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Limiting absorption principle for the second quantization

of self-adjoint operators
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Abstract. In this paper we discuss the limiting absorption principle (l.a.p.) of the
second quantization of semi-bounded self-adjoint operators. We show that the l.a.p.
for a self-adjoint operator on a basic Hilbert space H is “inherited” to the one for its
second quantization on a Fock space F(H). In order to show such a result, we examine
the resolvent of n-body problem and take the limit of the infinite direct sum of those
operators in a suitable subspace of F(H).
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1. Introduction

We consider the limiting absorption principle for the second quantization
dI'(T) of a semi-bounded self-adjoint operator 1" in a Hilbert space H. The
second quantization dI'(T") is defined as follows. Let ®,H be a n-fold tensor
product of H and define an operator

j-th
-~ =~

T :=3"Tg - 0le T @I®---®I (1.1)
j=1

on ®,H. Then we define the second quantization of T by
dT(T) := @, 7™

on the Fock space F(H) = &2, @, H. It is known that dI'(T") is a self-
adjoint operator (see e.g. Reed and Simon [8], [9]). Roughly speaking, our
purpose is to show that the limiting absorption principle for T in H is
“inherited” to one for its second quantization dI'(T") in a dense subset of the
Fock space F(H).

In the following, we denote by o(T") the spectrum of a self-adjoint
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operator T in ‘H and by R[T](z2) = (T — z)~! the resolvent of T for
z € p(T) = C\ o(T). It is well known that o(T) is contained in R and
that R[T](z) is an analytic function in p(7T), if T is a self-adjoint operator.
Therefore, it is of special interest to compute the boundary values of the
resolvent on the real axis. However, if u € o(T'), then R[T|(u £ i€) diverges
as € — 04 in the norm topology of B(H), the space of bounded linear
operators from H into itself. This is the reason why we need to consider a
slightly different topology. To be more precise, we introduce the following
notion.

Definition 1.1 Let H be a Hilbert space, and X C ‘H be a dense, contin-
uously embedded Banach space. We say that the self-adjoint operator T on
H satisfies the limiting absorption principle (lLa.p. for short) in K C o(T)
with respect to the norm topology of B(X, X*), if the limits

RE[T)(p) := lim R[T)(p + ie)
e—0-+
exist in the norm topology of B(X, X*), uniformly in p € K. Here B(X, X*)
denotes the space of bounded linear operators of X into its dual X*, and

i= .

Remark 1.2 When 7 satisfies the lLa.p., R*[T](u) are operator-valued
continuous functions in g w.r.t. the norm topology of B(X, X*), since R[T]
is continuous function in upper or lower half plane w.r.t. the norm topology
of B(X,X*) and converges to uniformly R*[T](u).

As a typical example of H and X, we have in mind H = L?(R%), the
space of square integrable functions, and X = L>*(R?) = {f : R? — C |
Joa |f(@)]2(1 + |z]?)*d2 < oo} with s > 0.

Now we state our main result of this paper:

Theorem 1.3 Let H and X be as in Definition 1.1. Suppose that a self-
adjoint operator T on H satisfies the following three conditions:

(a) There exists a constant a < 0 such that T > a holds.

(b) T satisfies the l.a.p. in every compact interval in (0,00) w.r.t. the
norm topology of B(X, X™).

() For any ¢ € C*(R), ¢(T)X € X and [¢(D)llpx) < sup,eglo(e)]
hold.
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Then, for any positive numbers A and 6 with A < 0, there exists a con-
tinuously embedded Hilbert space Fyx o(X) in F(H) such that dT'(T') satisfies
the la.p. in every compact interval in (\,0) w.r.t. the norm topology of
B(Fx0(X),Fro(X)*). Furthermore, for any p € (X,0) we have

IRF[AD (D))l B2 0 (30,550 (x)7) < 1. (1.2)

We can get similar results by replacing F(H) by the bosonic Fock
space Fp(H) = ®52oSn(®,H) or the fermionic Fock space Fj(H) =
B9 0 An(®,H), and dI'(T) by its reduced part on Fy(H) or Fr(H), re-
spectively, where S,, (resp. A,) is the n-th symmetrization (resp. anti-
symmetrization) operator.

Corollary 1.4  Assume that T satisfies the assumptions of Theorem 1.3
and that

Sn(®,X) C@p,X, An(®@,X) C®,X (1.3)

for any n € N. Let dI'y(T) be the reduced part of dI'(T') on Fy(H) with
=05 or f. Then, for any positive numbers A and 6 with \ < 0, there exist
continuously embedded Hilbert spaces ff\’e(X) C Fy(H) such that dT'y(T)
satisfy the l.a.p. in every compact interval in (X, 6) w.r.t. the norm topology
of B(F} o(X), F§ o(X)*) with t =b or f.

Since the proof of this assertion is similar to that of Theorem 1.3, we
omit it. We remark that (1.3) is satisfied if we choose (H, X) as in Remark
1.2 with s > 1/2.

In order to prove Theorem 1.3, we shall apply the following result, which
is an extension of Theorem 4.1 in Ben-Artzi and Devinatz [2] where the case
of two particles was studied.

Theorem 1.5 Assume T satisfies the assumptions of Theorem 1.3. Then
T™), defined by (1.1), satisfies the La.p. in every compact interval in (0, 00)
w.r.t. the norm topology of B(®,X, (®,X)*). Moreover, for any 0 < A < 0,
we have

|R* [T Cpn, wel[Nb], (1.4)

1 5, x 0030 <

where Cy, := nSUPﬁgrge—(n—l)aHRi [T)(T)|B(x,x*) + (6-4"72/X) and n
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1S a positive integer.

Let us mention the sketch of proofs of these results. We prove Theorem
1.5 by following the argument of [2]. Since T can be written as T ®
1= 4 T @ T(=1 as an operator on ®,H, our proof will be reduced to
the two particle case, where I and I("~1) are the identity operators on H
and ®,_1H, respectively. As for Theorem 1.3, we shall introduce a “space
of weighted square summable sequences” (for the notion, we refer to e.g.
Obata [6]), and apply Theorem 1.5.

The plan of this paper is as follows. In the next section we prepare
notations and preliminaries. In Section 3 we prove Theorem 1.5. Finally,
Theorem 1.3 is shown in Section 4.

2. Preliminaries
First we prepare some notations.

e We denote by (-,-) an inner product on a Hilbert space, which is
antilinear with respect to the left variable.

e || - ||y stands for the norm of a Banach space V. As long as it does
not cause any confusion, we sometimes omit the index.

e For a bounded sesqui-linear form ¢ on Hilbert space H, we define
lall = supy sy, 1glne=112(f 9)-

e We denote by E and E,, the spectral measures of T and T re-
spectively. We denote by R, the resolvent of T\, ie., R,(z) =
R[T™)](z).

e We denote by H®K the algebraic tensor product of two Hilbert spaces
H and K.

e We identify (H®K)* with H*®@/*, where H and K are Hilbert spaces.

Next we prepare three lemmas which will be used in the subsequent
sections. The first one is an elementary fact.

Lemma 2.1 Let H be a Hilbert space and q(-,-) be a sesqui-linear form
defined on a dense subspace D of H. Suppose there exists some constant
C such that |q(f,9)] < C|flllgll for any f,g € D. Then q(-,-) can be
uniquely extended to a bounded sesqui-linear form (-,-) defined on whole H.
Moreover, it holds that |q(f,g)| < C| fllllgll for any f,g € H.
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The second one is a representation of R,,, the resolvent of 7. Tt will
play an important role in this paper.

Lemma 2.2 Let H be a Hilbert space, and let T be a self-adjoint operator
(not necessarily semi-bounded) on H. Then for any p € R, € > 0, we have

(Bn(p+ie)f,g) = /R<R1(M +ie —w) f1,91)d{fn-1, En—1(w)gn-1)

_ A<Rn_1(uii5 N g E@)g)s (21)

where f = f1 ® frn1 and g = g1 @ gn—1 with f1, g1 € H and f,—1, gn—1 €
®n—1H.

For the proof, see Berezanskii [3, Ch.VI, Section 4, pp. 462—469].
The last one concerns with the relation among tensor products of dif-
ferent Hilbert spaces.

Lemma 2.3 Let H and X be Hilbert spaces such that X C H and || f||n <

lfllx, for any f € X. Then for any positive integer n and any pair of

integers (i1, ...,im) satisfying 1 < iy < ig < -+ < iy, < n, the Hilbert space
il—th ig—th im—th

=~ =~ =~
= H® 9 X @0 X @0 X ®---®H is a subspace

yeensd

n
X7

n
- Jor any f € X[

seesd

of @nH, and |f|

ot < 711z

yeenrlm

Proof. We shall only treat the case of n = 2 and i; = 1 (that is, X7 =
X ®@ H). Let us define a sesqui-linear form ¢(f,g) := (f,9)x, f,g € X on
‘H whose domain is equal to X. By the assumption, it is easy to show that
q(+,-) is a non-negative closed symmetric form. Then there exists a self-
adjoint operator A > 0 on H such that ¢(f,g) = (Af, Ag)n for f,g € X.
Then we can find immediately that the domain of A is equal to X and
Il Afll2¢ = [ fllx = Ifll#. We recall that X ® H is completion of X®@H with
its norm || f@gl|xer = || fllx gl Since | F@gllxar = [(AST) FSgllran
for f € X, g € 'H, we conclude that X ® H is equal to the domain of A ® I
and [l xer = |(A® Dllnon = lWllwen for ¥ € X @H. Thus the
assertion is proved. O
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3. Proof of Theorem 1.5

As is mentioned at the end of Section 1, our proof of Theorem 1.5
is based on the work of Ben-Artzi and Devinatz [2]. The first step is to
decompose the resolvent R, (z). Let A be any positive number and fix it.
Suppose p is an arbitrary fixed number such that g > A\. We put § = \/4.
Let ¢,1 and x be a partition of unity over [a — 1, 00). More explicitly, they
are functions in C*°(R) satisfying ¢(z) + ¥ (z) + x(z) =1 (x € [a — 1,00))
and

supp ¢ C (—o0, u — ),
Supp Q/) - (M - 251“ - (n - 1)(1 + 25)7

supp X € (4 — (n —1)a + 4§, 00).
If 2 = p + ie with € > 0, then we have

Ru(2) = Ru(2){@(T) @ 1"V} + Ry (2){¢(T) @ Ep—1((—00, 1 — 8]) }
2)IX(T) © Bp1((—00, = 9]) }
+ Ru(){(I = (1)) ® Bp1((p — 6,00)) } (3.1)
as an operator on ®,H. In fact, since operators on the right-hand side are

all bounded, and F,,_;(w) is a resolution of identity, one can get (3.1) by an
algebraic tensorial computation. Therefore, if we set

qu(nxie)(f,9) = (Ru(n ie){p(T) @ 1"V} f,g),

@2(p £ i€)(f, ) = (Rn(p £ ie){¢(T) ® Ep1((—o00, = 8))} £, 9), 32
q3(p £ i€)(f,9) = (Rn(p £ ie){x(T) ® En_1((~00,n = 3]} f. 9),

qa(p £ie)(f,9) = (Ra(p £ ie){(I = ¢(T)) @ En—1((1 — 8,00))}f, 9)

for f,9g € ®,H and € > 0, then we have

(Ru(p % i6)f, ) qu +ic)(f,9).
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We remark that the meaning of those sesqui-linear forms are rather clear
than that in [2] where the computation is carried out based on the framework
of Berezanskii [3].

The next step is to derive estimates for g;(p % i€)(f, g) for j =1,2,3,4
and take their limits, by assuming that the assumptions (a), (b) in Theorem
1.3 hold and that T™) satisfies the La.p. in every compact interval in (0, 00),
w.r.t. the norm topology of B(Xy, X)) for k=1,2,...,n—1. We denote by
RE () the limit of Ry, (u+ie) in B(24xX, (9, X)*) for k=1,2,...,n—1. In
the following, we shall denote @i H, X by Hi, X for k € N, respectively,
for the sake of simplicity.

First we consider ¢ (u =+ i€).

Lemma 3.1 For any € > 0, it holds that

N

a(pxic)(f,g) = lim 2—:1 (P& @ Rya(p i€ — &)},
- (Bl 1)) @ 10)g) (33)
for any f,g € H®X,,_1. Here Iy is a partition of [a, u — 0];
a=wy<wi < - <Wnpo1<Wp:=pu—7>9,

& € (wj—i1,wj] for j=1,...,N, and we mean by IIy — 0 that maxi<;<n
(wj —wj—1) converges to zero.
Moreover, we have

|q1 (:U’ + Z€)(f7 g)| < SupaSwSM—SHR'ﬂfl(M + i€ — w)HB(Xn—lyx;;,l)

' ”f”'H®an1 HQHH®X7171 (34)

forany f,ge H® X, 1.

Proof.  First we shall prove (3.3). It is enough to show (3.3) for the case
where f = f1® fn-1,9 = 91 ®gn—1 being f1,91 € Hand fn_1,gn-1 € Xn-1,
because of the linearity of both hand sides w.r.t. f and g. Then by the
continuity of (R,,—1(u+ie —w)fn—1,9n—1) in w, the right-hand side of (3.3)
can be written as
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J R A L BF NS L

(recall the assumption (a)). By the functional calculus and the variable
transformation concerning the Lebesgue-Stieltjes integral, we see that the
above integral is equal to

/R<Rn—1(u tie —w)fr1,gn-1)d(E(w)e(T)f1,91)- (3.6)

This expression is further equal to g1 (p =+ i€)(f,g), by (2.1) and (3.2). We
thus get (3.3).
Next we shall prove (3.4). To begin with, we remark that

|({T ® Ry—1(pu +ie — &) AB(wj—1,w5]) @ IV }g)|
< Croa||[{E((wj-1,w;]) @ I(nil)}fH'H®Xn71

AHE((wjm1,0) @ I VY| ¢ (3.7)

n—1

holds for any f,g € H®X,,_1, where we have set
Cn-1 = supgcy<p sl Bn-1(p £ic —w)lpx, 1 xz )
In fact, since F(-) is an orthogonal projection, we have
({I® Rua(p £ ie = §)}HAE((wjm1,05]) @ 1™ V}g)

= ({I ® Ry—1 (e = §))(B((wj—1,w;]) ® I D)} f,
{E((wj-1,w]) @ 1" V}g). (3.8)
Since
IT® Ry1(p+ie — &)l BHox, . Hrox:_ ) < Cni

for a < & < p— 6, we obtain (3.7) from (3.8). Now, by (3.7) we have
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N

Z 80(‘51')<{I Q@ Rp_1(ptie—w)Hf,{E(wj—1,w;]) ® I(n—l)}g>

j=1

N
< Cum1 Y leEHE(wjmr,wi]) @ IOV [{E(wjm1,w5]) @ 10D )g]|

j=1

N
< Cp Z IHE((wj-1,w;]) @ I"=D} £

Jj=1

N
Z I{E((wj—1,wj]) @ 10D} g]|?

= Coa|[{E(fa,p = 8]) @ IV} || {E([a, 1 — ) @ I Vg |
< Crallf gl (3.9)

for f,g € H®X,,_1. Here the norms are taken in H ® X,,_;. Hence q1(p £
i€)(,-) is a bounded sesqui-linear form on H®X, 1. From (3.3), (3.9) and
Lemma 2.1, we find (3.4). This completes the proof. O

Similarly to the proof of Lemma 3.1, we can prove the following lemma
with the help of the assumption (b).

Lemma 3.2 For any € > 0, it holds that

N
a(pEie)(f,9) = lim > ({Ri(tie = &(T) @ 1MV},
B (6 Byl ,e]))e) (310)
for any f,g € X&@H,_1. Here Ay is a partition of [(n — 1)a, p — 0];
m—1)a="wy<wi < - <wp_1<wpy:=p—0.
Moreover, we have

g2(p £ i€)(f, 9)| < SUP(n_1)a<w<p—sllB1(p £ ie —w)|[Bx x+)

N llxer, 19l xor,_, (3.11)
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fOT’ any fageX@Hn—l'

Next we consider the limits of the sesqui-linear forms ¢;(u + i€) and
q2(p £ i€) as € — 0+. We define a sesqui-linear form on H®X,,_1 by

N
- (w)(f,9) = Jlim > (&) ({1 Ry (n— &)},
- (E((wyr.0)]) 8 0 V}g) (3.12)

for any f,g € H®X,_;. Here we have used the same notation as in
(3.3), RY | (p) is the limit of R, _i(u =+ i€) in B(X,_1,X} ,), and ({I ®
RE_ (1~ &)} AB(wj1,5]) © I~ D}g) means {1 @ RE_, (1—&)}f acts
on {E((wj_1,w;]) @ I Y}g as a linear functional on H® X,,_;. Note that
¢i (1) is well defined. In fact, if f = fi®fn_1, 9 = 91®gn_1, then ¢i () (f, 9)
is equal to f[a#k(ﬂ O(W)(RE (1t — W) a1, gn_1)d(E(w)f1,g1). By the as-
sumption that La.p. T(~Y satisfies the lLa.p. (Rfﬁl(,u — W) fr-1,Gn-1) 18
continuous in w, and hence the integral is finite. For general elements in
H®X,,_1, it can be linearly extended. Similarly to (3.9), we have

‘qit (M)(fvg)‘ < Supagwguf(SHRi:fl(M - w)HB(Xn—hX:L,I)
Nflnex, - llgllnex,

for any f,g € H®X,_1. By using Lemma 2.1, it is hence extended to a
bounded sesqui-linear form on H ® X, _1.

For any f,g € H® X,,_1, let {fx},{gx} be sequences in H®X,, _; such
that fi — f and gr — g as k — oo. Then it follows from (3.3) and (3.12)
that

|1 (p £ i€)(f.9) — a4 (1) (£, 9)]
k—oo

N
- Jim ]Hggojz;@(ij{f@<Rn_1<ﬂiie_§j>—Rff1<u—sj>>}fk,

{B((wj—rw5]) @ I V}gr)
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S k:li»Holo SUPagwguféuRn—l(ﬂ + i€ — w) - Ri:fl(lu - w)HB(anl,XZ_l)
[ frell gkl
= Supaéwgu—éHRnfl(:u‘ + 1€ — CU) - Ri—l(lu’ - w)HB(Xn—l,X:,l) ||f|| ||g||v

(3.13)

where the norms are taken in ‘H ® X,,_1. By Lemma 2.3, we have
| fllnex, . <|fllx, for any f € X,,. Therefore we conclude that

Lemma 3.3 The sesqui-linear form qi(pn £ i€)(f,g) converges to
qli ()(f, g) uniformly in f,g € X,, as € — 0+. Moreover, we have

Hqit(M)H < SUPagwgu—éuRrihl(M_W)HB(X%MX:I_I)- (314)

Similarly, we have the following lemma.

Lemma 3.4 Let g5 (u)(-,-) be the linear extension over X @ H,_1 of a
sesqui-linear form defined by

N

0 (1)(f.9) = im S TURE (- &) @ IV Hyp(T) @ 1=V,

" (18 Bor((wy-1,0,)}g) (3.15)

for any £, € X&M, 1. Then g>(u + ie)(f, ) converges to g (u)(f,0)
uniformly in f,g € X,, as € = 0+. Moreover, we have

HQ;(M)H < SuP(n—l)aSwﬁu—éuRi(“ - W)HB X, X*)" (3.16)
(X,X™)

Next we deal with g3(u =+ i€).
Lemma 3.5 For any € > 0, it holds that

N
as(nxie)(f,9) = lim > ({x(T)Bai(nie - &)} @ 1"V,

j=1
{I® En1((wj-1,w5])}g). (3.17)

for any f,g € HOQH,,—1. Here Ay and &; are as in Lemma 3.2.
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Moreover, we have |q3(p % i€)(f, g)| < 671 f|
Hn-

Hullgllw, for any f,g €

Proof. The equation (3.17) can be shown similarly to the proof of (3.3).
In order to prove the inequality, we first remark that

Sup(nfl)agwgpfé”X(T)Rl (M +ie— W)HB(H) < 571'

In fact, by the functional calculus, we have

2
\ ) P gipp) 2

XTI Ra e i = )13 = | Py sy

(p—(n—1)a+6,00)

for any f € H and w € [(n — 1)a,pu — d]. Since p — (@ —w) > § for any
pe€ (pu—(m—1a+do00)and w € [(n — 1)a,u — ¢], the last quantity is
bounded by 62| f||%. If we let f,g € H®H,,_1, then we have

gz (= i€)(f, 9)|

N

< lim Z; ({X(T)Ry(ntie — &)y @ IV f {T® En—1((wj—17wj])}g>’
N

- Agrgo Zjl ({X(D)Ra(p £ ie — &) @ I VHI © Byt (wjmr,wil}H,

{I® Enl((wjlij])}g>’

<67 e llgllre,-

This completes the proof. O

Proceeding as in the proof of Lemmas 3.3 and 3.4, we have the following.
We remark that x(7")/{T — (1 — &;)} is well defined thanks to the cut-off

function x.

Lemma 3.6  Let ¢ (u)(-,-) be a sesqui-linear form on H®H,_1 such that
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a5 (1)(f,9)

(3.18)

for any f,g € H®H,_1. Then q3(p % i€)(f,g) converges to qét( )(f,9)
uniformly in f,g € X, as € — 0+. Moreover, we have Hqgt(,u)H <5 L.

Next we consider qq4(p =+ i€).
Lemma 3.7 For any € > 0, it holds that

qa(p = i€)(f, 9)

:/( U DR e = b )1, B )
o (3.19)

forany f=f1® fn-1, 9= 91 Rgn_1, where f1,g1 € H, frn-1,9n-1 € Hn_1-
Moreover, we have

) 2
lqa(p i) (f, )| < T f I llglloe, . fr9 € HOHn. (3.20)

Proof. The equation (3.19) can be shown similarly to (3.3). We shall next
prove (3.20). We remark that [[{I — o(T)}H{R1(p £ie —w)}| ) <2/ In
fact, by the functional calculus, we have

T — o(T)H{ R (n % e — w) } I3

L—(p) | 2
[ =t | aeon (3:21)
for any w € (u—0,00). Considering the support of 1—p(p) under the domain
of the integration (3.19), we have p — pu+w > p — 2§ > \/2. Therefore the
last quantity is bounded by (2/))?||f]|3,.

Let f=f1® fn-1, 9 = g1 ® gn—1, and denote by qq r(u £ ic)(f,g) the
following integral
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I —o(T)
/(,u—é,R] <T - (,u + i€ — u}) fl’gl>d<fn1’ Enfl(w)gnfl%
R>pu—96. (3.22)

Then for any ¢ > 0, there exists Ry > u — ¢ such that

las(p £i€)(f, 9) — qu,r, (1 £ i€)(f, 9)| < c.
Hence we have

lqa(p £ i€)(f, 9)| < ¢+ |aa,r, (1 £ i€)(f,9)]. (3.23)

In order to establish an estimate of g4 gr,(p £ i€)(f,g), it is sufficient to
evaluate the partial sum;

Z< Iuj:ZETI) l)f1791><fnlaEnl(Al)gn1>

E(tznger o

where (4 — 9, Ro] = Zi\il A; is a partition and w; € A;. Using (3.21), we
have

S (it o1 tr 6 B0l
<3|

o(T) B
7(n=1)
— ,u:l:ze—wl) ® B(H.)
{I @ En—1 (AL ® En—1(A1) bl
< 2/Mfgll-

We thus get

|a1,r0 (1 £ 3€)(f, 9)| < /N fI1llg]l- (3.24)
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Hence by (3.23) and (3.24), (3.20) holds when f = f1 ® fn-1, 9 = 91 ® gn—1-
For general elements of H&H,,—1, we can show (3.20) by the linear extension.
Therefore, by Lemma 2.1, the assertion is proved. O

Finally, we handle the limit of g4(pu =+ i€).
Lemma 3.8 Let g5 () be a sesqui-linear form on H&H,_1 such that

G (u)(f.9) = /

(n T—(p—w)

I— (T
<Wf1791>d<fn17En1(w)gn1> (3-25)
—6,00)
Jorany f = f1® fn-1, 9= 91 ® gn—1 where f1,91 €H, fn-1,9n—1 € Hn-1
(for general elements of H®H,_1, we linearly extend it). Then qs(u =+
i€)(f,g) converges to qff(u)(f,g) uniformly in f,g € X,,. Moreover, we
have |l ()] < 2/X.

Proof. By the functional calculus, we have sup,. ,_s[[{I — ¢(T)}/{T —
(ntie—w)} ' —={I —(T)}/{T — (1 —w)}||B() < €. Since the rest of the
proof is similar to that of Lemma 3.3, we omit it. O

End of the proof of Theorem 1.5. For > X\, we set ¢*(p) := Zle ql.i(,u).
We see from Lemmas 3.3, 3.4, 3.6 and 3.8 that it is a bounded sesqui-linear
form, and hence it can be identified with an element of B(X,,, X}') by setting
(RE(u)f,9) = ¢ (u)(f,g) for f,g € X,,. Then Lemmas 3.3, 3.4, 3.6 and 3.8
show that R (u = ie) converge to R (i) in B(X,,, X), as € — 0+.

Next we prove the resolvent estimate (1.4). We first consider the case
n = 2. Fix any # > A > 0. Then for any p € [\, 0], we have from Lemmas
3.1, 3.2, 3.5 and 3.7

[R2(p £ i€) || B(x2,x5) < 25UPs<p<o—allRi(p T i€)|[ Box,x+) + 6/, (3.26)

because 6 = 4/A\.
Next we treat the general case. Suppose the following inequality holds
forn=%k—1;

| R (p £ i€)|| Bx,,x2)
< nSUPﬁSTSO—(n—l)a"Rl (1 +ie)||l px,x) + (6-4"72/X\).  (3.27)

Similarly to (3.26), for p € [A, 6], we have
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[ Ri (1 £ i€) || B(x, )
< Supagpga—a”Rk—l(P + iE)HB(Xk—I:X;:,1)
+ SuP&gpge—(k—l)aHRl(p + ZE)HB(X,X*) + 6/)\ (328)

On the other hand, replacing A\ by ¢ in (3.27), we have

SUPs< o<l Br—1(p £ i€) | B(x, 1, x;_))
< (k=1sup s <rcp oyl Ba(r £i€)llpx,xo) +6(k — 1)4"7%/5

=(k—1) supﬁgge,(k,l)ayml (7 £i€)||p(x.x-) + 6(k — 1)4"2/A.
(3.29)

Combining this estimate with (3.28), we conclude that (3.27) holds for n = k.
Letting € — 0+, we obtain (1.4). This completes the proof of Theorem 1.5.

4. Proof of Theorem 1.3

Let us now consider the lLa.p. for dI'(T") in a Fock space, as an applica-
tion of Theorem 1.5. First of all, observe that (1.4) and (3.27) with n = k
yield the following:

Lemma 4.1 We fix any two positive numbers X\, 0 with A < 6. For any
n € N, we set §,_1 := \/4""1 and

G += mmax { supcrc, | R pox,xo),
SUP;, <<t (m-1)all B B(x,x), 1} +6-4"72 /A (4.1)
Here K, is defined by
K, ={z=z+iyldp-1<z<b0—-(n—1)a, —1<y<l,y#0}
Then we have

IR (1 £ i€) | B, x,00x%) < Ch (4.2)

IRE () (@ x,80x7) < Ca (4.3)
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for any p € [6p,—1,0 — (n —1)a], 0 < e <1 and n € N.

Now we shall introduce a suitable subspace F o(X) of F(X), following
the standard argument in treating Fock space (we refer to, for instance,
Obata [6]). Let C,, the number from Lemma 4.1. We define

Fro(X) = {¢ — (6™}, € F(H)| ¢ € ®,X,

S CIE, x < oo} (4
n=0
with the inner product
<¢7 ¢>F)\’9(X) = Z 2ndn<¢(n) ) 1/}(77') >®nX’
n=0 (45)
¢ ={o™}, ¥ ={pM} e Fro(X).

It is not difficult to see that F) ¢(X) is a Hilbert space. By the definition of
Fxo(X), it is continuously embedded into F(X). By Lemma 2.3, F(X) is
embedded into F(H), so that

Fro(X) = F(X) — F(H).

Next we define R¥ (i) for i € R by

(R () f,g) == 3 RE(w) f™, ™),
1 f.g ;( ) f, g™ W)

F=4rM) g=1{9"} e Fro(X).

We recall that R (1) £ is an element of (®,X)*. Tt follows from Theorem
1.5 that R*(u) € B(Fa(X), Fre(X)*). In fact, by (4.3) we have

0. x 119" N1, x

(RE()f, 90 <D 2nColl ™)

n=0
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<UD 2MCullF™IR, 5y | D27 Cullg™ 12 «
n=0 n=0
= Iz llgll7s o) (4.7)

We are ready to show dI'(T) satisfies the La.p. in B(Fy 9(X), Fa,0(X)*).
Note that if f € Fy o(X) satisfies || f|| £, ,x) = 1, then

1F ™ lo,x < 1/y/2°Co forany €N, (43)

by (4.5). Therefore we have

Flle,xllg™le,x < Y 1/2°

Z HRn(M =+ i€e) — Rv:i:(l‘b)HB((EQTLX,@nX*)
— n=0

(4.9)

by (4.2) and (4.3). Take any compact interval K C [\, 6] and n > 0. Then
there exists a large integer N such that

S [Balietie) — BE )| o x| x 9™ x < (4.10)
n=N+1

for any p € K, f and g € Fxo(X) such that | fll7, ,x) = [l9ll7,x) =1
by (4.9). Therefore, we have

[(R(u=+ie)f,g) — (RE(n)f, )|

F e, xllg™ lls,x

N
< Z | R (1 £ i€) — Rf(M)HB@nx,@nX*)
n=0

(n)’

oo
+ Z HRn(/’L ZI: 7’6) - R'r% (/’1‘)||B(®nX7®nX*) Hf(”)’ ®1LXHg

n=N+1

®7LX

N
< Z Sup ¢ || R (1 £ i€) — RT{E(M)HB((@"X,@HX*) + 7. (4.11)
n=0
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By the uniformly compact convergence of R,(u + i€) (n = 0,...N), as
€ — 0+, the above inequality shows the desired conclusion. This completes
the proof.

5. Application to Schrodinger operators

In this section, we shall consider an application of Theorem 1.3 and 1.5
to the so called Schrodinger operators of the form —A+V (z), where A is the
generalized Laplacian and V' (z) is a potential regarded as a multiplication
operator acting in L?(R?). It is not simple to specify the class of potentials
for which the assumptions in Theorem 1.3 are fulfilled. However if V' (x), for
example, is the Coulomb potential we can verify the assumption.

If we consider some specific potential, we can improve the assertion
of Theorems 1.3 and 1.5. we shall see this improvement in the following
paragraph. Assume that 7" satisfies the assumptions (a) and (b) of Theorem
1.3 and has the following two conditions;

(¢') For any ¢ € {f € C®(R)|sup,cp|f(z)| < oo}, p(T)X C X and

lo(T)B(x) < supgerle(@)]-
(d) There exists a constant Cy such that

SUP,>0,p-0 | R[T](a + )| Bx,x+) < Co,
sup,-.o| B [T](a) || 5(x,x+) < Co.

Then we can choose F) ¢(X) independent of A and 6, and the estimate (1.4)
becomes

IRIT)(10)| g x.x) < (B = 2)Co (5.1)
for any p € (0, 00).
Proof. We shall first claim that
+
Sup,uE(O,oo)qu (IU’)H < CO (52)

for j = 2,3,4. (5.2) can be proved as follows. If j = 2, it follows from
immediately (3.16) and the assumption (d). For the case j = 3, we remark
that
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N
a3 (1)(f,9) = lim > ({(B*(n = &)X(T) @ ["VYS,
j=1
{1 ® Bno1((wj-1,w5])g)  (5.3)

for any f,g € X®H,,_1. Here we have used the same notations as in (3.18).
Then we have

N
a5 (1)(f, 9)| < AEQOZCOHX(T)”B(X)H{I@)Enfl((wjflij])}fu

L@ Ena(@sr, )

< Collf1Hlgll (5.4)

for any f,g € X ® Hp—1 (see also the proof of Lemma 3.5). Here the
norms are taken in X ® H,_1, and we use the assumptions (c¢’) and (d) in
(5.3). From (5.4), Lemma 2.1 and Lemma 2.3, we conclude that sup,¢ (g, )
gz ()| < Co. We can prove (5.2) for the case j = 4 in the same way as
the case j = 3. Thus we have the following estimate instead of (3.28);

||Rk(ﬂii€)||B(Xk,x;;)

< sups<,p<pal Br-1(p £i€)Bx,1 x;_,) + 3C0, (5.5)
from which we get

SUP e (0,00) HR[T(”)](M + e 3n —2)Cy (5.6)

)HB(®TLX,(®TLX)*) = (

for any n € N. Letting ¢ — 0+, we find (5.1). O

The conditions (¢’) and (d) are deduced, if V(z) does not have any
zero eigenvalue nor any zero resonance and X = H~ % = {f : R — C|
[(1+|2[?)*/2(1 = A) Y2 f|| 2 (ra) < oo} with the space dimension d = 3 and
s> 5/2 (see Jensen and Kato [4]).
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