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On geometric properties of Lagrangian submanifolds

in product symplectic spaces

S. Janeczko and M. Mikosz
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Abstract. We study the generic properties of symplectic relations. Local models of

symplectic relations are described and the corresponding local symplectic invariants are

derived. A stratification of the Lagrangian Grassmannian in the product symplectic space

(N ×M, π∗MωM − π∗NωN ) is constructed and global homological properties of the strata

are investigated.
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1. Introduction

A symplectic structure on a manifold M is a 2-form ω which is closed
and nondegenerate. For a symplectic manifold (M, ω), we can consider sub-
manifolds L which are isotropic with respect to the symplectic form, ω |L=
0. If L has a maximal possible dimension equal to half of the dimension of
the symplectic manifold, then L is called Lagrangian.

There are extensive local and global studies of Lagrangian submanifolds
and their singularities (cf. [14, 3, 6, 7, 8]). An important object in global
investigations of Lagrangian submanifolds is the Lagrangian Grassmannian
Λn, the manifold of linear Lagrangian subspaces in a 2n-dimensional lin-
ear symplectic space. The canonical stratification Λn =

⋃n
k=0 Λα

n,k, Λα
n,k =

{β ∈ Λn : dim(β ∩ α) = k}, where α is a fixed element of Λn, allows us to
describe the geometry of Lagrangian submanifolds and their singularities.
The set Λ(1)

n =
⋃n

k=1 Λα
n,k is coorientable and its singular part has codimen-

sion strictly greater than 1 in Λ(1)
n . Thus Λ(1)

n determines a singular cycle
which is Poincaré dual to the universal Maslov class µ ∈ H1(Λn, Z) (cf. [2]).
Investigation of Lagrangian submanifolds in a product symplectic manifold
(M1 ×M2, π

∗
2ω2 − π∗1ω1), called symplectic relations, requires (as shown in

[9]) the use of another natural stratification of the Lagrangian Grassmannian
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Λn+m (dimM1 = 2n, dimM2 = 2m) determined by the product structure
properties. This stratification distinguishes the symplectically nonequiva-
lent vertical positions of symplectic relations and measures their difference
from canonical relations formed by graphs of symplectomorphisms.

To continue the investigation of symplectic relations, in Section 2 we
construct a new stratification of the Lagrangian Grassmannian in a product
linear symplectic space and investigate the generic properties of symplectic
relations with respect to the canonical projections. In Section 3 we compute
the first homology group of the strata and find a cycle whose homology class
is dual to the universal Maslov class of the Grassmannian Λn+m.

2. Lagrangian submanifolds in product symplectic space

Let (N, ωN ), (M, ωM ) be two linear symplectic spaces, dimN = 2n,
dimM = 2m, m ≤ n. The product symplectic space is defined as

M = (N ×M, ωM ª ωN ), (1)

where ωM ª ωN = π∗2ωM − π∗1ωN and πi, i = 1, 2, are the canonical projec-
tions.

By Λn+m we denote the Lagrangian Grassmannian of linear (n + m)-
dimensional Lagrangian subspaces in M. Let N and M be canonically
placed in the product. If L ∈ Λn+m then there are two possibilities:
1. L is transversal to N . Then rank(π2 |L) is maximal and L is called a

linear reduction relation. The set of such L is called the regular subset
of Λn+m and we will denote it by RSpn+m.

2. L is not transversal to N . The set of such L will be denoted by CΛn+m

and called the critical subset of Λn+m.
We stratify Λn+m by the codimension of the image under the projection

π2. The most singular subset in Λn+m is denoted by SΛn+m, SΛn+m =
Λn × Λm, where Λn and Λm are the Lagrangian Grassmannians in N and
M respectively; codimSΛn+m = nm.

Now we introduce the composition of linear symplectic relations. Let
R1 and R2 be Lagrangian subspaces in product spaces, say (M1×M2, ω2ª
ω1) and (M2 ×M3, ω3 ª ω2) respectively. Then we define the composition
of R1 and R2, denoted by R2 ◦R1, as the Lagrangian subspace

R2 ◦R1 = {(v1, v3) ∈M1 ×M3 : ∃v2 ∈M2, (v1, v2) ∈ R1, (v2, v3) ∈ R2}
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in the product symplectic space (M1 ×M3, ω3 ª ω1).
Let V be a subspace of a linear symplectic space (N, ω). By V ∠ we

denote the symplectic-orthogonal subspace to V (symplectic polar), V ∠ =
{v ∈ N : ω(v, w) = 0 for every w ∈ V }. If V ∠ ⊂ V then V is called a
coisotropic subspace of (N, ω). The quotient space V/V ∠ endowed with
the canonical reduced symplectic structure is called a reduced symplectic
space.

Theorem 2.1 The Lagrangian Grassmannian Λn+m has a canonical
partition into smooth strata CkΛn+m (k = 0, 1, . . . , m) with C0Λn+m =
RSpn+m and CmΛn+m = SΛn+m. Each stratum is characterized as follows:
L ∈ CkΛn+m is uniquely represented as L = (L1 ◦ R) ◦ L2 with Lagrangian
subspaces L1 ⊂ (N × N1, ωN1 ª ωN ), R ⊂ (N1 × N2, ωN2 ª ωN1), L2 ⊂
(N2 ×M, ωM ª ωN2), where Li (i = 1, 2) is the graph of the coisotropic
projection (i.e. linear reduction relation) ρi : πi(L) → Ni = πi(L)/πi(L)∠

with dimN1 = dimN2 = 2(m − k) and R is the graph of a symplectic
isomorphism N1 → N2.

Proof. If L ∈ RSpn+m, then π1(L) is a coisotropic subspace of N , i.e. the
symplectic orthogonal π1(L)∠ is contained in π1(L). And we can decompose
L as L = R ◦ L1, where R and L1 are symplectic relations, R ⊂ (N1 ×
M, ωM ª ωN1) and L1 ⊂ (N × N1, ωN1 ª ωN ). L1 is the graph of the
coisotropic projection ρN1 : π1(L) → π1(L)/π1(L)∠, where π1(L)/π1(L)∠ is
endowed with the unique symplectic structure ωN1 by the canonical formula
ρ∗N1

ωN1 = ωN |π1(L) and R is the graph of a symplectic isomorphism N1 →
M , dimN1 = dimM = 2m.

A simple geometric argument shows that if L ∈ CΛn+m then π1(L) ⊂ N

and π2(L) ⊂M are coisotropic subspaces with equally dimensional uniquely
defined reduced symplectic spaces. Repeating the previous considerations
for these subspaces we get the characterization of the corresponding strata
of the partition. ¤

Let I2n
k denote the Grassmannian of isotropic k-dimensional subspaces

in 2n− dimensional symplectic space.
As a consequence of the above theorem we obtain

Corollary 2.1 The strata CkΛn+m are smooth submanifolds of Λn+m and

codimCkΛn+m = k2 + k(n−m). (2)
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Proof. It is just a matter of calculation:

codimCkΛn−m = dim Λn+m − dim I2n
n−m+k

− dim I2m
k − dimΛ2m−2k.

Using the standard formulas for the respective dimensions we get the result.
¤

Let (N, ωN ), (M, ωM ) be two symplectic manifolds and let the sym-
plectic manifold M be defined as before in the linear case (cf. (1)). By
(L, p) we denote a Lagrangian submanifold germ in M. Now we introduce
an equivalence relation in the space of germs of Lagrangian submanifolds.

Definition 2.1 Two Lagrangian germs (L1, p1), (L2, p2) ⊂ (M, ωM ª
ωN ) are called equivalent if there exist two symplectomorphism germs B1 :
(N, π1(p1)) → (N, π1(p2)) and B2 : (M, π2(p1)) → (M, π2(p2)) such that
the symplectomorphism B1 × B2 : M → M sends L1 into L2 and p1 into
p2.

Now we have the preliminary

Lemma 2.1 If (L, p) is a Lagrangian germ in M, then there are local
cotangent bundle structures around π1(p), say T ∗X and around π2(p), say
T ∗Y , such that (L, p) is generated in the product space M ∼= (T ∗(X ×
Y ), ωT ∗Y ª ωT ∗X) by the germ of a function F : (X × Y, πX×Y (p)) → R
such that, in local coordinates on (X × Y, πX×Y (p)),

F (x, y) =
n∑

i=1

m∑

j=1

xiyjφij(x, y), (3)

for some smooth function-germs φij, where πX×Y : T ∗(X × Y ) → X × Y is
the canonical cotangent bundle projection, dimX = n, dimY = m.

Proof. Let ((p, q), (p̄, q̄)) be the Darboux coordinates on T ∗(X×Y ). Then

ωT ∗Y ª ωT ∗X =
m∑

i=1

dp̄i ∧ dq̄i −
n∑

i=1

dpi ∧ dqi.

By [3] (Section III, 19.3) we can find partitions I ∪ J = {1, . . . , n}, I ∩
J = ∅, and Ī ∪ J̄ = {1, . . . , m}, Ī ∩ J̄ = ∅, such that there exists a smooth
function (pI , qJ , p̄Ī , q̄J̄) 7→ S(pI , qJ , p̄Ī , q̄J̄) which is a generating function
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for (L, p) (cf. [2, 3]). By means of the symplectomorphism Φ of M,

Φ(p, q, p̄, q̄) = (−qI , pJ , pI , qJ , −q̄Ī , p̄J̄ , p̄Ī , q̄J̄) = (ξ, x, η, y),

which preserves the product structure of M, we get the generating function
(x, y) 7→ F (x, y) for (L, p) in the canonical cotangent bundle structure
T ∗X × T ∗Y on M. We can write

F (x, y) = F1(x) +
n∑

i=1

m∑

j=1

xiyjφij(x, y) + F2(y)

and then taking the equivalence B1 × B2, B1(ξ, x) = (ξ − gradF1(x), x),
B2(η, y) = (η − gradF2(y), y), we get the reduced form (3). ¤

Proposition 2.1 If (L, p) projects onto (M, π2(p)), dimM = 2m, m ≤
n, then (L, p) is equivalent to its tangent space TpL with the generating
function F (x, y) =

∑m
i=1 xiyi.

Proof. By assumption, (L, p) can be parametrized by the mapping

Φ(p̄, q̄, qI) = (φI(p̄, q̄, qI), φJ(p̄, q̄, qI), qI , ψJ(p̄, q̄, qI); p̄, q̄),

i.e. Φ∗(ωM ªωN ) = 0, where I ∪ J = {1, . . . , n}, I ∩ J = ∅, and φI , φJ , ψJ

are smooth map-germs. Consider the symplectomorphism Ξ: N → N given
by Ξ(ξ, x) =

(
ξI +φI(ξJ , xJ , xI), φJ(ξJ , xJ , xI), xI , ψJ(ξJ , xJ , xI), ξJ , xJ

)
.

It is really a symplectomorphism: in fact,

Ξ∗(dpI ∧ dqI + dpJ ∧ dqJ) = dξI ∧ dxI + dφI(. . .) ∧ dxI

+ dφJ(. . .) ∧ dψJ(. . .);

but dp̄ ∧ dq̄ − dφI(p̄, q̄, qI) ∧ dqI − dφJ(. . .) ∧ dψJ(. . .) = 0, so we get

Ξ∗(dpI ∧ dqI + dpJ ∧ dqJ) = dξI ∧ dxI + dξJ ∧ dxJ .

Then, via (Ξ−1, id), the Lagrangian germ (L, p) is equivalent to the form
ξJ = −yJ , ηJ = xJ , ξI = 0, where J = {1, . . . , m}, and ωM ª ωN = dηJ ∧
dyJ − dξ ∧ dx. But it is easy to check that this germ is generated by the
generating function F (x, y) =

∑m
i=1 xiyi. ¤

Let L ⊂ M be a symplectic relation. We can associate with L the
symplectic ”Gauss” map, GL : L 3 p 7→ TpL ∈ Λn+m, where the tangent
space TpL is identified with a linear subspace of M.
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Definition 2.2 We say that L is in general position (or that it is generic)
if GL is transversal to the stratification CΛn+m =

⋃m
k=1CkΛn+m. We say

that L has k-vertical position at p ∈ L if GL(p) ∈ CkΛn+m. The index k

(which is a symplectic invariant) is called the rank of the vertical position.

We see that the 0-vertical position at p corresponds to the case when
TpL ∈ Λn+m − CΛn+m. From Theorem 2.1 and Lemma 2.1 we obtain the
following result.

Proposition 2.2 If p ∈ L, and L has k−vertical position at p, then the
germ (L, p) is equivalent to one in (T ∗X ×T ∗Y, ωY ªωX) generated by the
generating function

F (x, y) =
n∑

i=1

m∑

j=1

xiyjφij(x, y),

where the rank of the vertical position of L at p is equal to the corank of the
matrix ((∂2F/∂xi∂yj)(0, 0)), k = corank(φij(0, 0)) at (0, 0) = πX×Y (p).

Let Mn×m (n ≥ m) denote the space of n×m matrices of real numbers.
For each natural r, 0 ≤ r ≤ m, let Σr denote the subset of Mn×m consisting
of matrices of corank r. Then Σr is a submanifold of Mn×m of codimension
r2 +r(n−m) (cf. [5]). Let En×m denote the set of n×m matrices of smooth
function-germs at 0 on X × Y , i.e. a representative of a germ is a smooth
mapping of some open neighborhood of 0 ∈ X × Y into Mn×m. A germ
Φ ∈ En×m is called generic if it is transversal to all Σr, r = 0, 1, . . . , m. By
Lemma 2.1 and Proposition 2.2, to every neighborhood U of p ∈ L, for some
choice of the cotangent bundle structure on M, we associate the generating
function

πX×Y (U) = V 3 (x, y) 7→ F (x, y),

where L is transversal to the fibering. We can treat coordinates (x, y) ∈ U
as a parametrization of L. To each (x̄, ȳ) ∈ U we associate the two-jet

j2(x̄, ȳ)F =
n∑

i=1

m∑

j=1

(xi − x̄i)(yj − ȳj)aij(x̄, ȳ).

The smooth mapping V 3 (x, y) 7→ aij ∈ Mn×m will be called the one-jet
extension of the parametrization of L. Now we have
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Proposition 2.3 Let L ⊂ M be a symplectic relation in M. Then the
following conditions are equivalent
1. The mapping GL is transversal to the stratification of the critical set

CΛn+m =
⋃m

k=1CkΛn+m.
2. For any germ of a symplectic relation (L, p) the corresponding one-jet

extension of the local parametrization of L is generic.

Proof. We know by Proposition 2.2 that the corresponding stratifications
of Λn+m and Mn×m coincide. Thus the one-jet extension (aij(x, y)) recon-
structs the Gauss map locally. So if V 3 (x, y) 7→ (aij(x, y)) is generic,
then GL is transversal to the stratification of Λn+m, and conversely if GL is
transversal to the stratification of Λn+m, then by the extension and reduc-
tion method (see also [10, 14]) the corresponding local one-jet extensions
are generic matrices. ¤

Remark 2.1
A. If aij(x̄, ȳ) is generic then φij(x, y) is generic in some open neigh-

borhood of 0. And because of aij(0, 0) = φij(0, 0), rank(aij(0, 0)) =
rank(φij(0, 0)), we have the local equivalence of generic matrices
(aij(x̄, ȳ)) and (φij(x, y)) (cf. [10]). In fact

(aij ◦ ψ)(x, y) =
∑

kl

αik(x, y)φkl(x, y)βlj(x, y),

where ψ is a local diffeomorphism, (φkl(0, 0)) = 0, and α, β are local
invertible matrices; (αik(0, 0)) = In×n, (βlj(0, 0)) = Im×m.

B. By Proposition 2.3, the k-vertical points of generic L ⊂ (N×M, ωMª
ωN ), dimN = 2n, dimM = 2m cannot be removed by a small pertur-
bation of L if

k2 + k(n−m) ≤ n+m (n ≥ m, k ≤ m). (4)

For generic L, the isolated points of k-vertical position appear only
if m ∈ N satisfies the equation m = (1/8)(4 + h2 − s2) for some h ∈
N and s ∈ N, s ≥ 2. In this case the relation L has an isolated k-
vertical point, not removable by a small perturbation of L, for k =
(1/2)(2 + h− s). If n = m the k-vertical points generically appearing
in L are defined by the inequality k2 ≤ 2n. The isolated points of
k-vertical position appear only if n = 2h2 for some h ∈ N, and these
are 2h-vertical points.
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If n = m = 2, then the supercritical points (i.e. points p ∈ L such
that GL(p) ∈ C2Λ4) appear in generic L as isolated points. At such points
L is generated locally by a function F (x, y) =

∑2
i,j=1 xiyjφij(x, y), where

φij(0, 0) = 0, and the transversality of GL to C2Λ4 is equivalent to the
maximal rank property, rankDΦ(0, 0) = 4, where Φ(x, y) = (φij(x, y)) ∈
M2×2.

If n = m = 1, the supercritical points for generic L are not isolated. In
this case the generating function has the form F (x, y) = xyf(x, y), and the
transversality condition means that f has no critical point at 0. Moreover
the transversality condition ensures the infinitesimal symplectic stability of
such supercritical points.

3. The geometry of Λn+m

We begin with the case n = m. Later we generalize the considerations
to n 6= m, n ≥ m.

We consider the partition of the critical subset CΛ2n ⊂ Λ2n into the
smooth submanifolds (cf. [9]), CΛ2n =

⋃n
k=1CkΛ2n. Every stratum CkΛ2n,

for k = 1, . . . , n− 1, is fibered in the following way:

Sp(2n− 2k) r−→ CkΛ2n
p−→ (I2n

k )2

where p is the canonical projection into symplectic polars (symplectic-
orthogonal isotropic spaces) and r is the fiber inclusion. I2n

k is the isotropic
Grassmannian and Sp(2n− 2k) denotes the group of symplectic linear au-
tomorphisms of the (2n− 2k)-dimensional linear symplectic space.

Proposition 3.1 The first homology group of the set CkΛ2n, for k =
1, . . . , n− 1, with real coefficients is equal to R.

Proof. We take the exact homotopy sequence for the fibration

· · · → π1(Sp(2n− 2k)) → π1(CkΛ2n) → π1((I2n
k )2) → . . .

Since π1(Sp(2n − 2k)) ' Z and π1((I2n
k )2) ' Z2 ⊕ Z2 ([11, 1]) is a torsion

group, and Sp(2n−2k) and CkΛ2n are connected, we see thatH1(CkΛ2n, R)
is equal to R or is trivial. We will examine the generator of the group
H1(CkΛ2n, R) coming from Sp(2n− 2k). We fix the point I0 = Rk ×Rk ∈
(I2n

k )2 in the base, so over I0 we have the inclusion of the fiber r : Sp(2n−
2k) ↪→ CkΛ2n. As a generator of H1(Sp(2n − 2k), R) we take the class
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[γk(t)] of the matrix cycle in Sp(2n− 2k)

γk(t) =




eit 0 . . . 0
0 1 . . . 0
...

...
. . .

...
0 0 . . . 1




for t ∈ [0, 2π]. Let (ε1, γk(t)ε1), (ε2, γk(t)ε2), . . . , (εn−k, γk(t)εn−k) be the
complex basis of

graph γk(t) ⊂ Cn−k ⊕Cn−k,

where ε1, . . . , εn−k is the standard basis in Cn−k.
We denote by [γ̃k(t)] the image of the generator [γk(t)] under the map-

ping

r∗ : H1(Sp(2n− 2k), R) → H1(CkΛ2n, R).

It is represented by the matrix X ∈ Sp(2n), i.e.

X =




XA 0
0 QA

XB 0
0 QB


 ,

where:
1. XA = (ε1, iε1, . . . , εn−k, iεn−k) is an (n− k)× (2n− 2k) matrix and

the bar is the complex conjugation.
2. QA = (Ek, 0) is a k×2k matrix and consists of two parts: the identity

matrix Ek and the zero matrix.
3. XB = (γk(t)ε1, iγk(t)ε1, . . . , γk(t)εn−k, iγk(t)εn−k), is a matrix of the

same type as XA.
4. QB = (0, Ek).

We calculate

det(γ̃k(t)) = det
(
A

B

)
= ±eit(2i)n−k, t ∈ [0, 2π].

Now we consider the mapping

det2 : Λ2n → S1, [D] 7→ (detD)2,
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where the element [D] ∈ Λ2n ' U(2n)/O(2n) represents a Lagrangian li-
near subspace in 4n-dimensional symplectic space. We recall that the uni-
versal Maslov class µ2n of the Lagrangian Grassmannian is a generator of
H1(Λ2n, Z) ' Z and it is the image of a generator of H1(S1, Z) under the
mapping det2 ∗ : H1(S1, Z) → H1(Λ2n, Z) ([2], [12], [7]). Dually the map
of homology det2∗ : H1(Λ2n, Z) ' Z → H1(S1, Z) ' Z is an isomorphism
and the image of the cycle [γ̃k(t)] under the mapping det2∗ is equal to 2g,
where g is a generator of H1(S1, Z). We conclude that [γ̃k(t)] is nonzero.
The mapping r∗ is an epimorphism, so r∗ is an isomorphism and we have
H1(CkΛ2n, R) ' R. ¤

By µ∗2n we denote the element of H1(Λ2n, R) ' R dual to the universal
Maslov class µ2n. Thus we get

[γ̃k(t)] = [deg det2(γ̃k(t))]µ∗2n = 2µ∗2n.

For the inclusion

j : CkΛ2n ↪→ Λ2n, k = 1, . . . , n− 1,

we have j∗([γ̃k(t)]) = 2µ∗2n. Thus we proved the following theorem:

Theorem 3.1 For every stratum CkΛ2n, k = 1, . . . , n− 1, we can find a
cycle in H1(CkΛ2n, R) ' R realizing the class µ∗2n ∈ H1(Λ2n, R) dual to
the universal Maslov class for the Grassmannian Λ2n.

Now we are interested in two strata: the supercritical set CnΛ2n =
SΛ2n ' Λn×Λn and the biggest stratum RSp2n = Sp(2n) consisting of the
graphs of the linear symplectomorphisms. The result for the strata RSp2n

is the same as for the strata CkΛ2n, where k = 1, . . . , n− 1.
Let l0 be a fixed element of Λn and L be an arbitrary element of Λ2n.

We define the image of l0 under L:

L(l0) = {p ∈M : ∃p′ ∈ l0 (p′, p) ∈ L},
which is obviously an element of Λn. We consider the mapping (cf. [9])
ρ : Λ2n → Λn, ρ(L) = L(l0). The mapping ρ restricted to the strata CkΛ2n

for k = 0, . . . , n − 1 is not continuous; in contrast, it is continuous on the
supercritical stratum. Let j : SΛ2n ↪→ Λ2n be the inclusion map and let ρn

be the map ρ restricted to the stratum SΛ2n.
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Corollary 3.1
1. For the mapping j∗ : H1(SΛ2n, R) ' R ⊕ R → H1(Λ2n, R) ' R we

obtain

j∗(aµ∗n, bµ
∗
n) = (−a+ b)µ∗2n,

where the classes µ∗n and µ∗2n are dual to the universal Maslov classes
for the Grassmannians Λn and Λ2n, a, b ∈ R. In particular we have
j∗(−µ∗n, µ∗n) = 2µ∗2n.

2. The map ρn ∗ : H1(SΛ2n, R) → H1(Λn, R) is the projection on the
second factor, so ρn∗(v, µ∗n) = µ∗n for all v.

The Lagrangian Grasssmannian is an orientable manifold if and only if
n is an odd integer (cf. [4]). Thus in our case the Grassmannian Λ2n is not
orientable for any n ∈ N.

Remark 3.1 The first singular stratum C1Λ2n is coorientable in Λ2n. The
coorientability determines a cohomology class in H1(Λ2n, R).

The Grassmannian Λn+m, n ≥ m has the stratification (see Section 2):

Λn+m = RSpn+m ∪
m−1⋃

k=1

CkΛn+m ∪ CmΛn+m.

The strata are fibered in the following ways:
1. the regular stratum RSpn+m:

Sp(2m) r−→ RSpn+m
p−→ I2n

n−m

2. the critical strata CkΛn+m for k = 1, . . . , m− 1,

Sp(2m− 2k) r−→ CkΛn+m
p−→ I2n

n−m+k × I2m
k

3. the supercritical stratum

CmΛn+m ' SΛn+m ' Λn × Λm,

where p is the canonical projection into symplectic polars (isotropic
spaces) and r is the fiber inclusion. We will examine the generators of the
groups H1(RSpn+m, R) and H1(CkΛn+m, R), k = 1, . . . , m − 1, coming
from Sp(2m) and Sp(2m− 2k) respectively. Using analogous arguments to
the first part of this section we get
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Proposition 3.2
1. The first homology groups of the sets RSpn+m and CkΛn+m, for k =

1, . . . , m− 1, with real coefficients are equal to R.
2. For every stratum RSpn+m and CkΛn+m, k = 1, . . . , m − 1, we can

find a cycle whose class in H1(Λn+m, R) ' R is the class µ∗n+m dual
to the universal Maslov class for the Grassmannian Λn+m.

3. For the inclusion j : SΛn+m → Λn+m we obtain

j∗(aµ∗n, bµ
∗
m) = (−a+ b)µ∗n+m,

where the classes µ∗n, µ∗m and µ∗n+m are dual to the universal Maslov
classes for the Grassmannians Λn, Λm and Λn+m (respectively), a, b ∈
R.

4. The first singular set C1Λn+m is coorientable in Λn+m.
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