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Partial regularity of solutions of nonlinear
quasimonotone systems
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Abstract. We prove partial regularity of weak solutionsu of the nonlinear strictly quasi-
monotone system div A (z,u, Du) + B (z,u, Du) = 0 under natural polynomial growth,
assuming that the coefficient function A (z,u, P) is Holder continuous in (z,u) and of
class C! in P, and that A (z,u, P)- P > F (z, P) for some continuous function F which
is strictly quasiconvex at zero.

Key words: partial regularity, weak solution, nonlinear system, quasilinear system, quasi-
monotonicity, ellipticity, natural growth.

1. Introduction

We are interested in the regularity of the vector-valued weak solutions
u € WhH?2 (Q, RN ) of the nonlinear system

div A (z,u, Du)+ B (z,u, Du) = 0, (1)
or, in components,

ZDQ (A (z,u, Du)) + B; (x,u,Du) =0 for i=1,..., N.

a=1

Here € is a bounded open subset of R", n > 2, N > 1, and Du (z) € RV*"
denotes the gradient of u at a.e. point x € ). The coefficient functions A
and B are defined on the set

3=0x RN x RVNxn
with values in RN*™ and R respectively.

Definition 1 We say that u € W2 (Q,RN) 1s a weak solution of the
system (1) if A (z,u, Du) and B (x,u, Du) are locally integrable and

/A(:c,u,Du)-Dgoda::/B(m,u,Du)-gpd:E (2)
Q Q
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for every ¢ € C° (2, R"). In components, (2) reads as

/Q(ZA? (z,u, Du) Dmpi) dr = /Q(ZBZ (z,u, Du) (pz') d.

1,0

The problem of regularity of a weak solution u € Wh? (Q, R") of the
nonlinear superelliptic system (1) has been intensively investigated over the
last 24 years. As we know (see Example I1.3.2 of [5]), we can in general only
expect partial reqularity if N > 1, i.e. Holder continuity of the gradient Du
outside of a closed set of Lebesgue measure zero.

The standard hypotheses are that A (x, u, P) be uniformly superelliptic,
Holder continuous in (z,u) and of class C! in P, and that A (z,u, P), its
partial derivative Ap (x,u, P) and B (z, u, P) have natural quadratic growth
in the variable P, i.e.

|A(z,u, P)| <T(1+|P]), |Ap(z,u,P)| <T,
B (z,u, P)| < a|P[°+b. (3)

Moreover, one assumes the smallness condition

2a sup |u| < 7,
Q

the constant v > 0 being determined by the superellipticity! of the system:

Ap(z,u,P)-((,0) = D DAl (,w, P)GG >y, (@)
i,J,a,08

valid for all (z,u, P) € 3 and ¢ € RV,

We start with a short account of the development of the partial regular-
ity theory for nonlinear systems, always under the hypothesis of superellip-
ticity (see also [5]). The general method of the proof is to compare the given
solution u with a solution of a linear system with constant coefficients, for
which standard elliptic estimates are available. For the direct approach, this
comparison is carried out on an arbitrary ball under a Dirichlet boundary
condition; for the indirect approach, it is shown that a sequence of blow-up
functions wy, € WhH?2 (B RV ), rescaled to the unit ball B, converges weakly

! Superellipticity is often referred to as strong ellipticity or simply ellipticity. We reserve
the term ellipticity, which is also known as the condition of Legendre-Hadamard, for (9)
or (24).
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to such a solution.
Partial regularity of the solutions v € W12 (Q, RY ) of the quasilinear
system

div (A (z,u) - Du) + B (z,u, Du) =0 (5)

was shown, following the indirect approach, by Morrey and by Giusti
and Miranda [11]. A direct proof for this result was later given by Giaquinta,
and Giusti [7].

Partial regularity for the general nonlinear system (1) was obtained by
Giaquinta and Modica [8] and by Ivert [17]. Their direct proofs are based
on a reverse Holder inequality with increasing supports for Du — Py, for
any constant Py € RVX™. This reverse Holder inequality in turn is derived
from Caccioppoli’s second inequality by invoking the higher integrability
theorem of Gehring, Giaquinta and Modica (see [Theorem 3)).

As the higher integrability theorem is rather involved, it is desirable
to find a simpler partial regularity proof which avoids the use of a reverse
Holder inequality. Such direct proofs were supplied for the quasilinear sys-
tem div (A (u) - Du) = 0 by Evans and Giarrusso [2], for the nonlinear sys-
tem div A (Du) = 0 by Giarrusso [9], and for the general nonlinear system
(1) by Duzaar and Grotowski [1]. An indirect partial regularity proof for
(1), which does not even employ a Caccioppoli inequality, was proposed in
[14]. Nevertheless, at the moment it seems that our main result, Theorem 1,
1s unattainable without resort to a reverse Holder inequality.

Superellipticity (4) implies strict monotonicity

(A(z,u, P+ Q) — A(z,u,P)) - Q > ~|Q. (6)

Further, (3), (6) with P = 0, and the Cauchy inequality yield control from
below

A(z,u,P)- P> F(z,P) (7)

by the function F' (z, P) =~ |P|2 /2— const. In the present paper we replace
the superellipticity hypothesis by weaker versions of (6) and (7). Moreover,
as in , we dispense with the growth condition on Ap.

First, we assume strict quasimonotonicity, which is obtained by inte-
grating (6) when @ is the gradient of a test function, and z, u, P are
constants (see Hypothesis 3). Quasimonotonicity is weaker than superellip-
ticity, reducing to superellipticity for n = 1 or N = 1. Also, quasiconvexity
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of a function F': 3 — R is weaker than quasimonotonicity of its partial
derivative Fp: 3 — RNV*". For a further discussion of this concept we refer
to (see also Remark 1(b)). Zhang proved the existence of a weak
solution of the nonlinear quasimonotone system (1). Partial regularity of
such solutions has to date only been achieved for the quasimonotone system

div A (z, Du) + B (x,u, Du) =0, (8)

whose leading part does not depend on the variable u. This was shown indi-
rectly by Fuchs [4], and directly by Frasca and Ivanov [3] and by Hamburger
12].

Secondly, we assume (7) with an arbitrary continuous function F' that
is strictly quasiconvex at zero (see Hypothesis 4). This estimate from below
is the analog of the coercivity condition of Hong in the calculus of
variations. It will be put to use in the proof of Caccioppoli’s first inequality
and subsequent higher integrability of the gradient Du (see [Theorem 4).
While Hypothesis 4 is trivially satisfied for (8) by Remark 1 (a), it is to
be considered as the missing link in the chain to partial regularity for the
general quasimonotone system (1).

Our indirect proof of partial regularity employs the method which was
introduced by Hamburger in the context of minimizers of variational
integrals in establishing convergence w,, — w in VVltCZ of a sequence of
blow-up functions w,, € W2 (B, RN ), which is known to converge only
weakly. This technique has already been applied to nonlinear superelliptic
systems in [14], and to polyconvex variational integrals in [15]. Since we are
not assuming any growth condition on Ap, we need to define sets E, ,, C
B, satisfying lim,, .o | Erm| = 0, where the functions w,, or Dw,, exceed a
certain bound (cf. [6], [10]). A reverse Holder inequality for Du— Py, for any
constant Py € RVN*™, allows us to control the error integral of a rescaled
power of |Dwy,| over the set E, . We show that the blow-up functions
wy, are approximate solutions of suitable rescaled systems. This has two
consequences. First, passing to the limit as m — oo we infer that w solves
a linear elliptic system with constant coefficients. Secondly, we derive the
key estimate

lim sup / G (Yo) - (Dwy, D) dz < | €3G (Yo) - (Dw, Dw)d-.
By

m—00 B'r'

Here ( is a cut-off function, the bilinear form G (Y') depends continuously
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on Y, and the constant function Yj is the limit in L? of a suitable sequence
of functions {Y,,}. We finally deduce from this estimate with the help of

. . .. . 1.2 . .
strict quasimonotonicity that wy,, — w in W . In this manner we achieve

partial regularity of weak solutions of fully nonlinear quasimonotone systems
in divergence form.

For the coefficient function A : 3 — RN *" we shall assume the following
hypotheses, for an exponent g > 2.

Hypothesis 1 We suppose that A(x,u,P) is of class C' in P and of
polynomial growth

|A(z,u, P)| <T(1+|PI"7Y),
and we assume that Ap is continuous.

Hypothesis 2 We suppose that (1 + |P|q_l)_1A (z,u, P) is Hélder con-
tinuous in (x,u) uniformly with respect to P:

A (2,0, P) ~ A(y,0, P)| < (14 P ) (Jul o — gl + Ju — o)

for all (x,u, P), (y,v,P) € 3. Herew (s,t) = K (s)min (t°,1) for0 < < 1
and for a nondecreasing function K (s); we note that w(s,t), for fired s, is
concave, nondecreasing and bounded in t.

Hypothesis 3 We suppose that A is uniformly strictly quasimonotone

/ A (20,40, Py + D) - Dp da > / (kD¢ +~1Dgl?) da
n R‘n

for some K,y >0, and all (xo,uo, Po) € 3 and ¢ € C (R",R").
Hypothesis 4 We suppose that
A(z,u,P)- P> F (z, P)

for all (z,u, P) €3, and for some function F (z, P), satisfying |F (x,0)] < ¢,
which is strictly quasiconvez at P = 0, and for which (1+ |P|?)"" F (z, P)
s continuous in x uniformly with respect to P:

/n (F (zo, Dp) — F (x0,0))dxz > ﬁ/ D|? dz

for some 4 >0, and all zy € Q and ¢ € CF (R”, RN) ;
|F (z, P) = F(y, P)| < (1+ |P|") & (Jz — y])
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for all z,y € Q and P € RNX™ where & is continuous and nondecreasing
with @ (0) = 0.

Remark 1 (a) If A(x, P) isindependent of the variable u then Hypoth-
esis 4, with F (z, P) = A(x, P) - P, is already a consequence of Hypotheses
2 and 3.

(b) If A(x,u,P)= A(z,u)- P is linear in the variable P, i.e. for the
quasilinear system (5), Hypothesis 3 is equivalent to uniform ellipticity

Az,u) - n@EN®E) > 7€ 9)

for all (z,u) € QxRN andn € RV, £ € R™ (see [12]). In general, ellipticity
is weaker than quasimonotonicity.

(¢) If A(z,P)= A(zx)- P is independent of the variable v and linear
in the variable P, i.e. for the semilinear system

div (A(z) - Du) + B(z,u, Du) = 0,

Hypotheses 1 to 4 are equivalent to Holder continuity and uniform ellipticity
(9) of the coeflicient matrix A (x). This follows from (a) and (b).

Example 1 (a) If a coefficient function A verifies Hypotheses 1 to 4,
with n = N < ¢, then so does

A (z,u, P) = A(x,u, P)+ b(x) cof P,

where b is of class C%9, and cof P denotes the matrix of co-factors? of P.
Here we set Fj (z, P) = F (z, P) + nb(x)det P in Hypothesis 4. By the
Piola identity div cof Du = 0, the added expression only contributes a lower
order term to (1) if b is Lipschit continuous.

(b) A nonlinear coefficient function verifying Hypotheses 1 to 4, with
n=N=2 g=4and F(z,P)=(1+~)|P|* is given by

A(z,u, P) = kP + (14 7)|P|* P + n (z,u) det P cof P,
where k,v > 0, and 7 of class C% satisfies 0 < n < 4 (see [12], (1.13)).

It may be helpful to recall the formula

cof Du- Dpdz' A+ Adz™ =) du' Ao+ Adu' ' Ade' Adu™ A Adu”

i=1
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We also assume the coefficient function B : 3 — R" has natural poly-

nomial growth. In order to save ourselves a separate treatment of the case
B = 0, we agree that 2aM = 0 if a = 0 and M = oco. Of course, the
condition for M = oo is void.

Hypothesis 5 We suppose that B (x,u, P) is a Carathéodory function,
i.e. measurable in x and continuous in (u, P). Moreover, we assume that,
for constants a,b € [0, 00] and M € [0, o0],

|B(z,u,P)| <a|P|?"+b and 2aM < min{v,4} (10)
for all (z,u, P) € 3 with |u| < M.
Our first result concerns the fully nonlinear system (1).

Theorem 1 Let A and B satisfy Hypotheses 1 to 5, with exponent q > 2.
Let u € WH (Q,RY), with

sup [u] < M, (11)
Q

be a weak solution of the system
div A (z,u, Du) + B (z,u, Du) = 0.

Then there exists an open set Qg C €2, whose complement has Lebesgue
measure zero, such that the gradient Du is locally Holder continuous in g,
with the exponent 0 < § < 1 of Hypothesis 2:

ue CH (Qo,RY) and L™ (Q\ Q) = 0.

Moreover, the regular set is characterized by

Qo = {xo c0: sug(lumo,ri + |Dug, r|) < 00
r>

and lim inf][ |Du — Dug, |7 dz = 0}.
™0 JB:(zo)

We now turn to the quasilinear case with A (z,u, P) = A(z,u) - P, for
which we restate Hypotheses 1 to 4 with exponent q = 2.

Hypothesis 1* We suppose that A is continuous and bounded:
|A (z,u)| <T.
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Hypothesis 2* We suppose that A is Hélder continuous with exponent
0<d<l.

Hypothesis 3* We suppose that A is uniformly elliptic:
A, u) @ EN®E) >y In® &
for some v > 0, and all (z,u) € A x RN and n € RV, ¢ € R™.
Hypothesis 4* We suppose that
A(z,u)-(P,P)> F (z,P)

for all (z,u, P) € 3, and for some function F (x, P), satisfying |F (x,0)| <
c, which s strictly quasiconvex with constant v > 0 at P = 0, and for which
(1+ |P|2)_1F (z, P) is continuous in x uniformly with respect to P.

Remark 2 Hypothesis 4* reduces for F (z,P) = ~|P|* to uniform su-
perellipticity of A.

For the quasilinear system (5) we then have

Theorem 2 Let A and B satisfy Hypotheses 1%, 3% 4* and 5. Let u €
W2 (Q,RY), with

sup [u] < M,
Q

be a weak solution of the quasilinear system
div (A (z,u) - Du) + B (z,u, Du) = 0.

Then there exists an open set (g C €2, whose complement has Haus-
dorff dimension less than n — 2, such that the solution u s locally Holder
continuous in g, with any exponent 0 < a < 1:

ue () C¥ (Q,RY) and dimy (Q\ Q) <n-—2.
O<axl
Moreover, the reqular set is characterized by

Qo = {xo € Q :sup |ug, | < o0
r>0

and liminf][ | — Uy 7| da::O}.
T'\O Br(SCO)
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If A also satisfies Hypothesis 2* with exponent 0 < § < 1 then the
gradient Du 1is locally Holder continuous in Sy, with the same exponent §:

ue CH (Q,RY).

Proof. The proofs of Theorems VI.1.3 and VI.1.5 of |5] hold verbatim with
ellipticity in place of superellipticity, once the reverse Holder inequality

1/(1+e)
{][ | Du)?1F9) da:} < c][ (1 + lDu|2> dz,
Bpr/a(zo) Br(zo)

for some € > 0 and every ball Br (x¢) CC €2, is known. Here we derive this
inequality from Hypotheses 1*, 4* and 5 (see for ¢ = 2). O
2. A decay estimate for the excess

In what follows, all constants ¢ may depend on the data and on the
number L from the proof of Proposition I. The Landau symbol o (1) stands

for any quantity for which lim,, .. 0(1) = 0; this may in Section 4 also
depend on the numbers 0 < s < r < 1 and § > 0. We write B, (zg) =
{r e R": |z —z¢| <7}, B, = B, (0), and B = B for the unit ball (we also
used the symbol B in (1)). We denote the mean of a function f on the ball
B, (ZL‘()) by

1
To,r — dz = / f e
feo, ]l);?r(wo)f L™ (Br (20)) J By (z0)

In this section we assume Hypotheses 1 to 5 with ¢ > 2. We let u €
W4 (Q, RN), subject to [11}, be a weak solution of the system (1). For the
positive exponent o < §/2 appearing in [Theorem 5, we define the excess of
Du on the ball B, (zg) CC Q:

U (zg,7) = r2 +][

Br(fEO)
The conclusions of [Theorem 1], as yet with exponent « instead of 4,
follow in a routine way from the next proposition (see , pp- 197-199, ,

Section 3, [10], pp. 349-352, [12], Section 5).
Showing that u € C19 (Qo, RN ) with the optimal exponent § requires

a second step. For any open set ¥ CC Qq, we consider v € W4 (Z, RN )

(\Du - Duﬂvw}2 + |Du — Dumo’rlq) dz.
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as a solution of the system
div A (z, Du) + B (z,u, Du) = 0

with the composite coefficient function A (z, P) = A (z,u (z), P). We note
that A : ¥ x RNX? — RNX" gatisfies Hypotheses 1 to 4 with the same

exponent §, as soon as we know that v € C%! (Qo, RY ) Thus, by invoking
Theorem 1.2 of [12], we conclude that u € c19 (Z, RN).3

Proposition 1  Let L > 0 and 7 € |0,1] be given. Then there exist
positive constants ¢; (L) and € (L, 7) such that if

B, (z9) CC Q, |ugyr| < L, |Dugyr| <L and U (zg,7) <€
then
U (zg,7r) < U (xo,7) .

Proof. We will determine the constant ¢y later on. If the proposition were
not true then there would exist a sequence of balls B,  (z,,) CC Q such
that, setting

Um = Uz rms P = Dg,, 1y A2y = U (T, Tm) (12)
we have

|um| < L, |Pnl <L, An\,O, (13)
but

U (T, TTm) > 172%A2 . (14)

We define the rescaled functions

lr‘mAm

Wm (Z) =

for z € B. We notice that

D m m _Pm
Duw,, () = u (x +)\7' 2) ’
m

(Wim)or =0, (Dwm)y; = 0. (16)

(15)

3Theorem 1.2 of has only been proved under a growth condition on Ap, which may
however be eliminated following [6].
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Then (12) m and (14) become

Ao 4 ][lDwm| dz + \& 2][ |Dwy,|? dz =1,

YA, 2 2" 2% 4 ][ IDwm (DmeT‘ dz

+ )\?n"Q][ | Dw, — (Dwn), ,|* dz.
B,

From (16), and the Poincaré inequality we immediately have

m

AT S 1 lwmllwrzgsy < e M2/ [wmllya gy < c

Since a < §/2, we infer from [13) and (19) that
rm O and  AZr/2 N 0.
By assumption on u, we also note that

sup |rmAmwm| <2M +o0(1).
B

We denote the rescaled quantity (z,u,sDu+ (1 —s) Py,) € 3:
Zm (8, 2)

= (Tm +Tm2, Um +TmPm - 2 + T AW, Pm + sAmDw,y,) .

301

(18)

(19)

(20)

(21)

It follows from and (19) that, on passing to a subsequence and

relabelling, we have

Dw,, — Dw weakly in L2 (B, RNX") ,
Wy, — W in L? (B,RY),

A D, — 0 in L (B,RV*");
Aa=D/ap,, weakly in L9 (B,RV*"),
A=2/a, o in L7 (B,R"Y) (for ¢ > 2);

(Zms Um, Pm) — Zo = (@0, uo, Po) in 3,
Zm — 2 in L?([0,1] x B, 3).

(22)
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Now suppose that we can show that w € Wh? (B ,RYN ) is a weak solu-
tion of the following linear system with constant coefficients:

div (Ap (Zy) - Dw) = 0. (23)
We infer from Hypothesis 1 and that

|Ap (Zo)] < ¢,
and from Hypothesis 3 that (23) is uniformly elliptic (see [12]):

Ap(Zo) - (n®@EN®E) > yn@ ] forall ne RN, €€ R™
(24)

Hence, from the relevant regularity theory (see , Theorem II1.2.1, Re-
marks 111.2.2, 111.2.3) we conclude that w is smooth and

][ |Dw — Dwyg ,|* dz < 027'2][ |Dw — Dy 1 |* dz, (25)
. B

where by [16), and (22)

Dwp; =0 and 7[ |Dw|?* dz < liminf][ |Dwn,|* dz < 1.  (26)
JB B

m—00

On the other hand, if we also know that

Dw,, — Dw in L} (B,RV*"), (27)

loc

Ay, 0 in LY

loc

then it would follow from and (19) that

(B,RN*") (for ¢ > 2) (28)

o < e —I—][ |Dw — Dy ,|* dz.

T

If we now choose ¢; > 1 + c2, we obtain a contradiction to and
(26). This proves the proposition. O

The remainder of this work is devoted to showing (23), and (27), (28),
which are the assertions of Lemmas 4 and 5 respectively.
We introduce some further notation. We define the set

P =0 x RY x RV x RV x RV*™,
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Next, we define a bilinear form G (Y) on R¥*" for Y = (z,u,v, P,Q) € 9,
by

1
G(Y):/O Ap (z,u, P+ sQ)ds — 2a|u—v||Q|7?1I,

where I = (-,-) denotes the inner product on RV*". By Hypothesis 1, the
bilinear form G (Y') depends continuously on Y € ). We observe that

1
G(x,u,u,P,Q)-Q:/ Ap (z,u, P+ sQ) - Qds
0
=A(z,u,P+Q)— A(z,u, P). (29)

Therefore, by Hypothesis 1 and Young’s inequality, we infer that

1
/ Ap (z,u, P+ 5Q) - (Q, R) ds
0

=|(A(z,u,P+ Q) — A(z,u, P)) - R|
<c(+|PT+ Q"+ |R|Y). (30)

We end this section by showing that w,, is, to order zero as m — oo, a
weak solution of a rescaled system of inequalities.

Lemma 1 Suppose that A and B satisfy Hypotheses 1, 2, 3 and 5. For
@ € Wl’q (B,RN), with supg |¢| < 0o if a #0, we then have

// Ap (Z 2)) - (Dwm, Dp)dsdz
< 2a/ )\?,;2 | Dwon|T i Am @] dz + e 1 5/2||90||W12. (31)
B

Proof. Rescaling the system (1) we find

/A Dcpdz—rm/BB(Zm(l,z))-godz
for every ¢ € C° (B,R"). So it follows from that

/ / Ap (Z 2)) - (Dwp, D) dsdz

=t / (A(Zm (1,2)) — A(Zn (0,2))) - Dpdz
B



304 C. Hamburger

:/\,‘nlrm/ B(Zn(1,2)) - pdz
B

- )\;ll / (A (Tm + Tm2, Um + TmPm - 2+ "mAmWm, Pn)
B
— A (T, Um, Pr)) - Dpdz = (I) + (II).

By virtue of Hypothesis 2, we estimate the term (II) as follows (using [13),
(19), Holder’s and Jensen’s inequalities in combination with the bounded-
ness and concavity of w (L, -), and the inequality w (L, t) < ct?):

(IT) < c(1+|Pm|q‘1)/\;11]l W ([um|, Tm + Tm | Pl + rmAm [wm|) | De| dz
B
1/2
<et <][ w(L, T + T L + T Am |wm|)dz) el
B

1/2

< -l (L, it ke 7 dz) [llpes
B

< A el -

We next apply the estimate (10) to the term (I) and we use the inequal-
ity (z +y)? < 2z7 + cy?. This gives

(I < )\T_nlrm/ (@ | Py + A Dwm|? + b) o] dz
B

< 2a/ A2 [ Dwm|? rmAm lo| d2 + cA T ol 2 -
B

3. Caccioppoli and reverse Holder inequalities

We recall a simple algebraic lemma (see [5], Lemma V.3.1, [10], Lemma
6.1) and the higher integrability theorem of Gehring, Giaquinta and Modica
(see [5], Proposition V.1.1, [10], Theorem 6.6).

Lemma 2 Let f (t) be a bounded nonnegative function defined for R/2 <
t < R. Suppose that

FO<Of(s)+A(s—t)>+B(s—t) 9+ C

for R/2 <t < s < R, where §, A, B, C are nonnegative constants with
0 < 1. Then
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f <§) <c(8,9) (AR*+BR1+C).

Theorem 3 Let Q2 be a bounded open subset of R", and let f € Li..(Q)
and g € Lt (Q) be nonnegative functions with 0 < s < 1 < t < co. Suppose
that

1/s
][ fdzx < b{][ f?° da:} +][ gdzx (32)
Bpy2(zo) Bp(zo) Bg(zo)

for every ball B (z9) CC Q with R < Ryg. Then f € L' () for any
0<e<e, and

1/(14¢) 1/(1+¢)
{][ f”fdx} < c][ fdzx + c{][ gl+fdx}
Bur(zo0) Bgr(zo) Br(zo)

for every ball Bg (xg) CC Q with R < Ry, and 0 < u < 1, where ¢ =
€0 (n,s,t,b) and ¢ = c(n,s,t,b, u, €) are positive constants.

The next lemma is similar to [6], Lemma 2.1, [10], Lemma 9.1.
Lemma 3 There exists a constant ¢ such that the estimate
|A (x9, uo, Po + P) — A (0, ug, Po)| < ¢(|P| + |P|q_1)
holds for all P € RN*" and (xg,ug, Py) € 3 with |ug| < L and |Py| < L.
Proof. We let K = sups, |Ap| for the compact set
3 ={(z,u,P) € 3:|ul, |P| <L+ 1}.
For |P| < 1, we then have

|A (2o, ug, Po + P) — A(z0, uo, Py)|

1
/ Ap (xg,up, Py + sP) - Pds| < K |P|,
0

while for |P| > 1,
|A (0, w0, Po+ P) — A (w0, uo, Po)| < c(1+ [P|"™") <c|P]".
0

We first prove a reverse Holder inequality for Du (cf. [6], Proposition 2.2
and (2.18), [10], Theorem 6.7 and Proposition 9.1).
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Theorem 4 Let u € W4 (Q, RN) be a weak solution of the system (1),
whose coefficient functions A and B satisfy Hypotheses 1, 4 and 5.
Then Du € LU+ (Q, RN*™) for any 0 < € < €1, and

loc

) 1/(1+¢€")
{f (1+ |Du\q)1JrE da:} < c][ (14 |Dul?) dx
B, r(zxo) Br(zo)

for every ball Bg (xg) CC Q with R < Ry, and 0 < p < 1, where €1, Ry
and ¢ (u, €) are positive constants.

Proof. We fix some ball Bg (xg) CC 2 with R < Ry, and we set ug =
Uzy r- For R/2 <t < s <R, welet (€ C*(Bs(xp)) be a cut-off function
with 0 < ¢ < 1, ¢ = 1 on B;(z9) and [D¢| < c(s—t)™'. We set ¢ =
¢ (u — ug), which by satisfies |p| < 2M. By Hypothesis 4 and (2), we

then have
7 [ Dol do< [ (F(z0, Dg)~ F (a0, 0))do
B B,
S/ F(a:,Dgp)da:anD(Ro)/ |Dp|? dx + cR™
B B,
S/ (A(z,u,Dp) — A(z,u, Du)) - Do dzx
B

—{—/ B(x,u,Du)-tpda:—i—cD(Ro)/ |Dp|? dz + cR™.
s B

8

Thus, by Hypotheses 1 and 5, and Young’s inequality, we obtain
2aM + 20 (R
/ |Dul? dz < 01/ |Du|? dz + = +~w( O)/
Bt Bs\Bt

+c(s— t)"q/ |lu — ug|? dx + cR™.
Br

|Du|? dx

S

We now “fill the hole”, that is, we add ¢; times the left hand side to both
sides and we divide the resulting inequality by 1 + ¢;. This yields

|Du|? dx < 9/ |Dul? dz + ¢ (s — t)_q/ lu — ug|? dr + cR",
B, B

Bt R

where by (10)

2(1M+2(:J(R0) + c1

6 = 1 <1
1+Cl
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for sufficiently small Ry. By an application of Lemma 2, we arrive at
Caccioppoli’s first inequality

/ |Du|? dx < cR_q/ |u — ug|? dz + cR™.
Brj2 Bpr

By the Poincaré-Sobolev inequality, we deduce the estimate with f =

1+ |Dul?, g=0and s = q./g =n/ (n+q) < 1. The result now follows by
[Theorem 3. O

We are ready for a reverse Holder inequality for Du — Fy plus an error

term (cf. [12], Corollary 4.1, [6], Theorems 2.2 and 2.5)%. It provides a
uniform bound in Lfo(

(sce Corollary 1).

Theorem 5 Let u € WhH7 (Q,RY) be a weak solution of the system (1),
whose coefficient functions A and B satisfy Hypotheses 1 to 5.
Then there exist positive constants €, & < 0/2, Ry and ¢ (u) such that

14e 1/(1+e)
{][ (]Du—P0|2+ IDu—Pg\q) dx}
B,.r(z0)

< c][ (IDu—P0\2+\Du—PO|q) dx
Br(zo

1+2a/q
- cRQa{][ (1+ |Du|q)da:}
Bg(zo)

holds for every ball Br (z9) CC 2,0 < u <1 and Py € RV*" with R <
Ry, |ug, r| < L and |Py| < L.

i+6) for the gradients of the blow-up functions w,,

Proof. We fix Bp(z9) CC Q and Py € RV*" subject to the conditions
R < Ry, |ug| < L and |Py| < L, where ug = uz, .

We next fix some ball B, (yo) CC Bpr (x¢). For r/2 <t < s <7, we let
¢ € C° (Bs (yo)) be a cut-off function with 0 < ¢ <1, =1 on By (yo) and

4The efforts of both Giusti and Hamburger to simplify the argument in @ are fruitless:
the estimate in line 14 on p. 337 of the excellent book is incorrect; in the proof of ,
Theorem 4.3, we need to define P (x) by in line 4 on p.274, to add an extra term
|lu — P| to the second argument of w in line 18 on p. 275, and thereafter to complete the
proof as in [6]. This extra term does not occur in our proof of [Theorem 5|, so here we can
follow [13].
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ID¢| < c(s—t)" . We set

P (x) = Uyor + Fo - (T —w0),

p=Cu—-P), v=010-¢)(u-P), (33)
for which

o+v=u—P, D+ Dyp=Du-F,
and

alp| < 2aM + cr. (34)
Hypotheses 2, 3 and 5, (2) and assert that

/B (x1Del* +71Dgl?) da
</,

A (zo,u0, Po + Dy) — A(x0,u0, Po + Dp + D)) - Dy dx

(
/ (9, ug, Du) — A (x,u, Du)) - Dp dzx
Bs

+/ B(x,u,Du) - pdx
B

<c [, (1Del+IDgl"" + 1Dy + Dyl ™) Do da
/ w (Juol, 17 — 20| + fu— wol) (1 + [Dul?™Y) | Dy | da

+/ (a|Dul? + b) |p| dz.
Bs

We estimate the last term, using the inequality (z + y)? < (1+4¢€)xz? +
€) y?, [34), the Poincaré inequality for ¢ on B; (yo) and the Young in-
equality, as

/ (a|Dul? +b) || dazg((1+e)2aM+c(e)R0)/ Dl? da

S S

-i-c(e)/B DY) do + ¢ (¢) rmH.

By choosing € and Ry sufficiently small so that (1 + €) 2aM + c(€) Ry < 7,
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we conclude that

fdargcl/ fda:+c(s—t)_2/ lu — P)? da
B: Bs\Bt Br

+c(s—t)_q/ |u—P|qdaz+c/ gdz
By

r

for the functions
f=|Du— Py)* + |Du— Byl?,
g9 =w(|uol, |z — 2ol + Ju —uo|) (1 + |Dul?) + R.
We note that the definitions of f and g do not involve yg or r. “Filling

the hole” and applying Lemma 2, with § = ¢;/ (1 +¢1) < 1, results in
Caccioppoli’s second inequality

/ fdxgcr_Q/ lu —P|? d£U+CT_q/ |lu —P|? d:c+c/ gdz.
Br/2 B By

Ie

By means of the Poincaré-Sobolev and Hélder inequalities, we deduce, for
s=2,/2=n/(n+2) <1, that

1/s
][ fd:cgc{][ fsda:} —{—c][ gdx
B 2(yo) Br(yo) Br(yo)

for all B, (yo) CC Bg (z¢). Invoking we finally arrive at

-(' 1/(1 |'5)
{ B T }
[I,R( 0)

1/(1+¢)
< c][ fdz+ c{][ gl+€dx} (35)
By, r(z0) By r(z0)

for some exponent 0 < € < ¢ and 0 < u < v < 1. Here the constant ¢ also

depends on u/v and €, and € is the exponent from [Theorem 4.
We next set
€ —¢
(1+¢€)(1+e)
Then, using the Holder, Jensen and Poincaré inequalities, the boundedness

and concavity of w (L, ), and the estimate w (L,t) < ct® we

and 2a =940.
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control the last term of by

1/(1+4€)
{ 7Z gl dIE}
EV[{

B
< c{][ w (|ugl, | — x| + |u — U()l)dZL'}
BUR

, 1/(1+€")
X {][ (14 |Du|?)* dx} +cR
BVR

B
< cw (L, R+f lu — uo| d:c) ][ (1+|Du|?)dx + cR
Bpr Bpr

< cw (L, CR{ ]{% 1+ |Du\q)d:c}l/q>6]{3R (1+ |Du|?) dx + cR

14+2a/q
< cRQa{][ (1 + |Dul?) dx} :
Br
0

Corollary 1 In terms of w,, € W4 (B, RN), we have, for 0 <r <1,

; e Y U+
{][ ([Dwm| + )\;’n_g [Dwm|q> dz} <c(r).
B,

Proof. Substituting , 9 = Tmy, R =1y, p = 1r and Py = P, in
Theorem 4], and using and (19) yields

‘ 14e 1/(14€)
( (1wt + 257 0"
By
<ec(r) ][ (1Dwnl® + X872 | Dwy|) d
B
142a/q
+c(r) /\,_,frf,f‘{][ (1 + | Py + A Dwpn|?) dz}
B

<c(r).

4. Convergence of the blow-up functions

For 0 <r <1 and 8 > 0, we define the sets
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E.m =1{z € By : \p, (Jwm| + |Dwn,|) > B} .
By and (19), we infer that

1B | < B‘QAfn/ (|wpm| + |Dwm|)? dz < ¢872X2, =0(1). (36)

ram

Moreover, by the Holder inequality, and (36), we deduce

/ A2 | Dwpy, |? dz
Erm

|te 1/(14¢€)
: {/ (A2 | Dwp|7) dZ} |Epn| 0¥ = 0(1).
B,

In summary,
/ (A2 + A2 | Dwp|?) dz < cB7° +o(1). (37)
Erm

By choosing for ¢ a test function in and taking the limit as
m — oo, we derive

Lemma 4 The function w € WhH?2 (B, RN) s a weak solution of the linear
elliptic system with constant coefficients

div (Ap (Zp) - Dw) = 0.
In particular, we conclude that w is smooth.

Proof. We fix ¢ € C° (BT,RN) with 0 < r < 1, and 8 > 0. We define
the compact set

3 ={(z,u,P)€3: |u], |P| <2L+ B}

and note that Z,, (s,z) € 3p for every s € [0,1] and a.e. 2 € B, \ E, .
Therefore

sup  |Ap(Zm)| <sup|Ap|=c(B). (38)
(0.1)%(Br\Er;m) 30

We claim by Lebesgue’s dominated convergence that
(1= xE,...) Ap (Zm) — Ap(Zo) in L*([0,1] x B,), (39

where xg,,, is the characteristic function of the set E,. ,,. Indeed, the left
hand side of (39) is bounded and converges pointwise a.e. on [0, 1] x B,, by
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(36), which asserts that xg,,, — 0 in L' (B,), and by (22), and the
continuity of Ap.
As a consequence of (22) and (39), we have

lim / / Ap (Zp) - (Dwp, Dp)dsdz
m—-00 B \Erm
= / Ap (Zy) - (Dw, Dy)dz. (40)

It next follows from and (30) that

Ap - (Dwp, Dp)dsdz

T m

< c/ (A2 4+ A2 | Dwp |9 + A92 |D|?) d=. (41)

For ¢ € C (B,,R"), the right hand side of (31) is easily seen to
approach zero as m — oo. Therefore, using (13), (37) and (41) we obtain

/ / Ap (Zp) - (Dwp, Dp)dsdz
Br\Er m

/ / Ap (Zm) - (Dwy, Dp)dsdz < cf% +0(1).

We conclude by [40) and since 8 > 0 was arbitrary that

/ Ap (Z()) . (D’LU, DQO) dZ S O,

T

and the result follows by replacing ¢ by —. 1

Lemma 5 We have the limits
Dw,, — Dw in L, (B,RV*™), (42)

Ay 0 in LY

loc

(B,RY*™)  (for ¢ > 2). (43)

In the proof we shall make use of the fact that, by [Lemma 4, the function
w and its gradient Dw are locally bounded on B.

We fix 0 < s <r <1land 3 >0. Welet ( € C*(B,) be a cut-off
function with 0 < ( <1, {=1o0n Bs and |D(| < ¢ (r — s)_l, and we define
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the functions

Y = (.Qim + Tmz, Um + TP - 2+ TmAmWm, Um, P, )‘mem) ;

Y = (Tm, Um, Um, Pm, Anl (Dwym — Dw) + Ay (W, — w) @ DC) .
By virtue of [13), (20) and (22), we notice the limits
Yo Yin — Yo = (20, ug, ug, Po,0) in L*(B,D).
We define the compact set

Dp = {(:c,u,v,P,Q) €Y :|ul,v],|P],|Q] <2L+0
+ [Dwll o,y + ¢ (r = s)7H(B+ lwl oo (,)) }

and note that Y;, (2), Y (2) € Yp for a.e. z € B, \ E,,,. Therefore

sup {1G (V)| |G (Vo) |} < sup |G| = ¢ (8,7,9). (44)
Br\Er,m Q-Jﬂ

By the same argument as that for (39), we show that
(1 =XErm) G (¥Ym) = G (Yo) in LP(B,),
(1= x5,,,) G(¥m) = G (Yo) in L*(Br),
for 1 < p < 0o. We then infer by Holder’s inequality and that

/ C2G (Yy) - (Dwy,, Dwy,) dz — | ¢*G (Yp) - (Dwy, Dwyy,) dz
Br\Er,m Br

e/(1+¢€)

< {/ (1= xBm) G (Yn) =G (Yo)\(l+6)/6 dz}

1/(14¢)
X {/ | Dwy, |29 dz}

=o(l). (45)

Similarly, we obtain

/ CQG({/m) - (Dwy, — Dw, Dwy, — Dw) dz
B \Erm

< | ¢2G(Yy) - (Dwy — Dw, Dwy, — Dw)dz +o(1). (46)
B,
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We now insert ¢ = (2 (w,, —w) € W(}’q (B-,R"Y) in (31), for which
Dy = (% (Dwy, — Dw) + 2¢ (wy, — w) ® DC.
By [13), (19), (20), [21]}, (22), [37), and [41), this easily yields

/ C2G (Yy) - (Dwp, Dwyy,) dz
B’I'\ET,TYL

1
= / / C2Ap (Zm) - (DWwi, Dwyy,) ds dz
Bo\Erm J0O

— 2a/ C2 1Tm P 2 + T AmWin| /\21_2 |Dw,,|? dz
BA\Erm

1
< / / CAp (Zy,) - (DWy,, Dw)dsdz + ¢824+ 0(1).
B\Erm J0

We also use (with ¢?Dw in place of Dy, and noting that Ap (Zy) =
G (Yp)) and [45), and we arrive at the key estimate

lim sup/ C*G (Yy) - (Dwmm, Dwyy,) dz
By

m—00

< / C2G (Yo) - (Dw, Dw)dz + cf~2. (47)
B,

According to Hypothesis 3, [13), [29], (30) and the definition of Y;,, we
have

/ (k1D + 7252 | Dgl?) d=

J B,

S )\;”Ll / (A (‘TTTU Um, Pm + ATTL-DSO) - A (:C'rn, Um, Pm)) . D(p dZ
B,

<c / (A2 + A2 | Dol?) dz + / G(Yr) - (D, Dyp)dz,
Er,m Br\Er,nl

where now ¢ = ¢ (w, — w). By [13], (22), [37), and [[46), this gives

/ (/1 |Dwy, — Dw|?* + yA9%2 | Dw,, — Dw\q) dz

S

< / C2G (Yy) - (Dwy, — Dw, Dw,, — Dw)dz +¢872 +0(1).
Br
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Thus we infer, using (22) and [[47), that

lim sup/ (FL | Dwy, — Dw|? + v A% 2| Dw,y, — Dwiq) dz

m—00 s

<(1+4+1-1-1) [ (*G(Yo)- (Dw,Dw)dz+ cf72
By

Bearing in mind that 3 > 0 was arbitrary we conclude that

m—00

lim |Dw,, — Dw|* dz =0,
Bs

m—00

lim Agﬁ/ | Dwy, — Dw|? dz = 0.

s

The last equation implies
lim A;fn-?/ | Dwy,|? dz = 0,
m—0o

S

and we have shown that (42) and (43) hold. O

Acknowledgements I wish to thank Conor Daly and the referee for read-
ing the manuscript.
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