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Bifurcations of holonomic systems
of general Clairaut type
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Abstract. In the previous paper [20], we have classified generic holonomic systems
of general Clairaut type. The notion of holonomic systems of general Clairaut type is
one of the generalized notions of the classical Clairaut equations and Clairaut type. We
give a generic classification of bifurcations of them as an application of the theory of
complete Legendrian unfoldings and transversality theorem. In the list of normal forms,
the Lagrangian equation appears. Moreover, there appears several new equations.
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Legendrian singularity theory.

1. Introduction

In the classical theory of first order differential equations the notion of
classical (or, smooth) complete solutions plays an important role (cf. [3], [6]).
The Clairaut equation (Alex Claude Clairaut [4], 1734) is one of the typi-
cal example of first order differential equations which has a classical com-
plete solution and a singular solution such that the singular solution is
the envelope of the family of hyperplanes given by the complete solution
(cf. [16], [17]). In this paper, we consider systems of first order partial
differential equations with classical complete solution like as the Clairaut
equation which is called a system of general Clairaut type. In particular,
the system of general Clairaut type with regular property which is called
a system of Clairaut type has been investigated in [13, 18]. Also in the pre-
vious paper [20], we have classified holonomic systems of general Clairaut
type. The next problem is to consider the bifurcations of these systems. We
give a generic classification of one-parameter families of holonomic systems
of general Clairaut type in any dimension as an application of singularity
theory (see, [1], [15], [21]).
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Since our concern is the local classification of differential equations, we
can formulate as follows (cf. [13], [14], [18], [19], [20]): Let 7: PT*R"*! —
R"™*! be the projective cotangent bundle over R”*!. We have a local coordi-
nate (z,y,p) = (T1,. .., Tn, Y, D1, - - -, Pn) of PT*R" L 50 that (z,y) gives the
canonical coordinate of R"*! and the hypersurface in T (%y)IR{"H given by
dy — >, pidx; = 0. This coordinate is called the canonical coordinate of
PT*R"L. The canonical contact form on PT*R"! is defined by 6 = dy —
> i, pidx; on the canonical coordinate. Using this approach, a first order
differential equation is most naturally interpreted as being a closed subset of
PT*R"*+!. However, here we consider that a holonomic system of first order
differential equation germ (or, briefly, a holonomic system) is defined to be
the image of a smooth map germ f: (R"*!,0) — PT*R"*!. We say that
f is completely integrable if there exists a submersion germ p: (R"*1 0) —
(R, 0) such that du A f*0 = 0. The pair (u, f): (R"1,0) — R x PT*R"*!
is called a holonomic system with complete integral. If 7o f‘ufl(s) is a non-
singular map for each s € (R,0), then f is called a holonomic system of
general Clairaut type (cf. [20]). Moreover, if the equation f is an immer-
sion germ then we simply call f a holonomic system of Clairaut type. The
term “general” means that f is not necessarily an immersion germ, that is,
f might have a singularity at the origin.

One-parameter family of first order differential equation germ (or,
one-parameter family of holonomic system) is defined to be a smooth
map germ f: (R"™! x R,0) — PT*R"*!. Denote a smooth map germ
fe: R 0) — PT*R™™ by fi(ut,...,uns1) = f(ui,. .., uns1,t). We
also say that f is a one-parameter completely integrable if there exist
a smooth function germ p: (R"T! xR, 0) — (R, 0) such that p; is a submer-
sion germ and du A f0 = 0 for each t € (R,0), where pi(ui, ..., uny1) =
pw(u, ... unp1,t). The pair (u, f): (R™M x R,0) — R x PT*R"*! is
called a one-parameter family of holonomic system with complete integral.
If 7o ft‘ut—l(s) is a non-singular map for each ¢, s € (R,0), then f is called
a one-parameter family of holonomic system of general Clairaut type. Fur-
thermore, if f; is an immersion germ for each t € (R,0), then f is called
a one-parameter family of holonomic system of Clairaut type which has been
investigated in [18, 19].

Let (1, g) be a pair of smooth map germs g: (R"*! xR, 0) — (R"*1,0)
and p: (R"1 x R,0) — (R,0) such that s is a submersion for each
t € (R,0). Then the divergence diagram
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(R,0) £ (R"! x R,0) L5 (R"1,0)

or, briefly, (u, g) is called a one-parameter family of integral diagram if there
exists a one-parameter family of holonomic system f: (R"*! x R,0) —
PT*R™! such that (u, f) is a one-parameter family of holonomic system
with complete integral and wo f = g.

Following S. Lie, the most natural equivalence relation among equa-
tion germs is given by point transformation. In order to define the
one-parameter point transformation, we consider unfolding germs of f
and p. Define F: (R"™! x R,0) — PT*R""! x R by F(uy,...,upi1,t) =
(f(uy,...,ups1,t),t) for a one-parameter family of holonomic system f.
In this case, F' is called a one-parameter unfolding of holonomic system
associated to f. We also define j: (R"! x R,0) — (R x R,0) by
alugy ..oy ups1,t) = (p(ug, ... upg1,t),t). The pair (i, F) or (u, F) is called
a one-parameter unfolding of holonomic system with complete integral.

Let F and F’ be one-parameter unfoldings of holonomic system asso-
ciated to f and f’ respectively. We define F' and F’ are equivalent if the
diagram

(R™! x R,0) —— (PT*R™! x R, (2,0)) =% (R**+! x R, 0)

‘| [ J¢

(R™*! x R,0) —— (PT*R™! xR, (,0)) — (R**! xR, 0)

7xid

commutes for some germs of diffeomorphisms v, ® and ¢ of the following
form

w(ulv s 7un+17t) - (1/J1(U1, ce 7un+17t)7 (t))v

O(w1,. ., wons1,t) = (Ge(21, ., woni1), 0(1))

gb(xla E 7$n+17t) = (¢1($1a s xn+1at)7 (P(t))

Here ¢; is the unique contact lift of ¢y and ¢y = Plpntiy e
(R x {t},0) — (R™! x {p(t)},0).

Let (i1, G) be the pair of a smooth map germ G: (R"*! x R,0) —

(R"*1 0) and a smooth map germ ji: (R"*! xR, 0) — (R x R, 0) such that
¢ is a submersion for each t € (R,0). Then the diagram

9

(R x R,0) £~ (R"™! x R, 0) <5 (R™! x R, 0)
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or, briefly, (11, G) is called a one-parameter unfolding of integral diagram if
there exists a one-parameter family of holonomic system f such that (f, F')
is a one-parameter unfolding of holonomic system with complete integral
and (7 x id) o F' = G where F is the one-parameter unfolding of holonomic
system associated to f.

We introduce equivalence relations among one-parameter unfoldings of
integral diagrams. Let (4, G) and (i, G’) be one-parameter unfoldings of
integral diagrams. We define (i, G) and (4/,G’) are equivalent as one-
parameter unfoldings of integral diagrams (respectively, strictly equivalent)
if the diagram

(R x R,0) 2 (R™! x R,0) —%— (R"*! x R,0)

| al Js
(R x R,0) +——— (R*""! x R,0) - (R™! x R, 0)
/'L/ ’

commutes for some germs of diffeomorphisms x, ¥ and ¢ of the form

k(s t) = (1(s,1), p()  (vespectively, w1 (s, 1) = s),
Yur, ...y upt1,t) = (Pr(ur, o unga, t), 0(1)),
(ﬁ(%h v ,$n+1,t) = ((f)1(.€61, e ,J},—H_l,t), go(t)).

If (1,G) and (i, G") are strictly equivalent, then we also say that (u,G)
and (y/, G') are strictly equivalent.

We shall show that two one-parameter unfoldings of holonomic sys-
tems F' and F’ are equivalent if and only if induced one-parameter unfold-
ings of integral diagrams (fi, (7 X id)o F') and (&, (7 xid) o F") are equivalent
for generic (u, F') and (¢/, F’) (cf. Theorem 2.4).

If (i, f) is a one-parameter family of holonomic system of general
Clairaut type, then (i, F') or (u,F') is called a one-parameter unfolding
of holonomic system of general Clairaut type.

We denote by &, 4,.,,) the ring of all smooth function germs of
R™1 xR at 0 with coordinate (1, ...,7,1,t) and denote by Mz,
the unique maximal ideal of £,

Tn+1 7t)

7"'7zn+17t).
The main result in this paper is the following theorem which gives

a generic classification of one-parameter unfoldings of holonomic systems of
general Clairaut type:
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Theorem 1.1 For a generic one-parameter unfolding of holonomic sys-
tem of general Clairaut type

(1, F): (R"™! x R,0) — R x PT*R"™ x R,

the one-parameter unfolding of integral diagram (u,G = (m x id) o F') is
strictly equivalent to one of germs in the following list:

(DAl): H=Un+1,
G:(Ul,...,un+1,t).
1
(DA32): U=Upt1 — 5“1,
G= (U1, .\ Un, Uy, t).
1 1
(DA3): M:Un+1+§(uf+'“+ui)—§t7
G=(u1,...,un,u, 1, 1).
1
(DA) (1<k<n):  p=unpr— (Ul Huf —uiyy = —up)
1
_7t7
2
G:(ul,...,un,uiﬂ,t).
—0
(DAS) ,u:un+1 +O[OG fOI" aem(xl,_._7xn+17t)7
G= (u17"'7un7

u%+1+(t+u%+...+ui)un+l)_
(DAz) (1<k<n): p=upt1+aoG for a€My, o .4,
G= (w1, tn,ud g+ (t— (ui+-+uf

—Ujyy == Up))Ung).-
(DA B<U<n+1): p=tns1,

/-1
' .
G= (ul,...,un,unﬂ—i—Zuiu;H,t).

=1
(mn+2)2 H=Un+1 +aoG for aem(m,m,wwrl’t)’

n
_ +2 i
G= (ul,...,un,uzﬂ—l— E u,-ujlﬂ,t).
i=1
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(DApys): p=upy1+aoG for aed

T,y Tt 1,t))

n
— n+3 i
G= <u1,...,un,un+1—i— g Uty 4 q
=1

—‘rﬁ(Ul,,un,t)UZi%,t)

for BEM ;.. un,p) and 26(0)7&0.

We remark that the normal forms DA, (1 < ¢ < n+ 1), ﬁf/lnw and
anrg are holonomic systems of Clairaut type, namely, the map germ f; is
an immersion germ for each ¢t € (R,0) which have been already classified
in [19].

Also the normal forms DA% (0 < k < n) is equivalent to (u,G) =
(un+1 — (1/2)(uf + -+ +uf —uiyy — - —up),u1, ..., un,upy ). These
types already have been appeared as a generic holonomic system of general
Clairaut type with the generalized cross-cap singularity in [8, 20].

We call the function germ « which appears in the normal form b\zig
(0 <k <n), 574”” and 574n+3, a one-parameter functional moduli and
the function germ [ which appears in the normal form 574n+3, a second
functional moduli.

In the final remark in §4, we will describe why the second functional
moduli appears in the normal form 1371%3. The meaning of the genericity
in the above theorem will be described in §2 (cf. Theorem 2.2).

—k
The normal forms DA (0 < k < n) are the new one which shall go
into details in Example 1.3 and 1.4. We now give the typical examples of
one-parameter families of holonomic systems of general Clairaut type.

Example 1.2 (One-parameter families of ordinary Clairaut differential
equations) Consider the following one-parameter family of ordinary clas-
sical Clairaut equations

_dy dy

where g(t,p) is a smooth function and p = dy/dz. A germ of a smooth map
(u, f): (R? x R,0) — R x PT*R? given by

(e, f)(u1,u2,t) = (ug, w1, urus + gi(u2), ug).
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Then we can show that (u, f) is one-parameter family of ordinary differ-
ential equation of Clairaut type. By definition, of course, (y, f) is also
one-parameter family of general Clairaut type. For the normal forms DA,
DAg where a = 0 and DA4 where o = 0, # =t in Theorem 1.1 for n =1
are examples of one-parameter families of classical Clairaut equations. In
this case, the complete solution is a family of straight lines. We have been
drawn the picture of the phase portrait {r o f;(u; '(c))}eer of DA; where
a=0and DAy where « =0, 8 =t in [18].

Example 1.3 (One-parameter families of ordinary Lagrangian equations)
We consider classical equations which are more general than Clairaut differ-
ential equations. The equations of the following form is called a Lagrangian
equation (cf. [5, page 466)):

_ [ dy
y—¢<m)x+wﬁm>

where ¢ and ¢ are smooth functions. Therefore we consider the one-
parameter family of Lagrangian equations given by

y=w<?>w+w<@>
X $

where @(t,p) and (¢, p) are smooth functions and p = dy/dx. We consider
a germ of a smooth map (u, f): (R? x R,0) — R x PT*R? defined by

(1, f)(ur, ug, t) = (ug, ut, e(ug)ur + e (uz), ei(uz)),

and also call it a one-parameter family of Lagrangian equations.
If ¢¢(p) has critical point at the origin, then f; is not an immersion germ.
In this case, (u, f) is a one-parameter family of holonomic system of general
Clairaut type, but not Clairaut type.

We put ¢;(p) = p? and ¥;(p) = p> + tp, the one-parameter family of

Lagrangian equation is strictly equivalent to the normal form 1571; where

—(1/+/3)x in Theorem 1.1 for n = 1.

Then the above equation is one of the examples of one-parameter fam-
ilies of general Clairaut type, but not Clairaut type. We can draw the
picture of the image of equations (see, Fig. 1) and the phase portraits {m o
Fi(1 () hocr (see, Fig. 2),

We remark that in generic classification of general (single) Clairaut
type equations, the Lagrangian equations except for the immersive equa-
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t<O0

Fig. 1. Image of equations of one-parameter family of Lagrangian equations
where ¢4 (ug) = u3, ¥i(ug) = uj + tus.

t<O0 t=0 t>0

Fig. 2. Bifurcation of the phase portraits {m o f,(1; })(c)}ecr of the equation of
Fig. 1.

tions does not appear (cf. [8, 20]). But our theorem assert that in generic
classification of one-parameter family of general Clairaut type equations,
a one-parameter family of Lagrangian equations appears.

Moreover, we can also draw the picture of the image of equations (see,

Fig. 3 and Fig. 5) about 5742 and 574; where a@ = 0 in Theorem 1.1 for
n = 1 and the corresponding to the phase portraits {7 o f;(1; *)(c)}eer of
them respectively (see, Fig. 4 and Fig. 6).

The above examples describe how two cross caps meat and how the
corresponding web structures bifurcate.

Example 1.4 (cf. [20, Example 1.3]) Here we consider the one-parameter
—~—k
unfoldings of holonomic systems of integral diagram of DA; where v = 0

—0
for n = 2. For the case of DA; where a = 0, one of component of phase
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t>0

t>0

—0
Fig. 4. Bifurcation of the phase portraits {7 o f;(u; *)(c)}eer of DA where
a=0.

t<0 t>0

—1
Fig. 5. Image of equations of the normal form DA, where a = 0.



914 M. Takahashi

Vi

"V‘YA o

t<0 t=20 t>0

portrait is given by

mo filuy H(€)) = (ur,uz, ¢ + (t + uf + u3)c)
We can draw these pictures when t < 0 and ¢ = —1, 0, 1, respectively
in Fig. 7 and superimpose these pictures (that is, the phase portrait)
—0
{7 o fi(u; () }eer of DAy when t < 0, see on the left hand side of Fig. 8.

—0
In a similar way, we can draw the phase portraits of DA; when ¢ = 0 and
t > 0, see Fig. 8.

—1 —2
Furthermore, for DA; and DA5; where a = 0, the phase portraits are
given by

To ft(,u;l(c)) = (uy,ug, & + (t +u? —ud)e)

and
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S
G
L0034

Ong:l'

t<0 t=20 t>0

—1
Fig. 9. Bifurcation of the phase portraits {m o f;(u; '(c))}eer of DAz where
a = 0.

o fuluy ' (€)) = (ur,uz, & + (t = uf — u3)c)

respectively. We draw these phase portraits {7 o f;(11; *(c)) }eer, see Fig. 9
and 10.

In §2, we define one-parameter complete Legendrian unfoldings cor-
responding to the one-parameter family of holonomic systems of general
Clairaut type and describe the meaning of the genericity of properties for
one-parameter unfoldings of holonomic systems of general Clairaut type.
In §3, we consider the equivalence relations among the one-parameter com-
plete Legendrian unfoldings and generating families. In order to prove The-
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7 AR
IR
\t’\’,”

t<0 t=20 t>0

—2
Fig. 10. Bifurcation of the phase portraits {7 o f;(i; *(c))}eer of DA; where
a=0.

orem 1.1, we use a kind of the versality theory (cf. [7]). In §5 Appendix, we
introduce the unfolding theory of function germs which will be useful for
the proof of Theorem 1.1. We shall give a proof of Theorem 1.1 in §4.

All map germs considered in this paper are of class C°, unless stated
otherwise.

2. Genericity and one-parameter unfolding of holonomic systems
of general Clairaut type

Our aim is to construct a family of Legendrian immersions depending
on holonomic system of general Clairaut type (u, f). We therefore con-
sider the projective cotangent bundle IT: PT*(R x R"*1) — R x R*L,
We have a local coordinate (o, z,y, p,p) = (0,21, ..., Tn, Y, P, P1,- -+, Pn) Of
PT*(RxR"1) such that (o, z,y) gives the canonical coordinate of R x R 1
and the hyperplane in T(, ;. (RxR"™1) given by dy—>_1; p; dz;—pdo = 0.
This coordinate is called the canonical coordinate of PT*(R x R"*1). The
canonical contact form is defined by © = dy—>""" | p;dz; —pdo = 0 — pdo.
Let (u, f) be a one-parameter family of holonomic systems with complete
integral. Then there exists a unique element h; € &, such that h; - dyy =
170, where &, is the ring of function germs of u = (uy,. .., up41)-variables.
Define a map germ

Uy (R X R,0) — PT*(R x R™).
by
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é(,u,f)(ua t) = (M(uat)7x © f(u7t)vy © f(u’t)v h(u,t),p © f(u,t)),

where h(u,t) = hy(u). Then we have ({(, p)|rnt1x)*© = 0 for each
t € (R,0).

We say that the pair (i, £): (R"™1 x R,0) — R x PT*(R x R**1) is
a Legendrian family if s = /| u—1(s) 18 a Legendrian immersion germ for each
s € (R,0) (cf. [11]). We have the following simple but important lemma:

Lemma 2.1 ([11, Lemma 2.1]) Let (u,¢) be a Legendrian family. Then
there exists a unique element k € &, 4y such that £*© =k - dp.

If (u, f) is a one-parameter family of holonomic systems of general
Clairaut type, then £(,, f)|gn+1x (s is an immersion germ for each t € (R, 0).
We can apply Lemma 2.1 to (m2,£(, 5)), where m: (R"*! x R) — (R, 0);
mo(u,t) = t, so that there exists a unique element k € &, such that
€>(ku, f)® = k - dt. We also consider the projective cotangent bundle
II: PT*(R x R™ x R) — R x R™*! x R. Let (0,z,t,y,p,p,7) be the
canonical coordinate on PT*(R x R"™! x R). Here the canonical 1-form is
given by 0= dy — > " pidx; — pdo — 7dt = © — 7dt. We define a map
germ

Cpry: (R™TXR,0) — PT*(R x R"*! x R)
by

B(M’F)(u,t)
= (u(u, t),x o F(u,t),t,yo F(u,t),h(u,t),po F(u,t), k(u, t))

We can easily show that £, r is a Legendrian immersion germ (i.e., £, ) is

an immersion germ with E’(" F © = 0). We call £, ry a one-parameter com-
plete Legendrian unfolding associated to (u, F'). If F'is a one-parameter un-
folding of equation associated to f, then we also call £, ry a one-parameter
complete Legendrian unfolding associated to (i, f).

By the aid of the notion of one-parameter complete Legendrian unfold-
ings, one-parameter unfoldings of holonomic systems of general Clairaut
type are characterized as follows (cf. [18, Proposition 4.1]):

Proposition 2.2 Let (u, F): (R"'xR,0) — Rx PT*R"" xR be a one-
parameter unfolding of holonomic system with complete integral. Then
(, F) is a one-parameter unfolding of holonomic system of general Clairaut
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type if and only if ¢, py is a Legendrian non-singular, that is, I ol ) 18
non-singular.

We now establish the notion of the genericity. Let U x V C
R x R be an open set. We denote by Clair(U x V,R x PT*R"*! x R)
the set of one-parameter unfoldings of holonomic systems of general
Clairaut type (u,F): U x V — R x PT*R""! x R.  We also define
Lr(U x V,PT*(R x R""! x R)) to be the set of one-parameter complete
Legendrian unfoldings £(, gy: U x V. — PT*(R x R"*! x R) such that
(4,7 1s Legendrian non-singular.

These sets are topological spaces equipped with the Whitney
C*>-topology. A subset of either spaces is said to be generic if it is an
open dense subset in the space.

The genericity of a property of germs are defined as follows: Let
P be a property of one-parameter unfoldings of holonomic systems of
general Clairaut type (u, F): U x V. — R x PT*R""! x R (respec-
tively, one-parameter complete Legendrian unfoldings ¢(, py: U X V' —
PT*(R x R™! x R)). For an open set U x V C R*""! x R, we define
P(U x V) to be the set of (u, F) € Clair(U x V,R x PT*R"*! x R) (respec-
tively, £(,, ) € Lr(U x V, PT*(R x R"*! x R))) such that the germ at (u, t)
whose representative is given by (i, F') (vespectively, £(, r)) has property P
for any (u,t) e U x V.

The property P is said to be generic if for some neighbourhood
U xV of 0in R x R, the set P(U x V) is a generic subset in
Clair(U x V,Rx PT*R"*1 xR) (respectively, Lr(U xV, PT*(RxR"*1 xR))).

By the construction, we have a well-defined continuous mapping

(I1y)+: Lp(U x V,PT*(R x R""! x R))
— Clair(U x V,R x PT*R"™! x R)

defined by (I11). (£, ) = L1 0 €, py = (11, F), where I : PT*(R x R"*! x
R) — Rx PT*R"*! xR is canonical projection. Then we have the following
fundamental theorem.

Theorem 2.3 The continuous map

(I1y)+: Lg(U x V, PT*(R x R"™! x R))
— Clair(U x V,R x PT*R"™! x R)

is a homeomorphism.
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The proof follows from a direct analogy of the proof for Theorem 4.4
in [12], so that we omit it.

This theorem asserts that the genericity of a property of one-parameter
unfoldings of holonomic system of general Clairaut type can be interpreted
by the genericity of the corresponding property of one-parameter complete
Legendrian unfoldings.

We can assert the following theorem which reduces the equivalence
problem for one-parameter unfoldings of holonomic systems with complete
integral to that for the corresponding induced one-parameter unfolding of
integral diagrams.

Theorem 2.4 ([18, Theorem 3.3]) Let (u, F): (R"™ x R, 0) —
(Rx PT*R" xR, (0,2,0)) and (1, F"): (R"*1xR,0) — (Rx PT*R""1 xR,
(0,2',0)) be one-parameter unfoldings of holonomic systems with complete
integral such that the sets of singular points of ™o fi and 7o f| are closed
sets without interior points except for isolated t. Then the following are
equivalent:

(1) F and F' are equivalent

(2) (f1, (mxid)oF) and ({/, (7 xid)o F") are equivalent as one-parameter
unfoldings of integral diagrams.

Remark that in the assumption of Theorem 2.4, the condition that
singular points of 7 o f; is closed sets without interior points except for
isolated t is satisfied for generic equations.

3. Equivalence of one-parameter complete Legendrian unfoldings
and generating families

The main idea of the proof for Theorem 1.1 is to define an equivalence
relation which can ignore one-parameter functional moduli and to do every-
thing in terms of generating families for one-parameter complete Legendrian
unfoldings analogous to those of in [12, 13, 18].

Let (i, f) be a one-parameter family of holonomic system of general
Clairaut type. Since £, ) is a Legendrian immersion germ, there ex-
ists a generating family of ¢(,, ) by the theory of Legendrian singularities
(see, [1, 21]). Let G: ((R x R™ x R) x R¥,0) — (R, 0) be a function germ
such that doGloxpn (1} xrr 18 non-singular, where
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oG oG
doG(s,x,t,q) = <aql(s,az,t,q), e a—qk(s,x,t, q)>

Then C(G) = d2G~1(0) is a smooth (n + 2)-dimensional manifold germ
and 7 |o@ynoxrn x {#yxrr) : (C(G) N (0 x R™ x {t} x R¥),0) — R is a sub-
mersion germ for each t € (R,0), where ng: (C(G),0) — R is given by
ma(s,x,t,q) = s. Define map germs

L (C(G),0) — JYR™ R)

by

E/G(Saw7t7Q) = <$7G(87$7t7Q)a §(S,(L‘,t, q)):

oz

and

La: (C(@),0) — JYHR x R" x R, R)
by

EG(5a$7taQ)

oG oG oG
- (Sa'xataG(SaLEataQ)a%(S,xvt’Q)7m(SamvtaQ)am(svmatvq)>'

Since 0G/0q; =0 (i =1,...,k) on C(G), we can easily show that
(Z"\ét|7r51(s))*0 =0.

By definition, L is a one-parameter complete Legendrian unfolding as-
sociated to (g, Lg). By the same method as the theory of Legendrian
singularities in [1, 21], we can also show the following proposition.

Proposition 3.1 All one-parameter complete Legendrian unfolding germs
are constructed by the above method.

We say that G is a generalized phase family of the complete Legendrian
unfolding Lg.

Moreover, by Proposition 2.2, £, r) is Legendrian non-singular. Then
we can choose a family of function germ

G: (RxR"xR,0) — (R,0)

such that Image j'G; = Lo pylRrtixqey and Imagele(&t) = fe(u; ' (s)) for
each s, t € (R,0) where Gy(s,r) = G(s,x,t) and G(s4)(z) = G(s,7,t). We
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remark that a smooth germ
JiG:: (R x R",0) — JY(R™,R)

defined by jiGy(s,r) = j 1G(s,t)(a:) is not necessarily an immersion germ.
In this case, we have (C(G),0) = (R x R" x R, 0) and

Lo=7'G: RxR"xR,0) — JYR xR" x R,R),

so that it is a one-parameter complete Legendrian unfolding associated to
(7as jll ). Thus the generalized phase family of a one-parameter complete
Legendrian unfolding of holonomic system of general Clairaut type Lg is
given by the above germ. We define G: (R x R" x R x R,0) — (R, 0)
by é(s,x,t, y) = G(s,z,t) —y. We call G a generating family of a one-
parameter complete Legengrian unfolding of general Clairaut type.

We now consider an equivalence relation among one-parameter unfold-
ings of integral diagrams which ignore one-parameter functional moduli.
Let (ii,G) and (ii’,G') be one-parameter unfolding of integral diagrams.
Then (fi,G) and (i/,G’) are one-parameter R* -equivalent if there exist
a germ of diffeomorphism ¥: (R x R*™! xR, 0) — (R x R"*! xR, 0) of the
form ¥(s,z,t) = (s + a(z,t),¥(z,t),¢(t)) and a germ of diffeomorphism
®: (R xR,0) — (R""! xR, 0) of the form ®(u,t) = (é(u,t), (t)) such
that ¥ o (u,G) = (¢/,G") o ®. We remark that if (i, G) and (i/,G’) are
one-parameter RT-equivalent by the above diffeomorphisms, then we have
w(u,t) + ao Glu,t) = p' o ®(u,t) and (¥, ) o G(u,t) = G' o ®(u,t) for
any (u,t) € (R"*! x R,0). Thus the one-parameter unfolding of integral
diagram (u + a o G, Q) is strictly equivalent to (', G').

We now define the corresponding equivalence relation among one-
parameter Legendrian unfoldings. Let £, py: (R"*! x R,0) — (PT*(R X
R" xR),z) and £(,y pry: (R"! X R,0) — (PT*(R x R"*! x R), 2’) be one-
parameter complete Legendrian unfoldings. We say that £(,, py and £,/ pr
are one-parameter SP™-Legendrian equivalent (respectively, one-parameter
SP-Legendrian equivalent) if there exist a germ of contact diffeomorphism
K: (PT*(R x R"! x R), 2) — (PT*(R x R**! x R), 2), a germ of dif-
feomorphism ®: (R x R, 0) — (R™*! x R, 0) of the form ®(u,t) =
(¢(u,t), p(t)) and a germ of diffeomorphism W: (R x R**! x R, II(z)) —
(Rx R x R,ﬁ(z')) of the form U(s,z,t) = (s+a(z,t),1(x,t),p(t)) (respec-
tively, U(s,z,t) = (s,0(x,t),(t))), such that [To K = Wo Il and Kol =
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L Fry o P, where II: (PT*(R xR xR),2) — (R x R"*! x R, TI(2)) is the
canonical projection. It is clear that if £, ) and £,/ pry are one-parameter
SP*-Legendrian equivalent (respectively, one-parameter SP-Legendrian
equivalent), then (u, (7 x id) o F) and (¢, (7 x id) o F”) are one-parameter
RT-equivalent (respectively, strictly equivalent). By [21, Theorem 1.1], the
converse is also true for generic (i, F') and (¢, F”).

We also say that £, r) and (s gy are P-Legendrian equivalent if there
exist a germ of contact diffeomorphism K: (PT*(R x R**! x R),z) —
(PT*(R x R*"! x R), 2), a germ of diffeomorphism ®: (R"*! x R,0) —
(R™*1 x R,0) of the form ®(u,t) = (¢(u,t),(t)) and a germ of diffeo-
morphism ¥: (R x R x R, TI(z)) — (R x R"*! x R, TI(2")) of the form
U(s,z,t) = (q(s,x,t),¥(x,t),o(t)), such that MoK = Woll and Kol ) =
E(MI7F/) o®.

The notion of stability of one-parameter complete Legendrian unfold-
ings with respect to one-parameter SP*-Legendrian equivalence (respec-
tively, one-parameter S P-Legendrian equivalence and P-Legendrian equiv-
alence) is analogous to the usual notion of the stability of Legendrian im-
mersion germs with respect to Legendrian equivalence. (cf. [1, Part III]).

On the other hand, we can interpret the above equivalence relation in
terms of generating families. Let G, G’: (R x R" x R x R,0) — (R, 0)
be generating families of one-parameter Legendrian unfoldings of general
Clairaut type, where (N}'(s, z,t,y)=G(s,z,t)—y, G (s, z,t, y)=G'(s,x,t)—y.
We say that G and G' are one-parameter P-C*-equivalent (respectively,
one-parameter P-C-equivalent) if there exists a germ of diffeomorphism
O: (RxR"XRxXxR,0) — (R xR" xR xR,0) of the form

CD(vaa tay) = (5 + Oé(ib‘,t, y)v ¢1(:L',t,y), (p(t)a ¢2(l‘,t, y))

(respectively,

(I)(vaa tvy) = (37 ¢1($7t)y)7 @(t)v ¢2(x7t7 y)))

such that (G o ®) = (@) where ()
erated by G in & ;4 ,). We say that é(s,x,t,y) is a P-C™ (respectively,

t=0 >R

is the ideal gen-

Es,,t,) Esz,t,y) (s,3,t,y)

P-C)-versal deformation of g = Gli—o if

_ /9% dg dg oG
Esy) = <8S>€ + <9>5(5,I,y) +<8x17 D 1>€<I y)_|_ <8t

(z,y)
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(respectively,

g Jg oG
= — e, =1 a7 .
S(S,mvy) <g>g(s,z,y) + <8.CU17 "0z, >g(z7y) + < ot t:O>R>

We also say that G and G’ are t- P-K-equivalent if there exists a germ
of diffeomorphism ®: (R x R” x R x R,0) — (R x R™ x R x R, 0) of the
form

q)(s? z,t, y) = (Q(37 z,t, y)v (]51(1', t y)v (p(t)7 ¢2($,t, y))

such that (G o Pl = <é,>5(5,z,t,y> and G(s,z,t,y) is a P-K-versal
deformation of g = é|t:0 if
o

_ /99 — ., =1 o
Es ) <33’g>g<”y>+ <8:c1’ 0xy’ & y>+ ot

By the similar arguments like as those of [1, Theorems 20.8 and 21.4],
we can show the following:

Theorem 3.2 Let G, G': (RxR"xRxR,0) — (R,0) be generating fam-
ilies of one-parameter Legendrian unfoldings of general Clairaut type Lq,
L respectively. Then

(1) Lg and L are one-parameter SPT (respectively, one-parameter
SP)-Legendrian equivalent if and only z'fé and G' are one-parameter P-CT
(respectively, one-parameter P-C)-equivalent.

(2) Lg is a one-parameter SPY (respectively, one-parameter SP)-
Legendrian stable if and only if G is a PC* (respectively, P-C)-versal
deformation of g = é\tzo.

(3) L is a P-Legendrian stable if and only Zfé is a P-K-versal defor-
mation of g = é|t:0.

For each function germ g: (R"*2,0) — (R, 0), we set

P-C*-cod(g)

. dg dg dg
:dlmR 8(57xvy)/<<88>g + <g>g(s,z,y) +<8§C17 ey Txn’ 1>g )
(z,y) (z,y)

By the definition, P-C*-cod(g) < 1 then C*-cod(gy) < n + 2 (cf. §5
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Appendix), where gy = g|rxo. And we set

P-K-cod(g)
. 0 0 0
:dlng(s’x’y)/<<8i’g> +<8l'.g,...,aa;g,1> >
Esa) ! ey
Since go = ¢g|lrxo is a function germ of one-variable, we have

(dgo/ds)r + (go)s, = (dgo/ds, go)e,. Hence if g satisfy the condition
P-K-cod(g) <1, then C*-cod(gog) < n + 2.

4. Proof of Theorem 1.1

The set of P-Legendrian stable one-parameter complete unfoldings is
an open and dense subset in Lg(U x V, PT*(R x R*"! x R)). Therefore by
Theorem 2.3, it give a classification of P-Legendrian stable one-parameter
complete Legendrian unfoldings under the one-parameter SP*-Legendrian
equivalence (or, SP-Legendrian equivalent). Let (i, f) be a one-parameter
family of holonomic system of general Clairaut type such that the
corresponding one-parameter complete Legendrian unfolding £, ) is
P-Legendrian stable.

We also consider a generic condition of generalized phase family G. Let
J"3(n 4 2,1) be the set of (n + 3)-jets of function h: (R"*2,0) — (R, 0).
We consider the following three algebraic subset of J"+3(n + 2, 1):

s = Lo 2o == 2 )
- gj};(o) afy;l 0):-- aiigjn 0) azZigt )= 0}
% = {imn0)| 510) = == )= T
2= {5 h0)| G0 = 20 == 20 = S50
LTy Py g P o)

We consider the union W = ¥ UXY9 U X3, then it is also an algebraic subset
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of J"3(n +2,1). We can stratify the algebraic set W by submanifolds
whose codimensions are at least n + 3 in J"t3(n 4 2,1). By Thom’s jet
transversality theorem, j"™3G(R x R* x R)N (R x R" x R x R x W) = {) for
a generic function G. Therefore we might assume that G is satisfied above
the condition and the corresponding one-parameter complete Legendrian
unfolding £(,, ry is P-Legendrian stable.

By the assumption and Theorem 3.2, the generating family G of e

is a P-KC-versal deformation of g = G lt=0, then G is a K-versal deformation
of go = g|rxo. We remark that G is a K-versal deformation of go if and only
if G is a CT-versal deformation of go. Since Lemma 5.1 and Theorem 5.2 in
85 Appendix, G is P-C*-equivalent to one of germs in the following list:

-1 n+2
(Ag) (1 <{<n+ 1): Se + Zui—f—lsz + Z Uy,
=0 j=t+1
n+1
(An+2): s+ Z uit1s',
=0
N n+1
(Ants): S s
=0
where (s,u1,...,upi2) € (R x R"2.0). We would like to classify these

germs by the one-parameter P-C*-equivalence. By the above normal forms,
there exists a diffeomorphism germ ¢: (R x R” x R,0) — (R"*2,0) such
that G is one-parameter P-CT-equivalent the following list:

/-1 n+2
(A) 1<l<n+1): s+ Zuiﬂ(:):,t,y)si + Z uj(z,t,y),
i=0 j=t+1
n+1 '
( ;1+2): Sn+2 + Zui-‘rl(x:t?y)szy
i=0
N n+1 .
(A'nts): s+ Z U1 (2,1, y)s".
i=0
Since G has the form G — y, we assume that (du1/dy)(0) # 0. Fur-
thermore, we perform local coordinate change, so that wui(z,t,y) = —y,

ui(z,t,y) = wi(z,t) (i = 2,...,n+ 2). Hence we classify these germs by
the one-parameter P-C*-equivalence under the condition P-K-cod(g) < 1
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where g = G li=0 and satisfy the transversality conditions.
By transversality conditions, generalized phase family G satisfies one of
the following condition for generic £, py:

() 520) #0,

(o) (2<i<n+2): §(0>:"':§;i1_(1;(0)=07
%Zg (0) #0, 3226% (0) #0,
wnsy Doy = =T 80y =0
T 0 e S C 0 o) o
o 0= 0=
T 0 50+ 20 S 0) 20
3h B3h 9%, 92h

@(0) m(o) s m( )m(o) =0,
where j is some integer from 1 to n and k is any integer from 1 to n.

First, we consider the condition () (1 < ¢ < n + 3). In order to
classify germs of (A4}) (1 < ¢ < n+2) and (g;l%) with respect to one-
parameter P-Ct-equaivalence (one-parameter P-C-equivalence) under the
condition (), we consider the ¢-P-K-equivalence. In this case, we remark
that j1Gy is an immersion germ by the condition (a;). The correspond-
ing one-parameter family of holonomic system of general Clairaut type is
Clairaut type. We can apply the analogous method of the proof for Theo-
rem 1.1 in [18].

Since the P-CT-equivalence is a stronger equivalence relation than the
P-K-equivalence, G is P-K-equivalent to one of germs in the above list.

We now classify these germs by the ¢-P-K-equivalence under the con-
dition that P-K-cod < 1. We use the result of [2, Theorem 1.2] such that
j1Gy is an immersion germ, i.e.,
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rank 8—G oG oG =1
Os 0s0x 0sdx, )

then such a germ is t- P-K-equivalent to one of the following germ:

/-1 n
(ag) (1 <l<n+1): se—y+t+2xisi—|—2xj,
i=1 =

n
(ant2): s"TP—y+ Z x5t +ts" L
i=1
n
(Gn+3): sV gy 4 Z zist + ts" L
i=1

Now G is t- P-K-equivalent to one of germs in the above list, then g is
P-K-equivalent to one of the following germ:

/-1 n
(ay) (1 <L <n+1): sz—y—l—insi—i—Zajj,
=1 j={

n
! . n+2 n
(an+2)' S *y+2$15 )
i=1
n
~ 3
(an43): s"T0—y + Z 78",
=1

For (aj) (1 < £ < n+1) and (a;,,,), g is a K-versal deformation
of gy, so g is a Ct-versal deformation of gy. We remark that gg and s
(i =1,...,n +2) are K-equivalent, then gy and s* (i = 1,...,n + 2) are
C-equivalent. By Theorem 5.2, g is P-CT-equivalent to one of the following
germ:

/-1 n
(@) (1<e<n+1): s —y-f—insi —1—ij,
i1 =t

n
' . +2 j
(an+2)‘ s"TE—y + Z x;s'.
i=1

These germ satisfy the condition that P-CT-cod = 0, so that we have
P-C*-cod(g) = 0. By definition, G is a P-C*-versal deformation of g.
By the uniqueness result of P-C'-versal deformation, G is one-parameter
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P-C*-equivalent to one of the following germs:

/-1 n
(a)) (1<l<n+1): s'—y+> ms'+> x5+,
i=1 j=t

n
(Gnt2): "2yt Z z;8" +t.
i=1

On the other hand, we assume that g is a t- P-K-equivalent to the germ
(An+3): s"T3 —y+ Y7 | 2;5'. By the previous arguments, we consider the
germ of the form G(s,z,t,y) = s" T —y + S iz, t)s'. We remark that
the P-K-codimension of s"™3 —y+ >"" | ;5" is 1, so that P-K-cod(g) = 1.
We use the transversality condition (a,+3):

82 h 8n+1 h 8n+2 h
" 0)--- 0
0s0x1 (0) Os™ Bacn( ) 0s" 1ot
Therefore we have germ of a diffeomorphism defined by X; = wu;(z,t)
(i=1,...,n) and T = t. It follows that the germ s"*3 —y+>"" | u;(z,t)s’
is one-parameter P-CT-equivalent to the germ

(0) # 0.

n
(@nes) 8" —y+ > mis’ + Bla,t)s"H,
i=1
where 3 € £, . 2,4 and (08/0t)(0) # 0.

Second, we consider the condition (3). It follows that G is a one-
parameter P-C-equivalent to s2 —y+ (t +v(z1,...,2,) +w(w1,. .., 20,t))s,
where v(x1,...,z,) is a non-degenerate function and w(zy, ..., x,,t) is a de-
generate function with respect to (z1,...,x,) at t = 0. We put h(z,t) =
v(x1, ... xn)Fw(Te, ..., Ty, t), then h(z,0) is R-equivalent to v(xy, ..., zy).
A non-degenerate function v(z1,...,z,) is R-equivalent to 23 + -+ + x7 —
27, — - —xp for some integer k (0 < k < n) by Morse’s Lemma (cf. [15]).
By the uniqueness result of R*-versal deformation (cf. [7, Corollary 9.9]),
h(z,t) is P-R*-equivalent to 21 +- - +a} —x{,, — - —z5. Hence G is one-
parameter P-C-equivalent to s*—y+(t+a(t)+ai+ - a7 —a7 — - -—23)s,
where a € 9. Since the condition (92G/8sdt)(0) # 0, G is one-parameter
P-C-equivalent to

(br): 52—y+(t+x%+~'+xi—xi+1—'--—xi)s.

Finally, we consider the condition (7). It follows that G is one-parameter
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P-CT-equivalent to (A5). By the condition (v), G is one-parameter
P-C*t-equivalent to s3 —y + (t + v(x1,...,2,) + w(zy,...,Tp,1))s, where
v(x1,...,Ty,) is a non-degenerate function and w(xy,...,x,,t) is a degen-
erate function with respect to (x1,...,z,) at t = 0. We also consider
the same way as (), the function germ v(xy,...,z,) + w(x1,..., oy, 1) is
P-R*-equivalent toNx% i — aziﬂ — - — 2 for some integer k (0 <
k < n). Therefore G is one-parameter P-C*-equivalent to
(ck): 33—y—%0~%xf+~~~+xi—a%+1—-‘~—xnﬁ.

We now detect the corresponding normal forms of one-parameter inte-
gral diagrams as follows:
For the case (ay¢) (1 < ¢ <n+1), we can choose

/—1 n
G(s,x1,...,Tp,t) = s —i—insi + ij +t,
i=1 j=t

as a generalized phase family, so that

/—1 n
Lo = s,xl,...,:cn,t,sé—i—insl + Z:z:j +t,
i=1 j=1

-1
0s* 1 4 Zixisl,s, st 1).
i=1

Then we can easily calculate that the corresponding one-parameter unfold-
ing of integral diagram is strictly equivalent to

(DA) (1 <Ll<n+1): p=ups1,
/-1 .
G= <u1,...,un,uf;+1+Zuiu;+1,t>.
=1

This is the normal form in the case of DA, (1 < ¢ <n+1). If { =2, we
have

2
H = Un+1, G:(ul"'-7unaun+1+ulun+lat)-

We define a local coordinate transformation by U; = u; (i = 1,...,n),
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Un+1 = Unt1 + (1/2)uq, then (i, G) is strictly equivalent to

1 1
M:un+1—§u1, G = <u1,...,un,ui+1—4u%,t>.

We also apply a local coordinate transformation which is defined by
. L
X =uw; (Z:L"'an)a Y:y+1x17

then we have the normal form DAy in Theorem 1.1.
For the case (ap+2), we can also choose

n
G(8,Z1,..., Ty, t) = s"T2 4 Zﬂcisi +t
i=1

as a generalized phase family, so that

n
Lo = (s,xl, T A L ins’ +t,
=1

n

(n+2)s" + Z st s, L, 8" 1) )
i=1

Then we can easily calculate that the corresponding one-parameter unfold-

ing of integral diagram is one-parameter R *-equivalent to

n
DA .. _ _ n+2 § : i
DAn+2. "= Up+1, G = (ul,...,un,un+1+ UiSZ’t)-
=1

For the case (aj,_ ), we can also choose

n
G(s,21,...,xp,t) = "3 + Zmisi + B(z1, ..., xp, t)s" T
i=1
as a generalized phase family and calculate one-parameter complete
Legendrian unfolding like as above. Then we can easily calculate that the
corresponding one-parameter unfolding of integral diagram is one-parameter
R*-equivalent to

DApis: p=uny1,

n

_ +3 j +1

G = (ul,...,un,uzﬂ—k E uiuﬁlﬂ—i—ﬂ(ul,...,un,t)uzﬂ,t).
i=1
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For the cases (b;) and (ci), we also apply the same arguments as the

—k
above process, we have the normal forms DAS and DAj in the list of
Theorem 1.1.
Since each generalized phase family for (dni2), (a;,,3) and (¢;) are
one-parameter P-C*-equivalent to the normal form but there are not one-
parameter P-C-equivalent, the corresponding one-parameter integral

— — —k
diagram is strictly equivalent to the normal form DA, o, DA, 3 and DA,
in Theorem 1.1.

This completes the proof of Theorem 1.1. ([

Remark In the above proof, we can show that the P-CT-codimension of
the germ: s"™3 —y + Yoy x;s’ is infinite. This means that there appears
the second functional moduli in the normal form DA, 13 in Theorem 1.1.

5. Appendix

In this section we now give a quick review of the theory of unfoldings
of function germs [1, 7, 9, 12, 13].

Let f, f: (R,0) — (R, 0) be germs of function, F, F’: (R xR",0) —
(R,0) be unfoldings of f, f’ respectively and F, F’: (R x R" x R,0) —
(R,0) be function germs given by ﬁ(s,m,y) = F(s,z) — vy, ﬁ’(s,aﬁ,y) =
F'(s,2) —y. We say that F and F' are P-C*-equivalent (respectively, P-C-
equivalent) if there exists a germ of diffeomorphism ®: (R x R x R,0) —
(R x R™ x R, 0) of the form ®(s,z,y) = (s + a(x,y), p1(z,y), p2(z,y)) (re-

SpeCtiVGIYa (I)(S,l’,y) = (3,¢1($,y),¢2($,y))) such that <F © (I)>
(F)e,,.,, Where, (F")
also say that F (s,x,y) is CT (respectively, C and K)-versal deformation of

f:F|IR><0 if
df> <8F >
Es=(— ) + A e ,1
<d5 R e Oz Rx0 /R
1)
Rx0 R

(respectively,
oF
L or 1> )
Rx0 Onlgxo /r

Esay)

is the ideal generated by F” in Elsmy)- We

Es,my Es,m,)

OF
Rxoj'”,axn

oF OF
gS == <f>gs + <al’1 RX()’...,@

_/df OF
and 55 = <d5,f>gs+ <8$1
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Let f and f': (R,0) — (IR, 0) be germs of function. We say that f and
1’ are C-equivalent if and only if (f)e, = (f’)e,. Then the classification

s

theory of function germs by the C-equivalence is quite useful for our purpose.
For each function germ f: (R,0) — (R, 0), we set

C-cod(f) = dimg &/(f)e.,

C+-cod(f) _dlng/ < >>
K-cod(s) = dimz &, /(e + (4 >)

Then we have the following well-known classification (cf. [9]).

Lemma 5.1 Let f: (R,0) — (R,0) be a function germ with K-cod(f) <
0o. Then f is C-equivalent to the map germ st1 for some ¢ € N.

By a direct calculation, we have
C-cod(s"t)y =0+1, Ct-cod(sT!) =¢.

Thus we can easily determine C (respectively, C*)-versal deformations of
the above germs by using the usual method:

C-versal deformation: s‘t! + Zul-ﬂ si,

Ct_versal deformation: s‘t! + ZUi+1 st

The following theorem is useful and important for our purpose (cf. [7]).

Theorem 5.2 Let F and F': (R x R” x R,0) — (R,0) be function
germs such that F and F' are C* (respectively, C)-versal deformations of
f = Flgxo and f' = F'|lgxo. Then F and F' are P-C*-equivalent (respec-
tiely, P-C-equivalent) if and only if f and f’ are C-equivalent.

Let function germ ﬁ(s, z,y) be a C*-versal deformation of f = F|rxo.
By Lemma 5.1 and Theorem 5.2, F(s,z,y) is P-CT-equivalent to one of
germs in the following list:
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-1 n
A (1<l<n+1): s£+2xisi+2xj—y,
i=1 j=¢

n
) A
Apio: ™ —I—E x;st — .
i=1
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