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On the growth of solutions of w(™ + e *w’ + Q(z)w =0
and some related extensions
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Abstract. In this paper, we show that if Q(z) is a nonconstant polynomial, then every
solution w # 0 of the differential equation w(™ + e~*w’ + Q(z)w = 0, has infinite order
and we give an extension of this result. We will also show that if the equation w(™ +
e *w’ + cw = 0, where ¢ # 0 is a complex constant, possesses a solution w # 0 of finite
order, then ¢ = —k™ where k is a positive integer. In the end, by study more general, we
investigate the problem when ¢(Q) = 1.

Key words: linear differential equations, entire functions, finite order of growth.

1. Introduction and statement of results

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna value
distribution theory (see [10]). Let o(w) denote the order of an entire func-
tion w, that is,

— logT — loglog M
o(w) = lim log T(r, w) — Tim £08M\nYW (r,w)’ (1.1)
r—+oo  logr r—-+o0 log r
where T'(r,w) is the Nevanlinna characteristic function of w (see [10]), and
M(T’, w) = max|,|=r ’w(z)’
Several authors have studied the particular differential equation

w” + e *w' + B(z)w =0, (1.2)

where B(z) is an entire function. For B(z) = ¢ where c is a nonzero constant,
Frei [6] showed that if equation (1.2) possesses a solution w # 0 of finite
order, then ¢ = —k? where k is a positive integer. Conversely, for each
positive integer k, the equation (1.2), with B(z) = ¢ = —k?, possesses
a solution w which is a polynomial in e* of degree k. Other proofs of this
result were given by Ozawa [14] and Wittich [15]. By completing results of
Ozawa [14], Amemiya-Ozawa [1] and Gundersen [7], Langley showed in [12]
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that if B(z) is nonconstant polynomial, then every solution w # 0 of (1.2)
has infinite order.
In this paper, we will extend these results to the differential equation

w™ + 7w + B(z)w = 0, (1.3)
where n > 2. In fact, we shall prove the following:

Theorem 1.1 If the equation
w™ + e 7w + cw = 0, (1.4)

where ¢ # 0 is a complex constant, possesses a solution w Z 0 of finite
order, then ¢ = —k™ where k is a positive integer. Conversely, for each
positive integer k, the equation (1.4), with ¢ = —k™, possesses a solution w
which is a polynomial in €* of degree k.

Theorem 1.2 If Q(z) is nonconstant polynomial, then every solution
w Z 0 of the differential equation

w™ + 7w + Q(z)w = 0, (1.5)
where n > 2, has infinite order.

Theorem 1.3 Let Q be nonconstant polynomial, Py, ..., P,_1 be polyno-
mials and oq,...,a,_1 be real constants. Suppose that there exists an s €
{1,...,n — 1} such that Ps(e“*) = e** and either:

(i) as>0andar <0 forallk=1,...,s—1,s+1,...,n—1 or

(i) as<O0andap >0 forallk=1,...,s—1,s+1,...,n—1.

Then every solution w Z 0 of the differential equation

w(”) + Pn,l(eanflz)w(n_l) 4+ 4+ PS(easz)w(S) + ...
+ P (e®*)w' + Q(2)w = 0, (1.6)
where n > 2, is of infinite order.

Remark 1.1 The following two theorems are natural extensions of
[4, Theorem 1] and [4, Theorem 2].

Theorem 1.4 Let Pi(z2) = amz™ + -+, Po(z) = bpz™ + -+ (m > 1) be
nonconstant polynomials such that a,, = cbp, (¢ > 1), and let Aj(z) (# 0)
(7 = 0,1) be entire functions with 0(Aj) < m (j = 0,1). Then every
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solution w Z 0 of the differential equation
w™ + Ay ()P’ + Ag(2)ef?Pw = 0, (1.7)
where n > 2, is of infinite order.

Theorem 1.5 Let Pi(2) = apmz™ + -+, Po(2) = bp2™ + -+ (m > 1) be
nonconstant polynomials such that a.,by, # 0 and either arg a,, # argb,, or
am = cby, (0 < c < 1), and let Ap(z) Z#0 (k=0,...,n—1), Bj(z) (j =
0, 1) be entire functions such that 0(Ag) <m (k=0,...,n—1), 0(B;) <m
(j =0, 1). Then every solution w % 0 of the differential equation

w™ 4+ A, 1 (2) w4 Ay (2)w”

+ (A1(2)e®) 4+ By (2))w' + (Ao(2)e™®) + By(2))w =0, (1.8)
where n > 2, is of infinite order.

Remark 1.2 Using the same reasoning as in the proof of Theorem 1 [7]
we obtain that if B(z) is a transcendental entire function with o(B) # 1,
then every solution w # 0 of the equation (1.3) has infinite order.

By combining Theorem 1.4 and Theorem 1.5 we get the following result
which investigate the case when o(B) =1 in (1.3):

Corollary 1.1 If B(z) is an entire function with B(z) = h(z)e** where
a # —1 is a complex constant and h(z) is an entire function with o(h) < 1,
then every solution w #Z 0 of (1.3) is of infinite order.

2. Lemmas for the proofs of theorems

Our proofs depend mainly upon the following Lemmas.

Lemma 2.1 ([3]) Suppose that Ay(z),...,An—1(z) with Ag(z) # 0 are
entire functions such that for real constants «, 3, 01, 02, where a > 0,
B >0, and 01 < 03 we have

41(2)] = exp{(1+ o(1))alz|"} (2.1)
and
|A;(2)| < exp{o(l)oz|z]f8} (1=0,2,...,n—1) (2.2)

as z — 00 in 0 <argz < Oy Let € > 0 be a given small constant, and let
S(e) denote the set 01 +¢ < argz < 0y —e¢.
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If w # 0 is a solution with o(w) < 400 of the linear differential equation
w™ 4+ A1 (2)w™) 4 A (2)w + Ag(2)w = 0, (2.3)

then the following conditions hold:
(i) There exists a constant b # 0 such that w — b as z — oo in S(e).
Furthermore, as z — oo in S(g),

w(z) = b] < exp{~(1+ o(1))alz"}. (2.4)
(ii) For each integer m > 1, as z — oo in S(e),
0™ ()] < exp{~(1 + o(1))ale]}. (25

Remark 2.1 It should be noted that formula (2.5) is a special case of
Theorem 1 in [9].

By using similar proof as in the proof of Theorem 2.1 in [11], we can obtain
the following:

Lemma 2.2  Suppose that Ao(z),...,An—1(2) are entire functions with
Ao(z) # 0 such that for real constants «, (3, 61, 02, C where a >0, > 0,
C >0, and 01 < 02 we have, for some integer s, 1 < s<n —1,

|44(2)] = exp{al2l?) (26)
and

|4;(2)] < C (2.7)
forallj=0,1,...,5—1,s+1,....,n—1asz — o0 in b < argz < . Given

e > 0 small enough, and let S(e) denote the set 1 + e < argz < 0y — €.
If w # 0 is a transcendental solution of (2.3) with o(w) < 400, then
the following conditions hold:
(i) There exists j € {0,...,s — 1} and a complex constant b; # 0 such
that w9 — b; as z — oo in S(¢). Furthermore, as z — oo in S(e),

i) (2) ~ by < exp{~(a — p)[2I’}. (2.8)

where 0 < p < a.
(ii) For each integer m > j+ 1, as z — oo in S(e),

™ (2)] < exp{~(a — p)|2"}, (2.9)

where 0 < p < a.
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Lemma 2.3 ([8, p. 89]) Let f be a transcendental entire function of finite
order o, letT' = {(k1,j1), (k2,j2), ..., (km,Jm)} denote a finite set of distinct
pairs of integers that satisfy ki > j; > 0 (i = 1,...,m), and let € > 0 be
a given constant. Then there exists a set E C [0,27) that has linear measure
zero, such that if o € [0,27) — E, then there is a constant Ry = Ro(1o) > 1
such that for all z satisfying arg z = 1y and |z| > Ry, and for all (k,j) € T,
we have

f® (2) (k—j)(o—1+¢)
Lemma 2.4 ([4], [11], [9, Lemma 3]) Let f(z) be an entire function and

suppose that | f*)(2)| is unbounded on some ray arg z = 0. Then there exists
an infinite sequence of points z, = rpe? (n=1,2,...), where r, — 400,
such that f*)(z,) — co and

1

‘ FO (e |

f® ()| — (k=)
Lemma 2.5 ([2]) Let Ap(2),...,An—1(2) be entire functions such that for
real constants c, B, w, 01, 0a, where >0, 0 < G < a and 01 < 2 we have

|Ao(2)| > exp{az|"} (2.12)

!(1+0(1))]zn|k_j (j=0,....,k—1). (2.11)

and

|Aj(2)] <exp{Blz|'} (j=1,2,....n—1) (2.13)

as z — oo in 6 < argz < fy. Then every solution w # 0 of (2.3) is of
infinite order.

Lemma 2.6 ([4]) Let P(z) = amz™+ -, (am = a+if # 0) be a polyno-
mial with degree m > 1 and A(z) (# 0) be an entire function with o(A) <
m. Set f(z) = A(2)e’®), 2z = re?, §(P,0) = acosmb — Bsinmb. Then
for any given € > 0, there exists a set Hy C [0,2m) that has linear measure
zero, such that for any 6 € [0,27) \ (Hy U Hy), where Hy = {0 € [0,2m) :
d(P,0) = 0} is a finite set, there is R > 0 such that for |z| = r > R, we
have
(i) if 6(P,0) > 0, then

exp{(1 —e)d(P,0)r™} < |f(z)| < exp{(1+¢)d(P,0)r"}, (2.14)
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(ii) if 6(P,0) < 0, then
exp{(1+¢)d(P,0)r™} < |f(z)| < exp{(1 —e)d(P,0)r™}. (2.15)

3. Proof of Theorem 1.1

Let wy,...,w, be n independent solutions of equation (1.4). We men-
tion here that only at most one of solutions wy, ..., w, is of finite order of
equation (1.4) (see [5]). We may suppose that wi(z) is a solution of finite
order. Evidently wi(z 4 27i) is a solution of (1.4). Hence

1(z + 2mi) Zajwj (3.1)

Since w1 (z + 2mi) is of finite order too, then a; = 0 for j = 2,...,n; and
from Lemma 2.1 we have wy(z) — b # 0, wi(z+2mi) - b#0as z — 00
in Si(e): m/2+¢e¢ < argz < 3w/2 — ¢ (¢ > 0), which implies that oy =1
and wq(z + 2mi) = wi(z). We deduce that there exist a regular function
f(¢) in 0 < |{] < oo such that wi(z) = f(e*). If f(¢) has an essential
singularity at ¢ = 0, then wi(z) = f(e*) does not have a limit as z — oo
in Si(e): m/2+¢e <argz < 31/2—¢ (¢ > 0). Also, if f(¢) has a pole at
¢ =0, then wy(z) — oo as z — oo in S (). Hence f(¢) is an entire function
(f(¢) = 3428 arck and wi(z) = 32125 axeF?). Substituting this into (1.4),
we obtain

“+oo “+o00 “+oo
Z e Z kage®® + ¢ Z ape® = 0. (3.2)
k=1 k=1 k=0
This gives
(kn + c)ak + (k + 1)ak+1 =0 (]{7 > 1) (3.3)
and
a1 + cag = 0. (3.4)

We have ag = b # 0. If ¢ # —k" for all k£ > 1, then

i ]
1m
k—+4o00 |ak+1\

=0, (3.5)

which shows that the radius of convergence of Z;ZOB aiC* is equal to zero.
This is a contradiction. Hence there exists an integer kg > 1, such that ¢ =
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—kg. Thus from (3.3), a, = 0 for all K > kg + 1 and w;(2) = Z?OZO a;je’?.
This proves Theorem 1.1. O
4. Proof of Theorem 1.2

Suppose that w # 0 is a solution of (1.5) of finite order. The conditions
of Lemma 2.1 are verified in the sector Sa(e): m —e < argz <7 +¢ (0 <
e < m/2). Hence, there exists a constant b # 0 such that

lw(z) — b] < exp{—(1—p)|z|cose}, (4.1)
and for each integer n > 1
()] < exp{—(1 - p) |z| cos e} (4.2)

where 0 < p<lasz—ooin Sh(e):m—e<argz<m+e (0<e<7/2).
Furthermore, we have

le7%| < el (4.3)

and there exists a positive constant ¢ and a sufficiently large r¢, such that
for |z| > rg, we have

1Q(2)] < ], (4.4)
where ¢ = deg Q(z). From (1.5), we can write
Q(2)b] < [w™ (2)] + [e*[ |0/ (2)] + |Q(2)| [w(2) — b]. (4.5)
By (4.1)-(4.5), we obtain
|Q(2)b] < exp{—(1—p)|z[cose} +exp{|z| (1 — (1 — p)cose) }
+ c|z|?exp{—(1 — p) |z| cose}. (4.6)

Since (4.6) is verified for any arbitrary 0 < ¢ < 7/2 and 0 < p < 1,
it follows that there exists a positive constant M, such that for any |z|
very large, we can obtain, by taking € and p small enough, that |Q(z)| <
M. This contradicts that Q(z) is a nonconstant polynomial. The proof of
Theorem 1.2 is completed. O
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5. Proof of Theorem 1.3

Case. a; > 0. Ifargz =60 € S3(c) ={z: —e <argz<e (0 <e <7/2)}
and |z| sufficiently large, then we have

|e+*| > exp{a,rcose} (5.1)
and

|Pj(e®%)] < C (5.2)
forallj=1,...,s—1,s+1,...,n— 1, where C' > 0 is some real constant.

Hence the conditions of Lemma 2.2 are verified. So, if we suppose that
w # 0 is solution of (1.6) with o(w) = o < 00, then the following conditions
hold:

(i) There exists j € {0,...,s — 1} and a complex constant b; # 0 such that
w) — b; as z — oo in Si(e): —e < argz < ¢ (0 < & < 7/2) and more
precisely,

‘w(j)(z) — bj| < exp{—(ascose — p)|z|}, (5.3)

where 0 < p < agcose.
(ii) For each integer m > j + 1, as z — oo in S5(¢),

[w™(2)| < exp{—(ascose — p) |2|}, (5.4)
where 0 < p < a;cose. From the condition (i), by j-fold iterated integration
along the line segment [0, z], we obtain

2 j—1

w(z) = w(0) +w'(0) 7 +w"(0) ; o+ wlD(0)

/ / / tydtde ... du

22 - 21
= (0)+w(0) +w"(0) 5 + -+ w7 (0) ]
/ / / (bj + A(t)) dtdé ..
22 e P b; i
(0)—|—w(0)1'+w ()5 + -+ wl = )Gt

o [
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where A(z) — 0 and |A(z)| < exp{—(ascose — p)|z|} (0 < p < ascose) as
z—ooin S4(e): —e<argz<e (0 <e < m/2). It then follows from (5.5)

0
Lj(z)—m foralll=1,...,5j; (5.6)
z
w(z) b
and
w(z)  bj| 1
2 dlmeln) (.8

as z — oo in S4(¢). In the other hand, for z € S5(e), we have

Agz
e

< exp{asr}. (5.9)
We divide (1.6) over z7 and write it as follow

il @I [Pas e o D(z)

QB = T EE o
L IBEOE) | AE) )
Bl Bl
b.
Q) |2 - Y (5.10)

By using (5.4) and (5.6)—(5.9), from (5.10) we get a contradiction as z — oo,
€ —0and p— 0.

Case. a; < 0. We take the sector Sa(e): m—e <argz <7m+ec (0<e <
m/2) and we use the same argument as above.

6. Proof of Theorem 1.4

Assume w(z) is a transcendental solution of (1.7) with o(w) < co. By
Lemma 2.3, for any given ¢ > 0, there exists a set E; C [0,27) that has
linear measure zero, such that if 6 € [0,27) \ E, then there is a constant
Ro(0) = Ry > 1 such that for all z satisfying argz = 0 and |z| = r > Ry,
we have

‘ w™ (2)

< |p|(n=D(o—1+e) 1
| <M (6.1)
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Let Pi(2) = amz™ + -, (am = a+i3 #0), §(P1,0) = acosmb — Fsinmé.
By Lemma 2.6 we have for any given 0 < € < 1, there exists a set H; C
[0, 27) that has linear measure zero, such that for any 6 € [0, 27) \ (H1 U H2)
(He = {0 € [0,27) : §(P1,0) = 0}), there is Ry > 0 such that for |z| =7 >
R, we have

(i) if §(P1,0) <0, then

| A (2) epl(z)\ <exp{(l - 5)5(13179) "}

|4p(2)eP )| < exp{(l ) 5(P1,«9) }; (6.2)
(ii) if 6(P1,6) > 0, then

A1 (2)eP )] > exp{(1 - & 5<p1,9> m

| 4p(2)eP )| < exp{(1 o)t 6(P1,9) } (6.3)

Now we take 6 € [0,27) \ (E1 U H; U Ha), such that the linear measure
of E1 U Hy U Hy is zero, then 0 satisfies §(P,0) < 0 or 6(FP;,0) > 0. We
divide it into two cases to prove.

Case 1. 6(P1,0) < 0. By an = cby, 6(FPo,0) = (1/¢)d(P1,6) < 0. From
(1.7), we get

1< |A(2)eP ) ' E)
Z

If |w(™(z)| is unbounded on the ray argz = 6, then by Lemma 2.4, there
exists an infinite sequence of points {z, = r,e"}, where 7, — 400 such that
w™(z,) — oo and

+ [ Ao (2 PO(Z)‘ ’w(n) )z

(6.4)

w' (rpe? -
’wmg(ipeig) < oy e
w(rpe?
’w(n()(l;pei)e) < (;)| (1+ 0(1))7“;;' (6.5)

Substituting (6.2) and (6.5) into (6.4) we get for any 6 € [0,27)\ (E1 UH; U
HQ) and Tp > maX(Ro, Rl),

1
,
(n—1)17

1
+ o p(l—i—o(l))exp{(l—s) 6(P1, 0y}, (6.6)

1< (14 o(1)) exp{(1 — )d(Py,0)r;}
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which gives a contradiction as r, — +o0o0. Hence w™ (re??) is bounded on
argz =0, i.e.

Jw™ (re'?)| < My, (6.7)

where M; > 0 is a constant. From (6.7) and by n-fold iterated integration
along the line segment [0, z], we obtain
. 2 2|2 2|n
w(re®)| < O] + 0] 2+ @) 4 anEE 6
on the ray argz = 6.
Case 2. §(P1,0) > 0. Then §(FPy,0) = (1/¢)d(P1,0) > 0. By (1.7) we have

w™ (2)
w'(2)
If |w'(2)| is unbounded on the ray argz = 6, then by Lemma 2.4, there

exists an infinite sequence of points {z, = rye?®} where r, — +o0 such that
w'(z,) — oo and

() |
w'(2)

| A1 (2)e )] < ' (6.9)

+ }Ao(z)epo(z) ‘ ’

< (1+o(1)r,. (6.10)

Substituting (6.1), (6.3) and (6.10) into (6.9) we get
exp{(1 —&)d(Py,0)rm} < rlpHle=1te)
1
+ (1 +o0(1)r, exp{(l +e) - o(PL, e)r;r}
« 1 m
< (14 o(1)) 20 exp{(l—i—s);é(Pl,H)rp } (6.11)
where o = max{1l,(n —1)(c — 1 +¢)}.
If we choose € such that 0 < e < (¢ —1)/(c+1) in (6.11), then we get
a contradiction. Hence ‘w’ (rew)‘ is bounded on arg z = 6, i.e. there exists
a constant My > 0, such that

‘w’(rew)} < M.

As above, we get

[w(re”)| = ’w(o) + /0 w'(w) du| < [w(0)] + Ma|z]
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on the ray arg z = 0. In the two cases, we have

) 2 n
w(re®)| < (@) + ' O + () ZF 1+ EE - (ars0)

1! n!
(6.12)

on any ray argz = 6 € [0,27) \ (E1 U H; U Hy). By Phragmén-Lindel6f
Theorem [13], (6.12) holds in the whole plane. So, w(z) is a polynomial.
But w(z) is a transcendental, hence every transcendental solution of (1.7)
is of infinite order.

Now we prove that (1.7) cannot have nonzero polynomial solution. As-
sume w(z) is nonzero polynomial of degree d. We can take a ray argz = 6
such that §(Pp,6) > 0. From (1.7), we can write

| A1 (2)eP1 @] |w! (2)] < [w™(2)| + |Ao(2)eP*E) | w(z)], (6.13)
and by using Lemma 2.6, we obtain
(1+ o(1))r? " exp{(1 — )8(Py, 0)r™}
< (1 + o)A exp{ (1 4+2) © 6(P, 0} .

c
where A > 0 is some real constant, this is absurd by taking € such that
0 <e<(c—1)/(c+1). Hence every solution w # 0 of (1.7) is of infinite
order.

7. Proof of Theorem 1.5

Suppose that arga,, # argb,,. By Lemma 2.6, there exists a ray
argz = 6 such that 0 € [0,27) \ (H; U Hy), where H; and Hy are de-
fined as in Lemma 2.6, H; U Hj is of linear measure zero, and 6(FP, §) > 0,
d(P1,0) < 0 and for sufficiently large |z| = r, we have

’AO(Z)GPO(Z) + BO(Z){ > (1+0(1)) exp{(l —&)8(P, e)rm}, (7.1)
and
’Al(z)efﬁ(z) + Bl(2)| S exp{(l — 8)5(P1, e)rm} eXp{TU(Bl)+%}
< expfs71)+7). 72

If we take € in (7.1) and (7.2) such that o(B;) + ¢ < m, then the condi-
tions (2.12), (2.13) of Lemma 2.5 are satisfied. Hence every solution w # 0
of (1.8) is of infinite order.
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Now suppose that a,, = cby, (0 < ¢ < 1). Then §(P1,0) = cd(FPo,0).
Using the same reasoning as above, there exists a ray argz = 6 satisfying
d(P1,0) = cd(Po,0) > 0 and for sufficiently large |z| = r

| A0(2)e™® + By(2)| > (1 4 o(1)) exp{(1 — £)3(Py,0)r™}  (7.3)
and
| A1 (2)e ) + By (2)| < exp{(1 +¢)dd(Pp, 0)r™}, (7.4)

where 0 < ¢ < ¢ < 1. By taking ¢ in (7.3), (7.4) such that 0 < & < %,
then from Lemma 2.5 we get the result.

Acknowledgement The authors would like to thank the referee for
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