It seems very difficult and not so fruitful to mathematically
justify, in their original forms, formal manipulations used in the proper-time
method. It may be more natural to imagine that there should be other
methods, which can be made mathematically rigorous and reveal intrinsic
structures, to the external field problem treated by the proper-time method.
In this paper we present one of such methods.
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We now describe the outline of the present paper. For each a € M¢,
the function ax defines a self-adjoint multiplication operator on L?(R%)
with domain D(az) = {¢ € L2(R%) | azyp € L?(R%)} (we denote by D(-)
operator domain).

Let 0, be the generalized partial differential operator in z* acting in
L%(R%), so that the pu-th component

of the canonical momentum operator p = (py,...,p4_1) is self-adjoint. For
each b € M¢?, we can define a self-adjoint operator on L?(R%), denoted bp,
as follows:

D(tp) = {¢ e L¥(RY)

[, bed de < oo} (1.9a)

(bp) (€) = bEW(€), b € D(bp), (1.9b)

where

o 1 i€x
VE) = g o V@M, €€ R

is the Fourier transform of ¥ with £x being the Minkowski inner product of

§anda:asin.

We introduce a subset of M¢% x M¢ :
My = {(a,b) € M?% x M?| a # 0,b # 0,ab = 0}. (1.10)

In Section 2 we first show that, for each (a,b) € My, ax and bp strongly
commute. In this case, via the two-variable functional calculus, one can
define a self-adjoint operator u(ax, bp) for a real-valued Borel measurable,
almost everywhere (a.e.) finite function v on R? with respect to (w.r.t.)
the Lebesgue measure on R?. We compute the unitary transformation,
given by the unitary operator e®(az:tP) of pu and of the free d-dimensional
d’Alembertian. As an application, we prove essential self-adjointness of a
perturbed d’Alembertian.

Section 3 concerns a self-adjoint operator strongly commuting with az
and bp. For a d x d real antisymmetric constant matrix f = (fu)uv=0,..d-1,
we introduce a self-adjoint operator L, which is a linear combination of the
components of the angular momentum operator in M¢. It is shown that,



Analysis of a family of strongly commuting self-adjoint operators 265

if f is in a subset of d X d real antisymmetric matrices, then Ly strongly
commutes with ax and bp.

In Section 4 we introduce operator-valued Lorentz transformations in
an abstract framework and present some elementary facts on them.

Section 5 is devoted to operator calculus of the self-adjoint operators
az,bp, Ly and p,. The main result of this section is the unitary transforma-
tion property of p, by a unitary operator defined in terms of ax, bp and Ly.
We show that an operator-valued Lorentz transformation of a perturbed
momentum operator is unitarily equivalent to p on a dense domain. As a
corollary, we obtain a self-adjoint extension of a perturbed d’Alembertian.

In Section 6, we explicitly compute the integral kernels of the unitary
groups generated by perturbed d’Alembertians. This section should clarify
a general mathematical structure behind Schwinger’s proper-time method.

Section 7 is an application of the results in Sections 5 and 6 to the
external field problem of a quantized complex scalar field for a class of
vector potentials, which is reduced to an analysis of a quantum system of
a charged spinless particle interacting with a vector potential. The method
employed, which includes a regularization procedure or a deformation of
the vector potential with a parameter € > 0 and limting arguments with
respect to the limit ¢ — 0, not only gives a mathematically rigorous basis
to the discussions in , but also presents more general results than
those in [V-S-H].

In the last section, we give a remark on the mathematical meaning of
what is done in Section 7 from a view-point of representation theory of
“partially broken canonical commutation relations”.

2. Operator calculus associated with two vectors in the Min-
kowski space and essential self-adjointness of a perturbed
d’Alembertian

We say that two self-adjoint operators on a Hilbert space strongly com-
mute if their spectral measures commute. The following fact is well known
(see, e.g., [R-S1, Theorem VIII.13]).

Proposition 2.1 Let A and B be self-adjoint operators on a Hilbert
space. Then the following (1)—(iii) are equivalent:

(i) A and B strongly commute.

(i) For all 5,t € R, etdeisB = eisBeitA,
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(iii) For allt € R, 4B C Be'4,

Let (a,b) € My (see (1.10)). We first show that the operators az and bp
defined in the Introduction strongly commute. Then we consider a unitary
transformation defined by the functional calculus of ax and bp.

Lemma 2.2  The self-adjoint operators ax and bp strongly commute.
Proof. 1t is easy to see that
(e*Py)(z) = Y(z — tb). (2.1)
Using this formula and the condition ab = 0, we have for all s € R
(eitbpeisazw)(m) _ eisa(w—tb)w(x — tb) = €%9Ty)(z — tb)
_ (eisameitbpw)(.x).

Hence eiPeisaz — gisazeithp g1 )] 5 ¢ € R. Thus, by Proposition 2.1, az
and bp strongly commute. []

We denote by Biea(R?) the set of real-valued, Borel measurable fucn-
tions on R? which are a.e. finite w.r.t. the d-dimensional Lebesgue measure.
Let Equz(-) and FEyy(-) be the spectral measures of ax and bp, respectively.
Then, by Lemma 2.2, there exists a unique two-dimensional spectral mea-
sure E,z p,(-) such that, for all Borel sets By, B, in R, Eozpp(B1 x Bg) =
Eoz(B1)Epp(B2). As is well known, the spectral measures of p, and z,,
respectively, are absolutely continuous w.r.t. the Lebesgue measure on R.
Hence so are E,;(+) and Epp(-), respectively. Thus, for each u € By (R?),
the operator

u(az, bp) = /R2 (A1, A2)dBazsp(A1, Ao)

is self-adjoint.

We denote by L>®(R9) the set of essentially bounded Borel measurable
functions on R% and set ||¢)||co := ess.sup,cga|¥(x)], the essential supre-
mum of ¥ € L®(R%). In what follows, for simplicity, we mean by “a
bounded function on R%” an element of L>®(R%). The subset of real-valued
functions in L (R¢9) is denoted L, (R%).

real

Let No = {0,1,2,---}. For r € Ny, we denote by C”._,(R?) the set

real
of r times continuously differentiable, real-valued fucntions on R¢ and by

B7(R?) the set of bounded functions u in C7__,(R%) such that, for all j =

real
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1,...,r, the partial derivatives of u of order j is bounded on R¢.

We say that a real-valued function u = u(z1,72) on R? is in the set
B> (r € Np) if, for a.e. z2, u(:,z2) € B"(R) and, for all j =0,...,r, the
function 8{u($1,$2) = 8ju(a:1,:c2)/8:v{ is bounded on R2. We say that a
function u is in B if the function 4(z1,z2) := u(ze, 1) is in B, In
this case, we write dJu(zy, z2) := Bju(arl,:cz)/ﬁa:%.

We denote by C§°(R?) the set of infinitely differentiable functions on
R? with compact support.

Lemma 2.3 For all u € B7°(R?), there exists a sequence {uy}y of real-
valued functions in C§°(R?) such that, for all j =0,...,r,

sup 0] ug(z1, z2)| < C,
k>1
lerroloaiuk(ml,xg) = Nu(z1,z2), a.e. (x1,22),

where C 1is a constant.

Proof.  This follows from a standard limting argument using Friedrichs’
mollifier. [

Lemma 2.4 (i) Letu € BY°(R?). Then, for each u=0,1,...,d — 1,
u(azx, bp) leaves D(p,) invariant and

[pu, u(az, bp)] = ia,01u(az,bp) on D(p,), (2.2)

where [A, B] := AB — BA.
(i) Let u € B1(R2). Then, for each p = 0,1,...,d — 1, u(az,bp)
leaves D(x,) invariant and

[z, u(az, bp)] = —ib,0u(az,bp) on D(z,).

Proof. (i) Lett € D(p,). We first consider the case where u € C§°(R?).
Then we have

1 ~ €1ax 1
u(az, bp)yy = —— /R2 (61, &)1 % €2 Pypdg, dE, (2.3)
where
~ 1 —i(&1x x

is the standard Fourier transform of u and the integral on the RHS of (2.3)



268 A. Arai and N. Tominaga

is taken in the strong topology. By [2.1), we have
(e’ 2Py () = €419%9(a — bEy).
Hence the function e%1%%¢%2%y) is differentiable and
3u(€i'£1ameixi2bp1/))($) — ia“gleiglaw¢(x . bfz)
+ €99 (0,9) (@ — bea),

which implies that 8, (e®1**e*%2%Py)) € L?(R?). Hence e%19%e%2%4) ¢ D(p,,)
and

puei&awei&szw - _au&eiﬁlawei&bpd) + ei&ameiﬁszpulp,

which implies that

[ it @) ydeyde; < oo

It follows from the closedness of p, that u(az,bp)y € D(p,) and

pantaa by = 5-{-a, [ al6 @6y,

2
+ [ e, ) ery, e dey |
= ia,0 u(az,bp)y + u(az, bp)p,p.

Thus (2.2) follows.
We next consider the case where u € B> (R?). Then we can take a
sequence {ug}r as given in Lemma 2.3. By the preceding result, we have

puuk(ax,bp)y = ia,01uk(az, bp)y + uk(az, bp)p,y.

By the functional calculus, ug(az,bp) — u(az,bp), Ojuk(az,bp) —
O1uk(ax, bp) strongly as k — oo. Hence p,ui(az,bp)y — ia,01u(az, bp)y +
u(az, bp)p,p as k — oo. By the closedness of p,, u(ax,bp)y € D(p,) and
(2.2) holds.

It is easy to see that, for all ¢ € D(x,),

.’Eﬂeiél aweiﬁszd] — bH€2ei§1axei§2bp¢ + ei&axei&gbpxuw.
Hence, in the same way as in the case of p,, we can prove part (ii). L]
y 7

We say that a function u in Bie(R?) is in the set ¢"(R?) if, for a.e.
zo € R, u(-, z2) " (R) and there exists a sequence {u} in B (R?2)

real
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such that, for 5 =0,...,r,

Sup 0] uk (21, 22)| < Cl&Ju(z1, z2), (2.4)
>1
klim 8{uk(x1,a:2) = 8{u($1,x2), a.e. (z1,z2), (2.5)

where C is a constant.

Theorem 2.5 Let u € ¢ (R?) and v € D(p,) N D(d1u(az,bp)). Then,
forp=0,...,d—1, e~ulazbr)y, ¢ D(p,) and

eiU(aw,bp)pM —wu(az,bp) ), — [Py + aud1ulaz, bp)|y. (2.6)

Proof.  We first consider the case where u € 81°°(R?). Then u(az, bp) is
bounded. Hence we have

e iulantp) g Z ular bp) ®. seI}RY).

Let v € D(p,) and ¢y = Zﬁzo(—i)ku(a:c,bp)kpb/k!. Then, Yy —
e—i(az,bP), (N — o0). Moreover, by Lemma 2.4, yn € D(p,) and

N _N\k
PuYN = Z (Ig%iauﬁlu(a:c,bp) . u(aw,bp)k"1¢
k=1 )
Z (az, bp)* P,

Hence
pu¥n — a,01ulaz, bp)e_iu(am’bp)ib + e_i“(az’bp)puw

as N — oo. By the closedness of p,,, e~ tu(azbp)y)) ¢ D(p,) and
pue” o)y = 0,01u(az, bp)e =PI 4 ¢, 4,

Thus holds.

We next consider the case where u € ¢!(R?). Then there exists a
sequence {ug}y in BL°(R?) satisfying and (2.5) with 7 = 0,1. Let
Y € D(p,) N D(01u(azx,bp)). By the preceding result, we have

Pue—iuk(aw,bp)zp = ¢~ turlaz,bp) [pp + a,01uk(ax, bp) ]9
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By the functional calculus, one can easily show that
kli_)rgo[pu + a,01uk(az, bp)ly = [p, + a,01u(az, bp)|ip.
Similarly, for all n € D(u(az, bp)),

lim ug(az,bp)n = u(az, bp)n.

k—oo

Hence, by standard convergence theorems ([R-S1, Theorem VIII.25,
Theorem VIIL.21]),

: —iug (ax,b —iu(az,b
s lim e—tuk(az,bp) (az.bp)

k—oo

=€

where s- lim denotes strong limit. Thus we obtain

Jim, pue Oy = e, 40,30 bl

By the closedness of p,, e “(a2:bP)y, ¢ D(p,) and
pue—iu(aw,bp)w — e—iu(am,bp) {pu _|_ a]ualu(ax, bp)]",b,
which imply the desired result. []

Remark. By virtue of Lemma 2.4((ii), we can also obtain formulae for z,, in
the same way as in the case of p,, e.g., the formula corresponding to
is given

etu(ambe) g =0 )y, — [z, — b Byu(az, bp)]y

under a condition parallel to the one in [Theorem 2.5. This kind of transla-
tions from formulas of p, into the ones of z, is easy. Thus, in this paper,
we concentrate our attention only on formulae of p,.

As a corollary of [I’heorem 2.5, we obtain the following.

Theorem 2.6 Let u € B2°(R?). Then, for each p = 0,...,d — 1,
e~ az.bp) Jegpes D(pi) invariant and

eiu(ax,bp)pze—iu(ax,bp)w — (p# + a,d1u(az, bp))22/),
veDp.), p=0,1,...,d— L. (2.7)

Proof. Let ¢,v¢ € D(pi). Then, by [I’heorem 2.5, we have

(P2, e ™)) = (p,, pue™ M * ) = (p1p, m),
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where

n= e”i“(am’bp)puw + e‘iu(am’bp)aualu(a:c, bp)i.

Since p,y¥ € D(py), it follows from [Theorem 2.5 again that e‘i“(‘”’bp)puw €
D(p,). Since u(az,bp) and Oiu(ax,bp) commute, we have

e~ a2bP) 5, y(azx, bp)h = Byu(ax, bp)etu(azbp)y),

Since 8;u € B1°°(R?), it follows from Lemma 2.4 that 81u(az, bp)e~*(a2:bP)y
is in D(p,). Thus n € D(p,). Hence

(P2, e~ ™™ P)p) = (¢, p,m),

which implies that e~ ®(a2:bP)q) € D(pi) and pie"iu(a“”b”)w = p,n. The last
equation combined with gives (2.7). ]
Let
d—1
j=1

be the free d’Alembertian with D([]) := ﬂz;})D(pi) . It is easy to see that

[] is essentially self-adjoint on S(R?) (the set of rapidly decreasing C*°
functions on R%). We denote the closure of [] by Hy :

Hy =[1. (2.9)
For u € ¢!(R?), we can define

Oy = —(p+ adyu(az, bp))?
d—1
= (8y — iagdru(az, bp))® — Z(Bj — ia;01u(az,bp))®  (2.10)
j=1
with D([,) = ﬂﬁ;(l)D([p“ + a,0u; (az,bp)]?), which gives a perturbed
d’Alembertian.

Theorem 2.7 Let u € B>®(R?2). Then [, is essentially self-adjoint on
D(CJ) and the following operator equality holds:

eiu(am,bp) Hoe—iu(ax,bp) — Eu-
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Proof. By [l'heorem 2.6, we have

etambp) ] g=tu(asbp)yy — _(p 4 adyu(az, bp))2y, ¢ € D(D).

Theorem 2.6 also implies that e~*(3%:%?) maps D([]) onto itself. Hence the
essential self-adjointness of [ ] on D([]) gives the desired result. []

Remark. As is easily seen, analysis similar to that in this section can be
made also in the Euclidean space R? in quite a parallel way.
3. A linear combination of the components of the angular
momentum operator in the Minkowski space
We denote by M3*(R) the set of d x d real anti-symmetric matrices:
MSS(R) = {f = (fw/) l f;w € R,
fuw = —fou, v =0,1,...,d—1}. (3.1)

For each f € M2*(R) and a constant vector ¢ € M¢, we define

Qu(x) = fu(e"-¢"), p=0,1,...,d—-1. (3.2)

It is easy to show that the multiplication operator @), is essentially self-

adjoint on C§°(R?). Moreover, Q, leaves S(R?) invariant and satisfies the
commutation relations

Py, Qul¥ = ifut, ¥ ESR?Y), prv=0,...,d-1 (3.3)

We define an operator L by
Ly = Qup", (3.4)

with D(L¢) = ﬂﬁ;})D(Qup“), where, for notational simplicity, we suppress
the dependence of Ly on q. Note that Ly can be written

Ly =Y fou{@* — ¢*)p” — (2 — ¢")p"},

v<py

ie., Ly is a linear combination of (z* — ¢*)p” — (¥ — ¢")p* (v < p), the
components of the angular momentum operator in the coordinate system
translated by q.

It follows from the antisymmetry of f and that, for all ¢y € D(Ly),
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Qu¥ € D(p") and
Qupty =p"Qu, ¥ € D(Ly), (3.5)

which implies that L is a symmetric operator on L?(R%). Moreover, we
can prove the following fact.

Proposition 3.1 Ly is esentially self-adjoint on CS°(RY).

Proof.  The idea of proof is to apply Nelson’s commutator theorem ([R-S2,
Theorem X.37]). Let

o] = /(202 + ()2 44 (@412,

the Euclidean norm of z = (z°,...,2%7!), and A be the d-dimensional
Laplacian:
d—1
A=— Z pi.
pu=0

It is well known that the operator
N := A+ |z, (3.6)

the Hamiltonian of the harmonic oscillator on R9, is self-adjoint with
D(N) = D(A) N D(|z|?) and essentially self-adjoint on C§°(R?). We have

| = AY|) + || |lzPel* < [IN®|* + 2d][¢l*, &€ D).  (3.7)
Let ¢ € C3°(R?). Then, by [3.3), we have
ILslP = | = ifu (P9, Q79) + (Puputh, Q¥ Q V)

d—1 d—1
< O lllePJZIIQWlI?
/,L:O v=0

d—1 d—1
+J > ||pup,,¢||2¢ 3 1QHQvYI%,

pv=0 pv=0

d—1
Cc(f) = «l Y 1 fwl? (3.8)
u,v=0

where
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By (3.7), we have the following estimates:

d—1
D 1l = [[(=2) 20| < [NV,
u=0

d—1
\j Y. lpup|? = || = Ayl < [|Ng|| + V24|,

H,v=0

d-1
\] M Quil? < Ch)ll |z — gl
v=0

< CHUN=l9ll + gl 1¥1])
< C(NUIN| + [l 1)),

d-1
J > lQuQvyl2 < C(f)ll |z — gl

p,v=>0

IA

< CU2( el + 2lgl 1] |zl + lql*[1%1])
< C(N(INY]| + V2d||9||
+2|q|[NY2|| + |q || 1]). (3.9)
Hence we obtain
ILsl|* < CII(N + 1), (3.10)

where C > 0 is a constant. Moreover, by using (3.3), we have

d-1 d—1
[Lfa NW = -2 Z fuup“pu'tp — 2 Z Qu$u¢a
v=0 p=0

which gives

(L, NY) — (N9, Lyp)| < C'J|(N + 1)V 29| 7,

where C’ > 0 is a constant. Hence we can apply Nelson’s commutator
theorem to obtain the desired result. []

For each a € M¢, we introduce a class of d x d real antisymmetric
matrices:

Fo={feMFR)| a"fn =0,vr=0,1,...,d—1}. (3.11)
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Proposition 3.2 Leta € M¢.
(i) If f € F,, then each Q, strongly commutes with ap.
(ii) If f € F,, then Ly strongly commutes with ax and ap.

Proof. (i) Let ¢ € C°(R%). Then, by [2.1), €#%Py is in C§°(R¥) and
(Queitapw)(m) = f,uu(xy - qu)¢($ - at)

= fu(z”¥ —a"t — ¢")(z — at)
= (e"PQu)(z),

where, in the second equality, we have used the property f,,a” = 0. Hence
Queitap,(/) — eitaprw.

Since C§° (Rd) is a core of @, as already mentioned, it follows that ettoerQ) u C
Q,e"?. Hence, by [Proposition 2.1, @, strongly commutes with ap.
(i) Similar to the proof of part (i). []

Remark. One can easily show that, if each @, strongly commutes with ap,
then f € F,.

4. Operator-valued Lorentz transformations

In this section we take an interlude to introduce operator-valued Lorentz
transformations and to prove some basic facts on them.
Let H,,u=0,1,...,d — 1, be complex Hilbert spaces and

d—1
H:@Hu:{wz{d)u}z;%) | d)HEHM'):U“:O)la'”ad—l}
pn=0

be the direct sum of H,,pu = 0,1,...,d — 1. The metric tensor g of M¢
naturally defines a bounded linear operator on H, denoted also g, by

(g9)°=y°, (g¥)=—7, j=1,...,d-1, y={y*}iseH.  (4.1)

Definition 4.1 A densely defined linear operator L on H is called an
operator-valued Lorentz transformation on H if L*gL C g.

Every linear operator T on H is represented as a matrix operator
T = (T*,) with T#, a linear operator from H, to H,. We call T",’s
the components of T. In terms of components, a bounded linear operator
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L on H is a Lorentz transformation if and only if
*
(LAM) g)\pru = Guv-

Proposition 4.2  Let T be a bounded linear operator on 'H such that
T*g = —gT. Then e is a bounded operator-valued Lorentz transformation

on 'H.
Proof. Putting L = €T (= 3222, T%/k!), we have

i} (T kg o0 -1 ka B B
Lg=z(k3 :ZQ%ZQGT=9L Y
k=0 ) k=0 )
which implies the desired result. []

We denote by N = {1,2,---} the set of natural numbers. For a densely
defined linear operator T on H such that TV*! = 0 for some N € N, we
define eT by

Nk
T
T — -
e’ = 7 (4.2)
k=0
with D(eT) = D(TN*1).

Proposition 4.3 Let T be a densely defined linear operator T on 'H such
that, for some N € N, TN*! = 0 with D(TN*!) dense and T*g > —gT.
Then eT is an operator-valued Lorentz transformation on H.

Proof.  We have (eT)* > SN (T*)*/k!. By the assumption T*g D —gT,
g maps D(T*) into D((T*)*) for all k € N and (T*)kgy = g(—1)*T*y for
all v € D(T*). Hence, for all v € D(el), we have geTyp =
SN J(=1)E(T*)kgep/k!. Hence geTtp € D((eT)*) and

N N k(m=\j+k
. —1)*(T*)I
COVTEED D) Deu A A
§=0 k=0 J- R
Thus the desired result follows. (]

A special case is of some importance in applications. Let us consider
the case

Ho=-=H41=K
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and S be a densely defined linear operator on K. For a d X d matrix
f=(fw)uv=01,..d-1, we define a d x d matrix

f=(f")uv=0,..d-1 (4.3)
by

= g" Fa- (4.4)
Let

Sy =[S, (4.5)

a linear operator on @Z;%) K.

Proposition 4.4  Let S be a symmetric operator on K and f € MF(R).

Then the following (i) and (ii) hold:

(1) If S is bounded, then e is a bounded operator-valued Lorentz trans-
formation on @Z;% K.

(ii) Suppose that fN*1 =0 for some N € N. Then S}VH =0 and e/ is an

operator-valued Lorentz transformation on @Z;%] K with components

( =6, + Z o f“mfmuz S
‘LL,VZO,...,d—l, (4.6)
where 6", is the Kronecker delta.

Proof. It is easy to see that (f)*g = —gf. Using this property, we can
show that S;g DO —gSy. Hence Propositions and give part (i) and
(ii), respcetively. ]

5. Operator calculus on the self-adjoint operators ax, bp and L f

Let (a,b) € Mo. Let f € Fo N Fy and u € Biea(R?). Then, by
[Proposition 3.2(ii), u(az, bp) and Ly strongly commute. Hence, putting

D%, = () D(u(az,bp)’L}), (5.1)
7,keNp

we have a self-adjoint operator

M (u, Ly) := [u(az,bp)Ly] | D, (5.2)
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For f € M3(R) and u € LZ,(R?), we define a bounded linear operator
A(f,u) on the Hilbert space

[L2(RY)] EBL2 (RY) (5.3)

A(f,u) = e‘fU(awybp) — i (=1)*f*u(az, bp)* (5.4)

where f is defined by [4.3).

Lemma 5.1 The operator A(f,u) is a bounded Lorentz transformation
on [L?(R%)]. Moreover, the following (i) and (ii) hold:
(i) If f € Fa, then

A(f,u)f 0" =a*, p=0,1,...,d-1, (5.5)

on L?(R%).
(i) Ifu € BL°(R?2), then each component A(f,u)¥, leaves D(py) invari-
ant (A =0,...,d—1) and, for all ¢ € D(py),

p/\A(f’ U)“,ﬂp = —ia)\81U(a$, bp)A(f7 u)upfpyw
+ A(f,w)*,prv. (5.6)

Proof.  The first assertion follows from [Proposition 4.4(i). By the property
fH,a” =0 and [5.4), we obtain (5.5).
To prove part (ii), we note that, for all ¢,v € D(py),

i (f*)-, k
(Pad, A(f, )", ) = Z Y (prd, u(az, bp)*1p).

i F
By Lemma 2.4, u(az, bp)*y € D(py) and

pulaz,bp)fyp = ikarOiu(az, bp) -u(az, bp)* 14
+ u(az, bp)Fparp. (5.7)
Hence

(o2, A(f,u)l ) = (@, iar01u(az, bp)A(f, w) ,fP 9
+ A(f: u)uypk¢)‘
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Since this equation holds for all ¢ € D(p) ), the desired result follows.
[

The first of the main results of this section is the following.

Theorem 5.2 Let f € F, N Fy and u € BL°(R2). Then, for all ¢ €
D(N), e=®M(wLs)y s in D(py),n=0,...,d—1, and

ML =MOLI) G = A(f,u)t, (9 + a"Byu(oz, D)Ly)Y (58)

Remark. By (5.5), the RHS of can be written

A(f,w)* (p” + a”01u(az, bp) L)y
= A(f,u)* p"v + a*Ou(az,bp)Lsip. (5.9)

To prove this theorem, we need some preliminaries. For two linear
operators A and B acting in a Hilbert space, we define (ad A)*B, k € No,
by

(ad A)°B = B,
(ad A)*B = [A4,(ad A)*1B], k>1. (5.10)
It is well known (or easy to see) that

k—j
(ad A)¥ By = ZMAJBA’“ Iap (5.11)
= Ik =)
for all ¢ € Ny D(ABA*T).

Lemma 5.3 Let f € F,NFy and u € BH°(R?). Let v € S(R?). Then,
for all 5,k € Ng and p=0,1,...,d — 1, we have M (u, Lf)kw € D(p,) and
puM (u, Ly)* € D(M(u, Ly)?). Moreover,
(ad M (u, Lf))kp“w
{ —iatOu(ax, bp)L ¢y + iu(ax, bp) f* p"y, k=1,

i (f*) u(az, bp)kp“yp, k>2 (5-12)

Proof.  Since L% is in S(R?) C D(p,), Lemma 2.4 and [5.7) imply that
u(az, bp)kLkw € D(pﬂ) and

puu(ax,bp) Lf’(/) = ika,01u(ax,bp) - u(az, bp)k 1Lk U
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+ u(az, bp)kpuL’}zp.
It follows from this equation and the strong commutativity of u(az, bp),
du(ax, bp) _with Ly that puu(ax,bp)L’}@b = pHM(u,Lf)kw is in
D(M (u,Ls)?) and
M (u, LY puM(u, L;)* = ika,d1u(az,bp)M (u, Lg) T Lsep
+ M(u, Ly u(az, bp)*p,Lip.  (5.13)
Thus the first half of the lemma follows.
By (5.13) and the commutation relations
", Ll = —if*, p’¢, #€SRY,p=0,...,d—1, (5.14)
we obtain (5.12) with k = 1. Hence we have
(ad M (u, Ly))*p*y = du(az, bp)f*,[M(u, L), p"I¢
= u(az, bp) f¥,(—ia”01u(ax, bp) L
+ iu(az, bp) f* \p )¢
= i*(f*)*, u(az, bp)*p" .
This implies that

(ad M (u, Ly))*pe = i*(f*)*,u(az, bp)*p" .
Repeating this process, we obtain (5.12). L]

We next estimate ||L V|| (f € MP®(R),k € N) for suitable vectors 1.
For this purpose, it is convement to rewrite Ly in terms of the annihilation
and creation operators defined by

L ht —1 cJr = zt +1
Cp = \/5( Pu); \/5( +ipy), (5.15)

f

respectively. Obviously ¢, and c, leave S (Rd) invariant and satisfy the
commutation relations:

leu,c ) =0, [eusclp =0, [cw el =6, o€ SR
(5.16)

Let

Pg(z) = nmW/4e=12P/2 gz e RY, (5.17)
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and

&, = ‘(CT )o0 . (cl

X1, 5.18
O!()!-"ad._l. ud_l) 0 ( )

where o = (ag, . .., aq_1) € N& is a multi-index (o, € No,p=0,...,d-1).

It is well known that {®,}, is a complete orthonormal system of L?(R¢)
(note that ®, is a tensor product of Hermite functions). It is easy to see

that
CZ(I)Q =1/ % + 1(I)(ao,...,a“—+—1,...,ad_1)

Cuq)oz = auq)(ao,...,au—1,...,ad_1)a ay > 1,

C'u“(p(ao"--vau"laoaa#‘l'l"'7ad—1) - 0'

and

We denote by Cﬁ: either c,, or c,t. It follows from the above relations that

e, - e ®all < \f(la] + 1)+ (ja| + &), (5.19)
where |a| = z;%) Q.
We have

1L5all < Ul @ = g) - p (0 = ")l

1
S?|fU1V1‘.“|fﬂka| Z Hcﬁlbﬁ"-kabﬁc@aH,

6F terms

where b¥ denotes ¢ either v/2¢”. Hence

ILE®|| < C(f,0)"/(lal +1) -+ (o] +2K), (5.20)
where
d—-1
C(frq) = 3( 3 lfwl)<x/§|q|oo 1) (5.21)
u,v=0

with |¢|eo = max,—g . 4—1|¢”|- Similarly we have for all r € N and p; =
0,...,d—1,5=1,...,r

1
19+ L @all < 55 C (1 0) (10l +1) -+ (ol + 26+ 7).

(5.22)
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Let
Sp(RY) = L{®,| a € N&}, (5.23)

where £{---} denotes the subspace algebraically spanned by the vectors in
the set {---}. For f € F,NF, and u € L= (R?), we define

real
Dy(u) = L{u(az,bp)’ Ljve | by € Su(RY),j,k,£ € No}.  (5.24)
Obviously we have Sg(R%) C D¢(u).
Lemma 5.4 Let f € F, N Fp,u € BL°(R?) and set

1
 2flullC(f,9)

where we setrg := 0o ifu=0o0r f =0. Let|t| <rp (t € R) and 1 € Ds(u).
Then, for all m € N, multi-indices o, and u = 0,...,d — 1, the vector
is in D(f}n) and u(ax,bp)mf}nw is in D(p,). Moreover, e MWL)y js in
D(py) and

To (525)

(—it)™u(ax, bp)mf}nz/)

0
—itM(u,Ly) — 5.26
: 2, (—it)"puu(az,bp)™ Ly
—itM(u,Lyf), ) __ ( t u ) f
pue Y = mEZZO — : (5.27)
Proof. It is sufficient to prove the assertion of the present lemma for

Y = u(az,bp) Lk®q (j,k € Np). The fact that S(RY) C N2, D(L}) and
the strong commutativty of Ly and u(ax,bp) imply that 9 € D(f}n) We
have u(az, bp)™L} ¢ = u(ax, bp)m*'jL’}Hk(IJa. Hence, by [5.20), we have
|(=it)™u(az, bp)™ Ly ||
< ™ [ullZHCf, 9™ (lal + 1) (Jo] +2m + 2k),

which implies that, for |t| < rq, the infinite series Y oo_q ||(—it)™u(az, bp)™
f;cnz/)/m!H converges and so does U := fnozo(—it)m}(am,bp)mf?iﬂ/m!.
By the strong commutativity of wu(az,bp) and Ls, we can write
u(ax,bp)mf?¢ = M(u,Ls)™p. Hence ¥ = e #M(wLs)y  which gives

(526)
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Let

al (_it)m mT
oy = 3 S, by Ty

= m
(_it)m m+k rm+k
= E u(azx, bp)"TELTTED,,.
, m! f
m=

Then, by Lemma 5.3, ¥5 € D(p,) and

N (—it)™p u(ax,bp)m+ij+k<I>a
puYN = Z - ! .

m=0

m!

By and (5.22), we see that p,¥y converges as N — oo. Since
Uy — e MWL)y as N — oo, it follows from the closedness of p, that
e~ #MwLs)y € D(p,) and (5.27) holds. [

Proof of [[heorem 5.2
Throughout the proof, we set M = M(u,Ls). We first consider the

case |t| < ro. Let ¢,¢ € D¢(u). Then, by Lemma 5.4, (5.11) and [Lemmal
5.3, we have

(9, ™Mpte™My) = (Mg, preT My
& (i) (i)
‘JZ:;”;) Jk!

= (i)™

=2

m=0

J

(M7 ¢, p* M*4p)

(@, (ad M) )

= (¢, ta"0u(ax, bp)ffd) + A(tf,u)" p"y).

Since D¢(u) is dense in L?(R?), we obtain

e Mppe=itMy, — tahd u(az, bp)Lsh + A(tf,u)* pv
= A(tf,u)", (p" + ta"0u(az, bp)ff) Y. (5.28)
Let |s| < ro and
G = i (—is)k M*Fy

[
P k!
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Then ¢n € Dy(u) and ¢y — e~ M) as N — oo. By (5.28), we have

eMppretMyy = A(tf,u), (b + ta"ru(az, bp)Ls) .
By Lemma 5.4, we have

pn — pYe =My (N — o0).
Note that

N - NEATET
- (—is)"M*Lys¢
Lyon =2 k!

k=0

and Ly € Ds(u). Hence Ly — e MLy (N — 00). Since dyu(az, bp)
is bounded, it follows that

ta”01u(az,bp) Ly — ta’Oru(az, bp)e ML ¢4
= e “Mta"dyu(azx,bp)Lip (N — o0).

Hence
eitMpue——ithN N A(tf, u)py(pue—isM + e—ithaualu(ax’ bp)zf)¢

It is clear that e~ ®Myy — e #Me=isMy, — o=i(t+s)My, (N — 00). Hence,
e~ {t+)Myy ¢ D(p*) and

eitMpue—i(t—l—s)Mw

= A(tf,u)¥, (p"e_iSM + e Mta¥ 9 u(ax, bp)ff) .
Hence we obtain
ei(t+s)Mppe—i(t+s)Mw

= A(tf,u)", (eiSMp”e_iSM + ta” 0 u(az, bp)ff) Y,

where we have used the commutativity of e*™ and A(tf,u)*,. By using
(5.28) with ¢t = s, we obtain (5.28) with t replaced by t + s. Repeating this
process, we can show that holds for all ¥ € D(u).

By and [3.10), the RHS of with ¢ € Dy(u) is dominated
by C||(N + 1)¥|| (C > 0 is a constant). As is well known, each ®, is an
eigenfunction of N with eigenvalue 2|a| + d. Hence Sg(R%) (C Df(u)) is a
core of N. By a simple limiting argument, one can easily show that
established for ¢ € Dy(u) extends to all ¥ € D(N), at the same time,
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proving that e M) € D(p*) for all » € D(N). This completes the proof
of [Theorem 5.2. []

Let u,v € Bea(R?) and f € F, N Fp. Then, by Proposition 3.2,
u(az,bp) and M (v, L¢) strongly commute. Hence u(az,bp) + M(v,Ly) is
essentially self-adjoint. We denote its closure by M (u;v, L) :

M (u;v, Ly) = u(az, bp) + M (v, Ly). (5.29)

We have

eitM(u;v,Lf) eitu(az,bp)eitM(v,Lf) eitM(v,Lf)eitu(am,bp)’ t e R.

(5.30)

Theorem 5.5 Let u,v € BY*(R?) and f € Fo N Fp. Then, for all
YpeDWN) and p=0,...,d—1, e *MvLi)y, € D(p*) and

eiM(u;v,Lf)pue—iM(u;v,Lf)w
= A(f,v)", {p” + a”(81v(ax,bp)Ls + Oyu(az, bp))} Y. (5.31)
Proof. Under the present assumption, dyu(azx,bp) is a bounded self-

adjoint operator. Hence, p* + a*d1u(ax, bp) is self-adjoint. Then,
2.5 implies the operator eqaulity

ei“(am’bp)p“e_i“(ax’bp) = p" + a,01u(az, bp).
Hence
eiM(v,Lf)eiu(aaz,bp)ppe—iu(aa:,bp) e—iM(v,Lf)

_ eiM('U,Lf)pﬂe_iM(v’Lf) + a*0yu(azx, bp),

where we have used the strong commutativity of d;u(az, bp) and e**M (v.Lg),

By (5.30) and [Theorem 5.2, we obtain (5.31). ]

We next consider the transformation of the free d’Alembertian by the
unitary operator e (uv,Ly)  For this purpose, we prepare some lemmas.

Lemma 5.6 Let u € B> (R?). Then, for each p,v = 0,1,...,d — 1,
u(ax, bp) leaves D(p,p,) N D(pupy) tnvariant and, for all ¢ € D(p,p,) N
D(pupu)y
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puppu(az,bp)y = ulaz,bp)p,putp + i01u(azx, bp)(avpy + aupy)
— a,,auafu(a:c, bp)y

Proof.  Application of Lemma 2.4(i). [l

Lemma 5.7 Let u € B2?(R2). Then, for each p,v = 0,1,...,d — 1,
u(az, bp) leaves D(zyz,) N D(z,x,) invariant and, for all ¥ € D(x,z,) N
D(z,x,),

zyzyu(az, bp)y = u(az, bp)z,z,y — idu(ax, bp)(byxy + b)Y
— bybuagu(a:c, bp)i.

Proof.  Application of Lemma 2.4(ii). ]

Let r,s € No. We say that a function u on R? is in the set B8™°(R?)
if, for all z; € R, u(,,z3) € Ch(R) and du € B°5(R?) N C(R?) for

real

7=0,...,r with 85¢{u = 8]05u, j =0,...,r, k=0,...,s, where C(R?)
denotes the space of continuous functions on R2.

Lemma 5.8 Let u € B2%(R?) and f € F,NFy. Then u(az,bp)L; maps
D(N?) into D(N) and, for all y € D(N?),

|Nu(az,bp)Lsy|| < C||(N + 1)%4|], (5.32)
where C > 0 18 a constant.

Proof. By and the fact that Siz(R?) is a core for (N + 1)?, it
is sufficient to prove for ¢ € Sy(RY). Let ¢ € Sy(R?). Then
Ly = Lyy € Sy(RY) € D(N) = D(A)N D(|z|?). Hence, by Lemmas
and 5.7, u(az, bp)Lsy € D(N) and

d—1

| Nu(az,bp) Lsyl| < Co(lILsyll + Y (laupuLsll
pn=0

+ |[buzuLsl]) + |INLgpll,
where Cj is a constant. By using [(5.19), we can show that

laupu Lyl < CLlI(V +1)* 23],
BuzuLsd|| < Col|(N +1)* 24,
INLggl| < Cill(N + 1)),
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where C) is a constant. By these estimates and (3.10), we obtain
with ¢ € SH(R). L]

The following lemma is well known (or easy to prove) (use and
a limiting argument).

Lemma 5.9 For eachu=0,...,d—1, p, maps D(N3/%) into D(N) and
INpuyl| < ClI(N +1)329|l, o € D(N*?),
where C 18 a constant.

For u,v € ¢}(R?), we define

Ofuw = —(p+a(d1u(az, bp) + 81v(ax, bp)Ly))?

= (8p — iap(Au(az, bp) — i01v(ax, bp)ff))2
d—1
— Z(Bj — iaj(0ru(az, bp) + O1v(az, bp)L))?  (5.33)

j=1
with D(0 ) = NZ6D (P + au(drulaz, bp) + B1v(az, bp)Ly))?).

Theorem 5.10 Let u,v € B32(R?) and f € Fo N Fp. Then, for each
uw=0,...,d—1, e *M@Ls) maps D(N?) into D((p*)?) and, for all ¢ €
D(N?),

eiM(u;v,Lf) (p,u)Ze—iM(u;v,Lf),tp
= (A(f,v)* [p” + a” (Bru(az, bp) + Orv(ax, bp)Lf)])) Y. (5.34)
In particular, D(N?) C D((Jy,y,,) and

ML) gmtMvl)y — (), o, ¥ € D(N?). (5.35)

Proof. Let ¢ € D(p?) and ¢ € D(N?). Set M = M(u;v,Ly). Then, by
Theorem 5.5, e M4 € D(p*) and we have
("), e M) = (', p"e M)
= (p'o,m),

where

n=e MA(f,v)* {p” + a”(S1u(az, bp) + 81v(az,bp)Ly)}p.
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By Lemmas [5.6-5.9, the vector {p” + a”(81u(az,bp) + 01v(az,bp) L)} is
in D(N). Note that e™*™ commutes with A(f,v)* . Hence, by Theoreml
5.5, n € D(p"). Hence we obtain

((p")20, &= M) = (¢, p"n).

This implies that e=*My € D((p*)?) and (p*)2e~*Me) = p*n. Thus (5.34)
follows. Equation follows from (5.34) and the fact that A(f,v) is a
bounded Lorentz transformation on [L?(R%)] (Lemma 5.1). [

For u,v € Breal(RQ) and f € F, N Fp, we define a self-adjoint operator
H¢(u,v) by

Hy(u,v) := eiM(“;”’Lf)Hoe—iM(“;”’Lf), (5.36)
where Hj is given by (2.19). By [Theorem 5.10, we obtain the following

result.

Corollary 5.11  Let u,v € B>?(R) and f € F, N Fy. Then H¢(u,v) is
a self-adjoint extension of (s, ., | D(N?).

Remark. It is an open problem to clarify whether the symmetric operator
Ofuw | D(N?) in [Corollary 5.11 is essentially self-adjoint or not.

6. Integral kernels of the unitary groups generated by perturbed
d’Alembertians

Let Hy be given by [2.9). It is well known (or easy to see ) that etsHo
(s € R\ {0}) is an integral operator in the sense that

(esHoy)(z / Ag(z, y)(y)dy, o€ LY RYH)NLAHRY, (6.1)

with

eie(s)ﬂ(d—Q)/él .

ILr— 2 S
Bal®y) = g ap gjare elemur/ie, (6.2)

where €(s) is the sign function: ¢(s) = 1if s > 0 and €(s) = —1 if s < 0.
Throughout this section, we assume that (a,b) € Mg. Let Hy(u,v) be

as in [5.36) with u,v € B ey (R?). In this section, we show that e?sHr(uv)
is an integral operator and compute the integral kernel of it.
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We first consider a simple case. Let u € Bpea(R?) and
H(u) _ eiu(ax,bp)Hoe-—iu(am,bp)‘ (63)

Note that, if u € B2°(R2), then H(u) = [J,, (see Theorem 2.7.)
A vector z € M? satisfying x? = 0 is called a null vector. We denote
by Ny the set of null vectors in M¢.

Theorem 6.1 Let u € Bra(R?) and a,b € Ny. Then, for all ¢ €
LY RN L2(RY) and s € R\ {0},

(#7y) ()
— / ei[u(a:p,(by——bl’)/QS)—u(ay,(by—b$)/25)]AS(QC’ y)’(p(y)dy (64)
Rd

To prove this theorem, we need a lemma.

Lemma 6.2 Let K be a bounded integral operator on L?(R®) with kernel
k(z,y) such that, for all € L*(R%) N L2(RY),

(K9)(@) = [ klz,y) )y (65

Suppose that |k(z,y)| is bounded on R% x R and, for all {; € R,
j=1

a.e. (z,y) € R x RY, (6.6)

where 1 € N,b; € M¢ (j = 1,...,r) is a constant vector with property
(a,bj) € Mg and 6;(z,y) is a real-valued Borel measurable function on
RY x R®. Further, assume that, for all null sets B in R w.r.t. the one-
dimensional Lebesgue measure, {(z,y) € R? x R4|6;(z,y) € B} is a null
set w.r.t. the 2d-dimensional Lebesque measure for all j = 1,...,r. Let

F € L°(R"tY). Then, for all ¢ € L'(R?) N L*(R?),
(F(a‘xa b1p7 s ,brP)Kd’)(m)
= [ Flaz.b1(z.0). .. 0nw, 9)k(, ) )y (6.7)

Proof. For F € S(R™*1), we have

F(az,bip,...,b:p)
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_ ! g i)y &ibp ge
-~ (2m)r/? /RF(ax’&’ ooy &p)e == IRy - dE
where
= 1 i3 ts¢;
F(ax,fl, .. ,f'r) = —_(271')7‘/2 Ae j=1"7 ’F(ax,tl, . ,tr)dtl .. dt,«

in the operator norm toplogy. Let ¢ € L'(R%) N L?(R%). Then we have
@ Dm O K ) (@) = (Kw) (2~ Yty
j=1

= [ TSI ). (69

Using these representations, we see that holds.

For any F € L°(R"*1), there exists a sequence {F,;,}%_, C S(R™*1)
such that sup,,>; ||Fm|le < oo and, for a.e. (z1,z2,...,2,41) € R,
Fn(z1,...,2r41) — F(z1,...,2r41) as m — oo. Then, by the functional
calculus, Fp,(az,bp,...,b,p) — F(az,bp,...,b.p) strongly as m — oo.
By the assumption on 6;(z,y),

Frn(az,01(z,y),...,0-(z,y)) — F(az,0:(z,y), -, 0-(z,y))

for a.e. (z,y) as m — oo. Hence, by the dominated convergence theorem,
we have for all ¢ € L}(R?) N L2(RY)

lim Frp(az,01(z,y),...,0-(z,y))k(z,y)(y)dy

m—0o0 Rd

= RdF(ax,Ol(:c,y),---,9r(w,y))k(w,y)¢(y)dy, a.e. .

Thus we obtain with F € L®(R"*1). Il

Lemma 6.3 Let F € L*(R™*!),a € MY and (a,b;),(bj,bx) € My,

jyk=1,---,r. Then, for allyp € L}(R%) N L?(R%) and s € R\ {0},
(F(az,bip, ..., byp)e* oy ()

biy — bix boy — box bry — b,.ac>
= F o, ————— | Ag(z, dy.
[ F(an 20T BB I A e ) 0)dy
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Proof. By and the condition b;b; = 0, we have
T . ™
As (:L' - Z &ibj, y) =e' Zj=1€j(bjy”bjw)/23As(:c,y).
j=1

It is easy to see that 6;(z,y) = (bjy — bjr)/2s satisfies the assumption of
Lemma 6.2. Hence we can apply to obtain the desired result.

]

Proof of [[heorem 6.1

We can write

est(u) — ezu(a.’z,bp)e—zus 61'SH0,

where u, = e**Hoy(az, bp)e~*Ho., Let
X(s) = etsHogpe=isHo,
and

zt(s) = eisHophe—isHo

Then it is easy to see that z¥(s) = z* + 2sp* on S(R?). Hence it fol-
lows that X(s) = ax + 2sap on S (RY). By applying Nelson’s commutator
theorem as in the proof of Proposition 3.1, we can show that ax + 2sap
is essentially self-adjoint on C$°(RY). Hence X (s) = az + 2sap. By the
condition a? = 0, X (s) strongly commutes with az,ap and bp. Also note
that p# strongly commutes with Hy. Hence, by the functional calculus, we
have u, = u(azx + 2sap, bp). This implies also that u(az, bp) and u, strongly
commute. Hence

eisH(u) — ei[u(aw,bp)—u(a:c+2sap,bp)]eisHo'

We can apply with F(z1,x2,23) = eilu(z1,w3)—u(z1+2522,23)] 4
obtain (6.4). O

We next consider the integral-kernel representation of the unitary group
generated by the self-adjoint operator

Hy(u) == eM®Ls) goe=iMwly), (6.9)

where u € Biea(R?) and f € F, N Fp. It follows from [Corollary 5.11 that,
if u € B32(R?), then Hy(u) is a self-adjoint extension of the symmetric
operator —(p + adyu(az,bp)L)? | D(N?).
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For a matrix T = (T, )yv=0,...d—1 and z,y € M¢<, we set
Ty =T, xty".

For u € B,eai(R?) and f € F, N Fy, we define a function o, on R4 x R9 x
R\ {0} by

Dy f(x,y; )

— l(y _ q)(l _ e—[u(am,(by—ba:)/?s)~u(ay,(by—ba:)/2s)]f)(x _ Q)- (6.10)

2s

Theorem 6.4 Let u,v € Biea(R), f € Fo N Fy and a,b € Ny. Then, for
all y € LY(RY) N L2(R?) and s € R\ {0},

(eist(u)¢)(m) _ /Rd eiq)u,f(w,y;S)As(w,y)¢(y)dy_ (6.11)

To prove this theorem, we prepare two lemmas. For a function A on
R x R? and a € C, we define

Wi (o, 50) = (v — ) (1 - 00 (2 — ). (6.12)

Lemma 6.5 Let f € F,. Suppose that , for each y € R%, h(t,y) is
continuously differentiable int € R. Then, for all z,y € R? and o, 3 € C,

i (iZ')kh(ax,y)k(Lﬁ)kez’\Di(x,y;B)As(x’y) — V@Y A (2, y),
. (6.13)
where L% denotes the operator Ly with respect to x variable.
Proof.  We first prove (6.13) with 3 =0
i ("Z")k h(az,y)F (L5 As(z,y) = €@V A (2, ). (6.14)

k=0

It is obvious that the function
E(a) = eh@BYIA (2, y)

of a is entire. Hence, to prove [(6.14), it is sufficient to show that the
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following equality holds:

. . ol
i*h(az, y)" (L) As(2,y) = 5 7 B(a)

(6.15)

a=0
We prove this by induction on k. The case k = 0 is trivial. Suppose that
holds for k. Since h(az,y) and L commute, we have

ik+1h(a:c, y)k+1(L?)k+1As(SL‘, y)

ak‘

a=0
ok 8
= —h(az,y) fu (¥ — ¢") {WG—%E(CY)} i (6.16)
i k ok—r
LY G - ke ) e - 0|
r=0 @ a=0

where we have used the property that f,,a” =0, n=0,...,d—1. It is easy
to see that the last quantity in is equal to

ak—H ak o
a=0 N [W (—a_aE(a>)

Hak+1
Thus [[6.15) holds with k replaced by k + 1. Hence we obtain (6.14).
As for (6.13), by the same reason as above, it is sufficient to show that
the following equality holds:

E(a)

a=0

. T WS (x,y; ak
Fh(az, ) (L5 THOID A, (,y) = o Ela+ )

a=0

This can be done in quite the same way as in the preceding case. L]
Lemma 6.6  For all f € M3(R), Ly strongly commutes with Ho.

Proof. Let 1 € S(RY). Then e**foy) € S(R?) and, by (6.1), we have

1

(Lye*Moy)(z) = 55 Jra Fuv (" — @) (=" — y*) As(z, )9 (v)dy.

By the antisymmetry of f,,,, we can write
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OAs(z,y)

= 2sifu(¢" — y*) 0

Then, by integration by parts, we obtain

ZfeisHow — €iSHOwa.

By [Proposition 3_._]], this equality implies that eiSHoff C ffeiSHO. Thus, by
[Proposition 2.1, Ly and Hy strongly commute. []

Proof of [[heorem 6.4

We first consider the case where u € B1°(R?). We can write

eist(u) — eiM(u,Lf)e—iMs(u,Lf)eisHo’

where

Mg(u,Ly) = e*HOM (u, Ly)e *Ho,

By and the proof of [Theorem 6.1, we have

M(u, L¢) = u(ax + 2sap, bp) L
on D(Ly). Hence, putting

V(z1,z2,23) = u(z1,23) — u(z1 + 2522, 23), 1,22 € R,
and denoting by M the closure of V (az, ap, bp)ff, we obtain

eist(u) — ezMBZSHO.

Let ¢ € Sy(R?) (see [5.23)) and ¥ € C(R?). Let § =
2IV]leoC(f,q))"! and |t| < 6. Then, as in the proof of Lemma 5.4, we

have
it M o= (—it)* krk
Mo =2 5 —V(az,ap,bp)"Ljé.
k=0 :

Hence
o x© tk .
(¢, 6thesto,(/)) — Z _(¢, 'ikV(ax, ap, bp)kLlﬁewHo’lﬁ).

i k!

Using the strong commutativity and [Lemma 6.2, we can write
-k krk _isH
(¢,3"V (az, ap, bp)* Lze"*7°9)
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_ * K k(pz\k
= [ o6 ([ #hlas, )" Aule, )iy ) da,
where we set
h(az,y) = V(az, (ay — az)/2s, (by — bx)/2s).
By and Cauchy’s estimate, we have for all » > 0
SUp|,i—r | E(c
bz, )M Aa, )| < 1 ZRlet=r )
r

k!
;:EHT(x7y)7

IN

where

1 1 i
H(e,) = g o (g 0L+ M=)l ~ally —al).

Hence, for all r > |t| and N € N, we obtain

<(1- El)_lHr(:c,y).

r

N

tk .
> E‘,lkh(a%, )P (L5 As(z,y)
k=0 "’

Since ¢(z) is of the form P(z)e™#I"/2 with P(x) a polynomial (see (5.17))
and 1 has compact support, it follows that |¢(z)* H.(x, y)(y)| is in L} (R x
R?). Hence, by Fubini’s theorem and the Lebesgue dominated convergence
theorem, we obtain

tM isHo,\ — * 107 (z,y;t) Ag(z, dz dy.
(¢, €™M e¥H0eh) /Rded ¢(x)*e (z,y)¥(y)dz dy
Thus

(M) = [N ) )y (6.17)

Let |7| < 6. Then we have

> _k

) 8 g . 1 is
(9, TN e Hoy) = 5 - (6,1"V (az, ap, bp) " Ly M e H0yp).
k=0 "

(6.18)

Using and Lemma 6.5, we can show in the same way as above that
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the RHS of (6.18) is equal to

/Rd R qﬁ(x)*ez'\lfi(:r,y;t+r)AS (z,y)Y(y)dx dy.

Hence holds with ¢ replaced by t + 7. Repeating this procedure, we
see that holds for all t € R. In the present case, we have ¥$(z,y;1) =
®, ¢(z,y;s). Thus with ¢ € C§°(R?) follows. To extend this result to
all v € LY(R%) N L?(R?), we need only to make a simple limiting argument,
noting that there exists a sequence {¥%}°,; C C§°(R?) such that, for p =
1,2, ||k — ¥llp(ray — 0 as k — oo.

Finally we consider the case where u € L% (R?). Then there exist
sequences {uy}r in B (R?) such that supys ||uk|lee < oo and, for a.e.
(z1,22) € R2, up(xy,29) — u(z1, ) as k — co. By the preceding result,
we have

(@) E) = [T ()
By the Lebesgue dominated convergence theorem, we easily see that

lim ei@“k»f(‘”’y;s)zb(y)dy :/ ei¢u,f($,y;3)¢(y)dy.
k—oo JRd Rd

On the other hand, for all ¢ € DY, (see (5.1)), M (uk, L)y — M(u, Ly)y
as k — oo. Since DY, is a common core for M(ug,Lys) and M(u, Ly),
it follows by standard convergence theorems ([R-S1, §VIIL.7]) that, for all

t € R,

s — lim eitM(uk,Lf) — eitM(u,Lf).
k—o0
Hence
s — lim e'iSHf(uk) — eist('u,).
k—oo
Thus [6.11) with u € L2, (R?) holds. By a limiting argument similar to the
one just given, we can extend with u € L%,(R?) to the case where
u € Breal(Rz). []

We are now ready to derive the integral-kernel representation of the
unitary group e**Hs(®v) (see [5.36)).

Theorem 6.7 Let u,v € Bea(R?), f € FuNFy and a,b € Ny. Then,
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for all v € L"(RY) N L2(RY) and s € R\ {0},

(e (a) (6.19)
_ / ilu(az (by—b)/25) —u(ay, (be—by) /29 %0 1 (@439 A (31 )0b(y)d.
R4

Proof.  As in the case of proof of Theorems or [I’heorem 6.4 we need
only to prove for the case where u € L (R?) and v € B1°(R?). In

real
the same way as in the case of H(u) or Hf(v), we can show that

pisHs(upw) _ gilu(az,bp)—u(az+2sap,bp)] jisHy (v)
The kernel

k(z,y) = &I VDA (2, )
of eHr(v) gatisfies the assumption of Lemma 6.2 with

k.(m — &1a — &b, y) — eiﬁ](ay—aa:)/?s—}—ifz(by—-b:c)/2sk,($’ y).

Thus, by Theorem 6.4 and Lemma 6.2, we obtain (6.19). ]

7. Application to the external field problem

In this section we apply the operator theory developed in the preceding
sections to the external field problem mentioned in the Introduction. As for
Green’s functions as described in the Introduction, the problem is reduced
to an analysis of a quantum system of a charged spinless relativistic parti-
cle interacting with an external electromagnetic field. Thus we consider a
quantum system of such a particle moving in the Minkowski space M? un-
der the influence of an electromagnetic field F' = (Fuu )4 v=0,... d—1, @ tensor
field on M?. A vector potential A = (Ay,...,Aq_1) of the electromagnetic
field is a vector field on M¢? such that

Fu, =0,A, — 0,A,. (7.1)
The gauge covariant momentum operator (o, ...,m4—1) is defined by
Ty = Pu— Ay (7.2)

with D(m,) = D(p,) N D(A,), where the charge of the particle is absorbed
into A.
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To apply our theory, we introduce a class of vector potentials: we assume
that the vector potential A is of the form

Au(z) =Qu(z)W'(az), p=0,...,d—1, (7.3)

where a € M? is a constant vector, W € CL_(R), and Q,, is given by
with f € M3(R). If W € C2_(R), then

real
Fpu(x) = —2f“,,W/(a$) + (aufu)\ - aufu)\)(x)‘ - qA)W"(ax). (74)

This class of vector potentials is a generalization of a special class of
vector potentials. It contains physically meaningful cases (see §7.4).

Proposition 7.1  Let W € B%(R). Then each m, is essentially self-
adjoint on C°(R?).

Proof. It is obvious that 7, is symmetric and C$°(R?) C D(7,). Let N
be the self-adjoint operator given by and ¢ € C°(R?). Then, by (3.7)
and [3.9), we have

Il < ClI(N +1)29|| < CI|(N +1)9],

where C' is a constant. Moreover, we have

d-1

s N = 2iz#ap— i 3 {[fWW%ax) + Qua,W" (az)|pu
v=0

+ Dy [fuvwl(am) + Qua,}W’,(CLQT)]w}.
Hence it follows that

(b, N9p) = (N, mugp)| < C'II(N + 1)29| 2,

where C’ is a constant. Thus we can apply Nelson’s commutator theorem
([R-S2, Theorem X.37]) to obtain the desired result. [

For technical reasons as well as for some interest, we first consider a
deformation of A.

7.1. A class of deformed vector potentials with a parameter ¢>0
Let ¢ > 0 be a parameter and u. = u(t) be a function in CL ,(R),
depending on € with the following properties:

(i) tue € BY(R).
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(i)

sup |tuc (t)| < C (7.5)
teR

with C a constant independent of ¢.

(iii)

lim v, (£) = % te R\ {O0}. (7.6)

e—0
Remark. A simple example of u. is the following one:

t

In what follows, we assume that a € Ny, i.e., a® = 0. For W € C*

real

(R),
we define
1
A}, = apue(ap) Ay + Sauue(ap)[l - apuc(ap)](az — aq)*W'(az)”.
(7.7)

The following lemma shows that the operator A7 is a deformation of the
multiplication operator A,,.

Lemma 7.2 Forall ¢ € [ﬂﬁ;})D(AN)] N D((ap)~(az — aq)?*W'(az)?),

lim A9 = Ay, p=0,...,d— 1.

Proof. By the functional calculus, (7.5) and [7.6), we have

lim apuc(ap)¢ = ¢, ¢ € L(RY). (7.8)
Let 1 be as above. Then, by [7.8), we have

lim apu (ap) Ayt = Ay
and

2

lim u (ap) (apue(ap) — 1) (az — ag)*W'(az)"¢

— lir% apue (ap) (apuE (ap) - 1) (ap)—l(a:c - aq)2W’(aa:)2¢

£—
=0.
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Thus, by (7.7), the desired result follows. ]
For f € F, and u,v € L (R?), we define

real

P“(u, V3 f) =pu+ f,wu(aa:, ap)pu + v(az, ap)Qu- (7-9)

Lemma 7.3  Suppose that u,v € BLI(R?). Then, each P,(u,v;f) is
essentially self-adjoint on C$°(RY).

Proof. For all ¥,¢ € C§(RY), we have (¢, fuu(az,ap)p’d) =
(fupulaz, ap)p, p’ o). By [Lemma 24, wu(az,ap)y € D(p,) and
pYu(azx,ap)y = ia’Ou(azx,ap)y + u(az,ap)p’y. Using fua” = 0, we see
that f,,u(az,ap)p” is symmetric on C§°(R?). Similarly, we can show that
v(az,ap)Q, is symmetric on Cs°(R%). Hence P,(u,v; f) is symmetric on
CS°(R%). We have

|1Puu,v; £)0]] < CJI(N +1)Y2)|
< C||(N + 1)), %€ CPRY,

where C is a constant. Similarly we can show that

|(PH(U,,U,f)’(p,N?7Z)) - (N?J),PM(U,,’U; f)¢)| S DH(N + 1)1/2wH2’

where D is a constant. Thus, by Nelson’s commutator theorem, we obtain
the desired result. ]

Corresponding to the deformation of A given by (7.7), we have a defor-
mation of 7, :

Tu(€) = pu — A} (7.10)

with D(r,(¢)) = D(p,) N D(A5) = D(p,) N D(A,) N D((az — aq)* W’ (az)?).

Lemma 7.4  Suppose that W € B2(R) and (t — ag)W' € L*®(R). Then
7,() is essentially self-adjoint on C§°(RY).

Proof.  Under the present assumption for W, the second term on the RHS
of (7.7) is bounded. Hence it is sufficient to show that

u(€) := pu — apue(ap) A,
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is essentially self-adjoint on C§°(R?). Note that 7, = P,(0,—W’ ® tu.; f),
where, for two functions u,v on R, u ® v is a function on R? defined by

(u®v)(s,t) =u(s)v(t), s,teR. (7.11)
Hence Lemma, 7.3 gives the desired result. L]
For W € C_,(R) such that

Y(t):=W(@#) + (t —aq)W'(t) (7.12)

is bounded, we can define a bounded operator-valued Lorentz transforma-
tion on [L?(R%)] by

Ae) = efY (e)uc(ap) (7.13)

where f € M3*(R) (see Proposition 4.4).
Let

t(e) = A(e)! 7" (e). (7.14)

v

We say that W is in the set 20, (r € N) if W € B"(R) and
(t —aq)(d*W/dtF) € L°(R),k=1,...,r.
We define a subset of F, by

Go={f € Fal| f'\f, = a'ay, v =0,...,d — 1}. (7.15)
Note that every f € G, satisfies

ff=0, k>3 (7.16)
Lemma 7.5 Let W € 95, a € Ny, and f € G,. Then ##(e) is essentially
self-adjoint on C°(RY).
Proof. By direct computations, we have for all ¢ € C*(R9)

Tu(e)y = [Su + Vu(e)l¥,
where

Sy = Pu(Y Que, —W' ® tue; f)
— a,apue(ap)?Y (az)(az — aq)W'(az),

1 ,
Vle) = Sauapuc(ap)?Y (a)?



302 A. Arai and N. Tominaga

+ %auus(ap)(apus(ap) - 1)((1:1: - QQ)QW,(G.TJ)?.

It is easy to see that u. and Y are in B!(R). Hence V),(¢) is bounded. In the
same way as in the proof of Lemma 7.3, we can show that S, is essentially
self-adjoint on C5°(R%). Thus the desired result follows. ]

For W € CL_(R), we define

real

Qt) = /a:(s —aq)®W'(s)%ds, te€R, (7.17)

and put
QR ue

U. :exp{—iM( ;W®u€,Lf>}, (7.18)

where M( - ; -, Ly) is defined by [5.29).
We say that f € G, is in the set GO if

fuvar + forxay + fauar =0, p, v, A=0,1,...,d -1, (7.19)
Theorem 7.6 Let a € Ny f € G and W € 20,. Assume that
(t —aq)W' € L2(R). Then the following operator equality holds:

U pPU = 7k(e).

Proof. Let ¢ € S(R?). By the assumption on W, Q is in B'(R). Hence
we can apply [Theorem 5.5 and to obtain

Up Ul = A(s)“y{A( £Y = W) @ uo)” 0™ (7.20)

— a”ug(ap)W' (az) L pp — "‘V“‘f(ag )Ql(a”’)zp}.

By [Proposition 4.4(ii), we have
Af, (Y = W) @ ue)”
= p“P — f*\uc(ap)(Y (az) — W (az))p*y
+ %a”apue(ap)z(Y(a:L‘) W (az))2. (7.21)
By [7.19), we can write
0Ly = apQ“y — f*,p’ (az — aq)y.
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Putting this relation and into (7.20), we obtain

Uep"U; ' = i (e)y.
This equation and imply the desired result. J

Remark. Theorem 7.6 shows that the closure of the Lorentz-transformation
of m(g) = (m*(e)) by A(e) is unitarily equivalent to the canonical momentum
operator p = (p*). This may be an interesting fact from a view-point of
representation of “partially broken canonical commutation relations” (see
Section 8).

Let
H. =U.HU . (7.22)

As a corollary of Theorem 7.6, we have the following:

Corollary 7.7 Leta € Ny, f € GO, W € 283 and assume that u. € B2(R)
in addtion to the given properties of uc. Then H. is a self-adjoint extension
of —m(e)? | D(N?).

Proof. One easily sees that W € 203 implies Q € 83(R). Hence, by
Theorem 7.6 and the mapping property of exp(—iM( - ; - ,Lys)) on the
domain D(N?) given in [Theorem 5.10, we obtain the desired result. (]

We have the following integral-kernel representation of H..

Theorem 7.8 Let W € CL_(R) and a € Ny, f € Fo. Then, for all

real

¥ e LYRH) N LARY) and s € R\ {0},

(e ) (z) = /Rd e~ O@Y) A (z, y) (y)dy, (7.23)
where

0c(a,3:5) = e (25" ) as) ~ o) (7.24)

=)t - exp(ue( L) Wz - W(a)1 )] @~ o)

Proof.  We need only to apply Theorem 6.7 with u = —Q ® u. [2,v =
W & ue. ]
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7.2. The limit e—0
We next consider the limit € — 0. Let

u_lﬁ)::%, te R\ {0}. (7.25)
For W € C} | (R), we define

AI:AI(Qéf_%M7®u;bLO (7.26)
and set

U=eM, (7.27)
Lemma 7.9

s—ll_r)r(l)U U, s—;i_l%Ue_le”l. (7.28)
Proof. We set

Q®u5 W®U5,Lf) .

Let D = N2 ((ap)_JLf) Then, for all ¥ € D, we have

E¢_

My =

e(ap)az)y + uc(ap)W (az) Ly,

1
2l
50(a) (ap) ™ + W (az)(ap) 'Ly

By the functional calculus, one can easily show that lim._,o M.y = Mq.
Note that D is a common core for M, and M. Hence, we can apply gen-
eral convergence theorems ([R-S1, Theorem VIII.25, Theorem VIIL.21]) to
obtain (7.28). []

For f € G, and W € 201, we define an operator A acting in [L?(R%)] by

A = of(@p)71Y (az) (7.29)

Then, by by [Proposition 4.4, A is an operator-valued Lorentz transformation
on [L?(RY)] and

Ay = 8 4 2, ap) Y (az) + o f (@)Y (a2)? (7.30)
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on D(A*,) := D(((ap)~'Y (az))?).
We prepare a general lemma.

Lemma 7.10 Let S, (k € N) and S be self-adjoint operators on a Hilbert
space H such that Sy converges to S in the strong resolvent sense as k — oo.
Suppose that there ezist a dense domain D of H and a symmetric operator
Sy on H such that D C D(Sk) N D(Sy) for all k € N and, for all ¢ € D,
limg oo Sk = Sop. Then, So [ D C S, i.e., S is a self-adjoint extension
Of SO f D.

Proof.  Using the equality (Sx—2)(Sy—2z)"! = I, z € C\R (I : identity),
we have

((Sg — 2*), (Sy, — 2)7'¢) = (¥,¢), Y€ D,¢peH.

Taking the limit k — oo gives

((So = 2")%, (S = 2)7'9) = (¥, ),
which implies that, for all n € D(S), (Sov,n) = (¥,Sn). Hence, v €

D(S*) = D(S) and Sy = Soyp. Thus the desired result follows. []
Let
d—1
D, = ﬂ D((ap)_lmu) N D(x,u) N D(p“) N D((ap)—lpu)
u=0
N D(pu(ap)™") N D((ap) " py) (7.31)

Then D, C D(A*,7¥) and
Av ¥ = o + Y (az)(ap) ' 4,0 — Y (az)(ap) Tt 1, A
1 -2 v
+ §Y(a$)2fuxf’\u(ap) ’p”. (7.32)

on D,.
We set

Py =Up'U™Y, p=0,...,d—1 (7.33)

Theorem 7.11 Let W,a and f be as in Theorem 7.6. Then
P D [A¥, 7] | D, (7.34)

i.e, p* is a self-adjoint extension of [A*, 7| | D,.
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Proof. By Theorem 7.6, we have for all z € C\ R

-1

Us(pH — 2)7U = (fr—“(—sj — z)

Hence, by Lemma 7.9,

s — lim (7?“—(5)—2> = U(pt —2)"tUu™?

e—0
= (-2

Hence 7#(g) converges to p* in the strong resolvent sense as € — 0. On the
other hand, it is straight forward to see that, for all ¢ € D,,

lim 7#(e)y = A* 7",

e—0

Thus, applying [Lemma 7.10, we obtain (7.34). ]
Let Hp be given by (2.13) and

H=UHyuU™! (7.35)

Lemma 7.12 Let W € CL |(R) and f € F,. Then H. converges to H

in the strong resolvent sense as € — 0.

Proof.  This can be proven by using Lemma 7.9. L]

Theorem 7.13 Let W € W3, a € Ny, and f € G°. Then H is a self-
adjoint extension of —m? | D(N?).

Proof. By [Corollary 7.7 and Lemma 7.4, D(N?) c D(H,) and, for all
Y € D(N?),

lim H.p = —n24,
e—0

where we take u. such that u. € B2(R). Hence, by Lemma 7.12 and Lemma
7.10, we obtain the desired result. L]

Theorem 7.14 Let W, a and f be as in Theorem 7.8. Then, for all
¥ € LYRY) NL2(RY) and s € R\ {0},

) @) = [ e OEIA (o, )ly)dy, (7.36)
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where
@(x’y; .S') — _S[Q(ax) — Q(ay)] (7_37)
axr — ay
1 W (az) — W(ay) )]
— —(y—q)|1—exp(-2 —q).
55 W= 9) {1 eXp( SE—— fli(z—q)
Proof.  This follows from an application of [Theorem 6.7, O
Remark. (i) As easily seen,
lin(l) Oc(z,y;8) = O(z,y;8), = F#y.
(ii) If f € Gg, then we have
@(33, y;S) — _S[Q(a‘x) — Q(a’y)]
axr — ay
Wiaz) — Wi(a
4 Hae) (y)(y—q)f(w—q)
ar — ay
W(az) — W(ay)\>
+S< (az) = WA y>) (y—a)f*(z —q).
ar — ay

Note that we can write
W (az) — W(ay)
axr — ay

(y-)f(z—q) = / Y A ()™,

where the integral on the RHS is taken along the straight line from z to y.

(iii) Formula is more general than the corresponding formula in
(Equation (70) there). In only a special value of the kernel
e~ ©E@US) A (z,y), ie., e P@TE)A(z,q) (the case y = g and [ € GY) is
computed.

7.3. Green’s functions

Finally we consider the implications of the preceding results for Green’s
functions (propagators) of d’Alembertians or Klein-Gordon operators with
perturbations. By [Theorem 7.13, the self-adjoint operator H + m? with
m > 0 (a constant) may be regarded as a generalization of the perturbed
Klein-Gordon operator —m2+m?. The propagator of H +m? may be defined
as the limit e — 0 of

Gie:= (H+m?+ie)™! (7.38)
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in a suitable sense, where £ > 0 is a constant parameter.
Let 0 > 0 be a constant and

o

i,&(x’ y) — :FZ/ e—seiismz—i@(w,y;is)Ais(x, y)ds. (739)

o

These integrals are absolutely convergent.

Remark. The function |As(x,y)| as a function of s has singularity of order
d/2 at s = 0 (see [6.2)). This is the reason why the cutoff parameter o is
introduced in the integral in (7.39).

Lemma 7.15 Let W,a and f be as in Theorem 7.8. Then, for all ¢,v €
L'(RY) N L*(RY),

(6.Geet) =lim | G (z,9)¢(x)"(y)dedy, (7.40)

Proof. By the functional calculus, we have

oo . . .
G:i:,s — hrr%) $z/ eﬂ:zs(mQ:tzs)eistds’ (741)
o— P

where the integral and the limit ¢ — 0 are taken in the operator norm
topology. Hence

(¢’ Gi7€¢) = ;11}% ;Z/ e:tiS(mZ:tiE) (Qb, eiiSH¢)dS.

o

Using [I'heorem 7.14] and applying Fubini’s theorem to interchange the ds-
integral and the space integral, we obtain the desired result. L]

Remark. An expression similar to (7.40) can be derived for Hs (6 > 0) too
(see (7.22)).

Let d > 3. Then, for all ¢ > 0, the integrals

G i o ﬁ:ismz—iG(w,y;is)A d 7.42
L(a,y)i= [ e +5(@,y)ds (7.42)

g

are absolutely convergent (see [6.2)).

Theorem 7.16 Let d > 3. Let W,a and f be as in Theorem 7.8. Then
there exist unique G+ € S'(R?* x R®) (the space of tempered distributions
on R? x R%), respectively, such that, for all ¢, € S(R?),

G+(¢p @ 9) = im(6", G+ c9)). (7.43)
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Moreover,

G(¢@v)=lim | = GL(r,y)d(x)d(y)dedy. (7.44)

Proof. Let ¢,¢ € S(R%). By Lemma 7.15 and its proof, we can write
(¢*7 Gﬁ:,ew) = T:(iS:,e(qu '(/}) + Si,e(d)a "p)

with

TL.09) = [ GLo(ay)o(@)(y)dedy,

RixRd

6 . .
Sg:,a(d)v ’L/}) — ?i/ e——saﬂ:zsm2 ((b*,e:tst,d))dS,

0

where § > 0 is arbitrary. We have

G4 . (z,y)d(z)¥(y)| < Cslo ()| (y)l, (7.45)
where
1 o 1
Cs = odd/2 /5 Sd/zds < 0,
and

lim G3, . (z,9)¢(2)$(y) = Gi(z,¥)(2)¥(v).
Hence, by the dominated convergence theorem,

TS(¢,%) = lim T (¢,%)

exist and

TE6.0) = [, Ghlay)o()v(y)dady. (7.46)
Estimate implies that

TS (6, 9)| < Cslloll 1 eyl 19l L2 (Ra)- (7.47)

As for S .(¢,1), we have

—setism? [ o * 18
™52 (6%, e H )| < |9l p2may 1]l 2Ry
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and

. _ ; 2 . . 2 .
gg%e setism (¢*, e:i:st,w) — e:!:zsm ((b*’ 6ilSH'(p).

Hence, by the dominated convergence theorem,

Sj:((ba w) = ll_{% Si,€(¢7 10)

exist and

R G (7.48)
with

153 (6,9)| < 616l .2 Ra) [l | L2(Re)- (7.49)
Thus

G(¢,%) = lim(¢", Gx.9)
exist and

G1(o,v) = TL(d,¥) + SL(o, ). (7.50)

By [7.47) and [7.49), the bilinear functionals G+ ( -, - ) on S(R%) x S(R%)
are jointly continuous. Hence, by the nuclear theorem, there exist unique
G+ € S'(RY x R%), respectively, such that, for all ¢,% € S(RY),

holds. Taking the limit 6 — 0 in and using and (7.49), we
obtain (7.44). [

7.4. Examples

In this subsection, we give examples of vector potentials to which our
theory can be applied.

FEzample 1. A constant electromagnetic field. Let W (t) be given as W (t) =
ct + d with real constants ¢ and d. Then we have A,(z) = c¢Q,(z) and
Fu(x) = —2cf,,,. Hence, in this case, the electromagnetic field is constant
in space-time, being proportional to the antisymmetric tensor (f..).

FEzxample 2. An electromagnetic wave with a propagation vector. Let n and
a be vectors in M¢ satisfying n?> = —1,a%2 = 0,an = 0. Let

fuz/ =aumy — ayTjy-
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Then f = (f.) is in G (see (7.19)) and we have
Fo(z) = = fu [2W'(az) + (az — aq)W"(az)] .

Suppose that W is in C*(R). Then F),, satisfies the free Maxwell equation
OHF,,(xz) = 0.

Since F), is a function of az, it physically represents an electromagnetic
wave with propagation vector a. The vector 7 is called a polarization vector.

As a special case of the present example, we have a plane electromag-
netic wave. Indeed, if W (t) is a solution to the differential equation

QW' (t) + (t — aq)W"(t) = €*, (7.51)
then we have
Fuy(x) — _fwjeiam

a plane wave with propagation vector a. A solution to is given by

) t—aq 18 _ 1—71 18
W(t) = ezaq/ € = € ds+C
0

" (t — aq)™ !
- S L o

with C an arbitrary real constant.

8. Concluding remarks — a view-point in connection with repre-
sentation of the canonical commutation relations

In this paper we have developed an operator theory concerning a family
of strongly commuting self-adjoint operators in L? (Rd) which are associated
with some objects in the Minkowski space M¢. We have constructed a class
of self-adjoint operators in L2(R?) (see [5.36)) which may be regarded as
perturbed d’Alembertians in the sense of unitary groups and whose unitary
groups have integral-kernel representations in explicit forms ((Iheorem 6.7)).
We have shown that the operator theory given here can be applied to the
external field problem of a charged particle for a class of vector potentials
and clarifies an algebraic- analytic structure behind it. We expect that the
framework of the present work can be extended to a more general one that
enables us to treat the external field problem for a Dirac particle, where
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Dirac operators on M? are the main objects to be analyzed. This aspect
will be considered in a separate paper.

In concluding this paper, we want to give a brief remark on the math-
ematical meaning of what is done in Section 7. The position operator
z = (z*) and the gauge covariant momentum operator satisfy the fol-
lowing commutation relations on a suitable domain:

(o427 = 0 5.1)
e, m,] = —ish, (8.2)
[T ™) = —iF,,, wpv=0,...,d—1. (8.3)

If F,,, =0, then these commutation relations are just the canonical commu-
tation relations (CCR) with d degrees of freedom. Hence (8.1}{8.3)] may
be regarded as a deformation of the CCR in the sense that 7,’s are not
necessarily commutative ; or we may say that — are a representa-
tion of “partially broken CCR” (PB-CCR). [Theorem 7.11 shows that, for a
class of vector potentials, there exists an operator-valued Lorentz transfor-
mation A on L?(R9) such that A is unitarily equivalent on a dense domain
to the canonical momentum operator p. From a representation-theoretical
point of view of CCR, this can be rephrased as follows: Let U be defined by
(7.27). Then the set {Uz*U1, Ay ﬁ;%) of symmetric operators satisfy
the CCR with d degrees of freedom. If ALY is essentially self-adjoint on
D, (see [7.31})(unfortunately, we have not been able to prove this), then

the representation {Uz*U~1, A, mv [Da}z;% of CCR is equivalent to the
d—1

Schrodinger representation {z*,p, u—0- Thus, for a class of vector poten-
tials, the PB-CCR — are related, via an operator-valued Lorentz
transformation, to the CCR with d degrees of freedom. This may be a re-
markable mechanism to be further investigated. It is an interesting problem
to find wider classes of vector potentials for which such a mechanism exists.
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