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Holonomic systems of general Clairaut type
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Abstract. In this papar we consider an important class of first order partial differential

equations (or, holonomic systems). The notion of general Clairaut type equations is one

of the generalized notions of classical Clairaut equations. We give a generic classification

of holonomic systems of general Clairaut type as an application of the theory of complete

Legendrian unfoldings.
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1. Introduction

In the classical theory of first order partial differential equations, the
notion of complete solutions plays an important role. The Clairaut equa-
tion is one of the typical examples of first order differential equations with
classical complete solutions. We say that a system of first order partial
differential equations is general Clairaut type if it has a classical complete
solution. In [5, 6, 7, 9], the system of general Clairaut type with a regular
property (which are called systems of Clairaut type) has been investigated.
In particular, a generic classification and characterization of holonomic sys-
tems of Clairaut type are given in [7]. Moreover, a generic classification of
first order ordinary differential equations of general Clairaut type is given
in [3].

In this paper we give a generic classification of holonomic systems of
general Clairaut type in any dimension. Since our concern is the local
classification of differential equations, we can formulate as follows (cf. [7]):
Let π : PT ∗Rn+1 −→ Rn+1 be the projective cotangent bundle over Rn+1.
We have a local coordinate (x, y, p) = (x1, . . . , xn, y, p1, . . . , pn) of PT ∗Rn+1

such that (x1, . . . , xn, y) gives the canonical coordinate of Rn+1 and the
hyperplane in T(x,y)Rn+1 given by dy −∑n

i=1 pi dxi = 0. This coordinate is
called the canonical coordinate of PT ∗Rn+1. The canonical contact form on
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canonical coordinate of PT ∗Rn+1 is defined by θ = dy−∑n
i=1 pi dxi. Using

this approach, a first order differential equation is most naturally interpreted
as being a closed subset of PT ∗Rn+1. We consider that a holonomic system
of first order differential equation germ (or, briefly, a holonomic system) is
defined to be a smooth map germ f : (Rn+1, 0) −→ PT ∗Rn+1. The term
“general” means that f is not necessarily a germ of immersion. We say that
f is completely integrable if there exsists a submersion germ µ : (Rn+1, 0) −→
(R, 0) such that dµ ∧ f∗θ = 0. We call µ a complete integral of f and the
pair (µ, f) : (Rn+1, 0) −→ R × PT ∗Rn+1 is called a holonomic system with
complete integral. If π ◦ f |µ−1(s) is a non-singular map for each s ∈ (R, 0),
f is called a holonomic system of general Clairaut type. Furthermore, if
f is an immersion germ, then we call f a holonomic system of Clairaut type
(cf. [7, 9]). A first order ordinary differential equation of general Clairaut
type (µ, f) : (R2, 0) −→ R × PT ∗R2 (i.e., n = 1) has appeared in [3] such
that f has the Whitney umbrella singularity.

We now consider divergent diagrams. Let (µ, g) be a pair of germs of
a map g : (Rn+1, 0) −→ (Rn+1, 0) and a submersion µ : (Rn+1, 0) −→ (R, 0).
Then the divergent diagram

(R, 0)
µ←− (Rn+1, 0)

g−→ (Rn+1, 0)

or briefly (µ, g), is called a (holonomic) integral diagram if there exists
a holonomic system f : (Rn+1, 0) −→ PT ∗Rn+1 such that (µ, f) is a holo-
nomic system with complete integral and π ◦ f = g.

We introduce an equivalence relation among integral diagrams. Let
(µ, g) and (µ′, g′) be integral diagrams. Then (µ, g) and (µ′, g′) are equiva-
lent as integral diagram (respectively, strictly equivalent) if the diagram

(R, 0)
µ←−− (Rn+1, 0)

g−−→ (Rn+1, 0)

κ

y ψ

y
yφ

(R, 0) ←−−
µ′

(Rn+1, 0) −−→
g′

(Rn+1, 0)

commutes for some germs of diffeomorphisms κ, ψ and φ (respectively,
κ = idR). We also consider a natural equivalence relation among holonomic
systems. Let f and f ′ be holonomic system of equations. Then f and f ′ are
equivalent as holonomic system if the diagram
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(Rn+1, 0)
f−−→ (PT ∗Rn+1, z) π−−→ (Rn+1, 0)

ψ

y
yΦ

yφ

(Rn+1, 0) −−→
f ′

(PT ∗Rn+1, z′) −−→
π

(Rn+1, 0)

commutes for germs of diffeomorphisms ψ, φ and a contact diffeomor-
phism Φ (that is, Φ is a diffeomorphism and preserving contact structure).
We shall show that two holonomic systems f and f ′ are equivalent as
holonomic system if and only if induced integral diagrams (µ, π ◦ f) and
(µ′, π ◦ f ′) are equivalent for generic (µ, f) and (µ′, f ′) (cf. Theorem 2.3).
The main result in this paper is the following theorem which gives a generic
classification of holonomic systems of general Clairaut type:

Theorem 1.1 For a generic holonomic system of general Clairaut type

(µ, f) : (Rn+1, 0) −→ R× PT ∗Rn+1,

the integral diagram (µ, π ◦ f) is strictly equivalent to one of germs in the
following list:

DA1 : µ = un+1, g = (u1, . . . , un, un+1).

DA2 : µ = un+1− 1
2
u1, g = (u1, . . . , un, u2

n+1).

DA0
2 : µ = un+1 +

1
2
(u2

1 + · · ·+ u2
n), g = (u1, . . . , un, u2

n+1).

DAk
2 (1≤ k≤ n) : µ = un+1− 1

2
(u2

1 + · · ·+ u2
k − u2

k+1− · · · − u2
n),

g = (u1, . . . , un, u2
n+1).

DA` (3≤ `≤ n + 1): µ = un+1,

g =
(

u1, . . . , un, u`
n+1 +

`−1∑

i=1

uiu
i
n+1

)
.

D̃An+2 : µ = un+1 + α ◦ g for α∈M(x,y),

g =
(

u1, . . . , un, un+2
n+1 +

n∑

i=1

uiu
i
n+1

)
.

We call the germ of function α : (Rn+1, 0) −→ (R, 0) which appears in
the normal forms D̃An+2, a functional moduli. In this case, we have the
characterization of functional moduli under the equivalence in [7]. The
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meaning of the genericity in the above theorem will be discribed in §2
(cf. Theorem 2.2). The normal forms DA` (1 ≤ ` ≤ n + 1) and D̃An+2

are holonomic systems of Clairaut type which have been already classified
in [7]. The normal form DAk

2 (0 ≤ k ≤ n) is the new one which con-
tains many interesting new equations. If we take germs of diffeomorphism
κ = −idR, ψ(u1, . . . , un, un+1) = (u1, . . . , un,−un+1) and φ = idR, then
DAk

2 and DAn−k
2 are equivalent. For n = 1, DA0

2 and DA1
2 are equiv-

alent. In this case, f has the singularity of the Whitney umbrella, this
equation is called the Clairaut Whitney umbrella in [3]. The phase portrait
{π ◦ f(µ−1(c))}c∈R of the Clairaut Whitney umbrella is depicted as follows:

-4 -2 2 4

-4

-2

2

4

We now give typical examples of holonomic systems of general Clairaut
type.

Example 1.2 (The holonomic Clairaut systems)
The holonomic Clairaut systems are given by f : (Rn+1,0)−→PT ∗Rn+1;

f(u1, . . . ,un+1)

=
(

u1, . . . ,un,
n∑

i=1

γi(un+1)ui +g(γ(un+1)), γ1(un+1), . . . , γn(un+1)
)

and µ : (Rn+1, 0) −→ (R, 0); µ(u1, . . . , un+1) = un+1 where γ : (R, 0) −→ Rn

is an immersion germ and g : (Rn, 0) −→ (R, 0) is a smooth function germ.
For more detailed properties, see [6, 7]. In this case, the complete solution
π ◦ f(µ−1(c)) (c ∈ (R, 0)) is a family of affine hyperplanes.

If we take γ(s) = (s, s2, . . . , sn) and g(p1, . . . , pn) = pn+2
1 , then it rep-

resents the normal form D̃An+2 where α = 0. The picture of the phase
portrait {π ◦ f(µ−1(c))}c∈R for n = 1 is as follows:
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Example 1.3 Here we consider the holonomic systems of integral diagram
of DA0

2 and DA1
2 for n = 2. In the case of DA0

2, the holonomic system f is
the generalized cross cap singularity and the phase portrait is given by

π ◦ f(µ−1(c)) =
(
u1, u2,

(
c− 1

2
(u2

1 + u2
2)

)2)
.

We can draw these pictures when c = 1, 0, −1, respectively in Fig. 1 and
superimpose these pictures (that is, the phase portrait) {π ◦ f(µ−1(c))}c∈R
of DA0

2, see Fig. 2.
On the other hand, for DA1

2, the phase portrait is given by

π ◦ f(µ−1(c)) =
(
u1, u2,

(
c +

1
2
(u2

1 − u2
2)

)2)
.

We also draw these pictures when c = 1, 0, −1, respectively in Fig. 3 and
superimpose these pictures (that is, the phase portrait) {π ◦ f(µ−1(c))}c∈R
of DA1

2, see Fig. 4.

In §2, we prepare some basic tools and describe the meaning of the
genericity. We also consider an equivalence relation among holonomic sys-
tems and the corresponding equivalence relation among integral diagrams.
We consider generating families correspond to complete Legendrian unfold-
ing associated to holonomic system of general Clairaut type (µ, f) in §3.
For the proof of Theorem 1.1 in §4, we use the unfolding theory of function
germs.

All germs of maps considered here are of class C∞, unless stated
otherwise.
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c = −1 c = 0 c = 1

Fig. 1.

The phase portrait {π ◦ f(µ−1(c))}c∈R of DA0
2 for n = 2.

Fig. 2.

2. Preparations

In this section we review some results on holonomic systems of general
Clairaut type and establish the notion of the genericity.

We can construct a family of Legendrian immersions depending on
(µ, f) as follows (see [7]): We consider the projective contangent bundle
Π: PT ∗(R×Rn+1) −→ R×Rn+1. Let (s, x1, . . . , xn, y) be the canonical co-
ordinate on R×Rn+1 and (s, x1, . . . , xn, y, q, p1, . . . , pn) be the corresponding
local coordinate on PT ∗(R×Rn+1). Then the contact 1-form is given by Θ =
dy −∑n

i=1 pi dxi − q ds = θ − q ds. Let (µ, f) : (Rn+1, 0) −→ R× PT ∗Rn+1

be a holonomic system with complete integral, then there exsists a unique
element h ∈ Eu such that f∗θ = h dµ, where Eu is the ring of function germs
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c = −1 c = 0 c = 1

Fig. 3.

The phase portrait {π ◦ f(µ−1(c))}c∈R of DA1
2 for n = 2.

Fig. 4.

of u = (u1, . . . , un+1)-variables. Define a map germ

`(µ,f) : (Rn+1, 0) −→ PT ∗(R× Rn+1)

by

`(µ,f)(u) =
(
µ(u), x1 ◦ f(u), . . . , xn ◦ f(u) y ◦ f(u), h(u),

p1 ◦ f(u), . . . , pn ◦ f(u)
)
.

If (µ, f) is a holonomic system of general Clairaut type, we can eas-
ily show that `(µ,f) is a Legendrian immersion germ (that is, `(µ,f) is an
immersion germ with `(µ,f)

∗Θ = 0). We call `(µ,f) a complete Legendrian
unfolding associated to (µ, f). By the aid of the notion of Legendrian un-
foldings, holonomic systems of general Clairaut type are characterized as
follows:
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Proposition 2.1 Let (µ, f) : (Rn+1, 0) −→ R × PT ∗Rn+1 be honolomic
system with complete integral. Then (µ, f) is a holonomic system of general
Clairaut type if and only if Π ◦ `(µ,f) is non-singular.

The proof follows from a direct analogy of the proof for Proposition 4.1
in [5], so that we omit it.

We now establish the notion of the genericity. Let U ⊂ Rn+1 be an
open set. We denote by Clair(U,R × PT ∗Rn+1) the set of holonomic sys-
tem of general Clairaut type (µ, f) : U −→ R × PT ∗Rn+1. We also de-
fine LR(U,PT ∗(R×Rn+1)) to be the set of complete Legendrian unfolding
`(µ,f) : U −→ PT ∗(R× Rn+1) such that Π ◦ `(µ,f) is non-singular.

These sets are topological spaces equipped with the Whitney
C∞-topology. A subset of either spaces is said to be generic if it is an
open dense subset in the space.

The genericity of a property of germs are defined as follows: Let P be
a property of holonomic system of general Clairaut type (µ, f) : U −→
R × PT ∗Rn+1 (respectively, complete Legendrian unfolding `(µ,f) : U −→
PT ∗(R×Rn+1)). For an open set U ⊂ Rn+1, we define P(U) to be the set of
(µ, f)∈Clair(U,R×PT ∗Rn+1) (respectively, `(µ,f) ∈LR(U,PT ∗(R×Rn+1)))
such that the germ at u whose representative is given by (µ, f) (respectively,
`(µ,f)) has property P for any u ∈ U .

The property P is said to be generic if for some neighbourhood U

of 0 in Rn+1, the set P(U) is a generic subset in Clair(U,R × PT ∗Rn+1)
(respectively, LR(U,PT ∗(R× Rn+1))).

By the construction, we have a well-defined continuous mapping

(Π1)∗ : LR(U,PT ∗(R× Rn+1)) −→ Clair(U,R× PT ∗Rn+1)

defined by (Π1)∗(`(µ,f)) = Π1◦`(µ,f) = (µ, f), where Π1 : PT ∗(R×Rn+1) −→
R × PT ∗Rn+1 is the canonical projection. Then we have the following
theorem.

Theorem 2.2 The continuous map

(Π1)∗ : LR(U,PT ∗(R× Rn+1)) −→ Clair(U,R× PT ∗Rn+1)

is a homeomorphism.

The proof follows from a direct analogy of the proof for Theorem 4.4
in [4], so that we omit it.
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This theorem asserts that the genericity of a property of holonomic
system of general Clairaut type can be interpreted by the genericity of the
corresponding property of complete Legendrian unfolding.

We can assert the following theorem which reduces the equivalence
problem for holonomic system with complete integral to that for the corre-
sponding induced integral diagrams:

Theorem 2.3 ([5]) Let (µ, f) : (Rn+1, 0) −→ (R × PT ∗Rn+1, (0, z)) and
(µ′, f ′) : (Rn+1, 0) −→ (R × PT ∗Rn+1, (0, z′)) be holonomic systems with
complete integral such that the set of singular points of π ◦ f and π ◦ f ′ are
closed sets without interior points. Then the following are equivalent:

(1) f and f ′ are equivalent as holonomic systems
(2) (µ, π ◦ f) and (µ′, π ◦ f ′) are equivalent as integral diagrams.

Remark: The condition that the set of singular points of π◦f is a closed
set without interior points is satisfied for generic equations.

3. Equivalence of complete Ledendrian unfoldings and generat-
ing families

The main idea of the proof for Theorem 1.1 is to define an equivalence
relation which can ignore functional modulus and to do everything in terms
of generating families for complete Legendrian unfoldings of general Clairaut
type.

Let (µ, f) be a holonomic system of general Clairaut type. Since `(µ,f) is
a germ of Legendrian immersion, there exists a generating family of `(µ,f) by
the theory of Legendrian singularities ([1, 10]). Let F : ((R×Rn)×Rk, 0) −→
(R, 0) be a germ of a function such that d2F |0×Rn×Rk is non-singular, where

d2F (s, x, q) =
(∂F

∂q1
(s, x, q), . . . ,

∂F

∂qk
(s, x, q)

)
.

Then C(F ) = d2F
−1(0) is a germ of smooth manifold of dimension n + 1

and πF : (C(F ), 0) −→ R is a germ of a submersion, where πF (s, x, q) = s.
Define germs of maps

L̃F : (C(F ), 0) −→ J1(Rn,R)

by

L̃F (s, x, q) =
(
x, F (s, x, q),

∂F

∂x
(s, x, q)

)
,
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and

LF : (C(F ), 0) −→ J1(R× Rn,R)

by

LF (s, x, q) =
(
s, x, F (s, x, q),

∂F

∂s
(s, x, q),

∂F

∂x
(s, x, q)

)
.

Since ∂F/∂qi = 0 (i = 1, . . . , k) on C(F ), we can easily show that

(L̃F |π−1
F (s))

∗θ = 0.

By definition, LF is a complete Legendrian unfolding associated to (πF , L̃F ).
By the same method of the theory of [1, 10], we can also show the following
proposition.

Proposition 3.1 All complete Legendrian unfolding germs are constructed
by the above method.

We say that F is a generalized phase family of the complete Legendrian
unfolding LF .

Furthermore, by Proposition 2.1, `(µ,f) is Legendrian non-singular.
Then we can choose a family of germs of functions

F : (R× Rn, 0) −→ (R, 0)

such that Image j1Fs = f(µ−1(s)) for any s ∈ (R, 0) where Fs(x1, . . . , xn) =
F (s, x1, . . . , xn). We remark that the map germ

j1
1F : (R× Rn, 0) −→ J1(Rn,R)

is not necessarily an immersion germ, where j1
1F (s, x) = j1Fs(x). In this

case we have (C(F ), 0) = (R× Rn, 0) and

LF = j1F : (R× Rn, 0) −→ J1(R× Rn,R),

so that it is a complete Legendrian unfolding of general Clairaut type as-
sociated to (πF , j1

1F ). Thus the generalized phase family of a complete
Legendrian unfolding of general Clairaut type LF is given by the above
germ. We define F̃ : (R × Rn × R, 0) −→ (R, 0) by F̃ (s, x, y) = F (s, x) − y

and call F̃ a generating family of a complete Legengrian unfolding of general
Clairaut type.
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We now consider an equivalence relation among integral diagrams which
ignore functional moduli. Let (µ, g) and (µ′, g′) be integral diagrams.
Then (µ, g) and (µ′, g′) are R+-equivalent if there exist a germ of a dif-
feomorphism Ψ: (R × Rn+1, 0) −→ (R × Rn+1, 0) of the form Ψ(s, x) =
(s + α(x), ψ(x)) and a germ of a diffeomorphism Φ: (Rn+1, 0) −→ (Rn+1, 0)
such that Ψ ◦ (µ, g) = (µ′, g′) ◦ Φ. We remark that if (µ, g) and (µ′, g′) are
R+-equivalent by the above diffeomorphisms, then we have µ(u)+α◦g(u) =
µ′ ◦ Φ(u) and ψ ◦ g(u) = g′ ◦ Φ(u) for any u ∈ (Rn+1, 0). Thus the integral
diagram (µ + α ◦ g, g) is strictly equivalent to (µ′, g′).

We now define the corresponding equivalence relation among
Legendrian unfoldings. Let `(µ,f) : (Rn+1, 0) −→ (PT ∗(R × Rn+1), z) and
`(µ′,f ′) : (Rn+1, 0) −→ (PT ∗(R× Rn+1), z′) be complete Legendrian unfold-
ings. We say that `(µ,f) and `(µ′,f ′) are SP+-Legendrian equivalent (re-
spectively, SP -Legendrian equivalent) if there exist a germ of a contact
diffeomorphism K : (PT ∗(R × Rn+1), z) −→ (PT ∗(R × Rn+1), z′), a germ
of a diffeomorphism Φ: (Rn+1, 0) −→ (Rn+1, 0) and a germ of a diffeomor-
phism Ψ: (R × Rn+1, Π(z)) −→ (R × Rn+1, Π(z′)) of the form Ψ(s, x) =
(s + α(x), ψ(x)) (respectively, Ψ(s, x) = (s, ψ(x))) such that Π ◦K =
Ψ ◦Π and K ◦ `(µ,f) = `(µ′,f ′) ◦ Φ. where Π: (PT ∗(R × Rn+1), z) −→
(R × Rn+1,Π(z)) is projection. It is clear that if `(µ,f) and `(µ′,f ′) are
SP+-Legendrian equivalent (respectively, SP -Legendrian equivalent), then
(µ, π◦f) and (µ′, π◦f ′) areR+-equivalent (respectively, strictly equivalent).
By [10, Theorem 1.1], the converse is also true for generic (µ, f) and (µ′, f ′).

The notion of stability of complete Legendrian unfoldings with respect
to SP+-Legendrian equivalence (respectively, SP -Legendrian equivalence)
is analogous to the usual notion of the stability of germs of Legendrian
immersions with respect to the Legendrian equivalence. (cf. [1, Part III ]).

On the other hand, we can interpret the above equivalence relation in
terms of generating families. We now give a quick review of the theory of
unfoldings of function germs in [2, 7].

Let F̃ , F̃ ′ : (R×Rn×R,0)−→(R,0) be generating families of Legendrian
unfolding of general Clairaut type, where F̃ (s, x, y) = F (s, x) − y,
F̃ ′(s, x, y) = F ′(s, x) − y. We say that F̃ and F̃ ′ are P -C+-equivalent
(respectively, P -C-equivalent) if there exists a germ of a diffeomorphism
Φ: (R× Rn × R, 0) −→ (R× Rn × R, 0) of the form

Φ(s, x, y) = (s + α(x, y), φ1(x, y), φ2(x, y))
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(respectively,

Φ(s, x, y) = (s, φ1(x, y), φ2(x, y)))

such that 〈F̃ ◦Φ〉E(s,x,y)
= 〈F̃ ′〉E(s,x,y)

, where 〈F̃ ′〉E(s,x,y)
is the ideal generated

by F̃ ′ in E(s,x,y).
We say that F̃ (s, x, y) is C+ (respectively, C)-versal deformation of

f = F |R×0 if

Es =
〈df

ds

〉
R

+ 〈f〉Es +
〈 ∂F

∂x1

∣∣∣
R×0

, . . . ,
∂F

∂xn

∣∣∣
R×0

, 1
〉
R

(respectively,

Es = 〈f〉Es +
〈 ∂F

∂x1

∣∣∣
R×0

, . . . ,
∂F

∂xn

∣∣∣
R×0

, 1
〉
R

).

By the similar arguments like as those of [1, Theorems 20.8 and 21.4],
we can show the following:

Theorem 3.2 Let F̃ , F̃ ′ : (R × Rn × R, 0) −→ (R, 0) be generating fam-
ilies of complete Legendrian unfoldings of general Clairaut type LF , LF ′

respectively. Then
(1) LF and LF ′ are SP+ (respectively, SP)-Legendrian equivalent if and

only if F̃ and F̃ ′ are P -C+ (respectively, P -C)-equivalent.
(2) LF is SP+ (respectively, SP )-Legendrian stable if and only if F̃ is

C+ (respectively, C)-versal deformation of f = F |R×0.

Let f, f ′ : (R, 0) −→ (R, 0) be germs of functions. We say that f and
f ′ are C-equivalent if and only if 〈f〉Es = 〈f ′〉Es . Then the classification
theory of germs of functions by the C-equivalence is quite useful for our
purpose. For each germ of a function f : (R, 0) −→ (R, 0), we set

C-cod(f) = dimR Es/〈f〉Es ,

C+-cod(f) = dimR Es/〈f〉Es +
〈df

ds

〉
R
.

Then we have the following well-known classification.

Lemma 3.3 Let f : (R, 0) −→ (R, 0) be a germ of a function with
K-cod(f) < ∞. Then f is C-equivalent to the germ s`+1 for some ` ∈ N.



Holonomic systems of general Clairaut type 259

By a direct calculation, we have

C-cod(s`+1) = ` + 1,

C+-cod(s`+1) = `.

Thus we can easily determine C (respectively, C+)-versal deformations of
the above germs by using the usual method:

• The C-versal deformation: s`+1 +
∑̀

i=0

ui+1s
i.

• The C+-versal deformation: s`+1 +
`−1∑

i=0

ui+1s
i.

The following theorem is useful and important for our purpose (cf. [2]).

Theorem 3.4 Let F̃ , F̃ ′ : (R × (Rn × R), 0) −→ (R, 0) be germs of func-
tions such that F̃ , F̃ ′ are C+ (respectively, C)-versal deformations of
f = F |R×0, f ′ = F ′|R×0 respectively. Then F̃ and F̃ ′ are P -C+-equivalent
(respectively, P -C-equivalent) if and only if f and f ′ are C-equivalent.

Let F̃ (s, x, y) be a C+-versal deformation of f = F |R×0. By Lemma 3.3
and Theorem 3.4, F̃ (s, x, y) is P -C+-equivalent to one of the germs in the
following list:

A` (1 5 ` 5 n + 1): s` +
`−1∑

i=1

xis
i +

n∑

j=`

xj − y,

Ãn+2 : sn+2 +
n∑

i=1

xis
i − y.

4. Proof of Theorem 1.1

The set of SP+-Legendrian stable complete Legendrian unfoldings is
an open and dense subset in LR(U,PT ∗(R × Rn+1)). Therefore by Theo-
rem 2.2, it gives a classification of SP+-Legendrian stable complete Leg-
endrian unfoldings of general Clairaut type under the SP+-Legendrian
equivalence (or SP -Legendrian equiavelence). Let (µ, f) be a holonomic
system of general Clairaut type such that the corresponding complete Leg-
endrian unfolding `(µ,f) is SP+-Legendrian stable. By the assumption, in
Theorem 3.2, the generating family F̃ of `(µ,f) is C+-versal deformation of
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f = F |R×0. Therefore F̃ (s, x1, . . . , xn, y) is P -C+-equivalent to one of the
germs A` (1 ≤ ` ≤ n + 1) or Ãn+2 in the previous section.

We also consider a generic condition of generalized phase family F . Let
Jn+2(n + 1, 1) be the set of (n + 2)-jets of function h : (Rn+1, 0) −→ (R, 0).
We consider the following two algebraic subset of Jn+2(n + 1, 1):

Σ1 =
{

jn+1h(0)
∣∣∣∣

∂h

∂s
(0) =

∂2h

∂s2
(0) = · · · = ∂n+1h

∂sn+1
(0)

=
∂n+2h

∂sn+2
(0)

∂2h

∂s ∂x1
= 0

}
,

Σ2 =
{

jn+1h(0)
∣∣∣∣

∂h

∂s
(0) =

∂2h

∂s ∂x1
(0) =

∂3h

∂s3
(0) = · · · = ∂n+1h

∂sn+1
(0)

=
∂2h

∂s2
(0)

∂3h

∂s ∂x2
1

(0) · · · ∂3h

∂s ∂x2
n

(0) = 0
}

.

We consider the union W = Σ1 ∪ Σ2, then it is also an algebraic subset of
Jn+2(n + 1, 1). We can stratify the algebraic set W by submanifolds whose
codimensions are at least n + 2. By Thom’s jet transversality theorem,
jn+2F (Rn+1) ∩ (Rn+1 × R ×W ) = ∅ for generic function F (s, x1, . . . , xn).
Therefore, we might assume that F̃ is P -C+-equivalent to one of the germ A`

(1 ≤ ` ≤ n + 1) or Ãn+2 and F is satisfied one of the condition of (ai)
(1 ≤ i ≤ n + 2) or (b) for generic `(µ,f):

(a1) :
∂F

∂s
(0) 6= 0,

(ai) (2 ≤ i ≤ n + 1):
∂F

∂s
(0) = · · · = ∂i−1F

∂si−1
(0) = 0,

∂iF

∂si
(0) 6= 0

(
and

∂2F

∂s ∂x1
(0) 6= 0

)
,

(an+2) :
∂F

∂s
(0) = · · · = ∂n+1F

∂sn+1
(0) = 0,

∂n+2F

∂sn+2
(0)

∂2F

∂s ∂x1
(0) 6= 0,

(b) :
∂F

∂s
(0) =

∂2F

∂s ∂x1
= 0,

∂2F

∂s2
(0)

∂3F

∂s ∂x2
1

(0) . . .
∂3F

∂s ∂x2
n

(0) 6= 0.

We now consider the condition (ai) (1≤i≤n+1). Since Ai (1≤i≤n+1)
is C-versal deformation, F̃ is P -C-equivalent to
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Ai : si +
i−1∑

j=1

xjs
j +

n∑

k=`

xk − y.

We also consider the condition (an+2), then F̃ is P -C+-equivalent to

Ãn+2 : sn+2 +
n∑

i=1

xis
i − y.

Next we consider the condition (b). It follows that F̃ is P -C-equivalent to
s2−y+φ(x1, . . . , xn)s, where φ is function germ. By the condition, we might
assume that φ is non-degenerate singular point at 0 (i.e., (∂φ/∂xi)(0) = 0
(i = 1, . . . , n) and Hessian of φ at 0 is regular). Therefore, φ is R-equivalent
to x2

1 + · · ·+x2
k−x2

k+1− · · ·−x2
n for some integer k (0 ≤ k ≤ n) by Morse’s

lemma (cf. [8]). We remark that the concept ofR-equivalence is in the usual
sence (cf. [2]) i.e., f and g : (Rn, 0) −→ (R, 0) are R-equivalent if there exsist
a diffeomorphim germ ϕ : (Rn, 0) −→ (Rn, 0) such that f ◦ ϕ = g. Hence
F̃ is P -C-equivalent to

Ak
2 : s2 − y + (x2

1 + · · ·+ x2
k − x2

k+1 − · · · − x2
n)s.

We detect the corresponding normal forms of integral diagrams as follows:
For the case A` (1 ≤ ` ≤ n + 1), we can choose

F (s, x1, . . . , xn) = s` +
`−1∑

i=1

xis
i +

n∑

j=`

xj

as a generalized phase family, so that

LF =
(
s, x1, . . . , xn, s` +

`−1∑

i=1

xis
i +

n∑

j=`

xj ,

`s`−1 +
`−1∑

i=1

ixis
i−1, s, . . . , s`−1, 1, . . . , 1

)
.

Then we can easily caluculate that the corresponding integral diagram is
strictly equivalent to

DA` (1 ≤ ` ≤ n + 1): µ = un+1,

g =
(

u1, . . . , un, u`
n+1 +

`−1∑

i=1

uiu
i
n+1

)
.
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This is the normal form in the case of DA` (1 ≤ ` ≤ n + 1). If ` = 2, we
have

µ = un+1, g = (u1, . . . , un, u2
n+1 + u1un+1).

We define a local coordinate transformulation by Ui = ui (i = 1, . . . , n),
Un+1 = un+1 + (1/2)u1, then (µ, g) is strictly equivalent to

µ = un+1 − 1
2
u1, g =

(
u1, . . . , un, u2

n+1 −
1
4
u2

1

)
.

We also apply a local coordinate transformation which is defined by

Xi = xi (i = 1, . . . , n), Y = y +
1
4
x2

1,

then we have the normal form DA2.
For the case Ãn+2, we can choose

F (s, x1, . . . , xn) = sn+2 +
n∑

i=1

xis
i

as a generalized phase family. By the same calculations as those of the case
1 ≤ ` ≤ n + 1, we can show that the corresponding integral diagram is
R+-equivalent to

µ = un+1, g =
(

u1, . . . , un, un+2
n+1 +

n∑

i=1

uiu
i
n+1

)
.

Since the generating family for Ãn+2 is C+-versal and not C-versal, the
integral diagram is strictly equivalent to the normal form D̃An+2.

Finally, for Ak
2 the generalized phase family is given by

F (s, x1, . . . , xn) = s2 + (x2
1 + · · ·+ x2

k − x2
k+1 − · · · − x2

n)s.

Then we can also caluculate that the corresponding integral diagram is
strictly equivalent to

µ=un+1, g=
(
u1, . . . ,un,u2

n+1 +(u2
1 + · · ·+u2

k−u2
k+1−u2

n)un+1

)
.

We define a local coordinate transformation by

Ui = ui (i = 1, . . . , n),

Un+1 = un+1 + (1/2)(u2
1 + · · ·+ u2

k − u2
k+1 − · · · − u2

n),
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then (µ, g) is strictly equivalent to

µ = un+1 − 1
2
(u2

1 + · · ·+ u2
k − u2

k+1 − · · · − u2
n),

g =
(
u1, . . . , un, u2

n+1 −
1
4
(u4

1 + · · ·+ u4
k − u4

k+1 − · · · − u4
n)

)
.

We again apply a local coordinate transformation which defined by

Xi =xi (i=1, . . . , n), Y = y +
1
4
(x4

1 + · · ·+x4
k−x4

k+1− · · ·−x4
n),

then we have the normal form DAk
2 in Theorem 1.1.

This completes the proof of Theorem 1.1. ¤
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