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Pseudo-eigenvalues of W-operators
on Hilbert modular forms
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Abstract. In this paper, we study pseudo-eigenvalues of W-operators on Hilbert mod-
ular forms. In particular, we show that they are roots of unity under a certain condition.
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1. Introduction

Let F be a totally real number field. For a positive integer k, an integral
ideal M of F and a (Hecke) character v, we consider the space Sp(M, ) of
new forms of weight k, level M and character ¢ (see §2 for the definition).
We have operators 7, (W-operator) on Sg(‘ﬂ, ) for each prime p dividing
M (see §2 for the definition and details). For a primitive form f of SP(M, ¥),
we can write f|n, = cg with the corresponding primitive form g and call
¢ = cp the pseudo-eigenvalue of 7, associated to f. In the case that the
p-th Fourier coefficient of f does not vanish, the pseudo-eigenvalue of 7,
associated to f is expressed by the p-th Fourier coefficient of f and the local
Gauss sum ([Corollary 2.7). In the case that the p-th Fourier coefficient of
f vanishes, we have the following theorem in the simplest case.

Theorem 1.1 Let p be a prime ideal of F, f a primitive form of Sg(pe, )
and p™ the conductor of . If 3n < e, the pseudo-eigenvalue A associated
to £ satisfies A% = (v®)*(p®), where « is the order of ¥, as the character
of (op/p™)* and (Y)* the ideal character associated with 1. Moreover if
1 is of finite order, the pseudo-eigenvalue is a root of unity.

In the next section, we will introduce necessary notations for adelic
Hilbert modular forms. In §3, we study twisted forms, since primitive forms
whose Fourier coefficients of level parts vanish may be twisted forms. In the
last section, we prove above theorem in more general case ((Iheorem 4.3).
We note that we consider a unitary Hecke character (possibly of infinite
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order) in this paper.

2. Space of Hilbert modular forms

Let F' be a totally real algebraic number field, F)o the ring of adeles
of F, and F the group of ideles of F. For o € F, we write a > 0 if
« is totally positive and a < 0 if « is totally negative. We denote by a
(resp. h) the set of all archimedean (resp. nonarchimedean) primes of F.
We write F, (resp. Fy,) for the archimedean (resp. nonarchimedean) factors
of Fa. For the prime ideal of F' which corresponds to p € h, we also use
the same symbol p. We denote by F;, the v-completion of F, and by z, the
v-component of x € Fa for v € aUh. For an ideal a of F and p € h, we
denote by a, the topological closure of a in F,. We denote by or and g
the maximal order of F' and the different of F' over Q, and by o, and 9,
(or)p and (0F),. For every a € F5, we denote by aop the fractional ideal
of F associated with a. For an ideal a of F' and p € h, we denote by ord,(a)
the order of a at p. For a € F, we put ordy(a) = ordp(aor). We denote
by m, a prime element of Fj.

By a Hecke character 1 of F, we understand a continuous homomor-
phism of F into {z € C | |z| = 1} which is trivial on F*. For ¢ we denote
by 1y, ¥a, and 9y, its restrictions to F,}, F;* and Fy', respectively. Given 1,
there exists a unique integral ideal f with the following property: ¥,(z) = 1
ifveh zeof and x — 1 € f,; if ' is another integral ideal with this
property, then f' C §f. The ideal f is called the conductor of 1. Let ¢ be an
integral ideal such that ¢ C f. Given a fractional ideal a prime to ¢, we take
an element a of Fy so that a,0, = a, for every v € h and «,, = 1 for every
v|c. We then put 9(%)(a) = ¢(). This is well-defined. We put (9 (a) = 0
if a is not prime to ¢. We call (9 the ideal character mod ¢ associated with
Y. If ¢ = f, we denote 99 by ¢*.

We put G = GLy(F) and G, = GLy(F,) for every v € aUh. Let Ga
be the adelization of G, and G, (resp. Gy) its archimedean (resp. nonar-
chimedean) factors. For v € aUh and an element z € G, we denote by
T, 1ts v-component and also by z, its a-component. For any set X, we
write X? for set of all indexed elements (z,)yca With z, € X. For each
v € a, we take a corresponding injection 7, of F' into R and denote also
by 7, the isomorphism of F, to R. We put G+ = {z € G | det(x) > 0},
Far ={z € Fy|z}» >0forall vea}, Gay = {z € Ga | det(z) € Fayr}
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and Gay+ = {r € GA | za € Gat}. Then we have G4 C Gay by the
diagonal embedding of G to Ga. For z € Ga, we put z* = det(z)z~! and
= (z4)" L

We define the space Sk of ‘classical’ Hilbert cusp forms. Let H be the
complex upper half plane. For

ay by
a = (av)véa = ((Cv dv)) € Gay,
vEa

z = (zv)UEa € H* k= (kv)an € 7,

and a C-valued function f on H?, we put
a(z) = (820 +67°) /(' 20 + d7)) yea >

5 = I (e ).

vEa
(fllke)(2) = J(e, 2) ™ f(e(2))

and denote by Sk the space of all holomorphic functions f on H? satisfying
the following conditions:

(A1) there exists a positive integer N such that f|lxy = f for all v €
SL2(0F) N (12 + N - MQ(OF)),

(A2) f has a Fourier expansion
(fllke) (= Z ca(§

with c4(§) € C for every a € G, where £ runs over all
totally positive elements of a lattice L, in F, and e, ({z) =

exp(2mvV=1) ca &i¥20).
We now define the space of (adelic) Hilbert cusp forms. We take an
element 4 of FX such that dor = 0p and 6, = 1, and put u = <(1) g) For

an element v € G and a C-valued function f on G4, we put

(£17)(z) = £z (uyu™)").

We have f|vy1|y2 = f|y172 for any 1,72 € Ga. Let ¢ be an integral ideal,
k € Z* and ¢ a Hecke character whose conductor divides ¢. We denote by
Sk(c, 1) the space of all C-valued functions f on G A satisfying the following
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conditions:
(Bl) f(az)=f(z) for a € G and z € Gy;

(B2) f| (3 (8’) = o(s)f for s € F;

(B3) flw = ¢y (w)f for w € T'n(c);
(B4) for every x € Ga with 4 = 1,, there is an element g, of Si such
that f|y(z) = det(y)"™g.||xy*(i) for all y € Gay.
Here I'n(c) = [ [, e To(c) and

b b
To(c) = {(‘c‘ d) € GLy(0y) | c € c,,}; for w = (Cc‘ d) € Th,
we put

Yy (w) = ¢e(ac) pr (ap); i=(V-1,...,v/-1)€ H® mecR?

plc

is determined by 1, (s) = %™ for s € F,,. We understand s = []
for s € Fo4 and [ € C2.

We call elements of Sk(c, ) (adelic) Hilbert cusp forms of weight k,
level ¢ and character 9. We note that the space Sk(c,®) is independent of
the choice of § and coincides with that of [5] and [6]. We have

Y(s) = wc(sc)sgn(sa)k|5a|2im for s € Fz;( X H 0:'

vEh

So we see Si(c, %) = {0} unless ¢, (—1) = (—1)* for all v € a. Moreover it
is well known that S = {0} unless k, > 0 for all v € a (cf. [5]).

Let f be an element of Sk(c,v) and put kg = maxyeca{ky}. f has the
expansion

y T

f((6 7))
Y C(Cyor, £)N(Cyor) /% (Cya) 2+ ™e . (Ciya)ea (C2),
0k(€eF

an(SZv)lv

where y € F X, Ya € Fay and x € Fa and ey is the character of the additive
group Fa /F such that es(za) = e.(za). (If (yoF is not integral, then

C(Cyor,f) =0.)
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Now for an ideal q we put
leq = N(q)—k0/2f| (é q?l) , (21)

where ¢ is an element of F\ such that gop = q and ga = 1a. Then f|B; €
Sk(cq,v) and C(m, f|B,) = C(mq~1,f). This is independent of a choice of
q.
We define a Hecke operator T (n) as that of [5]. We have
Cm,f|Ti(m)) = Y $(@)N(a)* " C(mna™>,f).
m-+nCa

Under our notation, we have for a prime ideal p,

'N<p><’°°/2>"1{ > oa(y ) 6 ?)p} it pf,

l€oy/poy
fIT,(p) =<
1 1
N(p)ko/21 3 f|< ) if plc
\ l€op /poyp 0 7/

(2.2)

We denote by Si(c,) the subspace of Sk(c,9) generated by the set
Ua Up {f|Bp | £ € Sk(a,)}. Here a runs over all integral ideals such that
qla, alc and a # ¢; b runs over all divisors of ca~!; q is the conductor of 1.
Furthermore, we denote by S9(c, ) the orthogonal complement of Si(e,v)
in Sk (c, ) with respect to the (Petersson) inner product. (cf. [5], p.651.)

We call an element f € S2(c,v) a primitive form if f is a common
eigenfunction of all T}(n) ((n,c¢) = 1) and C(of,f) = 1. We know that
a primitive form is a common eigenfunction of all Hecke operators (and
adjoint Hecke operators) and

£1T/(n) = C(n, £)f.

Definition 2.1 Let x be a Hecke character of the conductor q. We fix
v € Fy, such that v(q0F)p = 0p. For a prime ideal p dividing g, we put

)= D, xp(vh) ley(vd)7,

be(op/q0p)>
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where e; is the p-component of es. For a prime ideal p not dividing q, we
put gy(x) = 1. We call gp(x) the local Gauss sum. (cf. [7], (A6.3.6).)

We note that gy(x) is independent of a choice of v. We have

8(x) = (Hpe(”)) [Te:(x)

plq plg

where 05 =[], p(P). Here g(x) is the (global) Gauss sum which is defined
by [6], (9.31).

Let f be an element of Sk (¢, ) and x a Hecke character of the conductor
q. For each prime ideal p dividing q, we fix up € F}, such that uy(q0F)y = 0y
and put

Rt = 1, 5 (Dot (111, 1), )

plg

where (vp) runs over [],,(op/qop)™.
We note that f|R, is independent of a choice of (u,) and

E1RY() = XD s~ mpnme (1t ) @),
X a(x) veq-Tozl /o] ( ( 1)11)

where the subscript h indicates the projection to the nonarchimedean part.
(cf. [5], p. 664 and [6], p. 354.)

Lemma 2.2 Let f be an element of Sk(c,v) and x a Hecke character of
the conducter q and b the conducter of ¥x. Suppose that a is the least
common multiple of ¢, qb and q]—[p‘qp. Then f|R,, belongs to Sk(a,vx?)
and C(m,f|R,) = x*(m)C(m,f) for any integral ideal m. Moreover, for an
integral ideal m such that (m,q) = 1, the following diagram is commutative:

Se(e,p) XM, g )
Rxl le (2.3)
Se(evx®) = S(e, ).

Proof. Tt is known that the assertion holds if a is the least common multiple
of ¢, q> and qco. Here cq is the conductor of 1. (cf. [6], Proposition 9.7.)
We may assume q = p’. We have to show that (f|R,)|w = (¥x?)p(a)f|R,
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for w = (g Z) €T'p(a). Put u = (wgép)“l. First suppose det(w) = 1. For

each v € (op/(ng))x, we take ¢, € o, such that d = ¢,(a+ cuvdyp) mod (Wg).
Then v — €,v gives a bijection of (0p/(7}))* and

1 wé,) (a b\ (1 uewd,)
0 1 c d)\0 1

_ [a+cuvd, b+ ’U7T;j(d — &y(a+ cuvdy))
- C d — cueg,vdy

is in I'p(c). Hence

(£] Ry |w) ()
_ x(det(z)) w 1 uvdy w) (z
S S ) (A1 ) @

ve(0p/(m}))

_ x(det(z)) - 0t oww 1 ueyvdy i
o Xl ) (v9ta+ et (5 “17)) @)

So, we obtain (f|Ry)|w(z) = (¥x?)p(a)f|Ry(z) since
Xp (€0) "M p(a + cuvdy) = xp(eu(a + cuvép))_l(xw)p(a + cuvdy)
= xp(d) " (x¥)p(a) = (¥x*)p(a).

Next we suppose w = <(1) 2) €TI'p(a).

(£ Ry|w)(z)
_ x(det(z)d) - 1 uvéy w) (2
e X o (g 1))@

ve(0p/(m3))

0 5 (s 6 )

veE(op/(m}))*

:% Y xp(udv) (fl ((1) “df5”)>(x)

vE(0p/(m)))*
= f|R,(z).
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Therefore we obtain our lemma. d

Let f be an element of Sk(c,v). For an ideal q ((q,c/q) = 1), take
a Hecke character x such that the conductor divides q and x4 = %4 on
(op/q)*. Then we put

(F[n) (@) = x(det(x))(£]b(q)) (=),

where

ordyp q
Tp 0

10 .
( ) , otherwise.
(\0 1

We note that f lné?c is independent of a choice of ;. However it may

(( 0 -1} . o
, if v =y, p|q, mp is a prime element of p,
b(q)v =

depend on 4. So, we sometimes use an operator w9 putting f w9 =
q9,X q9,X
x(6¢)f Inéfgc To simplify notations, if we write Wég)(, we understand that alc

and WCEC,)( = q(?( with q = lea p°™% ¢ and a suitable Hecke character Y.
Moreover we omit (¢) depending on the context.

Remark 2.3 Let x be a Hecke character of the conductor op. Then
(FIni2x)(2) = (|1 Rx) (@) = X(det(2) ) (a).

Lemma 2.4 Let q be an integral ideal such that q|c and (q,cq~!) = 1. For
an integral ideal m such that (m,q) = 1, we have the following diagram:

X" (m)T(m)
—_—

Sk(c’ '(;b) Sk(C,’l,b)
| [ (24)
Sk(c, ¥x?2) HUN Sk(c, ¥X?).

This is easily verified. We can prove the following property by a similar
argument as in the proof of [3], Theorem 4.6.16.

Proposition 2.5 Let f be an element of Sk(c, ).
(1) finiadni% = va(-D) (WD) ().
@)t i = (D) () EMthaa  (a1,02) = 1.
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(3) By 'r)éf;(, we have the isomorphisms:
Sh(e,¥) = S, v%2),  Sk(e,¥) = Si(e, ¥3P).

(4) Let f be a primitive form of S2(c,%) and put f]néc; = Ag with
C(or,g) = 1. Then g is a primitive form of SY(c,vX?) and

{y*oo)cmf) if pfa,

C(p,8) = S (2.5)

(¥X)*(p)C(p,£) if plaq.

Theorem 2.6 Let f be a primitive form of SY(¢,v), and ¢y the conductor

of ¥. For a prime ideal p dividing ¢, we have

(1) If ordy(c) = ordy(co), then |C(p, £)] = N(p)ko=/2

(2) If ordy(c) =1 and ordy(co) = 0, then C(p,£)? = ¥*(p)N(p)*o—2.

(3) Otherwise, namely, if ordy(c) > 2 and ordy(c) # ordp(co), then
C(p,f) =0.

Proof. Suppose that ordy(c) = 1 and ordy(cp) = 0 and x is a trivial char-
acter. We see f|né2< = f|b(p). Putting g = f|T’(p) + N(p)*o/2=1f|p(p),
one can see g € Sk(cp~!,1). Since f is a primitive form, we can write
g = C(p,f)f + N(p)ko/2-1Af It follows that g = 0 and C(p,f) +
N(p)k/2=14 = 0. We obtain the result since A2 = ¢*(p) by the pre-
vious proposition. For other cases, we can also prove by a similar argument
as in the proof of [3], Theorem 4.6.17. O

In the case that v is of finite order, similar results are given in [1] and

[2]. We can obtain the following corollary by a similar argument as in the
proof of [3], Corollary 4.6.18.

Corollary 2.7 Under the same notation and assumptions of above, we
have

(1) If ordy(c) = ordy(co), then £|W,, = Ag where

A = xp(=1)(@%)" (P)N (p°) ™ gy () C (0, ),

with a primitive form g of SY(c,¥x?) and e = ordy(c).
(2) If ordg(c) =1 and ordy(co) = 0, then f|W, 1 = Af where

A=—N(p)"C(p, ).
We note that f|W,; = Af implies C(p,f) = ¥*(p)C(p,f) by Propo-
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sition 2.5. We conclude this section by stating kinds of multiplicity one
theorem. They are proved by similar arguments as in the proof of [3],
Corollary 4.6.20 and Corollary 4.6.22. See also [4].

Theorem 2.8 Let f be a nonzero element of Sk(c,¥). If £|T.(n) = C(n)f
for all integral ideal n prime to c, then there uniquely exist a divisor a of
¢ and a primitive form g € Sp(a,%) such that g|Ty(n) = C(n)g for all n
prime to c. Moreover f € (g|By | qalc).

Theorem 2.9 Let f be an element of Sk(c,v) with C(op,f) =1, and put
f|n£?p =c-g, C(op,g) = 1. Then f is a primitive form of SY(c,%) if and
only if L(s;f) and L(s; f|7)(c)) have the following Euler products:

L(s;£) = [J(1 = Cp, H)N(p) = + 9 (p) N (p)*o~172%) 7,

(s £n'5) = cH (1= Cp, )N (p)~* + " (p) N (p)ro~172) 71,

where p runs over all prime ideals of F'.

Here L(s;f1) =Y, C(n, f1)N(n)~° for a form f;.

3. The twisted newform

Let f be a primitive form of SP(¢,79). We know that a twisted form
f| R, belongs to Sk(a,x?) where a is an integral ideal as in Lemma 2.2. In
this section, we consider whether it is primitive or not.

Theorem 3.1 Let x be a Hecke character of the conductor op and f a
primitive form of SY(c,v). Then f|R, is a primitive form of SY(¢c,¥x?).

Proof. Put g = f|R,. Since
g(z) = x(det(2))f(z), gln'S) 2 = x"(f ') Ry
It follows from [Theorem 2.9 that g is primitive. O

Theorem 3.2 Let x be a Hecke character of the conductor p*, £ a prim-
itive form of S9(c,v) and ¢y (resp. b) the conductor of v (resp. ¥x). Sup-
pose e = ordp(c) = ordp(co) and put t = ordy(b). If t =0 except for a =0,
then f|R, = A~H{(f|Wy %) — (£|W, x|T (p)|Bp)} with A as in Corollary 2.7.
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If t # 0, then f|R, is a primitive form of SP(a,¥x?), where a = cptto—e
(which is the same level as in Lemma 2.2). Moreover if o > e, then
IRy Wy,
C(p>~t,f)

— /oty Bp(OX)
= (¢X)p(—1)(¢x290) (p%) ;p(?) 'N(pa_t)(ko/g)_l f|R¢X’ (31)

and if a <e, then

f|Ry|[Wh,eo
— —\% /(. € gp(SOY) C’(pe—a’f)
= (@) (—1) (¥X%B)* (p A f| R, . 3.2
(@x)p (=) (¥x"?)*( )Gp(X) N(pea)k/2 | Repx (3.2)
Proof. The first assersion is proved by Lemma 2.2, [Proposition 2.5 and

Corollary 2.7. We shall prove (3.1). We fix a complete set A (resp. B, C)
of representatives of (op/(mg))* (resp. (0p/(mk))*, 0p/(m5")). For each v €
A, take (v, m) € B x C such that 1 + (v + mn})v = 0mod (7). Then
v — (v/,m) gives a bijection of A onto B x C. Putting u = (mgdp) " and
u' = (m}dp) 7", we have

1 wvdy 0 -1 ™ 0\ (1 m 1 W'\ )
0 1 )J\m™™ o0 0 x5/ \0 =g™*)\0 1

_ (v —{1+(v’+m7r§)v}/7r§‘)

urs —(v' + m7rf,)

which is in Iy(c). Therefore

f|Ry|Wp ()
B S(det(z x(det(z)mpt*)
1 wvd 0 -1
< T x(m) (516 ) (e 3)) @
oo T
= ¢(dp)p(det(z)) 500

X ZXp(UU) (%(”W;t:)fl <(1) W:an—t> <(1) UIvllép)> (2)

veEA
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_ ox(det(z)
gp(X)
< X el a0 (715 o) (5 “5%)) @

Here we have

©(8p) X (5 ) xp (w0 ) (v) Y (]) (X)) p (w'V")
= (hx’P)* (0°)(©X)p (w'v'm)8p) (X¥ )p (wv Ty Sp)
= (¥x°®)* (") (¥X)p (") (Xt )p(v)
= (¥x*9)* (0") (¥X)p (V') (X®)p (= (v + my))
= (x°®)*(p") (©X)p (V") (x¥), (—')
= (¥x*P)" (") (X)p(—1) (¥X20)p(—v)
= (¥x*®)* (") (¥X)p(-1)

t

and

_ 1 /(. o—t
Z fI (O 7,‘_(! t) - N(pa_t)(k0/2)_1 fITC(p )

meC P
Cp>,f)
N(pa—t)(ko/z)—l )

So, we obtain (3.1). It follows from [Proposition 2.5 and [I'heorem 2.9
that f|R, is a primitive form of SP(a,¥x?) since f|Rgy|Wyy—c yy25 = C -
f|Wep—e 25| Ry for some constant C. For another case, we can prove by
a similar argument. a

Since the proof of (3.1) works even if ordy(c) > ordy(co), we have also

Theorem 3.3 Let x be a Hecke character of the conductor p®, f a prim-
itive form of SP(c,v) and co the conductor of ¥. Suppose e = ordy(c) >
ordp(co). If a > e, then f|R, is a primitive form of S2(a,¥x?), where
a = cp2@~¢. Moreover

(R IWr.p = @0s(~D)WxR) (02 2 g R (3.3)
Ep(X)

Theorem 3.4 Let x be a Hecke character of the conductor p<, £ a prim-
itive form of Sp(c,v) and co (resp. b) the conductor of 1 (resp. 1x). Sup-
pose e = ordy(c) > ordp(co) and put t = ordy(b). If e > 2, t+a <e, f[Ry
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is a primitive form of SH(c,¥x?).

Proof. Our assumption implies that f|R, € Sk(c,¥x?) by and
C(p,f) = 0 by [Theorem 2.6. If ¢t = 0, by Lemma 2.2 and [Proposition 2.5,
we can write f |17(f3)’7 = Af|R, and f|R, is primitive. Now we suppose t #
0. If f|R, is not primitive, by [Theorem 2.8, we can write f|R, = g +
g2| B, with g1, 82 € Sk(cp™,9x?). Thus f|R,|Ry; = g1|Rg. However f =
f|R,|Rx and g1|Rx € Sk(cp~!, ) by and our assumption. This

is contradiction. O

4. Proof of main theorem

Let f be a primitive form of SP(c,%) and ¢o the conductor of 3. We
fix a prime ideal p of F' and put e = ordy(c) and n = ordy(cp). We fix a
Hecke character ¢ such that the conductor divide p° (or p™) and ¢, = ¥
on (op/p¢)* (or (op/p™)*). We assume e > 2, e > n.

We say that a Hecke character y satisfies the condition (V) if x satisfies
that t+a < e where p* (resp. p?) is the conductor of x (resp. ¢x). For such
X, we put

£Vy = IRy lmy? | R
This is well-defined and f|V, = A, f for some constant A, by Theorem 3.4,

and [Proposition 2.5. Especially for A;4, we have f |n‘(,i),(p =
A;if|Rz. We note that [Corollary 2.7 tells nothing about A;g.

Lemma 4.1 Under the above notation, let x; (resp. x2) be a Hecke char-
acter of the conductor p* (resp. p?) and p' the conductor of x1x2p. If € —
i — ! > max{i,l,n}, then we have

fIVXI |VX2 = f|Vid|VX1X2 .

Proof. For u = i, max{i,n}, max{i,l,n}, max{i,!}, max{l,n}, and [, p*
is divisible by the conductor of x1, x1¥, X2, X2¥, X1X2, and X1Xx2y re-
spectively. Therefore x1, x2 and x;X2 satisfy the condition (V). We shall
show

£l Ry, Int(l?,tpr Foxaxe |nl(32<px§ - flnéce)"AR“’XlX? Inéi);‘P(XIX2)2 B

We put u = (w}6,) ™" and w’ = (n}8,) ! and fix a complete set A (resp. A’)
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of all representatives of (o,/ (Wf,))x (resp. (op/ (wé))x). We have

f|Rxl|77(c) §|R¢X1Xz|77(c) 2 ()

peiPx3
_ oxz(det(z))x1x2(mg)
gp (Px1X2)8p (X1)
X 2;4 (ex1x2)p(uv) (x1)p(u'v') (£la'(v)b(p%)a(v)b(p?)) ()
A
and
1 o Booxasa 1M 502 B (2)
_ pxa(det(z))xix2(my)
gp (Px1X2)8p(X1)
X 2;1 (ex1x2)p(wv) (x1)p(w'v") (£]b(p%)a(v)b(p®)a’ (v")) ()
Ve
where
a(v) = ((1) uz&,,) , d (V)= ((1) ulqldp) :
We see that
a'(v)b(p®)a(v)b(p®) (b(p*)a(v)b(p)a’ (v')) !
(1- vv’vrg I R R UV S
( vQU’wge 121 14+ vv'my - l)

which is in Tp(c). Since (1 — vo/mg™*" N2 v g ~i=l =1 mod (mp),

fla’(v")b(p®)a(v)b(p®) = £|b(p°)a(v)b(p®)a’(v").
It follows that

fIRxllﬂ(? 2|R<pxl><z|77(§) 2 =fl77;(;§),<p|chx1le77(? 1X2 2| Ry
pe, X1 Pe,X5 pe,p(x1X2)

g

Lemma 4.2 For Hecke characters x1 and x2, we suppose that x1 satisfies
the condition (V) and the conductor of x2 is op. Then we have for an
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element g of S,?(C, Y),

8 Viixe = Xx2"(P*)8|Vy, -
Proof. We see that

glVX1X2 - g|RX1 lRX2 |nl§290X12X22 |RX2 ’Rsox

= X2*(Pe)g|RxlIU,EZ),¢X12X2|RXz|R<px
= x2" (p°)g|Vy, -

by Remark 2.3 and [Proposition 2.5, O

Now we prove [I'heorem 1.1/ in more general case.

Theorem 4.3 Let f be a primitive form of S2(c,). If 3n < e, (Ay)?** =
(¥*)*(p®), where o is an order of @, as the character of (op/p™)*.

Proof. We see by above lemma,
f|(Vp)® = £|(Via) Vi = (@) (0°)£1 (Vi)™
Hence
f|(Via)** = (¢™)*(0°) - £1(Vp)*| (Via)® = (#)*(5°) - £I(ViaVp)®
= (¢%)"(0°) - £l Moy )™ = (%) (8°) - {p(~1) ()" (p)}°f
= ()" (p)f
by [Proposition 2.5 Therefore we obtain the result. O
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