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Extensions of cyclic p-groups which preserve the irreducibilities

of induced characters
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Abstract. For a prime p, we denote by B, the cyclic group of order p™. Let ¢
be a faithful irreducible character of B,,, where p is an odd prime. We study the
p-group G containing B,, such that the induced character QSG is also irreducible. Set
[NGg(Bp) : Bn] = p™ and [G : B,] = p™. The purpose of this paper is to determine
the structure of G under the hypothesis [Ng (B,,) : Bn]2d < p", where d is the smallest
integer not less than M/m.

Key words: p-group, extension, irreducible induced character, faithful irreducible char-
acter.

1. Introduction

Let G be a finite group. We denote by Irr(G) the set of complex ir-
reducible characters of G and by FIrr(G) (C Irr(G)) the set of faithful
irreducible characters of G.

Let p be a prime. For a non-negative integer n, we denote by B,, the
cyclic group of order p”. A finite group G is called an M-group, if every
X € Irr(G) is induced from a linear character of a subgroup of G.

It is well-known that every p-group is an M-group. Hence, when G is
a p-group, for any y € Irr(G), there exists a subgroup H of G and a linear
character ¢ of H such that ¢¢ = y. If we set N = Ker ¢, then N <1 H and
¢ is a faithful irreducible character of H/N = B,,, for some non-negative
integer n. In this paper, we will consider the case when N = 1, that is, ¢ is
a faithful linear character of H = B,,.

We consider the following:

Problem 1 Let p be an odd prime, and ¢ be a faithful irreducible character
of By,. Determine the p-group G such that B,, C G and the induced character
¢C is also irreducible.

Since all the faithful irreducible characters of B,, are algebraically con-
jugate to each other, the irreducibility of ¢¢ (¢ € FIrr(B,,)) is independent
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of the choice of ¢, and depends only on n.

On the other hand, when p = 2, Iida and Yamada ([4]) proved the
following interesting result:

Let Q denote the rational field. Let G be a 2-group and x a complex
irreducible character of G. Then there exist subgroups H > N in G and
a complex irreducible character ¢ of H such that x = ¢%, Q(x) = Q(¢),
N = Ker ¢ and

H/N 2@, (n>2), or D, (n>2), or SD,, (n>3), or B, (n>0).

Here, .., D, and SD,, denote the generalized quaternion group, the dihe-
dral group of order 2"*! (n > 2) and the semidihedral group of order 2" +!

(n > 3), respectively, and Q(x) = Q(x(g), g € G).
Further, they considered the following;:

Problem 2 Let ¢ be a faithful irreducible character of H, where H = Q.,
or Dy, or SD,,. Determine the 2-group G such that H C G and the induced
character ¢ is also irreducible.

Iida and Yamada ([3]) solved this problem in the case when [G : H| = 2
or 4 and we have solved Problem 2 completely ([6]). In the paper, we showed
that

G = Ng(H) or Ng(Ng(H)),

for all H = @, or D, or SD,,, if G satisfies the conditions of Problem
2. Here, as usual, Ng(H) and Ng(Ng(H)) are the normalizers of H and
Ng(H) in G, respectively. This means that, if we define subgroups of G by

M1 = Ng(H), and Mi+1 = Ng(MZ), for 7 Z 1,
then
HCM CMy=Mz=DM;=---=0G,

for all H =@, or D, or SD,,.
In this paper, we consider Problem 1. We also define subgroups of G by

N1 = NG(Bn), and N'L’—‘,—l = NG(N'L); for ¢ Z 1.
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Concerning Problem 1, N; has been determined by Iida ([2]), and Ny =
N (Ng(B,)) has also been determined under the hypothesis [N : B,]* <
p™ ([8]). For other results, see also [5] and [7].

The purpose of this article is to determine Ny, d = 1,2,... under the
hypothesis [N : B,,]?? < p™.

Remark 1 When p = 2, there are many possible 2-groups which satisfy
the condition of Problem 1 (e.g. @, D, and SD,), and it is difficult to
determine them completely.

Remark 2 In this paper, we will say that “G is the extension group of
N,” when G contains N as a subgroup.

Throughout this paper, Z and N denote the set of rational integers and
the natural numbers, respectively.
2. Statements of the results

For the rest of this paper, we assume that p is an odd prime.
First, we introduce the sequence of “extension groups”:

(0) G(n,m,0) = (a) = B,, with

a? =1
(i) G(n,m,1) = (a,by) with
a?" = b71°m =1, bab;'=a*"", 1<m<n-1).
(ii) G(n,m,2) = (a, by, be) with
a =0 =1, buaby' =a"P"" bgabyt ="y,

n—m n—im

a?’ =b =1, biaby' =a"" " biabyt =a' P b,

B =bi_q, bbbt =bi_y, 2<i<d, (dm<n-—1).
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(d— 1, —|—t) G(n,m,d— 1, —|—t> = <CL, b1,ba, .. .bd_l,b> with

n n—m n—im

a? =b =1, biabi' =aP " biabyt =a'P" b,

b:fm = bi—h bibi—lbi_l = bi—h 2 < { < d— 17

n—(d—1)m—t

bab~t = a1t by Bhasab Tt =bay, B = baos,

(I1<t<m-—-1, (d=1)ym+t<n-1).

By using Proposition 1 below ,we can show that G(n,m,d) (respectively
G(n,m,d —1, +1)) is an extension group of G(n,m,d — 1) for d > 1, when
2dm < n:

Proposition 1 Let N be a finite group such that G> N and G/N = (uN)
is a cyclic group of order m. Then u™ = c € N. If we put o(x) = uzu~!
x € N, then o € Aut(N) and (i) o™ (z) = cxc™!, (x € N) (i) o(c) = c.
Conversely, if o € Aut(N) and ¢ € N satisfy (i) and (ii), then there
exists one and only one extension group G of N such that Gi>N and G/N =
(uN) is a cyclic group of order m and o(x) = uzu™"' (x € N) and u™ = c.

7

Proof.  For instance, see Zassenhaus (]9, III, Section 7]). O
The structure of N; and Na have been determined as follows:

(1) N1 = Ng(By) =2 G(n,m,1) for some m e N, 1 <m <n—1 ([2]).
(2) No = Ng(Ng(B,)) = G(n,m,2) for some m € N, when 4m < n and
2m < M, where [Ny : B,] = p™, and [G : B,] = p™ ([8)]).

To state the theorem, we define the map [ |o : Q — Z, by the following:
[z]o =z ifx €Z,and [z]p =n+1if n <x <n+ 1, for some n € Z.

Our main theorem is the following:

Theorem Let p be an odd prime, and G be a p-group which contains
B,, = (a). Set [Ny : B,] =p™, [G: B,] = p™ and d = [M/m)],.

Suppose that ¢& € Irr(G) for any ¢ € Flrr(B,,). Further, suppose that
2md < n. Then, G = Ny, and the following holds:

(1) G=G(n,m,d) if M = md.
(2) G=2G(n,m,d—1,+t) if M < md, wheret = M — (d — 1)m.
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To show the theorem, we prove Therem A,

Theorem A Let p be an odd prime, and G be a p-group which contains
B,, = {(a). Suppose that ¢© € Irr(G) for any ¢ € Flrr(B,,).

Set [Ny : B,] = p™ and [G : B,] = p™. Then , for any positive integer
d satisfying, 2md < n, and md < M, we have Ny = G(n,m,d).

More precisely, we can show the following

Theorem B  Under the same assumption and the notation as in Theorem
A, we can find the elementsb; € G, 1 <i < d, and the integer sq, (p,sq) = 1,
such that ag = a®* and b; generate N;, that is, N; = (aq,b1,bo,...,b;) =
(ag,b;) (= (a,b;)), 1 <i<d, and the following relations hold

pn - pm - -1 _ 1+pn7m, -1 _ 1+pn7i*m
a; =by =1, biagby” =ay , biagh; " = ay b;_1,

bfm =bi—1, bibi—1b;'=bi_1, (2<i<d).

Remark 3 Conversely, in Corollary 1, we will see that the groups
G(n,m,d) satisfy the condition (EX, B), which is defined in Section 3 of
this paper. Hence these groups satisfy the conditions of Problem 1.

3. Some preleminary results

First, we state some results concerning the criterion for the irreducibil-
ities of induced characters.

We denote by ¢ = (,» a primitive p"th root of unity. It is known that,
for B,, = (a), there are p™ irreducible characters ¢, (1 < v < p") of By,:

¢u(a') =¢", (1<i<p").

The irreducible character ¢, is faithful if and only if (v, p) = 1.
It is well-known that

Aut(a) = (Z/p”Z)* = (C, x Bp—1

where (Z/p™Z)* is the unit group of the factor ring Z/p"Z and C, is the
cyclic group of order p — 1. Further, B,,_ is generated by the element 1+ p
in Z/p"Z.

First, we state the following result of Shoda (cf. [1, p.329)):
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Proposition 2 Let G be a group and H be a subgroup of G. Let ¢ be a
linear character of H. Then the induced character ¢¢ of G is irreducible
if and only if, for each x € G— H = {g € G| g ¢ H}, there exists
h € xHxz=* N H such that ¢(h) # ¢(x~Lhz). (Note that, when ¢ is faithful,
the condition ¢(h) # ¢(x~1hx) holds if and only if h # = 'hx.)

Using this result, we have the following:

Proposition 3 Let (a) = B,, C G, and ¢ be a faithful irreducible character
of B,,. Then the following conditions are equivalent:

(1) ¢@ is irreducible,
(2) For each g € G— By, there exists h € {(a)Ng(a)g~* such that g~*hg # h.

Definition 1 When the condition (2) of Proposition 3 holds, we say that
G satisfies (EX, B).

Let H be a group. We denote by |H| the order of H. For a normal
subgroup N of H, and any g, h € H, we write

g=h (mod N)

when g='h € N. For an element g € H we denote by |g| the order of g.

For the rest of this section, we will show some equalities of the elements
in G(n,m,d).
In G(n,m,1), the following holds

Lemma 1 ([8, Lemma 1])  Suppose that n > 2m, then the following equal-
ities hold for any i,j € Z and l € N.

(i) ab? =t a (mod (@ ™)), (0< s <m—1).
bia?" byt = aP”.

b aib;j _ ai(1+]'pn7m)_

)
(ii)
(iii)
(iv)
(v)

J

1
iv aibjl')l _ az‘l+z’jp"*m(l(l—1)/2)bllj.
a

zleP )p

(
v) ( T =" (0<s<m—1).
For d > 2, we can see the following

Lemma 2  Suppose that 2dm < n, then the following assertions hold for
any i,j,s €L andd e N, 0<s<m—-1, 2<d:
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(i) (@ "y x @) (1<t <d) and (@ "y (BB (the semidi-
rect product of <apn_(d+l)m+s> by (b)) are the normal subgroups of
G(n,m,d), where by = 1.

i) (a't’) = @b’ (mod (a?" "™ x bg_1)), for any l € N.

( ) ( d d 2 Y

km+s n—(d—k)m-+s

(iii) (aiﬁyéps P = g P = "B (mod (aP ) X
(b 1)), forany k€ Z,1 <k <d—1, where by = 1.
(iV) (aib‘(gps)pdm—s _ aipdmfs,
(v) bdapdmb;1 =o',
Proof. We show the lemma by the induction on d.
First, we show the case when d = 2.

(i) Note that

blapn72mb1_1 _ apn72m (1)

by Lemma 1 (ii), and by our assumption that 4m < n. Further, since
boa? byt = (atTP" by )P = a0 TP by Lemma 1 (v), we

have

n—Ilm

bya” b2_1 = <ap"—“"> (1=1,2,3), (2)
and

n—2m _ _ n—2my, n—2m n—2m
baaP b, L= q(tp )p =a” (3)

)

because 4m < n.
Using (1) and (3), we get,

_ n—2m
bhaby ' = ot B, (4)
for any [ € N. So,
S8 . g8 . n—2m-+s _ ;95\ ¢ . s n—2m-+s > A S
P aiby P = (alﬂp bIP )Z = o!(1+ip )bllﬂp

n—m-4s

(mod (a”

) (5)
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for any s € Z,0 < s <m —1, by Lemma 1 (i). Using (2) and (5), we
can show (i).

(i) follows from the fact that byaby ' = a (mod (a?" ") x (b1)).

(iii) Using (5) repeatedly, we have

N . .. n—2m+s _ iipS{14+24... —1 ins
(azbjzp ) azl—l—zgp {1424+ 1)}bijp {1+2+4---+( )}leJp

ail-f—ijp"”m*s (l(l—l)/2)bij10S (l(l—l)/Q)blszS (mod <ap”’m+'* ))

foranyl e N, s€Z,0<s<m-—1.
In particular, we get

n—m-+s

(aibgps)pm = aipmbgpm+s = aipmb{ps (mod (a”
This completes the proof of (iii).
(iv) By (6), we can write

. . s p‘rn . m n—m-+s_ ;S
(a’b)f )" =a® t b,

2m—s
p

for some x € Z. So, we have (a'blf") = a?"", by Lemma 1

(v).

(v) follows from (iv). This completes the proof of the case when d = 2.
Suppose that the assertions of the lemma hold for any e, 2 <e < d—1.
(1) By the induction hypothesis, we have
baa? byt = (a1+p”*dmbd_1)p’ _ g
for any [, (d — 1)m < [. Since 2dm < n, by our hypothesis, we have
n—tm-+s

bga? bt e <apn_tm+s>, (7)

forany t € N, 1 <t <d+1, and

n—dm

—dm n—dmy, n—dm
p" -1 _ ,0+p P = aP
baa b, a a

By the same calculations as in (4), we get



Eaxtensions of cyclic p-groups and the irreducible induced characters 193

1 —1 . 1+lpn—d'rn 1
bdabd = aQa bd—l‘

for any [ € N.
In particular, we kave

Jp° 3 —gp° _  14jptTdmtey jp®
b ab, =a by 4.

Since

n—(d—1)m+s n—(d—1)m+s

Jp° 1 —ip® _ _1+ijp ip® — p
b} jab’l =a b} o =a (mod (a

> X <b§—2>)7
for 5,7 € Z, 0 < s <m — 1, by the induction hypothesis, we have

Jp° ip—ip° _ (, 14gpnTdmEe gpt T i(14gpn T Im ) igp®
by’ a'b,”" = (a bily) =a biy

(mod <apn7(d71)m+s

) % (Vo)) (8)
Therefore, we can write

Jp° ip—ip° _ i(14gpn T ) fapn T (AT mEs i5p®  yp®
b a'b, =aq bilibg s,

for some x,y € Z, and so, we have
a_ibépsai € <apn_(d+l)m+s> . <bfls>. (9)

By using (7) and (9), we can see that (a?” “"7"7) . (b7°) is the
normal subgroup of G(n,m,d). For t < d, (i) can be shown by the
induction hypothesis and (7).

follows from the fact that bgab;' = a (mod (@ ") x (bg_1)).
Using the equality (8) repeatedly, we have

(aibéps)l — ail+ijp"_dm+s(l(l71)/2)bfijfi(l(l—l)/mbfijiﬂs

n—(d—1)m+s

(mod (a” ) % (Bh_,)),

for any [ € N.
In particular, we have
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(aibgps)pm = aipmbzlpm+s = aipmbzlgl (mod <apn7(d71>m+s

) % (bh_2))-
So, we can write

ijp5 pm . 7;p1n<i>xpn—(d—1)7n+5 jps yps
(a by ) =a by—1bg_s

_ aipm-i-mp"*(d*l)"“rs bjps+ypm+s
- d—1

)

for some z,y € Z.
Then, by the induction hypothesis, we have

km

i1.7 ; —(d— - (k—1)m
ipip®\P _ ip™ +xp” (d=1)m+s ]p3+ypm+s P
(a by ) = (a blP | )

ipPT fgpn T (ARt bi‘lpslzryp’"“

a

i km _ ;.8 n—(d—k)m+s S
a® by, (mod (a” ) X (V1))
for k€ Z,2 < k < d— 1. This completes the proof of (iii).
(iv) In particular, we have

PN (d—1)m . —1Ym _ .8
(a’t??)? =q?" " bi?  (mod (a?

n—m-+s

))-

So, we can write

.8 (d=1)m . (d—1)m n—m-+s _ 4
p
O E e

E]

)

for some x € Z. Therefore we have
(@ )" ="
by Lemma 1 (v).
(v) follows from (iv). O
Corollary 1 Suppose that 2dm < n, then G(n,m,d) satisfies (EX, B).
Proof. Let g € G(n,m,d). Write g = a"bips, 1<k<d 0<s<m-—1,

(4,p) = 1.
Then
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gag™" = (a0 Ya(a'b}?") " = al (@B Yo

) % (B)_,)).

. n—km+s _ ;5 n—(k—1)m+s
= q!tiP b, (mod (a?

So, we can write

-1 _ 1+jpn7k'm/+s+m0pn7(k7l)ers jpS yopS
gag ~ =a by— 1675

_ al_,'_pnflc'm«l»s(j+x0p7n)bis({+y0pm)

for some xg, yo € Z. If we set 1 = j + zop™, and y; = j + yop™, then

-1 _ 1+x1pn—k'm+s y1ps
=a by,

gag ~1>

and (z1,p) = (y1,p) = 1. So, gaP g~! = (a1+m1pn7km+sbzl_pf)pl € (a) if and
only if I > (k — 1)m — s, by Lemma 2 (iii), (iv). Therefore we have

glayg™ N {a) = (a?" .

Since
ap(kfl)*mfsg_l _ a(l_"_l,lpnfka»s)p(kfl)mfs
_ ap(k—l)'m—s_,’_xlpn—m 7& ap(k—l)m—s7
the proof of Corollary 1 is completed. O

4. Proof of Theorem B

We show Theorem B by the induction on d. For d = 1, we can show the
assertion by the direct calculations, and for d = 2, we have already shown
it in [8].

Suppose that the assertion hold for any e, (1 <e <d—1).

We use the same notations as in Theorem A, that is, sy_1 is the integer
and b; (1 < ¢ < d— 1) are the elements in G such that ag_; = a®-!
and by, ...,bs—1 generate Ny_1, Ny_1 = (ag—1,b1,b2,...,b4-1) = (ag,ba—1)
(= {a,bq—1)), and the following relations hold



196 K. Sekiguchi

Ay 1= 17 biad,lbi =045 7 bifl,

bfm = bifl, bibz‘flbi_l = bi*la (1 <1< d— ]')

Let f : Ny — N4/Ng—1 be the natural epimorphism of groups. For
g € Ng, we write o(g) for the order of f(g) in Ng/Ng—_1.

Define p'® = max{o(g) | ¢ € N4}, and take an element gy € N, such
that o(gg) = p'®. Hereafter we fix the element go.

Without loss of generality, we may assume that ag_; = a®¢-* = a.

We can show the following;:

Claim 1

(1) For any g € Ny, there exist integers r;, 1 < i < d — 1, such that the
following equalities hold:

(a™g)bi(a™g) "t =b;, 1<i<d-1 @
Further, we can write
(a’"dflg)a(a””g)_l — a1+kdpn7<d71)m—tbfidf:t7t’ (II)

where kq, lg are the integers such that (kq,p) = (la,p) =1 and o(g) =

pt.

(iii) Ny is generated by a,bq—1 and go, that is, Ng = {a,bq_1, go)-

Proof. (i) (I). We show (i) (I) by the induction on i. When ¢ = 1, the
proof is essentially the same as that of Claim I of [8], so we omit it.
Suppose that there exists an integer r;_1 such that

(a" ' g)bi—1(a" 1 g) " =bi_1.

Without loss of generality, we can assume that gb;_19~! = b;_;.

1 p(dfl)m

= a™by',, then (z1,p) = 1, because (a™'b}" ;) -
1

Write gag™

axlp<d71)m

and the order of gag™" is p™.

Since the order of gb;g~! is p'™, by Lemma 2 (iii), (iv), we can write
gbig~! = a*b!, for some k,l € Z.

Then
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bi—1 = gbi—lgil = gb?mgfl = (Gkbé)pm = akpmbéfl

(mod <apn7(i71)m) X (bj_2)),

by Lemma 2 (iii).
Therefore we have
nf(ifl)m)_

=1 (modp™) and kp™ =0 (mod p

So, we can write | = 1+ [;p™, k = kip"~ "™ and

n—im

_ n—im 141 m
gbig~t = aMP by TP = ghp b by,
for some ki, l1 € Z.
Since
n—im_ _q 1+ n—im n—im n—im
biap bz = (CL p bifl) =a? s

by our assumption n > 2dm and Lemma 2 (iv), we have

1 (aklp"*mblwlpm)p’”

bi1=gbi_1g” " = gbt g~

Eapm~ O D™ 14l p™ _ kp
b, =aqa

n—(i—1)m 1
b bios.

Therefore we get
k1 =0 (mod p(i_l)m), l; =0 (mod p(i_Q)m).

So, we can write I; = lopl=2" kg = kopli—D™ and

gbig™' = a"P" b0,

for some ko, l5 € Z.
Taking the conjugate of both sides of the equality, biabi_l

a*P" by by g, we get

(@b ) () =

1+pn—z‘7n
— Y
G R
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n—im

Since (a™ b9 )P Tb_y = a™P

'bi—ly and

(amlbzl_l)bi—l — arl(l-‘rp B )bzl—l

(akzp”_mbl12 bi) (am bgl_l) (akzp"_m bll2 bi) -1
= b2 { (""" b,y ) el Vbt

1 l n—1mm 1 n—im "El
— {a( +2p™ ™) (1+p )bi—l} bgl »

we have

{0y, (T, (10)

So, we get
{a(1+l2p""")(Hp"‘“")bi_l}“_1
_ awl(lern_im)bi_l{a(1+l2pn_m)(1+pn_im)bi_1}_1 c <a>

But (a(1+2p" ™4™ ")y, )9 € (a) if and only if | > (i—1)m, by Lemma
2 (iii), (iv).

Therefore we must have z; — 1 =0 (mod p(i=—1™).

Write 21 =1+ xgp(i_l)m for some x5 € Z. Then we have

{a(1+l2pn_m)(1“’“_m>bi_l}‘“

(i—1)m

— {a(1+zzp“*’”>(1+p“*“")bH}W

14+lop™ ™) (1 n—im
{a( +l2p™ ™) (14+p )bifl}
(i—1)m n—m n—im n—m n—im
— q%2P (I+l2p™™ ™) (1+p ){a(1+lzp )(1+p )bifl}

— aml(1+12Pn7m)(1+P”7im)bi_1. (11)

By (10) and (11), we have I3 =0 (mod p™), and so

—m

gbig~! = ak2P" blfbi = ak2P" "y,

Note that

(i—1)m _ _ n—im p<i71)m n—imy, (i—1)m (i—1)m n—m
b;aP b; ( 1+p bi—l) a(1+P )p — P +p )
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So, if we take r; = kop"~"D then

(i—1)m (i—1)m

(an‘g)bi(amg)—l — akzp gbig_la_k”’ _ bz

This completes the proof of (i) (I).

(ii) Let g be an arbitrary element in Ny, and write o(g) = p'. If we set
g1 = a"—g, then gibg_19; ' = bg_1 and o(g1) = o(g) = p*. To prove (ii),
we show that t < m.

Write giag; ' = a®b}j_,, for some z,y € Z.

It is easy to see that

n—(d—1)m

g1 ((a? ) x (ba—a))gi = (@Y x (bas).

Since

n—(d—1)m

> X <bd—2>)¢

bd_lab;_ll =a (mod (da”

we have

glajgl_l = (al’bz_l)j = aw]b:glj_l (mOd <apn—(d71)m

) % (ba-2));

for any j € N. Therefore we get

l =1, 1 n—(d—1)m
=a” bg(_wl el (mod (a”

) % (ba-2));

gtagy!

for any [ € N.
In particular,

glagr™ = a0 T (mod (@) x (basa)). (12)

t
Since ¢ € N4—1, we must have

n—(d—1)m

) % (ba—2)).

gftagl_pt =a (mod (a”

Therefore

-

2? =1 (mod pn~(d=bm) (13)
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and
y(xpt—l +--+x+1)=0 (modp™).

By (13), we can write x = 1 + 2op”~ (=Dt for some z € Z.
So,

t

ptfl . CCp -1 . ¢
y(:): +'--+$+1)—y . = yp'v, (14)

1

for some v € Z, (p,v) = 1.
Suppose that t > m + 1, then

y(mpt_1*1 +it o+ 1) = yptilq}l =0 (modp™).

for some vy € Z, (p,vy) = 1.

This means that gftilagl_p e Ny_o and ngl € N4_1, which contra-
dicts our hypothesis that o(g) = p’. Therefore we must have ¢t < m, and the
proof of (ii) is completed.

(i) (IT) By (12) and (14), we can write y = yop™ ! and

-1 o 1+w0pn7(d71)mft yopm—t
grag, ~ =a b1
for some yy € Z.
Since
n—(d—1)m—t _1 1 n—(d—1)m—t m—t, pn—(d—1)m—t n—(d—1)m—t
p _ +zop Yyop __ 4P
qg1a 91 = (@ by ) -

by Lemma 2 (iv) and by our assumption n > 2dm, we have

t—1 t—1
ag; p — glt®op

n—(d—1)m—1 m—1
Yop
por” "

t—1
But glff ¢ Ng_1, we must have (p,yo) = 1.
Suppose that (p,xg) = p, then we can write o = z3p, for some x3 € Z,
and

t—1 _ o t—1 n—(d—1)m m—1
p p _ 14z3p Yop
g9, agq =a b .
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If we put go = bgffngtil, then go & Ng_1.

n—(d—1)m n—(d—1)m

Since bq_1a” bl =aP . we have
-1 _ 3—=x3 1+x3pn—(d—1)m yopm—l T3
g2a9, - =by"3a bor b
o 1_m3pn7(d71)'m/ s x3pn7(d71)m/ yop™ !
B (a bd72) (a ) (bd71 )

_ g—m3yop™ t s (yo—zsp)p™ !
=ab, 503" =ab;", .

By Lemma 2 (iii), (iv), we have

m—1

) € (a),

(sa9")" = (abfe 7"

if and only if 1 > (d — 2)m + 1.
Therefore we have

gala)gs ' 0 (a) = (a? T,

Further,

(d=2)ym+1 _q (yo—z3p)p™ 1 pld—2)m+1 (d—2)m—+1
P _ 0 3P)p _ P
920 9o = (aby; ) a

by Lemma 2 (iv).

This contradicts our hypothesis that G satisfies (EFX, B). So, we must
have (zg,p) = 1. If we set kg = x¢ and l; = yo, we complete the proof of (i)
(1I1).

(iii) Take an arbitrary element u € Ny. Let o(u) = p™. Then, by (i),
we may assume that

uau

-1 _ 1+h1pn*<d*1)m*t1 h2pm*f«1
=a b,* ,

and
ubju~t = b, 1<i<d-—1,

where (p,h1) = (p,ha) = 1. Since t; < ty, we can take an element w €
to—t
(a,bg_1,9°" ") such that
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w-law = gltupt T biﬁ)’l"*tl,
and
wlbw = b;, 1<i<d-—1,
where (p,l1) = (p,l2) = 1. Let ¢ be the integer satisfying loc = —ho

(mod p(d=2m+t) and set w; = w®. Then (p,c) = 1,

-1 - 1+llcpn—(d71)m—t1 lgcpm7t1 - 1+llcpn—(d71)m—t1 —h2pm711
w; aw; =a b =aq b, "7 ,

and

-1
wq bg—1wi = bg—1.

Therefore we have

1+h1pn—(d—1)m—t1 th'm*h
a b,*

wi ™ (uauHwy = wi Jwi

n—(d—1)m—ty
— a1+(l1c+h1)P c <CL>

This means that wflu € Ny, so we must have u € (a,bs—1,90). This
completes the proof of (iii).
Next, we show the following:

Claim II  Let a,b;, (1 <i <d—1) and go be the elements as in Claim
1. Then there exist integers zy, zo, and the element w € Ny_q such that
(z1,p) = (22,p) =1, and a1 = a**, b;, (1 <i<d—1) and b = wgi* satisfy
the following relations:

pn . 1 . 1+pn77‘,m 1 .
ap =1, bia1b; =a; bi—1, bibi_1b; " =b;_1,

Wi=b, (1<i<d—1)

(2

-1 _ 1+pn—(d—1)1n—t0 an—tO -1 _ to .
balb = aq bd—l s bbd_lb = bd—la bp = bd—l;

where, by = 1.

Proof. 1In this proof, we use the notations ¢t and ¢ instead of t; and gy,
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respectively. First we consider the element g”t(e Ng_1).
By Claim I, we may assume that

-1 _ 14k n—(d—1)m-—t ldp7n_t
gag~t = a'thar bty (15)

and
gbig™! = by, 1<i<d-1,

for some kg, ly € Z, (kq,p) = (la,p) = 1.
By Lemma 2 (iii), (iv), we see that

ga” 9! ¢ (a),
forany e N, 1 <1< (d—2)m+t—1, and
gaplg—l — a(l—irkdp“*("l*1>m*t)pl7

for any 1 € N, (d —2)m +t <. So,

ga’' g7t =a”,
if and only if (d — 1)m +t <.
Since gpt € Ng_1, we can write gi"t =a"b;_,, for some 71, s € Z. Since

d—19 ~ = bq—_1, we have ga’" g™~ = a"'. So we can write
b V=b4_1, weh gt =a". S t
t (d—1)m+t
y 2 T2p S
g =a d—1»

for some ro € Z. Therefore we have

t t (d—1)m+t (d—1)m+t —1
D Iy — T2p s rop S
g ag = (a bd71)a(a dfl)

A S (16)
On the other hand, by (15), we have

t ot n—(d—1)m
" ag”? = qltkap bild—z' (17)
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Comparing (16) and (17), we get

(d72)m).

(@=Umy and lgy=s (modp

kqg=s (mod p
So, we can write
ka=s+ fip V™ and lg = s+ fopldD™, (18)

for some f1, fo € Z.
Thus we can write

By (18), we have
la = kg — fipld=Dm 4 fopld=2m

and

-1 _ 1+k pn—(d—l)m—t ldpm—t
gag  =a " bi"
_ al-‘rkdp"’(d’l)m’tb{kd—flp(‘#1)m+fzp(d72)m}pm7t
- d—1

m—t

_  Akgpn T @TDm Tt kg™ T fap
=a At

So, we have

(d—1)m 1 (d—1)m 1+Ek n—(d—1)m—t
gaP g l=a? {1+kap }7

and

la'f‘p<d71)mg—l _ arp(dfl)m{1+kdpn7(d71)mft}l

(d—1)m n—(d—1)m-—t
—q'P {1+lkap H (19)

for any r € Z and | € N. By using (19), we get

(arp<d—1>mg)z _ azrp“*l)mark:dp"*t(l(z—l)/mgl’ (20)
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for any r € Z and | € N. In particular, we have

(d—1)m | p? (d—1)m+t ¢t (d—1)m—+t (d—1)m+t
p
(a 9)

k
— P g" =a'? a’2P pha

So, if we put g = a~"2""""" g, we get

¢ B d—1)ym—t m—t
Pt 1ka qlkap™” ( kdp fap
9o = bdfl, g2a92 P b bl

)

gabigy T =bi, 1<i<d-—1,
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Let v; be the integer such that kgv; = 1 (mod p@=Y™+) and set g3 = g5'.

Then the following equalities hold:

g§ = gé’“’ = bkdvl =bg_1, gabigz'=0bi, 1<i<d-—1,

1+kdv1pn (d=D)m— tbkdvlp b{2U1PM7t

gsags " =
n—(d—1)m—t 'rn t m—t
— gltp bf2U1p _
_ (d—2)m n—t n—t
Further, let a; = o'~ /201 . Thena] =a? | and
(d—2)m

gza1gy t = (gza= 27" g2 1) (gzags )

(d—2)m

—(d—1)m—t —
_ (al+p bp bf2’Ulp ) favip

m—t

. 1+pn—(d—1)7n—t p f2U1p
(a by_q b1 )

{a(1+pn7(d71>m7t)(—f2mp(d72>m)bl—fzvlpmft }
(@ ™) (mod (@)

n—t

n—(d—1)m-—t _ (d—2)m m—t
= o(1tP )(1—fav1p )bz_l (mod (a”

1 n—(d—1)m—t m—t n—t

=a” by, (mod (a” )
1 n—(d—1)m—t m—t n—t

=a;"” bg_y  (mod (af ).

So, we can write

)
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-1 _ 1+pn—(d—1)m—t+ypn—t pm—t
gsaigs = G, by

for some y € Z. It is easy to see that
a =1 and b =al™ by, 1<i<d-1

Finally, if we set b = b;ypm_tgg, then we have

-1 _ _ypm—t 1+pn—(d—1)7n—t+ypn—t pnz—t ypm—t i 1+pn—(d—1)7n—t pm—t
bayb~! = b, (a1 vy )0 =ag i1

and

t

= (0" ) = =bay, bbbl =0 1<i<d-—1.

Thus the proof of Claim II is completed. 0

We can easily see that
<a1>:(a> and <a1,b1,...,bd_1,b>:<a,b1,...,bd_1,go> :Nd.

We will complete the proof of the Theorem B, by showing the following:
Claim III ty=m  when [G: Ng_1] > p™.

Proof. We use the same notations as in Claim II, that is, Ny =

{(a1,b1,...,bq_1,b), and |Ng/Ng_1| = p'. For simplicity, we write ¢ and

a instead of ty and ay. Suppose that t < m — 1. Take an element

u € Ng(Ng) — Ng such that u? € Ng. By the same way as in the proof

of Claim I, we can assume that ubu=! = b, ubju=' =b;, 1 <i<d— 1.
Further we can see that

u((a?

t t

Du = (@) @),

n—(d—1)m—t m—

) x (bg_y

by using Lemma 2 (iii), (iv).
Let uau™! = a®bY, x,y € Z. Then we have

wPau P = g pr" T et = af pu((aP 1)/ (2-1))

t

(AR

(mod <apn—(d—1)7n—t
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Since uP € Ny, we must have
P =1 (mod pn_(d_l)m_t),

and

y(xp — 1) =0 (mod p™).

r—1

So, we can write £ = 1 + z1p"~ (@=D™m=t=1 for some z; € Z. In this case,
we can write x;:f = pz for some z € Z, (z,p) = 1. Therefore we must have
y = 0 (mod p™~1). But this fact means uau=! = a®b¥ € Ny_;. On the
other hand, ubju=! =b; 1 <1i < d—1, so we have u € Ny, which contradicts

our hypothesis that u ¢ Ny. This completes the proof of Claim III. O

5. Proof of Theorem

If M = md, then, by Theorem A, we have N; = G(n,m,d). But
G : By,| = [G(n,m,d) : B,]. So, G =Ny = G(n,m,d).

When M < md, we have Ny_1; = G(n,m,d — 1), by Theorem A. By
Claim I (iii) and Claim II, we can see that Ny = G(n, m,d —1,+t), for some
t,1 <t <m—1. But, by the same argument as in Claim III, we must have
G = Ny. Comparing [G : B,] and [Ny : By,], we have t = M — (d — 1)m. O

Acknowledgments The author would like to express his gratitude to the
referee for his careful reading and pertinent suggestions.

References

[1] Curtis C. and Reiner 1., Representation theory of finite groups and asso-
ciative algebras (Interscience, New York, 1962).

[2] lida Y., Normal extensions of a cyclic p-group. Comm. Algebra 30(4)
(2002), 1801-1805.

[3] Iida Y. and Yamada T., Extensions and induced characters of quaternion,
dihedral and semidihedral groups. SUT J. Math. 27 (1991), 237-262.

[4] TidaY.and Yamada T., Types of faithful metacyclic 2-groups. SUT J. Math.
28 (1992), 23-46.

[5] Sekiguchi K., Irreducibilities of the induced characters of cyclic p-groups.
Math. J. of Okayama Univ. 41 (1999), 27-36.



208

[6]
(7]

[8]

K. Sekiguchi

Sekiguchi K., Extensions and the irreducibilities of induced characters of
some 2-groups. Hokkaido Math. J. 31 (2002), 79-96.

Sekiguchi K., Extensions and the irreducibilities of the induced characters
of cyclic p-groups. Hiroshima Math. J. 32 (2002), 165-178.

Sekiguchi K., Eztensions and the induced characters of cyclic p-groups.
Comm. Algebra 35 (2007), 3611-3623.

Zassenhaus H., The theory of groups (Chelsea, New York, 1949).

Department of Mathematics and Science
School of Science and Engineering
Kokushikan University

4-28-1 Setagaya Setagaya-Ku,

Tokyo 154-8515 , Japan

E-mail: sekiguch@kokushikan.ac.jp



