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Absence of resonances for semiclassical Schrodinger
operators with Gevrey coefficients
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Abstract. We give lower bounds on resonance free domains for a Schrédinger operator
—h2A + V in the semi-classical limit h — 0, near a non-trapping energy level Eg, when

the potential V is dilation analytic at infinity, but only of Gevrey class in a compact set
of R™.
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Introduction

In this paper, we give lower bounds on the width of resonance free
domains near a non-trapping energy level, for semi-classical operators like

P=—-h’A +V(x) (0.1)

as V is long range, dilation analytic at infinity but may be only of Gevrey
class on a compact set of R™.

As is well known, (see e.g. [Sj2]), many of the phenomena in semi-
classical Quantum Mechanics have their counterpart in geometrical optics.
Namely, if one considers the exterior Dirichlet problem for the Helmholtz
equation

(A+k>Hu=0 in R"\Q (n odd) (0.2)

for a bounded domain Q with smooth boundary, the resonances can be
defined as the poles of the scattering matrix in the framework of the Lax-
Phillips theory [LaPh], or as the set of k € C, Imk < 0, for which (0.2) has
a non-trivial solution in some suitable Hilbert space. If the obstacle is non
trapping and has a C* boundary, it follows from the results of propagation
of singularities of Melrose-Sjostrand and Ivrii (see [H6 Chap. 24]), that there
are only finitely many resonances inside any logarithmic neighborhood of
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the real axis. For an analytic boundary, C. Bardos, G. Lebeau and J. Rauch
showed that there can be only finitely many resonances inside a
parabolic neighborhood of the real axis of the form Imk > —C(Re k)l/ 3
(here we use the notation (z) = (1 + £2)1/2); this again follows from the
results on propagation of G? singularities due to Lebeau [Le]. More recently,
B. and R. Lascar showed in turn that if Q has a G5 boundary, there
are at most a finite number of resonances inside Im k > —C(Re k)'/%, for all
s> 25 +1.

Now, consider the Schrodinger operator [0.1). We say that V € C*°(R")
is dilation analytic outside a compact set K C R" if V extends analytically
in a domain:

I'={zeC"||Imz| < C(Rez), Rez e R"\ K} (0.3)
where it satisfies:

lim V(z)=0 (0.4)
z€l,|z|—00

Then inf gess(P) = 0, (actually P has only continuous spectrum above 0)
and we may define the resonances of P near the energy level Ey > 0 by
the method of analytic distorsions (W. Hunziker [Hu], B. Simon where
technics of exterior complex scaling were introduced). When K = (), this
method reduces to the celebrated Aguilar-Balslev-Combes theory of ana-
lytic dilations (see [ReSi Chap. 13]). Indeed, let M C C" be a real sub-
manifold of dimension n, totally real (i.e. Vx € M, T,M NiIT,M = 0)
and P = 37,1 c4aa(2)(hD;)* a differential operator with C° coefficients
in some suitable complex neighborhood M C of M. (Here D, denotes the
holomorphic derivative with respect to coordinates in M C). Then we can
define a differential operator Py : C*°(M) — C*(M) such that, if u is
holomorphic, then (Pu)|ys = Par(ujpr). Now assume P is dilation analytic
outside a compact set K in the sense above. For 0 < 0 < 6y, we let M = My
be parametrized by fy € C*°(R™; C") such that fy(x) = x for x in a neigh-
borhood of K and fs(z) = ez for large x. The corresponding family of
operators Py = Py, on L? is known to be an analytic family of type (A); the
essential spectrum of Py is now e 2R+, and when 6 > 0, Py may also have
discrete eigenvalues in the lower half plane near Ey, which are called (out-
going) resonances. The resonnant (or extended) states are the associated
eigenfunctions. This presentation due to J. Sjostrand and M. Zworski [SjZ]
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is adapted from (see also [Co], or [HeSj] where a phase-space theory of
resonances was introduced; various equivalences are proved in )

Let Eg > 0 (i.e. an energy away from the threshold). Conditions (0.3)
and (0.4) ensure that the underlying classical dynamical system is non-
trapping near infinity for all energies E' € I = [Ey — g¢, Eg + €g] for g9 > 0
small enough. Actually, if p(x,£) = €2 + V(z) is the classical hamiltonian
and H, = %%(—% - gga% the hamiltonian vector field, then exp tHy(z, &) —
0o, as t tends either to +o0o0 or to —oo for all (x,¢) € p~1(I) if z is large
enough. This is a consequence of the virial condition, which is in turn
implied by (0.4) and Cauchy’s inequalities for large x. Let

Ti(I) ={(z,&) ep ™ (I) | exptH,(z,€) /> 00 as t — Foo}

be the outgoing and incoming tails, and K (I) = I';(I) NT'_(I) be the set
of trapped trajectories (see the Appendix of [GeSj]). When K (I) = 0, we
can construct a global escape function (in the terminology of and
for the exterior Dirichlet problem), i.e. construct G € C*°(R?") such

that:

H,G(z,6) > Cy > 0V(x,&) € p~'(I) for some Cp > 0. (0.5)

When the potential is everywhere analytic and under some global virial
conditions, which imply K(I) = @, it is known ([BrCoDu], [K], [Nal]) that
there are no resonances for h > 0 small enough in a h-independent neigh-
borhood of Eg in Im z < 0. This result was obtained already implicitely in
for more general V and under the mere assumption K (I) = 0.

A natural question arises when considering non analytic potentials; thus
the distribution of poles for the S-matrix of short range Schrédinger (or more
general) operators is discussed by W. Goodhue for a potential of Gevrey
class. More recently S. Nakamura [Na2] proved the absence of resonances
for some short range C*> potentials. Here we prove the following:

Theorem 0.1 Let P = —h?A + V(z), where V € G*(R™) s dilation
analytic outside a compact set K C R™ (in the sense above). Assume Eg >
0 is a non-trapping energy, i.e. there is eg > 0 such that K(I) = @ for
I = [Eyg — €9, Eo + €0]. Then there is § > 0 such that P has no resonances
in I —i[0,6R'"Y/%] for h > 0 sufficiently small.

In we have constructed a potential of class G° such that there are
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actually resonances F near a non-trapping energy level Ey > 0 with Im £ =
— Const. h!=1/5_for h > 0 small enough; so we can consider that our lower
bound in [Theorem 0.1 is optimal.

Let us say a few words about the proof. The main simple idea is to
derive a priori estimates for an eigenfunction u associated to the resonance
E, which in turn imply a lower bound on Im E. It is convenient to work
in the Bargmann representation which describes u (or rather its image T'u
by the Bargmann or FBI transform T'), both in position and frequency
variables. As a rule Tu is small away from the characteristics of Py. But
where dilation is turned on (i.e. for large x), Py is elliptic; to give a global
control on Tu, it suffices to gain some ellipticity in the “classically allowed
phase-space region”; there, by an argument of non-characteristic, or la-
grangian deformations in the directions of the hamiltonian vector field (for
complex, small h-dependent times) and using almost analytic extensions
of the potential, we show that condition (0.5) implies that Im Py becomes
everywhere, but in some weak sense, non characteristic; this gives the con-
trol on Im E. Thus our proof heavily relies on the analytic machinery of
suitably adapted to the Gevrey classes. In particular, we deform a
plurisubharmonic weight function. An alternative approach would consist
in using the h-Pseudodifferential Weyl calculus of [H| in suitable S(m, g)
classes, but in the real domain (see [BRLas]). Note that the corresponding
exterior Dirichlet problem treated in is considerably more difficult
than ours, but our method is somewhat conceptually different. It may also
help to reformulate in a simpler way the theory of when the potential
decays at infinity as in (0.4).

Note also that the width h!~1/% is expected since this is precisely the
order of magnitude of admissible deformations of weights in the FBI trans-
form (and hence the size for the domain of ellipticity), for G° functions: see
e.g. [BLas], [Le], [Li,... . We include also an auxiliary result on almost
analytic extensions of Gevrey functions which makes precise a well known
theorem (but for which we did not find any references in the literature).

It should be worth looking at the C*° case, where we would expect the
h1=1/5 term in Theorem 0.1 to be replaced by hlog1/h. It would be also
natural to ask what happens if the potential is everywhere of class G*; the
resonances would then not be intrinsically defined, but maybe only with an
exponentially small uncertainty (in some fractional power of h) if we assume

some decrease of OV (x) near infinity. Se also [GeSig] for a time-dependent




Absence of resonances for semiclassical Schréodinger operators 479

approach.

1. Review of h-pseudo differential calculus in Gevrey classes

We begin with some statements on Weyl calculus with small parameter
h > 0, essentially due to B. Lascar [BLas].

Let V be a n-dimensional vector space over R, V' its dual space, and
W =V & V’. The duality pairing is denoted simply by (z,§) € W — z.£.
Actually we shall use the results below in a different context, where W is
replaced by a totally real submanifold Ag of C™. As the calculus is exactly
the same, it is not suitable to carry it out in this setting, for it would
uselessly complicate the notations. However, we shall show the link with
the calculus as it will be used in this work in Section 2. The presentation
below is adapted from Hormander [H6 Chap. 18], and Ivrii in
the C*° case.

a) Some classes of symbols

We recall the definition of G° symbols, for s > 1. Such classes were
introduced by L. Boutet de Monvel and P. Krée [BoK] for functions partially
holomorphic with respect to z, then extended by R. Lascar , where a
G* regularity in the cotangent variable is permitted as well, for the purposes
of microlocal analysis. For m € Z, we denote by S(m,s) the set of a €
C>®(W), such that 3A4,C > 0 with:

sup |0507a(z, &, )| < Ch T AlHlarepre (1.1)
(z,£)eW
for all multi-indices a, 3 € N™. We call a a G° symbol of order m, and
emphasize that we do not require here any decrease in {. The variable in
W will be denoted by X = (z,£). As usual, if & = (ay,...,an), we note
la| = a1+ +apand ! = a1 ap!. U T = (T, T¢) € (RT)*, RY =
0, +00], we shall write T > 0, and T(*® =T ... T' ... Let:

Ny(a,m,T)(X,h) = h™ > |0200a(X, h)|T*P jat*pl®  (1.2)
a,BeEN™

and:

N(a,m, T)(h) = sup Ny(a,m, T)(X,h)
XeWw
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which converges if T > 0 is small enough. (Note that we can replace
the supremum norm by suitable Sobolev norms). Then a € S(m,s) iff
N(a,m,T)(h) = O(1), uniformly for h > 0 small enough, for some T > 0.

Let S(m,T,s) be the set of those a € S(m,s) such that N(a,m,T)
is uniformly bounded for A > 0 small enough. If a € S(m/,T,s), b €
S(m,T,s), then ab € S(m + m/, T, s) and we have the easy multiplicative

property:
Ns(ab,m' +m,T)(h) < Ns(a,m', T)(R)Ns(b,m,T)(h)

In particular, (T, s) = @, cz S(m, T, s) is a graded Banach algebra, and
((T, 8))T>0’ for the usual ordering on (R*)?" a decreasing family of Ba-
nach algebras, whose union is exactly S(s) = @,,cz S(m, s). The topology
of S(m, s) is the inductive limit of the S(m, T, s) topologies filtered by the
norms Ng(-,m,T)(h) as T > 0, T — 0.

We next define the class of negligible symbols for our pseudo-differential
calculus as:

S(—00,8) ={a € C®°(W)|3IT ~0Vm € Z: Ny(a,m,T)(h)
< Cexp(—1/ChY*) for some C =C(m,T), 0 < h < ho}

Note that we can replace “for all m” by “there is some m” in the definition
above.

We need also the existence of almost analytic extensions for G* symbols.
Indeed, if a € S(m, s), then a.4 (see Appendix) shows that for all
s’ > s, there exists an almost analytic extension a(z,&, h) of a(z,&,h) to a
neighborhood W = W + iB(0,c) of W in W€ (the complexification of W)
such that a € S(m, s’) and

9

|5(x,5)5(X, h)| < Ch™™ exp(—]| Ile—l/(s-—l)/C),

We also have to consider more general symbols. Following we say
that a(z,§, h) is a G* symbol of degree d and order m iff a € C*°(W), and
JA, C > 0 such that:

0207 a(x, &, h)] < Ch~mAle+Bla12 g1 (g) 1A (1.4)

(We could as well introduce more general spaces as S(m, g) where m is a
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weight and g(z, ) is a slowly varying metric, see [HOIII, Sect. 18] and [Iv].
Here g(z,&) = dz? + (€)72d¢?). We shall denote this class by S((m,d), s),
whose topology can be described exactly as the S(m, s) topology. A careful
inspection of the proof of a.3 and a.4 shows also that the
almost analytic extension process carries over the S((m,d), s) class. More
precisely, if a € S((m,d), s), and s’ > s, there exists a € S((m,d),s’) in a
neighborhood W = W + iB(0, c) of W in W€ such that

06X, h)| < Ch™™(€)* " exp(~|Im X|~V/=V/C),
X=(z,6)eW (1.5)
b) h-Pseudodifferential Weyl calculus

It is very convenient to work with Weyl quantization of G° symbols.
With any a € S(W) (Schwartz space) we associate the operator

a®(z,hD, h)u(z, h)

= (2nt) ™ [ [ (@ 1 ) /2,6 Rulwdy de, u e 88/)6 |

(here dy is a Lebesgue measure in V and d¢ is the dual one in V' such that
Fourier inversion formula holds with the usual constant). If a,b € S(W)
then:

a®(z,hD,h)bY(z,hD,h) = c*(x,hD,h) (1.7)

where ¢ = affb is given by:

o(X,h) = (zh)~" / / e~ 2oV 2)/ho(X + Y, h)b(X + Z,h)dYdZ.
(1.8)

Here, X = (x,£), Y = (y,m), Z = (2,(), o is the canonical symplectic
2-form defined by o(Y, Z) = zn — y{. An arbitrary continuous linear map
on S(m/, s) x S(m, s) is not determined by its restriction to G*® functions in
S(W) x §(W), since this is not a dense set; so following [H6, Def. 18.4.9]
we say that the bilinear continuous map (a,b) — afid is weakly continuous
iff its restriction to a bounded subset of S(m/,s) x S(m,s) is continuous
for the G*° topology. A weakly continuous map is then determined by its
restriction to (S(W) N S(m/,s)) x (S(W) N S(m,s)), since a € S(m,s)
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can be approximated by dezzn,Ing ~N Xga, N — oo (here X, are cutt-off
functions; see a.4 below for notations). The main result on Weyl
calculus of G® symbols is the following:

Proposition 1.1 [BLas] The composition formula (1.8) extends from
S(W) x S(W) — S(W) to a bilinear map S(m’,s) x S(m,s) — S(m +
m’,s), (a,b) — afb. More precisely, let x € G5(W?) be equal to 1 near
(Y,Z) =0,

ey (X, h)
= (mh)~2n / / e BV D/hoy(X + Y, h)b(X + Z,h)x(Y, Z)dYdZ

(1.9)
and cx(X, h) = ¢(X,h) — ¢y (X, h). Then the bilinear maps (a,b) — (afib)y
[resp. (a b) — (alib)z] are weakly continuous from S(m’',s) x S(m, s) to

X
S(m+m'+2n, s) [resp. to S(—o0, s)]. Moreover, the map (a,b) € S(m/, s) x
S(m, s), to the remainder term rq defined by

Ta,b(Xv h) = CX(X h)

—Z (io(Da, Dg, Dy, Dy)/2)’ a(X, h)b(Y, h) x=y

j<N

is valued in S(m’ + m — N,s) for all N € N, (but may not be weakly
continuous).

Remark Using stationary phase we can show that (a,b) € S(m',s) x
S(m, s) — rqp € S(m+m’ — N,2s—1) is weakly continuous, that is (weak)
continuity holds with a loss of s — 1 Gevrey regularity. This fact will not be
used in the sequel however.

We consider now a division problem. We say that b € S(0, s) is elliptic
at infinity iff |b(x, &, h)| > C > 0 for (z, &) outside a compact set K; CC W.
Let ¢ € S(0, s) vanish in a neighborhood of K;. We have:

Proposition 1.2 [BLas| Let b, ¢ be as above. Then there ezist left and

right parametrices ap,ar € S(0,s) and remainders r,rg € S(—00,s) such
that:

af(x,hD,h)b”(x,hD,h) = c*“(x,hD,h) + ri(x,hD,h)
b“(x,hD,h)a’f(z,hD,h) = c*(x,hD, h) + ri(z,hD, h) (1.10)
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As an application of the notions and statements we have just reviewed we
recall the:

Proof. We treat the case of the right parametrix ar, the other one is sim-
ilar. We may assume b € S(W) as before. Let ¢(z,&) € G°(W) to be equal
to 0 on some neighborhood of K, to 1 on a neighborhood of suppc. For
fixed N, we construct by means of successive divisions and [Proposition 1.1,
a symbol a’ € 5(0, s) such that bfa’ = ¢ — r, with r € S(—N, s). By induc-
tion, define a sequence of functions r; such that 7o =1, r; = (rfirj—1)y, j >
1, where the cutoff function y is chosen as in [Proposition 1.1. Put ' =1+
r1 + 712 + - -+, and compute (1 — r)fr’. Using again [Proposition 1.1 we see
that the series defining 7’ is summable, and still with notations of Propo-
sition 1.1: (1 —7)fr’ =1 -3 . 0(rirj)g. We start with estimating r;. For
T’ > 0 small enough, and 7 > 1 we have by [Proposition 1.1I:

NS (Tj, 0, T’)(h) < Coh_Qn]—V—s (7‘, 0, T’)(h)ﬁs (T'j_l > 0, T’)(h)

where Cy depends only on the diameter of supp x. (The proof of Proposi-
tion 1.1 tells us that we can take the same T” on both sides of the inequality,
although this is actually irrelevant). Since N(r,0,T")(h) < ChN, we get for
some new constant C' > 0: Ng(rj,0,7")(h) < C7+1h(N=21i On the other
hand, from [Proposition 1.1 and its proof, we can find C'; > 0 depending
on the diameter of supp x only, but not on r or 7j, and 0 < T < T’ small
enough, such that:

No((rhr))5, 0, T) (h) < CiNo(r,0,T')(h)Ni(r;, 0,T") (h)e™ /O

From the above estimates there follows that for N > 2n 4 1 the series 7" =
>_j>1(rtrj)x converges absolutely in the S(0, T, s) topology for kA > 0 small
enough, and:

ZNS((TW}')Q, 0, T) (h) < 026—1/Clh1/s

Jj21
So r” € S(—o0, s) and:
bi(a'tr'c) = (ba")t(r'tic) = (& — r)i(r'tc)
= ((1 = r)ir')tic + (¢ — Dir'ie = ¢ — e + (¢ — Dir'tic

Because supp(¢ — 1) Nsupp ¢ = 0, we can choose supp x so small that (¢ —
)tc € S(—00,s), so the last 2 terms belong to S(—o0,s) and the right
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parametrix is given by ar = a'ir'fc, and rgp = —r"ffc + (¢ — 1)fr'c. O

There is a natural composition result as in [Proposition 1.2 for G* sym-
bols of degree d, and order m, which tells essentially that the G® sym-
bols form a graded algebra for the composition law §. Now let d > 0
and b € S((0,d), s) be a G° symbol of degree d elliptic at infinity, that is,
b(x, &, h)| > C(€)? for (z,€) outside a compact set K1 CC W. Then for
any ¢ € S((0,0), s) vanishing in a neighborhood of K, there exist ar,ar €
S((0,—d),s), and r, TR € S(—00, s) such that

a¥ (2, hD, h)b¥(z, hD, k) = ¢ (z, hD, h) + ¥ (z, kD, h)
b*“(z,hD,h)af(x,hD,h) = c¥“(x,hD,h) +rg(x,hD,h) (1.11)

Moreover, 7y, and rg are rapidly decreasing with respect to & (see [BLas)):

iC >0, VY(a,B,N) e N" x N" x N,
ICapn > 01102077 (x, &, h)| < Capn (€)™ exp(—1/CRY*)  (1.12)

(these estimates can certainly be improved). We shall now study the rela-
tion between Weyl and standard pseudo differential calculus. Recall [H0,
Chap. 18.5] that if a(z, &, h) € S(W) we can write a(z, hD, h) = b*(x,hD, h)
where b(z,&,h) € S(W) is given by:

b(X,h) = (rh)™ / a(X + Y, h)e?¥/hqy = h<DeDe>/2g( X p),

X = (ﬂf,f), Y = (yv 77) (1'13)

In the same spirit as in |[Proposition 1.2 above, we have:

Proposition 1.3 Formula (1.13) extends from S(W) to a weakly contin-
uous linear map a — b from S(m, s) to itself. More precisely, let c € G§(W)
be equal to 1 near Y = 0,

by (X, h) = (mh)™" / a(X + Y, h)e?¥/hy (Y)dY

and bg(X, k) = b(X, h)—by(X,h). Then the maps a — by [resp. a + bg| are
weakly continuous from S(m,s) to itself [resp from S(m,s) to S(—o0,s)],
and the map from a € S(m, s) to the remainder term:

by(X,h) = > (h/2)’ (iDy, D¢)a(X, h)

1
j<N J:
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is valued in S(m — N, s) for all N € N.

Notice that we have a completely analogous result for G symbols of
degree d as in (1.4). In particular if:

P(z,hD,h) = > aa(z,h)(hDe)%, aqa(z,h) € S(0,s) (1.14)
o <d

is a differential operator of order d, the Weyl symbol of P is a G® symbol
of degree d. Let us close this section by recalling a wellknown L? estimate

for h-Pseudo Differential operators, see [Ho], [Iv],.... We denote as usual
by W2(V) the Sobolev space with L?-norm ||u||02 = [(€)*| Fru(&)|?d¢,
o € R, ]:hu = fe iwg/h ( )diL‘ For 0 € N, we have ”u||c2r,2 -

2 lal<o ||(hD)QUHiz

Proposition 1.4 If a € 5(0,s) then a“(z,h
L%(V), and more generally a®(x,hD,h) = O(1
For P(z,hD,h) as in (1.14) we also have P(x,h
Weo—42(V),

D,h) = O(1) : L3(V) —
)t Wo2(V) — Wo2(V).
D,h) = O(1) : Wo2(V) —

2. Bargmann transform and Weyl calculus in the complex do-
main

a) Bargmann transform

It will be convenient to replace L? functions by holomorphic ones; this
can be achieved by performing a Bargmann transform (or FBI transform,

in the terminology of which we follow here, see also [BLasSj]). Let
Tu(z, h) = Coh=3/4 / eV Py (Ndy we CRRMY (2.1)

For a suitable choice of Cy, T extends to a unitary operator from L?(R")
to Hp, the space of entire functions in C™ which are L? with respect to
e~2%@)/h(dz) where L(dx) = (2i) "dx AdZ is the standard Lebesgue mea-
sure on C" ~ R?", and ®(z) = (Imz)?/2 the weight function associated to
T'. Then the adjoint of T is:

T*v(y, h) = Coh™3"/* / e~ /20y (1) 2GR (dz)

The canonical relation associated to ¢(z,y) = i(x — y)?/2 is given by k7 :
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(y,m) — (z,§), with n = —%23, £ = %;3. In other words (z,¢&) = kr(y,n)
if and only if ¢ = n and * = y — in. k7 maps isomorphically 7*R"™ en-
dowed with its symplectic structure given by the 2-form dy A dn, onto the
I-lagrangian linear manifold Ag C T*C" (i.e. Imdx A d§jp,—0) given by
Ap = {€ =&(x) = 222(z) = —Imz}. The space Ag is a totally real mani-
fold of T*C™, i.e. Ao NiAgp = 0, which allows to define its complexification
Ag in a canonical way. Thus, T can be viewed as a Wave-Packet Transform
(in the sense of A. Cordoba and Ch. Feffermann [CorFe]), which localizes
on Ag. We shall identify the symbols on A with symbols on R?" via the
canonical isomorphism k7. Let

Se = S(Ag) = T(S(R"))
= {u€ Hy : |u(x)] < On(1 + |z|) Ne®@/h N =1,2,..}

be the Schwartz space on Ag.
b) Pseudo-differential calculus
If a € S(Ag), we put:
a®(x,hD, h)u(z, h)
— (2rh)~" /F . 0 (2 4 4)/2,0, Ryuly, h)dy Ad (2.2)

for u € Hg. Here I'(x) is the contour:

M) = {0= & +9)/2)= 252 +9)/2) sy € O} ~ o

1 Ox
(2.3)

We can check that there is, for instance, a one to one correspondance be-
tween the h-quantization of symbols in S(R?") and those in S(As), given by:
Q = TPT! where P = p¥(z,hD,h), p € S(R?") and Q = ¢*(z,hD,h),
q € S(Ag) with the quantization rule (2.2). The symbols are related by

= g o k7. The remarkable fact (wellknown when T is any metaplectic
operator, see [Ho Theorem 18-5-9]) is that this relation is exact, i.e. no
remainder term occurs in the formula Q = TPT~!. The h-quantization
rule (2.2) extends to symbols in the class S(m,s) defined on Ag. We now
consider the composition of 2 operators of the form (2.2); because of the
result in R?" and the symplectic invariance, we get:
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Proposition 2.1 Let a € S(m/,s), b € S(m,s) be Gevrey s symbols of
order m', m respectively, defined on Ae and a*(x,hD,h), b*(x,hD,h)
their corresponding Weyl h-quantization given by (2.2). Then
a®(x,hD,h)b*(x,hD, h) = c*(x,hD, h) with:

C(.’E, 67 h)|A¢
= (rh)™2" / / e 20D/ X + YV, WX + Z,h)L(dY)L(dZ) (2.4)

Here we put: X = (z,€) € As, Y = (y,n) € Ap, Z = (2,() € Ap. Again,
L(dY) = (2i)™"dy A\ dy is the Lebesgue measure on Ap and o(Y,Z) = zn —
yC the symplectic 2-form on C*™ (because Ag is I-lagrangian, o Ag S Teal
and non degenerate).

c) Method of stationary phase

For real analytic phase functions and G* symbols (in the real domain),
the method of stationary phase is discussed by Gramchev [Gr]. A more
general situation is considered in [BLas]. It is known in particular that
stationary phase method gives a loss of Gevrey smoothness equal to s —
1. For the case at hand, we content ourselves to give a few terms in the
expansion, and mimick the proof of [Sj2 Lemma 1.1], but it should not be
too hard to give the full expansion along the same lines using the results

in Appendix. Let ¢ € G§(C™) be real valued, p a small parameter we will
eventually set to h1~1/$ and:

D, (x) = B() + jp(a) (2.5)

be the weight function. We denote by L?{)“ the space of functions on C"
which are L? with respect to e 2®+«()/h[(dz) and by Hg, C L?{,u the
(closed) subspace of entire functions. As Hilbert spaces we have, for in-

stance: Hg, = Hg but the corresponding norms depend on h. We also
need:

S, = {u e Hg, : lu(x)| < Cn(1+ ixl)_Neq"‘(x)/h, N=12...}.
(2.6)

As Fréchet spaces we have Sp, = Sg but the best constants Cy in the
respective definitions depend on h. Let b € S(m,s) be defined on Ag;
by the same letter we denote an almost analytic extension to 7*C" as in
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a.4. Note that inequality becomes:
Ba0ybl, 0, 1)] < Ch™™ exp(= 10 ~ £(x)| VD)),
(x,0) e T*C™, |6 —€&(z)| <c (2.7)

Let x € Cg°C™ be equal to one in a neighborhood of 0. We quantize b in
the following way:

bx’ou(.’lf, h)

= (2rh)™ / e TR((z +1)/2,6, h)x(x — y)uly, h)dy A db
Fo(x) (2 8)

where I'g(z) is the integration contour parametrized by y € C™: § = £,(z)+

icx—y, (c>0),and u € Hp,. We have set &,(x = 2924 (7). Since u €
M K 1 O

Hg, is microlocalized near (z,£,(x)), the action of a h-Pseudo differential
operator on u is approximated to every order in h1/2 by expanding its symbol
in powers of hD, — £, (z). The following is a straightforward generalization
of Proposition 4.4 of and Lemma 1.1 of [Sj2].

Proposition 2.2 For u € Hg,, b € S(m,s), p = h'~Y/* and x € C", we
have:
by.ou(z, h) = b(z,&u(x), h)u(zx, h)
+ deb(z, €(x), h) (hD; — £, (x))u(w, h) + Ru(z, h)
(2.9)
where R is of norm O(h'™™) from Hg, to L<2I>,;

Proof. Although the only thing really new compared to [Sj2] (beside the
fact we use Weyl quantization), is the control on the anti-holomorphic terms,
we recall the argument. We make the Taylor expansion:

b((z +)/2,6, h)
= b(x, &u(a), h) + deblx, E,(2), 1) (8 — E,u(2))
+ dgb(z, €, (@), W){8 — Eu(@)) + dab(z, Eu(2), )y — )2
+ dsb(z, Eu(z), )y — ©)/2 + Ro(z,y, 6, h) (2.10)

where Ro(z,y,0,h) € S(m,s) is defined for z,y € C™, and verifies
Ro(z,y,6,h) = O(lz — y> + |0 — &u(@)*) = O(lz — y|*) for 6 € To().



Absence of resonances for semiclassical Schridinger operators 489

The corresponding operator, that we also denote by Ry, is of the form:

Rou(z, h)

= [ Ol Dy (e~ y)u(y)L(dy)
The phase function in the reduced kernel e=%1(#)/h Ry (z, 4)e®xW)/h is given
by:

o(x,y, 1) = —clz — yI> +i(z — y)éu(e) + Tu(y) — Du(2)
Hence:

Re(z,y, 1) < —clz —y|* + (Im(z — ))?/2 + Crplz — y|*, C1>0

(here C is chosen so that |[¢"(z)] < C1). So when ¢ > 1/2 and u > 0 is
small enough, we have:

Rep(x,y,n) < —6lz —yl|*, >0

As in [Sj2], using the very first terms in the expansion of Rou(z, h) by
stationary phase (in the C* sense), we see that Ry = O(h'™™) : Hq> —

L2 Now we examine the contribution to by ¢ of the various terms in [2.10)
Flrst we know from [Sj1] that:

(%h)*n/ (2) VO My, ) x(z — y)dy A df = u(z, h) + Ryu(z, h)
FO T
(2.11)

where Ry = O(e~1/Ch) . Hg, — Lzu (this is Fourier’s inversion formula in
the Hg, spaces), so the ﬁrst term in gives b(z, &, (z), h)u(zx, h) with
an error that enters into R. Next we have

deb(z, @), @)™ [ TN — @)ty k(e = )y 1 B
= deb(z,€u(x), h)(2mh)™"
<[ (=D, — &ula) Iy, hyx(e — y)dy A ds
Lo(x)

so by an argument similar to this leading to (2.11) the second term in
gives: deb(z,€,(x), h) (hDy — &u(x))u(x, h) up to an error that enters also
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into R. Similarly one has

dzb(z, Eu(x), ) (2mh) " /F " @90/ (y — x)u(y, h)x(z — y)dy A d6

= Rou(x,h) +ih Z aa:j b(, ﬁu(x)v h)(2mh)™™
j=1

X / d(e'@ 90y (y, h)x(z — y)dy A dfy - A df; - - A dby)
Lo(z)

where Ry = O(e"1/Ch) . Hg, — Lfbu (here d denotes the exterior derivative,

and dOAj means as usual that this factor has been omitted). So we are left
with the antiholomorphic terms. For instance we have, for p = hi=1/s.

deb(x, €.(2), h) = h~™O(exp(—[&(z) — E(2)| 771 /C)
= O(exp(—1/Ch}*)), C >0

and we see easily that the corresponding operator enters also into R, which
brings the proof to an end. 0J

Actually, we shall use the following quantization of b:
byu(x, h)

= (2rh) " / e @=0Mp(( + ) /2,0, h)x(x — y)u(y, h)dy A db
I'i(z
1) (2.12)
where 'y () is given by 0 = £,((x + v)/2) +icx —y.
Proposition 2.3 Let b € S(m,s) as before. For u € Hg,, p = hi-1/s
and x € C" we have:
bau(z, h) = bz, £u(2), hYu(z, h)
+ deb(z, €4(2), h)(hDs — €4(2))u(x, ) + Rulz, )
(2.13)
where R = O(h!™™) : Hp,, — L?I,“.

Proof. We shall reduce b ju(z, h) to byou(z, h) by a deformation of con-
tours. For t € [0,1], consider: Ty(z) = {8 = (1 — t)€u(z) + t&u(T) +
ic T —Yy =qet Yz(t,y), y € C"} where for short we have put z = (z +
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y)/2. By Stokes’ formula,
byu(z, h) = byou(z, h) + (2rh)™" / eEV0/hy (o BYy* (du)
[0,1]xC™

where w = b(Z, 8, h)x(x — y)dy A df. (Here we have used that u is holomor-
phic). As above, we estimate the reduced kernel e~2x(®)/hy*(dy)e®u®)/h,
We have:

n

7 (dw) = Z(za b(Z,0,h)J;(x,y,t)
+5§j (Z,0,R)Kj(z,y,t))x(z — y)dy A dy A dt

+CU1(y,y,t)
where w; (y,7,t) contains the derivatives of x, and:
61,...,6;,...,0
b, ’_")] = 0(1) (2.14)
3(y1,---,t,---,yn)
6(917 ) Hjagjaoj-Flv T en)
8(?1’ v ayj)tagj+1a cee 7?11)

Ji(z,y,t) = —det l

Kj(z,y,t) = —det{ ] =0(1) (2.15)

uniformly wich respect to all variables. We have: w;(y,7,t) =
O(e~YCM L(dy)dt. On the other hand gives:

B(e0)b(@,0, k) < Ch™™exp(~| Im7 + Re 6, Im 6|7/~ /C)

uniformly for x € C", that is, for u > 0 small enough

O(z0)b(Z,0,h) < Ch™™ exp( ( 12—— ‘ + |z — y\) 1/(5—1)/0)
with a new constant ¢’. Let
ou(z,y,0) =i(z —y)f + Ppu(y) — Pu(x) (2.16)
and
Fu(r,y) = Re(9(y) — (z) + 292 @)(x — )
201~ 1)(52(8) - 32(@)) -~ =)
so that:

Re @u(x,y,0) = pFy(z,y) — cle — y|* — (1 — t)(Im(z — y))?/2
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We have |Fi(z,y)| < C||¢|l2,00l® — y|?* (here ||1]|2,00 denotes the norm of
¢ in the C2-topology), so when ¢ > 1/2 and p > 0 is small enough
Rep,(z,y,6) < =8|z —y|%, § > 0. So we need a (positive) lower bound for:

(z,y, 1) ( ‘2—— ‘+C|w—yl)_1/(s—1)+5|:v—y|2/h

Let a = |z — y|. We have:

o2
¢($,y»#) > Const. ( . + (o + Cu)~ 1/(s— 1))

for some C > 0. Let f(a) = ‘—’;—; + (o + Cp)~V/=D | 1t is easy to see
that f”(a) > 0 on [0,1]. Rescaling a by a = Shls~D/(25~1) we find that
f' (@) vanishes for some 8 = [y verifying 1/Cy < fy < Cy, where C; > 0 is
independent of h. The corresponding value for f(a) is ~ Const. h~1/(2571),
We have proved that:

| @0/ he=®u(@)/h (¥ () Su(y)/h|

—wi (y7ya t))e
= O(exp(—1/Ch'/(?s71)y)
uniformly for z € C", t €]0, 1], and z — y € supp x. As we clearly have:
| (@90 he=2u@)/hy,, (y 75 1)ePu W/ = O(exp(—1/Ch))

we can conclude by [Proposition 2.2 O

Remark 2.4 Propositions and also hold, mutatis mutandis, when
b is a G® symbol of degree d and order m as in (1.4). The remainder satisfies
then: R = O(h1™™): ng — Lé“, where the ng-norm of a function u €
Hg, is given by:

lullf? = Y N(AD)*ull,.

| <d

(see the proof of [Proposition 3.1 below). The Schwartz space Sg, introduced

: . d,2
above is of course dense in every Wq); .

The link between quantizations (2.2), (2.8) and (2.12) will be explained
in the next Section.
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3. Phase space distorsions or Lagrangian deformations

Here we use the method of non-characteristic deformations in a variant
due to Sjostrand [Sj1, Sect. 10}, where plurisubharmonic weight functions
are distorted rather than hypersurfaces or domains as in the classical tech-
niques of Holmgren. More explicitly, the method consists in deforming the
integration contour in (2.2) in order to gain ellipticity when operating on
certain weighted spaces. At the same time we are in a situation where the
method of stationary phase applies as in Sect. 2.

Let b(z,0,h) € S((0,d), s) be a G* symbol of degree d > 0 and order 0
(for simplicity) as in (1.4) defined for (z,6) € Ag, and B = b*(z,hD, h) as
in (2.2). As before, the same letter denotes an almost analytic extension in
the sense of a.4. The main result of this section is the following:

Proposition 3.1 With the notations above, if ||1||2, is small enough, B
extends as a continuous operator Wd 2 L2 and B = B, + R, with:

Biu(z, h

)
:(%hY"/A( 0y 4 4) /2,0, R)u(y, B)dy AdO (3.1)

Here T'y(z) is the contour given by:

Fia) = {0 = 220 (@ +-4)/2) +ic(lz - y)) T3, y € C)
and c: RT — R™ is a smooth, positive decreasing function such that c(p) =
co >0 for p < A, (A>0) and c(p) = CO)\’/(Qp) for p> X > X. Moreover:

R=0(exp—3/h"/V) . Wg? - I3, h—0, (3.2)
for some 6 > 0 and:

B, =0(1): W — L3 . h—0. (3.3)

Proof. As before we set T = (x + y)/2. For t € [0,1] we consider the
contours:

209 (2 0P

Tua)={0= (-5 @ +1(5 52 @) + iclle - y)) T=)

—def 'Yx(tay)’ y e Cn} (34)
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By Stokes’ formula, for u € S¢ we have:
Bu(z,h) = Byu(z,h) — (27rh)_"/ ! @90/ h ¥ (duw)
[0,1]xC"

where w = b((xz +y)/2,6, h)dy A df. (Here we have used that u is holomor-
phic). We will estimate the reduced kernels. Let ¢, (z,y,0) be as in [2.16).
As in the proof of [Proposition 2.3, we see that along I't(z):

Repu(z,y,0) = ptF(z,y) + p(l = t)(P(y) — ¥(z))

—te(jz — y|)|z — yI? (3.6)
where
F(z,y) = Re(4(y) ~ ¥(z) + 202 @)(x ~ v)) (3.7
verifies
|F(z,y)| < Const. ||%]|2,00|z — ¥ (3.8)

We first analyse the remainder term in the right hand side of [3.5). We

have:
1

/ ei(m—y)e/huyg(dw):/ dt
[0,1]xC" 0

X [Z / ) ei(x_y)e/hgyjb((a: +4)/2,0, h)jo=, (t,) )i (T, ¥, )uly, h)dy A dy
j=1

+y / e @ VNG0 b((x + ) /2,0, h) o= (t.0) K5 (T, Y, )u(y, h)dy A dy]
j=17"¢"

(3.9)
where Jj(z,y,t) and Kj(z,y,t) defined in (2.14) and (2.15), satisfy
Ji(z,y,t) = O(1) and Kj(z,y,t) = O(1) uniformly in all variables. For
0 = ’YIE(ta y)

6-£@)| =1t \ma—% —elle - y)) T (3.10)

Ox
so that by (1.4):
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95,52, 0, k)| +105,b(, 0, h)| < C1(0)°

1 /(s— oY, . —1/(s=1)
X exp(—t 1/ D‘Qua—f(x) —clz—y)r—y /Cl) (3.11)

uniformly for z,y € C™, 6 € ft(:c) The worst singularity of the reduced
kernel occurs in the neighborhood of the diagonal |z — y| < A of C?".

Lemma 3.2 If € = ||¢)||2,00 is small enough (depending on cy and \) then
there exists C2 > 0 such that for all t €]0,1] :

eReen@ud)/k (15, b(z,8, h)| + |05,6(2,0,h)|+)
< Cy(0) exp(—1/Coht/2s=1)  h -0 (3.12)
uniformly for 8 = v, (t,y), |x —y| < A.

Proof. Using [3.6), and (3.11) we are led to find a (positive) lower
bound for:

¢(z,y,t, 1, h)
t
= B0 () - 9l + ela - )l — v~ KR (ey)
S VERY 2M<9_1/J( ) ellz— u)T7 —1/(s— 1)/01

For |z — y| < A, we have ¢(jJz —y|) = cp. Let a = |z —y|. In we can
assume, without loss of generality, that Const. = 1, so for u = h1~1/s:

W5 g(x, y, b, 1, h) > —e(1 - t)a + tCO(l - Hcoi) 7

—1/(s—
4 Y1) (1 + g‘;_‘;) / 1)/(51/(8—1)01)

For fc% < 3, we get for a new Cy > 0, changing 2¢ to €:
2h!°¢(x, y, t, p, )

a? acy\ ~1/(s-1)
> (1 -t tom 4 ¢~ (s=1) (1 4 20 1/(s—1)
> —¢(1—t)a+ cu+ ( +u6) /(e Ch)

Then we set ¢g/e = ¢, factor out ¢, and put ¢’ = Cie*/ =1 We get:
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26 RS @(x, y, t, 1, h)

ac \—1/(s-1)
) e

(1t 1l D1+
7 7
We shall remember that we can take ' as small as we want, and drop the

primes to simplify the notations. Then we study the comparison function:

C)—l/(s—l) .

a? o
g(t,a,u) =—(1—-t)a+tc— + ¢—1/(s—1) (1 + —
T T
for t, o, p €]0,1] x [0,A]x]0,1]. Actually, 4 will appear as a parameter.
We first show that g has only one critical point in the open set: (¢,a) €
10,1[x]0, A[. Indeed, Z(t,a,u) = 0 iff t = t(e) = (e(s5 — 1)a)I=)/5(1 +
%)_1. But:

Z—Z(t,a,u) = (1 + 2;a>t — e (s Y ( ) S/(S—Dt—l/(s—l) ~1

After some straightforword calculation, we find that 5-‘1(t0, a;p)=0iffa =
ap = (e(s —1))7!. Then tg = t(ag) = (1 + uc‘s—l)) and g(tg, g, p) =
g~ 1. If this values is a minimum of g for (¢,a) €]0,1] x [0, A], then we have
d(x,y,t,u,h) > Sh—1/s (actually we can check that this never holds when

s > 2). Otherwise we have to look for a minimum of g on 9(]0, 1] x [0, A]).
We have:

g(t,0;p) =t/ (7D Jg > 71

SLais o2 (1 N 7;) 1/(3*1)/6

)
) =

9(0, a5 1) = 400
) =

t)\z —1/(s— 1) cA _1/(3"1)
gt M (1—t)A+T+t (1+;) Je
Let f(a) = % £ (149 Ve /e, Then fi(a) = 22— e (L +

n
tice that f” > 0 so f is strictly increasing. Let a = Bu*/(?5=1: we define:

f1(B) = (s = Dpc™ f'(e)
— us/(?s—l)[Qﬁa(—)—l _ (6/8+M(S—1)/(28—1))_8/(3_1)]

ac)=s/(s=U /e, and f'(a) = 0 iff (1+ %)_S/(s'l) = 2ea(s — 1). We no-

Then it is easy to see that fi(8) changes its sign for 8 = [y in the interval
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[Cy L Cy] if Cp is large enough, but independent of p €]0,1]. Therefore,
f(a) reaches its minimum value for o = o = Fop®/ =1 and:

flar) = ul/(Qs_l)(Cﬁg + (IL(3~1)/(2$_1) n Cﬁo)—l/(s_l)/g)
ie flay) > 6pt/®=1D with § > 0. At last, we examine h(t) = g(t, A\, ).

We find: B/(t) = 0iff t = t; = (eA(s = 1)) " V*(1+2) ™" and

h(tl) — )\1/8(6(8 _ 1))(3*1)/8 + /\1/8(8 o 1)1/36—(3_1)/3 Y

For given A > 0, we have h(t;) > § > 0 for ¢ small enough. We eventually
proved that there is §p > 0 such that:

Oz, y,t, , h) > Soh™Hopl/@s=1) = gyp=1/(2s-1)
uniformly for (¢, a) €]0, 1] x [0, ], which proves the Lemma. 0

Next we examine the reduced kernel outside the diagonal, i.e. for |z —
y| > A, in the following easy:

Lemma 3.3 If € = ||[¢]|2,00 is small enough (depending on co and X, then
there exists C3 > 0 such that, uniformly for t €]0,1] and 6 € T'y(z) :

eRew(rc,y,O)/h(lagjb(ff, 6,h)| + |8§jb(§:\, 0, h)l)
< C3(0)* exp(—|x — y|"/*/C3h'*), h—0
uniformly for 6 = v,(t,y), |z —y| > A

Proof. It suffices to find a positive lower bound for:

(b(.’l],y,t, h) = —Re cpu(sc,y,H)/h

_1—1/(s-1)
00090 3) —efx — )T /Cy

when 6 = v,.(t,y), |z — y| > A\. We have |2u%1£-('x\) —clz—y)r—y|l=0Q1)
when |z — y| > A, so by (3.6) and |3.8):

8(z,9,1) > [~p(9) — 9(a)) — 2t Re 22 (@) —)

+te(z — y)|z — y|2] b+ Ct~Y/6=D

for some C' > 0. If we denote by f(t¢) the right hand side of the inequality

above, we find that f(t) reaches its minimum for t =t ~ Const. (=2 )1_1/ °

lz—y] ’
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and this minimum verifies f(t9) ~ Const. ( m;yl)l/s when p > 0 and [|9||2,00
are small enough. O

We use integration by parts and a simple variant of Schur’s lemma to
deduce (3.2) from Lemmas B.2 and B.3, getting rid of the factor (6)¢. Let
x € G{(C™) be equal to 1 in a neighborhood of 0, X = 1 — x and:

X0) -
‘L= x(8) — |0‘2 Zathyj
i=1

We have tLet(—9)0/h — oile=4)0/h o (t[)dei(@=y)0/h = ¢i(z—y)0/h and inte-
grating by parts, we can rewrite formula in the form:

Bu(z,h) = Byu(z, h)
— @)Y /0 =DM ((hD,)"u); (dwa)

o] <d 1]><C
(3.14)

where w,, = by (T, 0, h)dy A df. Here by(z,6,h) is a G° symbol of degree 0,
of the form:

ba(z,0,h) =Y aa,5(0)05b(x, 6, h) (3.15)

pLa

where a, g(0) is a G* symbol of degree —d. Each integral in the sum can
be treated with the same arguments as above, and inequalities similar to
(3.12) and (3.13) but without the factor ()¢. So we proved that R can be
written in the form:

where each of the kernels K, (z,y, h) satisfies:
e@uW)=2u@N/M K (2, y, h)| < Cyexp(—1/CohY 27 1) h -0
(3.16)
when |z — y| < A, and:

el PPN Ko (3, y, B)] < Cyexp(—|z —y|'/*/Csh!/*), B =0
(3.17)
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when |z — y| > A. It follows easily that R is continuous as an operator
ng — L%M and that (3.2) holds (because also of the density of Sg, in

wa?),

"We eventually estimate B;. For t = 1, gives Rep,(z,y,6) =
pF(z,y) — c(|z — y|)|z — y|? for € Ty(z). For |z —y| < A and h > 0
small enough we get Re ¢, (z,y,6) ~ — Const. |z — y|? while for [z —y| > ),
Reu(z,y,0) ~ —Const. |z — y|. We can conclude as above that B; =
O(1): Wg? — L} and the is proved. O

Now we give a “local” version of [Proposition 3.1] that will be directly
used in the sequel. Let b(z, 8, h) € S((0,d),s), and x; € C§°(C"™); with the
notations of [Proposition 3.1/, we have:

Proposition 3.4 Let B =b"(xz,hD,h) as above. Then x1B extends to a
continuous operator Hgy, — L%u and x1B = x1B1 + x1 R, where

x1Bi=0(1):Hy, > L3, h—0 (3.18)
and
X1R = O(exp—6/h/# V)  Hy, — L3, h—0, (§>0) (3.19)

Proof. We can conclude directly from the proof of Proposition 3.1 and
usual Schur’s lemma that (3.18) and (3.19) hold, since z varies in a compact
set and thus the factor ()¢ can be ignored in Lemmas 3.3 and 3.4. O

4. Reduction of waves packets and weighted energy estimates

The method was initiated by A. Cordoba and Ch. Fefferman [CorFe],
(see also [Sj2,3]) and adapted to the present context by C. Gérard and
J. Sjostrand [GeSj]. It is called the method of reduction of wave packets,
since it reduces a pseudo-differential operator to a “multiplier”.

Let b(z,0,h) € S((0,d), s) be elliptic at infinity on Ag, uniformly for
h > 0 small enough, ie. |b(z,8,h)] > C(h)? for x outside a compact set
K; cc C™ (we identify Ag with its projection 7, (Ag) on C”, and a function
x on Ag with xy o7 1).

Let 9 € G§(C™) be real valued, supported in a neighborhood of K;
and @, as in [2.5). Let x; € C§°(C™) be equal to 1 in a neighborhood of
K and such that supp x1 CC supp®. The function x; will be fixed later.
We denote also by b(z, 0, h) an almost analytic extension of b(z, 8, h) as in
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(1.5). First we compute x1 Bu(z, h), u € Hg, using [Proposition 3.4, Let B;
be associated with B as in [Proposition 3.1 or 3.4. In the integral defining
Bju(z, h), we insert a cut-off function x € C§°(C™). With the notations
of Sect. 2 we have: x1B; = x1(B1)y + x1(B1)g. From now on, we work
modulo error terms O(h). Propositions B.4 and 2.3 give:

X1(B1)yu(z, h) = x1(x)b(z, §ulz), h)u(z, h)
+ x1(2)deb(z, Eu(x), h) (R Dz = &u(z))u(z, )
+ Ru(z,h), u€ Hyp, (4.1)

where R = O(h) : Hg, — L%u. We observe next that the contribution of
x1(B1)g to x1Bj gives an error term that also enters into R.

Proposition 4.1 With the hypotheses above, we have for (u,v) € Hg, x
Hy

“

(x1Bulv), = / b(z, &u(x), h)u(z, h)v(z, h)x1(z)e 22«@/PL(dz)
+ O |[ullullvlly, h—0 (4.2)
(Here (-|-), denotes the scalar product in Hg,).
Proof. From and the following discussion, we have:

(aBulu), = [ be.€ula), b))ule, Wole R ()e 20 ML o)

+ Z/agjb(x,gu(a:),h))[(hl)mj — &uj(@))u(, h)]
j=1

v(z, h)x1(m)e_2¢“(x)/hL(d:c)
+ O(h)||ullullvll .
In the last sum, we integrate by parts; we have (—hD,, -{u,j(x))e_w”(”’)/h =
0, while hD,;v(x,h) = 0 (since v is holomorphic) and

hDy,(x1(z)0¢,b(x, €. (), h)) = O(h). So this sum is again O(h) |[u||.||v]|.-
O

Thus it follows that for any u € Hg,:
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Im(x;Bulu),
- / Im(b(z, €, (2), W) ()], b)Pe 224D/ L (d) + O(h) ul2
(4.3)

Now we estimate u in the elliptic zone, i.e. outside K;. Let xo € S(0,s)
be equal to 1 near K; and suppyo CC suppv. We also denote by xo
its almost analytic extension in the sense of a.3. If xo = 1—
X0, this relation makes sense also after almost analytic extension. Let X§
be the corresponding h-quantized Weyl operator. Since b(x, 8, h) is ellip-
tic on supp Xo, [Proposition 1.2 shows there exists a € S(0,s), such that
A = a“(x,hD, h) satisfies: AB = x§ + r*, where r € S(—0o0,s). In par-
ticular, ¥ = O(exp —1/Ch'/®) : Hy — L% for some C > 0 and if the
perturbation 1 is chosen small enough in the Cl-topology, we also have
r = O(exp —1/C'hY/*) : He, — LQM, with some C’ > 0. So:

(ABulv),, = (Rulv), + Olexp —1/C'h"*) ullullollu, u,v € Ha,
(4.4)

Then, we estimate (X u|v),, with Propositions B.1 and B.1. We get:

(ABulv), = / R0l £(2) ume 22K @R L (dz) + O(h) [uf,llv]l,
(4.5)

We would like to set “x1(z) = xo(z,€.(z))” but this cannot be done since
we shall require x1(z) > 0. So we need another estimate. Let x4 €
C§°(C™;R*) be supported in supp®. As in [Sj2, Th. 1.3] and Proposi-
tion 4.1 we have:

(x4Bu|Bv), = / |b(x, £, (2), h)[u(z, B)v(z, B)xa(z)e 224@/P L (dz)
+ O(h)“unu”?)”ua h—0 (4-6)

So let x1(z) = xo(z,€(z)) and x5(x) = xo(z, {u(x)) —x0(z,&(x)). As follows
from a.3, x5(z) is supported in a small neighborhood of supp Vxo
modulo a function which is O(exp —1/Ch!/*) uniformly in C™. So if x4 is
conveniently chosen with support in a small neighborhood of supp Vg, we
have:
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(xsulv), = (xsxaulv), + Oexp —1/C'hY*) ullyllvlly, w,v € Ha,
(4.7)

Using that |b(z,£,(z), h)|*> > ¢ > 0 on supp x4 (where ¢ > 0 can be chosen
independent of h), we deduce from (4.6) and (4.7):

1
(xsult)u < ~lIxslloo(xaBu|Bu), + O(h)|lulli, u€ Hs, (4.8)

Formulae (4.3), (4.5) and (4.8) are basic estimates for [Theorem 0.1.

5. Proof of Theorem 0.1

We shall be working from now on with the Schrédinger operator Py =
—h?A +V although our arguments could apply to a more general situation.

a) Distorsion and global escape function

We return for a while to the real phase-space variables (y,n) € R?".
The symbol of P, (for the standard or Weyl quantization) is po(y,n) = 7% +
V(y). First we recall from how to construct a global escape function
G(y,n), under the non-trapping hypothesis K(I) = 0, I = [Ey — &9, Eo — €]
(see (0.5)).

Recall from (0.3) that V' is dilation analytic outside a compact set Ko C
R"™. Then by Cauchy’s inequalities, there exists R > 0 such that Hp,(yn) =
2n? —yVV(y) > Eo on X1 = {(y,n) | po(y,n) € I} for |y| > R. Thus, yn is
an escape function for |y| > R and we may assume Ky C B(0, R). Now let
g(y) € G§(R™) be supported in a neighborhood of B(0, R), equal to 1 on
B(0, R) and satisfying 0 < g(y) < 1. We set,

fly,m) =~ /Ooog(ﬂy(exp tHpo (y,m))dt

where 7, : T*R"™ — R" denotes the natural projection. Because V' is non
trapping near energy Ej, the integrand is compactly supported for (y,n) €
¥, f € G°(Zr) is bounded, and moreover Hy f = g. Let now x2 € G§(R")
be equal to 1 on supp g and Cy > 0 a constant to be chosen. We set G(y,n) =
Cax2(y)f(y,n) + yn, and compute HpG = Cag + Cof Hyyx2 + Hpy(yn)-
Choosing Cy > 0 large enough, and then taking supp x2 sufficiently large,
we have H,,G(y,n) > Cy on ¥ for some Cy > 0. Moreover, G(y,n) —yn €
S(0, s).
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Now, for |y| > R, we can construct an analytic distorsion for P in
configuration variables as in [SjZ] as follows.

Take polar coordinates y = rw, with (r,w) € Rt x §"~! and for 0 <
6 < 6, define a family of G® functions fy :]0, +00] — C such that fo(r) =r
for 7 < R < R’ and fy(r) = e?r for r > R'. The distorsions are defined by:
Ugu(rw) = (f35(r))™2u(fs(r)w) so that the distorted hamiltonian takes the
form Py = UpPoU, '. This is a differential operator of the form (1.17) for
d = 2, and we can check

Jdaq(z) € G°, |a| <2, such that as(y,h) — aa(y) = O(h)
uniformly for y € R", 0 < h < ho. (5.1)

We call po(y,m) = 3 |a1<2 Ga(y)n™ the “principal symbol” of Ps(y, hDy, h).
The resonances of Py are actually the discrete eigenvalues of Py when
6 > 0 (it is wellknown that they are independent of the distorsion, see e.g.
[FeMa)).
Everything will essentially depend on the principal symbol of Py only.
If (r*,w*) stand for the dual variables of (r,w) in polar coordinates, this
principal symbol is given by:

po(r,w, ™, w") = (fo(r) > + (fo(r)) 2™ + V((fo(r)w)

Then it can be easily shown that we can choose fy such that
Impy(r,w,r*,w*) < 0 on a neighborhood of Repy(r,w,r*,w*) = Ey, the
inequality being strict for r sufficiently large, e.g. 7 > R.

Operator P is elliptic outside a compact neighborhood K; of ;N {r <
R}, i.e. its principal symbol verifies |ps(y,n)| > C(n)? for (y,n) outside K.
Because of (5.1), this holds also for the full symbol, either for the classical,
or the Weyl quantization.

Let xo € G§(R?") be equal to 1 on a small neighborhood of K;, and
X6 € G5(R?") be equal to 1 in a neighborhood of supp xo. We let 6 > 0 be
very small but independent of h. If G = dxeG, then

Hp,G(y,n) = Hp,G(y,n) > 8 >0 on supp xo. (5.2)

We take an almost analytic extension of Py as in a.4 and make
the FBI transformation 7. We denote by Bg(z, hD,, h) the Weyl operator
corresponding to P(y, hDy, h). All what we have said extends trivially to
the complex phase space, after applying k7, so we use generally the same
notations for objects belonging either to T*R™ or As.
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Puty = éom}l. As usual, we identify Ap with C", so that ¥(z,£(z)) =
6(x6G) o k7' (z,€(x)) can be viewed as a function of z alone. Let by(z, &(x))

be the principal symbol of by(z,&(x), h) as in (5.1). By a Taylor expansion,
we have:

Im by (z, £,(x)) = Imbg(z, £(z)) — 2uRe [d@(m, §(m))8—¢(x)] + 02

ox
(5.3)

uniformly for z € C™ (so the 2 first terms on the RHS of (5.3) are evaluated
on the “real” domain), and with x1(z) = xo(z, &(x)):

2201 (x) Re [deho(, €(2)) 2 (x)| = 32 (@) (HpoO) 0 7 (@, E(@))  (5.4)

By the discussion above, we have: xi(z) Imgg(m,ﬁ(l‘)) < 0 when x; is
supported by some sufficiently narrow neighborhood of po(y,n) = Ep that
we call again K. Then (5.3) gives:

x1(z)(Imbg(z, £u(z)) — IM E) < x1(z)(—pé’ — Im E + O(u?)  (5.5)

for £ in a small complex neighborhood of Ey. In (5.5) of course,
x1(x) Imgg(:c,ﬁu(:c)) does not depend on 6 since distorsion is turned on
for || > R and supp x1 C {|z| < R}. Now we are ready to conclude with
the energy estimates of Sect. 4.

b) End of the proof

We prove an a priori estimate for an eigenfunction associated to E. Let
ug € L*(R™) be such that (P — E)ug = 0, and u = Tug € Hg, be the
corresponding eigenfunction for By, that is (By — F)u = 0. We normalize u
in such a way that |lu||, = 1. Let A be a parametrix of By — E outside K, as
above. Because of (5.1), we can replace in (4.3) the full symbol b(z, &, (x), h)
of B by its principal symbol b(z, €u(z)). By (4.5):

(Xo(x, €u())ulu)y = O(h) ||ullj
On the other hand (4.8) and (5.5) give respectively:
(xs(z)ulw), = O(h) |lull;

and:

(10 +Im E + O(k*)) (x1 (z)ulu)y = O(R) |lully



Absence of resonances for semiclassical Schrodinger operators 505

These estimates, together with the identity

(a(@)ulu), + (xs(@)ulu), + (Xo(z, £u(@))ulu), = Ju))2 =1

clearly show that Im £ < —§,u, as h is sufficiently small, for some §; > 0,
which brings the proof to an end. OJ

Appendix

We prove existence of almost analytic extensions for G° functions. Al-
though such results are of course wellknown among specialists, it might be
useful to give self-contained proofs.

a) The 1-d case

The most complete result holds in one variable and will not apply to
our problem, we just give it for the sake of completeness. We follow the
Borel argument of L. Carleson.

Theorem a.1 [Ca] Given A > 0, let G5(R) be the set of u € C*®(R)
such that 3C > 0 with:

sup [Opu(z)| < CA%!®, aeN
zeR

endowed with its natural topology. Then for any A > 0, there exists B >
0 and a continuous almost analytic extension operator G5 (R) — G%(C),
u — u such that:

10,%(2)| < Cexp(—|Im 2|~V /0), € >o.

Proof. We make the general argument of more explicit in this case.
Introduce the weight function

uld

W(r) = sup

veN (V1)* T€R\0, W(0)=1

We have W(r) > 1, and |7|"* = o(W (7)), |T| — o0, any n; we may choose
instead W () = exp(a|7|'/*), a > 0, or W (7) = Y veN I"L" Since G* is non-

(v!)*
quasianalytic, Denjoy-Carleman theorem tells us that [g bf—ﬁ(;—)d'r <

+00. We set w(r) = W(r)"!. Let Q(7) be a polynomial such that
J& |Q(7)*w(r)dr < 1. Then, by a simple argument from harmonic anal-
ysis using the maximum principle , there is a numerical constant Kj,
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independant of ), such that:
QW (0)] < Kov!M;™! (a.1)

where:

1
M, = &;1;18 exp((l/ + 5) logr — ,u(fr))

! / log W (7)dr
or Jpr2 472 o

We can easily show:

p(r) =

M, \ /v
K1 = IJTKE((V') )" >0 (a2)

Now we look for an almost analytic extension operator between some
weighted L2-spaces. For j € N, consider the sets:

EJ:{f:RxRﬁCmeasurable:

||f||g—SuP /|8Jf¢x|2 ()dT>/ <oo}

For a given sequence A = (A, ),eN of positive numbers, we consider also the
sets of sequences of functions:

Sj()‘) = {S = (SU)VEN’ sy : R — C,
: 1/2
sl = 333@) 0ls,(@)227) " < oo}

For any N, the sets EN = ﬂ;-vzo E; and SV(\) = ﬂj.vzo S;(A) are Banach
spaces, and we can form the inductive limit as N — oo.

Let u € G5(R). Since the extension & € G*(C) should verify 8,u(z) =
O(] Im 2|*°), we obviously have, in the sense of formal power series:

u™ (z
u(z) = Z ( >(iy)", z =1z +1y. (a.3)

n!
n>0

We then look for u(z) in the form:

u(z) = /R eV f (7, x)w(T)dT (a.4)
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where b > 0 and f € [y EN | are the unknowns. Identifying the derivatives
at y = 0, we find u(™(z) = b" Jo 7" F(T, z)w(r)dT. Let s,(x) = ul®(z)b™".
Since u € G%(R), we have |s,(z)| < C’(%)n(n!)s for some C' > 0; we choose

A = <2S+;/2A)n(n!)s. (a.5)

We consider the following moment problem: find an operator L : s — f
which is continuous SN (A\) — EV, any N, (as well for the inductive limit
topology), and such that: s,(z) = [ 7" f(7,z)w(7)dr. Following [Ca], we
let P,(7) be a complete orthonormal family of polynomials with respect
to the weight w(r), Po(7) = Y ) _,an7", and decompose f(7,z) on this
basis as f(7,2) = )50 bn(2)Pn(7). We find b, (z) = Y _q @ nsu(z), and
by Parseval identity, [[f[|§ = sup,er Y50 |bn(2)|*. Applying to the
sequence Qn,(T) = ZQ]:O anyPn(T), Gny = (Z/JCV:() |P;£u)(0)|2)_1/2P7$U)(0)’
we let N — oo and find: Y oolawnl? < KEZM;2, and so |fllo <

v

Kolslo(zy>0(]i‘4—‘;)2)l/2, where Kj as in and A, as in [a.5). Estimate
then shows that Ky = (Zyzo(%)2)1/2 < oo if b > zs;sz, SO we
have determined a continuous operator L : So(A) — FEy,s — f. Reasoning
similarly for the derivatives, we find that L : SV (\) — EV, any N, with

1 f]l; < KoKals|; (a.6)
We then observe that
|s|; < CAT2STHL/2(j1)s, (a.7)

By Cauchy-Schwarz inequality,
j - 1/2 1/2
oiokita -+ i) < 0°( [ 102sroPutryar) ([ i)
R R

The last integral is estimated by K5*!(k!)*, where K3 > 0 is a numeri-
cal constant, while and show that the first integral can be es-
timated by CKoKA7259%1/2(1)s. So we get u(z) € G3(C), with B =
sup(bK3,2°A). There remains to show the estimate on 8,%(z). Since by
construction 9,%(z) vanishes of infinite order on R, Taylor formula shows:

_ 1 o
9.1(2) = oy /0 (D*3i(x + ity), (1)) (1 — Fdt (a.8)
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— -1
Using 0,u € G%(C), we choose k of the same order of magnitude as |y|>-T,
and we get the with a constant C' > 0 depending on wu. O

b) The general case

The very elegant proof of relies on properties of harmonic func-
tions in the upper-half plane, which we were not able to extend to several
variables. Maybe one could try to use Poisson integrals and maximum prin-
ciples in tubes ([H6I, Sect. 9], [Ko], . ..), or Dynkin’s method ([ChaCho], .. .).
Borrowing an idea presumably due to J. Mather (as was reported to us by
J. Sjostrand), we prove instead a weaker result, since we loose (arbitrarily
small) Gevrey smoothness, and the extension is not given by a continuous
linear operator. But all what we really need is the right decay on Ou near

the real axis. Our first result applies to compactly supported functions
G{(R™).

Proposition a.2 Let u € G5(R"™). Then for all s > s, there exists an
extension U € G* (C"), such that u(z) = u(z) for real z and for some C >
0:

Ny (8,3,T)(2) < Cexp(—|Im 2|77V /C), 2ecCm

when T > 0 is small enough. (Notations here are those of Sect. 1, where we
have omitted the variable h).

Proof. Let§ =45 —s, 7 >1,and ¢ € G°(R") be equal to 1 in B(0,1)
and vanishing outside B(0,r). For instance, we can take 1(y) = Y(y) ®
@ U(Yn), y = (y1,.--,yn) € R™ For £ € R", z € C" and C’ > 0 to be
chosen later, depending on u, we set x(z, &) = ¥(C'(€)5~D/5Im 2). Define:

(z) = (2n) " [ AN (z. i (2.9)

where = denotes Fourier transform. This defines an extension u(z) €
C>°(C") of u, because x is compactly supported in £ when Im z # 0. There
remains to show that % € G* (C") and so we compute:

No(@T)(z)= Y. D9 u(z)|T@P) /() (8)* (a.10)
a,BEN™

We have:
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D) = (20" 3 (5) [ e DT x(z 0
a'<a

(a.11)

where D = —i0, and 0 = 0, denote respectively the holomorphic and anti-
holomorphic derivatives. As i) € G(I,J”S(R”) we get the uniform estimates:

DY x(2,8)] < I (o 4 g)10+9) () (s=Dla'+l/s

for some C; > 0. On the other hand, we know that |u(£)| < Coexp —(£)1/5/
Cp for some Cy > 0 depending on u. If we write:

€37 T(&)] < Cotg)* VeIV exp(—(€)1/*/2C0)
x (€)1*=e1V* exp(—(€)'/* /2Co)
use the inequalities
(©)1%V/* exp(—(€)'/*/2Co) < o — o/ [**I(2Cofe)*~  (a.12)
and (Ja — o/|)|*='l < Cle=*I+1|q — o/|! we see that the right hand side of

(a.11) can be estimated by

/exp(—g Im z — (£)1/5/2Cy) (€) (s~ DletBl/s

«

< Ol 3 (O‘) o= a/[i( + B)1 Iy 5 (€)dE  (a13)

a'<a

where g, is the characteristic function of supp Do‘lgﬂx(z, ) and C2 > 0
a constant depending on u. Now we use again (a.12) which gives:

exp(_<§>1/3/4CO)<§>(s—1)|a+ﬁ|/8 < C:|30+ﬂ|+1|a + Bl(s—1)|a+ﬁ|
On the other hand, one can check that:

(CaCs)/ >+ o gDt 7 (3) ja = o/l(a’ + @)1

o' <a
< lea+ﬁ|+1|a+ﬂ|(3—1)|a+;@|(a!)1+5(ﬁ!)1+6
<O B = e P @) () (ad)

where Cs > 0 depends on u, 9, s and the dimension n only. We distinguish
between the cases 3 # 0 and 8 = 0. For 8 # 0, we need to estimate the
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integral:

/ exp(—€Tm z — (£)1/% /4Cp)de
over a shell:
(C'|Im 2;]) =%/~ < (€) < (C'|Im z5] /r) /7Y (a.15)

for some j € {1,...,n}. Choosing C' > rCy, we see easily that this integral
is bounded by Cg exp(—|Im z|~/(~1/Cg). So (a.11) to (a.14) give for 8 #
0:

|Da—5ﬁﬂ(z)| S C’7CE|_)OL+,8|+1(Q!)S/ (,8')8/ eXp(—l Imzl_l/(s_l)/cﬁ)

For 3 = 0, Xa’ 0. is supported in a shell (a.15) when o # 0, or in the whole
ball (£) < sup;(C’|Im zj|/r)7*/=1) when o’ = 0. In the first case we get
the same estimate as with 8 = 0, a = /. For o = 0, choosing
C' > 4Cy we get

‘/6iz§a(£)§a)((z,§)df‘ < C|8a|+1|a\s|a|
and the easily follows. O

Next we show that @ can be chosen to be compactly supported if this
is the case of wu.

Theorem a.3 Let u € G{(R"). Then for all s > s, there exists an
extension & € G§ (C"N{|Imz| < c}), ¢ > 0 small enough, such that u(z) =
u(z) for real z and for some C > 0 :

Ny (9%, T)(2) < Cexp(—|Imz|~7V/C), 2z € C*, |Imz|<c
when T > 0 is small enough.

Proof. We implement the previous construction with a Paley-Wiener type
argument. So let again ¢ = s — s, and ¢ € G(1)+5(C") be equal to 1 in
the polydisc B(0,1) = {z = (21,...,20) € C" ¢ |z1] < 1,...,|2s| < 1} and

~

vanishing outside B(0,2). For instance, we can take (y) = ¢(y1) ® -+ ®
Y(yn), ¥y = (Y1,---,Yyn) € C", and ¢ € G(1)+6(C) rotation invariant. For
(€ C" z¢€ C"and C' > 0 to be chosen later, depending on u, we set

x(2,¢) = ¥(C"(¢)~D/*Im z), where (¢)(*~1)/ denotes an analytic branch
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of exp(%l log(1+¢2+--- 4+ ¢2)) near a point ¢ € C™ such that 1 + 2+
o4 (2 # 0. Assume that suppu C B(zg,7), and let Y € G§(C"™) be equal
to 1 near B(xo,7). By translation, we can assume zg = 0. We define as
above:

(z) = (2n) Y (@) [ (e )t (@17
By a.2, this defines an extension %(z) € G*(C"), i.e. u(z) =

u(z), 2 € R", with compact support. There remains to show that ou
has the right decrease near the real domain, and so we need estimate

[ e#57(&)x(z, £)d€ over supp Y. Set z =z +iy, and p = |y|ﬁ If || >r
we shift the integral into the complex domain. For t € [0,1}, consider the
contours

[i(2) = {Ct =&+ itCOP_l‘x% =def 1=(t,§), £ € Rn}

where Cy > 0 will be chosen suitably. By Stokes’ formula, using that u is
holomorphic,

[ €tz e
-/ O O+ [ eani)

[0,1]xR™

where w = x(z, ()d(. First we estimate u'(z) = fFl(z) e u(¢)x(z, ¢)d¢, and
notice that if u € G§(R") is supported in B(0, ), then u an entire function
in C™ and:

[@(¢)] < Cexp(—(1+[¢)'*/C) exp(rinl), ¢ =€+ in
Using this estimate, we find, possibly changing C:

@=a(Q)] < Cexp(~Cop™ (1- )

|z|
exp(— (1 + €] + Cop ™ z| 1) "/*/C) exp(—¢)
(a.20)

If |€] < p~!, and 7 < |z| < 2r, then we may replace exp(—(1 + |¢] +
Cop~tz|™1)/¢/C) by exp(—p_l/s/C) (with another constant C) on the
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right hand side of (a.20) and if |y| > 0 is small enough, then
exp(—(1+ [€] + Cop™ | ™) /*/C) exp(—y€)
= Ofexp(—p15/C) <1,

and

e a(¢)| < Cexp ~ (000‘1(1 7))

]
This quantity is bounded uniformly by
exp(—|Im 2|~V /¢y, zesupp 8,Y, 2r>|z| >1 >
(a.21)
If |£€] > p~!, and 7 < |z| < 27, but |£] < p~3/C3, Ca > 0 large enough, then
we may replace exp(—(1+[¢]+Cop~|z|71)1/*/C) by exp(—|¢|}/*/C) (with

a new constant C) on the right hand side of (a.20), and we get the same
conclusion as in (a.21). Now we can choose C’ > 0 large enough (see the

proof of a.2), so that (z,() ¢ supp x for |£] > p~5/C,. From
these estimates, and integrating over &, it follows that:

[u'(2)] < Crexp(—|Im z|“1/(s*1)/01),
z €supp 0,Y, 2r > |z|>7 >r. (a.22)

Now we consider the remainder term in (a.18), and compute

W)= [ )
[0,1]xR"

We have:

—C Z 32k¢ Ct = Im z) Imzk(ag <<t>

j,k=1

) Jj(z,&,t)dE A dt

(a.23)
where J;(2,£,t) = O(1) is a jacobian. Replacing ¢ by (;, we get as in (a.20)

e a(¢)| < Cexp(—tCop (1 B L))

|z|
exp(—(1 + [¢] + tCop™ x| ™) /#/C) exp(—y€)
(a.24)

and we need to check that, on supp~}(dw), this can be estimated by
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exp(—l Im z|~1/(s=1)/ Cl) for some Cy > 0. Using the rotation invariance of
¥, we can bound szw(C’(Q> < Im z) in (a.23), by the absolute value of:

By V(C(C) " Im 2)
:5|ZkIJ<CIeXp<S4_Sl

1og((1 +1¢]* - (tp—l)ﬁ—lif
e P(F))) ma) (@2

The intuition is supported by the following fact: when t = 0, (a.24) and
(a.25) show that we can choose C’ > 0 so large that, for some C; > 0

i2Comy A NE T s—1
|€748(¢1) 0y ¥ (C'(G) = Im 2|
< Cyexp(—|Im z|“1/(s_1)/C’1), t=0,
and, by what we just said, this holds again for ¢ = 1. So as above, we

discuss according to the range of values of £&. When |¢| < Cstp™!, where
C3 > 0 to be fixed, we have

exp(—(1 + [¢] + tCop x| ™1)/*/C) exp(-y¢)
= O(exp(—(tp™")"/*/C)) < 1
When tp~! <1, the exponential in (a.25) is bounded, so

Ezkw(C"(Ct)(s—l)/s Im z) = 0 for all k when Im z is small enough, so we may
assume tp~! > 1 and (£) < Cstp™!. If we choose Co > 0 large enough

(depending on Cj), then (1+ |¢[* — (tp™1)? |—fg) +4(tp~1)? (%})2 is com-
parable to (tp”ll%%)Ll, and we may replace the RHS of (a.25) by
= ~ Co\ (s—=1)/s
/ -1+~0
(9|zk|1/)(c (tp |$|> Imzk)

Assume this is non zero for some k. Then, using supp C {1 < |y| < 2},
we get

o(z) < (tp™)*V/* | Im 2| < 2¢(x)

where for r < |z| < 2r, c(z) = (le )(s b/ °/C" is comparable to 1. It is easy
to see that this does not hold for y small enough. So the contribution to
u"(z) of |€] < Cstp™! is zero.
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Let now (£) > Cstp™!. If we choose C3 > 0 large enough, then
exp(—(1 + |¢] + tCop~t|z|~1)}/*/C) is comparable to exp(—(¢)1/*/C) (pos-
sibly changing C' a little). On the other hand, the argument of the log in
(a.25) is also comparable to (£)4, and we may replace the RHS of (a.25) by

Bz, ¥ (C'(€)™D/* Tm )

Assume this is non zero for some k. Then, it is easy to see that choosing
C’ large enough, we have, for some C > 0

[e%4a(¢e)| < Cexp(~ly|~/=V /).

So far we proved the right estimate on (a.25) everywhere. It is easy to see
that we still have a sufficient decrease in (£) at infinity to ensure convergence
of the integral defining u”(z), and

|u”"(2)] < Cyexp(—|Im 2|~V ¢~V /Cy),
z €supp 0,Y, 2r>|z|>7 >r. (a.26)

Now, differentiating (a.17), estimates and give
04(z)| < Crexp(—|Imz|~"V/Cy), z2€C", |Imz| <c

To get the estimate on Ny (0u,T)(z) it suffices to apply (a.11) where we
have replaced x(z,£) by Y (2)x(z, &), and then by Stokes’ formula split each
integral

v 5(2) = / e 5(6) DY BY (2)x (2, €)de

into vy, .,/ 5(2) and vy, ,/ 5(2) asin (a.18). We estimate these terms as above,

which amounts to add the factor £~ in the integrals, and then mimic the

combinatorics of a.2. So the theorem is proved. O

The extension of a.3 to general G*® functions then goes as
follows. Let A > 0 and u € G%(R"™) (where we have extended trivially to
the multidimensional case the definition given in a.1). Consider
a partition of unity » . cz. Xy = 1 on R", where Xy(z) = X(z — g) and
0 < X € G§(R") is supported in a small neighborhood of the cube K =
{x €e R" : |z;] < 1/2, j = 1---n} (see [HOI, Thm 1.4.6]). For each g,
let also Yy(z) = Y (2 — g), where Y € G§(C™) is chosen as in the proof of
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a.3, equal to 1 near K. We set:

i(z) = @m) ™ 3 Yy(2) / &% Xyu(€)x (2, €) € (a.27)

geZn

Because of the cut-off Yy, the sum is locally finite. Because u € G%(R"),
the estimate with X u instead of u is uniform with respect to g € Z™.
So a.3 gives the

Corollary a.4 Let u € G5%(R"). Then for all s’ > s, there exists B > 0,
an extension & € G5(C" N {|Imz| < c}), ¢ > 0 small enough, such that
u(z) = u(z) for real z and for some C > 0:

Ny (3%, T)(2) < Cexp(—|Imz|~YED/0), 2€ C™, |Imz| <ec
when T > 0 is small enough.
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