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Abstract. The concept of Chu correspondences between formal contexts is introduced.
The construction of formal concepts induces a functor Gal from the category of Chu cor-
respondences to the category of sup-preserving maps between complete lattices. It turns
out that the category of Chu correspondences has a *-autonomous category structure and
the functor Gal is shown to preserve the x-autonomous category structure.
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Introduction

In spite of the extensional philosophy behind modern mathematics as
is expressed by the adoption of set theory as the foundation, quite a few
mathematical structures carry certain dualism, in the sense that their struc-
tures are described by relationships between two entities quite different in
nature. For example, in classical geometry, the “structure” of a plane is
described by the incidence relation between points and lines.

In modern geometry, a space has its “locus” and its “function algebra”
and the structure is often encoded either in the evaluation map.

Most of these “dualism” are captured by the mathematical structure
called formal contexts (A, X, R), where

R:AxX—=V

is a map. A formal concept (A, X, R) is called binary if V = {0, 1}. A
binary formal context is give by a relation R C A x X defined by R = 1.
For classical plane geometry, A is the set of points and X is the set
of lines and R(a, ) = 1 means the point a is on the line x. For modern
geometry, A is the set of points of a manifold and X is the set of admissible
functions on A and R(z, a) = z(a). A topological space is a formal context
(A, A, R), where A is the set of closed subsets and R(a, F') =1iff a € F.
For the model theory of a first order theory 7T', A is a model of T" and X is
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the set of first order formula with one free variable and a |= ¢ means ¢(a)
is true on A (See §A).

The homomorphisms between mathematical structures with formal con-
text descriptions (A;, X;, ) (i =1, 2), usually induce Chu maps, namely
a pair of maps

€1A1—>A2 ’I“ZX2—>X1
satisfying the relation
R(l(a1), x2) = R(a1, r(22)),

for a; € A1 and x5 € X5.

For example, a continuous map between topological spaces (A;, X;, =i
) (i =1,2),is amap £: Ay — Ay satisfying £~1(X2) C X3 so that (¢, r)
with 7 := £=!: X5 — X7 is a Chu map. Conversely, a Chu map (¢, r) from
(X1, A1, 1) to (Xa, A2, =2) comes from a continuous map /.

For many mathematical structures, hence, the category of structure
preserving maps is also described as the subcategory of Chu maps where
the objects are restricted to those formal contexts arising from them. The
category of Chu maps has rich methods of construction of objects and for ex-
ample is a *-autonomous category. Although, for example, the dual (A, A)
of the formal context (A, A) of a topological space is not a topological space
in the usual sense, we can extend the second factor A of (A, A) in a natural
way to a topological structure on the huge set A.

The mechanism which enables the formal context to describe mathe-
matical structure concisely is the formal concept lattice construction.

The formal concept lattice of a binary formal context (A, X, R) is the
intersection closed family A C pow(A) generated by the polar sets

¥ :={a€ Al R(a, z) =1},

which is a complete lattice. This lattice is anti-isomorphic to the intersection
closed family X C pow(X) generated by the polar sets

a*:={r € X | R(a, z)=1}.

More generally, if the value space V is a Heyting algebra, then the formal
concept lattice is defined.

The formal concept lattice of the binary formal context (V,V* R),
where V' is a linear space and R(v, ¢) = 1 iff ¢(v) = 0 is the space of
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linear subspaces of V', which is the disjoint union of various Grassmann
manifolds. The meet is the set theoretical intersection and the join is the
sum of linear subspaces. The formal concept lattice of the binary formal
context (A, A, R) of a topological space is anti-isomorphic to A.

In fact, we have a functor, called Galois functor [13], from the category
of Chu maps to the category of join preserving maps between complete
lattices, which preserve the *-autonomous category.

The Galois functor is neither faithful nor full in general. For example,
if C; = (Vi, Vi*, =) (i =1, 2) are formal contexts of linear spaces, the Chu
map (f, f*) which corresponds to a linear map f: V3 — V5 corresponds to
the same join preserving map as the Chu map (cf, (¢f)*) does if ¢ # 0.
Hence the Galois functor is not faithful. On the other hand, suppose Vo =
V1 x W and consider the join preserving map

k: Gal(Cy) — Gal(Cy)

which maps a subspace U C V; to U x W C V,. Then & corresponds to no
linear maps from V; to Vo, whence the Galois functor is not full.

The Chu correspondences fill the gaps between Chu maps and the join
preserving map. In fact, the “Galois functor” is defined also on the category
of Chu correspondences and turns out to be full and faithful.

The definition of Chu correspondences is as follows. Let C;=(A;, X;, R;)
(1 =1, 2) be binary formal contexts. A Chu correspondence from Cj to Cy
in the weak sense is a pair of maps L: Ay — pow(A3) and R: X —
pow (X)) satisfying

Ry(Lay, x2) = Ri(a1, Rxa),
where

R: pow(A4) x pow(X) — {0, 1}
is defined by

B,Y)= inf b, y).
R(B,Y) =, it R(b, y)
Hence R(B,Y)=1iff R(b,y) =1forallbe Bandy €Y.
A Chu correspondence (L, R) is a Chu correspondence in the weak
sense satisfying the condition that Lx; C X5 and Ras C Ay are closed for
all 1 € X7 and as € As.
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The category of Chu correspondences is equivalent to the category of
join preserving maps. Not only the concept of formal contexts gives us a
method of describing concisely complete lattices, but also the concept of Chu
correspondence often enables us to describe concisely join preserving maps,
whose description generally tends to be complicated in finite mathematics.

There are natural operations such as tensor products, internal homs,
duals in the category of Chu correspondences, which corresponds to those
in the category of join preserving maps.

In fact, we show that the category of Chu correspondences has a struc-
ture of *-autonomous category, for which the Galois functor is a *-autono-
mous functor.

In Section one, we recall a few facts from lattice theory and formal con-
cept analysis to fix terminologies and notations. In Section two, we define
the concept of Chu correspondence and study its basic properties and give
basic bijection between Chu correspondences and bonds (Theorem 38). Sec-
tion three gives examples of Chu correspondences, both concrete and con-
ceptual. Most examples show there are much more Chu correspondences
than Chu maps between formal contexts in general. In Section four, we
introduce the category ChuCors of Chu correspondences and define the
Galois functor Gal from ChuCors to the category Slat of join preserving
maps between complete lattices. It turns out that the functor Gal is full
and faithfull (Theorem 65) and in fact is an equivalence of categories (The-
orem 73). In Section Five, we give an explicit description (Theorem 98) of
the structure of the s-autonomous category of ChuCors induced from that
of Slat via the equivalence functor Gal. In the appendex A, we apply the
concept of Chu correspondences to model theory which we hope shows its
potential usefulness.

By the paper [8] we notice that some of our results are already obtained
in the works of W. Xia [16], Ganter and Wille[9]. However our article
has intention and scope which differ considerably from them and seems to
put the theme in more appropriate context and we hope that it widens its
applicability to other domains of researches.
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1. Preliminaries

1.1. Galois pairs

We recall briefly basic facts on Galois pairs between complete lattices.
The proofs of propositions are mostly omitted since they are more or less
well-known. For details, see [4, 6] for example.

Let L, M be posets. A Galois pair from L to M is a pair

o=(pse: L —>M,o*: M — L)
of maps satisfying

el <m <=L < p'm
for{e L, me M.

Proposition 1 Let ¢ be a Galois pair. Then

(1) @« preserves the join and ©* the meet, whence if L and M are lattices
both are order preserving.

(ii) The operator Cy, = ¢*¢,: L — L is order increasing, namely, C,l >
l for £ € L and the operator C¥ := p,p*: M — M is order decreasing.

Example 1 Let L; = powA; (i =1, 2) and f: A; — Az be a map. Then,

for M; C 4; (i=1,2),

f(My) € My <= My C f~'Ms,

whence (f, f~!) is a Galois pair. We have in fact
f(U Mi) = Uf(Mz’% f (ﬂ Mi) = mffl(Mz‘)-

Note that f~! preserves also the join because it has also right adjoint (See

(3))-

f=L1f (M) is the saturation of M; with respect to the equivalence rela-
tion a ~ b <L f(a) = f(b) and ff~ My = My () Im(¥).

Proposition 2 If L; (i =1, 2) are complete, then the components . and
©* of the Galois pair @ determine each other by

m=\/ ¢ 0

ps«l<m
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and

il = /\ m.

L<p*m

Proposition 3 FEvery join preserving map ¢«: L — M defines a unique
Galois pair ¢ = (@«, ©*), where the second component is defined by (1).

Proposition 4 If a join preserving map @, is bijective, then it is an order
isomorphism and

¢" = (ps) 7"
Proposition 5 Form e M and { € L,

PP pul = @il

P pup"m = @'m
Proposition 6 C, is a closure operator in the sense that it is order pre-
serving, tncreasing and idempotent.

C¥% is a coclosure operator in the sense that it is order preserving, de-
creasing and idempotent.

Let C be a closure operator on a complete lattice L and let L be the
set of all the closed sets, namely, the set of C-fixed subsets.

Lemma 7 (i) The subset LY C L is meet-closed and hence a complete
lattice with the join of N C L€ is given by

(ii) Let v: LY C L be the inclusion. Then the pair (C, 1) is a Galois pair
from L to L€, namely,

{<im&sCl<m

for ¢ € L and m € L.
(iii) In particular, p: L — L¥ is join-preserving and for N C L

c(\V/ ) = C(m\G{ch).
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(iv) A map f: X — L is uniquely extended to a join-preserving map

fe: pow(X) — LC
by

fn=c(V rm).

neN

Proof. (i). Let ¢; € LY (i € I). From N;ti < i, it follows CA; ¢ <
Cl; = ¢; for all ¢ € I, whence

c A\t < N

j i
On the other hand, since C' is increasing,

c N\t = N\
7 %

Hence A, ¢; € LC.

(ii). Let m € LY and £ € L. If £ < vm, then C¢ < Cm = m. On the
other hand, if C¢ < m, then ¢ < C¢ < m = 'm.

(iii). Obvious since, in L, the join of CN is given by the right hand
side. O

Hence we have

Proposition 8 The fized point set Ly, := {{ € L | C,l = {} is meet closed
and M¥ :={m € L | C¥m = m} is join closed.
The correspondence p, induces an isomorphism
L, = M?,
whose inverse is p*.

Let Gy, := {({, m) | p«f = m and p*m = ¢} with the product order.
The order is defined (¢1, m1) < (f2, mo) if and only if ¢; < ¢5. In fact
l1 < fs implies m1 = w1 < puly = mo.

Proposition 9 The poset G, is a complete lattice with

/\(giv mi):(/\gia @*/\&)

)
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\i/&, m;)= ( \/ml, \/ml>

i
Proof. For £ € Cy,

(4, pl) < (£;, m;) for alli e T
<—f{</{l;foralliel

<:>£§/\£i
el
(6 ot) < (Nl o N 12)

el el
]

Define 7r,: G, — L and mpr: G, — M respectively by 7r,(¢, m) = £
and w7 (¢, m) = m. Then 77, is meet preserving injection with the image
L, and )/ is join preserving injection with the image M?¥.

1.2. The category Slat of join preserving maps

We recall briefly the x-autonomous category Slat of join preserving
maps between complete lattices, which is briefly touched in [1, 10]. See
for the detail in [13]. See [11, 2] for basic terminologies of category theory
and [7, 1, 2, 5] for basic facts on autonomous categories and *-autonomous
categories.

The complete lattice 2 = {0, 1} with 0 < 1 is the unit object with
Slat(2, L) ~ L. The tensor L1 ® Ly is defined to be the set of its bi-ideals,
namely, the down-closed subsets T" C L; X Lo which and join-biclosed, in
the sense that, for A; C L; and ¢; € L; (i =1, 2)

Ay x {f2} C T implies (\/ Ay, Kg) eT
and
{l1} x As C T implies (El, \/A2> eT.

The bi-ideals ¢; ® ¢y (¢; € L;) which is the smallest bi-ideal containing
(01, £9) forms a dense subset of Ly ® Ly. The tensor bifunctor Li, Ly +—
L1 ® Lo and natural isomorphisms

o a(Ly, Lo, L3): (L1 ® Ly) ® Ly — L1 ® (L2 ® L3),

o /1:2®L— L,

e ri:L®2—1L,
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° S(Ll, Lg): L1 ® Ly — Lo® 14
give the category Slat a symmetric monoidal category structure [13], [10].
Moreover this category is closed. In fact, if we denote by L1 — Lo
the homset Slat(L;, L) regarded as a complete lattice by the partial order
defined pointwise, then the functor L — (—) is a right adjoint to (—) ® L,
namely, there are natural isomorphisms for A, B € Slat,

Slat(A® L, B) ~ Slat(A, L — B).

If we put A = 2, since Slat(2, L) ~ L, we have in particular a natural
isomorphism

Slat(2, L — B) ~ Slat(2 ® L, B) ~ Slat(L, B),

and the category Slat is enriched over itself, namely, there are composition
arrows

c(L1, La, L3): (Ly — L3) ® (L1 —o L3) — (L1 — L3)

which give the compositions of Slat. See [13], [5].
The category Slat is in fact a x-autonomous category. First, it is self-
dual, namely, there is an isomorphic functor

(—)*: Slat — Slat®®,

which maps L to the dual L* and ¢.: L1 — Ls to ¢*: Ly — Li, which
is meet preserving and hence join preserving from L3 to L]. In particular,
there are natural isomorphisms

Slat(Ly, L) ~ Slat(L5, L7). (2)

Moreover 2 is a dualizing object of Slat. In fact, putting Ly = L, Ly = 2
in (2),

Slat(L, 2) ~ Slat(2*, L*) ~ Slat(2, L*) ~ L*,

since 2 is self-dual. Hence 2 is a dualizing object in Slat.
Finally, the tensors and the internal homomorphisms are related by the
isomorphism

Ll X LQ ~ (Ll —0 L;)*

where {1 ® {5 is mapped to fr,ge,: L1 — L3, which maps L to T, (¢; |)\{L}
to f2 and other elements to L [13].
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1.3. Operators induced from correspondences
We recall basic facts on correspondences between sets mainly to fix
notations. A correspondence from a set A to B is a map

L: A — pow(B),
and will be denoted as
L: A~ B.
Its graph [L] C A x B is defined by
[L] = {(a, b) | b € La},
and its transpose
‘L: B — pow(A)
is defined by
‘Lb={a| b€ La}.

We identify a map f: A — B with the correspondence from A to B
which maps a to the singleton set {f(a)}.
Denote by Cors(A, B) the poset of all the correspondences from A to



Chu Correspondences 157

B, with L; < Ly be defined by

Lia C Loa for all a € A.
Define

(L1 22)a = Lia() Loa.
Then, we have obviously

Proposition 10 The correspondences L < [L] < 'L define poset isomor-
phisms:

Cors(A, B) ~ pow(A x B) ~ Cors(B, A).

Moreover

La () L2 = [La] L)
t(Ll ﬂLg) =L () L.

Identifying a1 € A; with the singleton {a;}, the complete lattice pow(A4;)
is a free sup-lattice generated by A;. Hence a map L: A; — pow(As2)
induces two join preserving maps

L,: pow(A;) — pow(As)
and
Lo: pow(A;) — pow(Ay)°P,

which are defined respectively by

L.K| = U La
acKq
and
LKy = () La,
ac Ky
for K1 C A;.

The adjoint L*: pow(A2) — pow(A;) of L, is characterized by
L.Ki C Ko+ K| CL"K>
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whence

L'Ky= |J Ki={a1 €4 |LaCKy},
L.K1CK>

for Ko C As.
Similarly, the adjoint L°: pow(A2)°? — pow(A;) of L, is characterized
by

L K1 D Ky < K; C L°Kos.
From this we have
Proposition 11 (i) Foray € Ay and K; C Ay,
as € LoK1 <= K; C 'Las.
(i) For K; C A; (i=1,2),
LK1 D Ky<= K; x Ky C[L] <= L°K3 D K;.
(iif)
L° = ('L)..
Proof. The first assertion follows from the following equivalence.

as € LoK1 < ag € Lag for all a1 € K3
<aq € 'Las for all a1 € K3
s Ky C tLCLQ.
The second follows from the following.
Ky x Ky C[L]< K1 x {ag} C [L] forall ay € Ky
o Ky CtLay for all ay € Ko
Sag € LoKy for all ag € Ko
< Ky C LK.
Since L° is join preserving when regarded as a map from pow(Asz) to
pow(A1)°P it suffices to show L°{as} = !Lasy, which follows from
ay € L°{as} < ag € Lo{ar} = Lay
= a1 € tLag,

for a1 € Ay. O
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A

Proposition 12  The pairs (L., L*) and (Lo, L°) are Galois pairs respec-
tively from powA; to powAy and from powA; to pow A5L.

By Proposition 1, we have

Corollary 13 The operator L, preserves the unions and L* the intersec-
tions. The operators Lo and L° convert unions to intersections.

Remark If a map f: Ay — Ay is considered as a correspondence Ly by
Lta = {fa}, then for K; C A; (i =1, 2)

(Lf)*Kl = f(Kl)a
(Ly)*Ks = f 'Ky = ("Ly). Ko,
(th)*Kl = f!(Kl) = {a2 € Ay ’ f_lag - Kl}.

In this case,
Lp. AL = ("Ly)s 4 ("Ly)%, (3)

whence (Ly). preserves the union, (*Lf)* the intersection, and (‘Lf). =
(Lf)* both.

In the rest of this section, we prove a few properties of L*.
We have the following expression for L*.

Proposition 14 L*K = ((tL)*KC)C.
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Proof. Define R: pow(Az) — pow (A1) by
RE, = (L*KS)°.
Since (—)¢ converts joins to meets, L* meets to meets, and (—)¢ meets to

joints, it follows that both R and (*L)* preserves the joins. Hence it suffices
to prove R{as} = "Las, which is seen as follows.

a1 € R{as} <= a1 ¢ (L*){a2}*
<= Lay ¢ {a2}°
<= a9 € La;
<= a; € 'Lay.

Corollary 15 The correspondence L — L* reverses the order.

The correspondences form a category with the usual composition
definted as follows. The composition Ly o Ly of L;: A; — Aiy1 (i =1, 2) is
defined by

[L2 o Ll] = {(al, ag) S A1 X A3

Lia; ﬂth% # @}.

Obviously the correspondence L — L* is functorial. Namely we have

Proposition 16 Let L;: A; — A1 (i =1, 2) be correspondences. Then

(L2 o L)« = (L2)s 0 (L1)«
(Lyo L))" = (Ly)* o (Le)*.
Proof. The former assertion is obvious, since both sides preserve joins and
maps a1 € Ay to (Le)«Lia;.
The latter assertion follows from the former since, for K; C A; (i = 1, 3)
Ky < (L1)*(L2)*Kz+=(L1). K1 < (L2)" K3
= (L2)+(L1):K1 < K3
<:>(L2 o Ll)*Kl < Kg
<:>K1 < (LQ o Ll)*Kg.
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1.4. Basic concepts of formal concept analysis
We recall basic framework of formal concept analysis. See [9, 6] for the

detail.
A formal context is a triple (A, X, P) where P is a correspondence from
a set A to a set X. When P is clear from the context, we write x € Pa as
a = = and denote the formal context simply as (A, X, |£). The transpose
(X, A, tP) will be denoted by (A, X, P)* and called the dual of (4, X, P).
The correspondence induces join preserving maps, called the polar maps,

P,: pow(A) — pow(X)°P
and
P°: pow(X) — pow(A)°P.

A formal context is called extensional and intentional when P° and P,
are injective respectively.
By Proposition 11,

NCPM— MxNCP+— MCcCP°N.
Since the pair (P,, P°) is a Galois pair from powA to (powB)°P,

Cp := P°P,
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is a closure operator of the complete lattice pow A and
cf=Ppp°

is a coclosure operator of the complete lattice (powB)°" and hence is a
closure operator of powB.

The fixed points of C'p forms the intersection closed sublattice which is
anti-isomorphic to the fixed points sets of C'*.

We give the following specific terminologies and notations for this spe-
cial case. When P is clear from the context, we write M’ = P,M and N’ =
P°N. For a subset M of A, the subset M”, also written as M, is called
the closure of M. When M"” = M, the subset M is called closed. We use
similar terminologies for subsets of X. The set of all the closed subsets of
A and X are denoted respectively by A(C) and X (C).

A formal concept of C is a pair (M, N) € powA x powX satisfying
M = N and N = M’. A formal concept is usually written either as
(M, M') or as (N', N), with closed M and N.

The set of all formal concepts is denoted by Gal(C) with the order

(Ml, Nl) (MQ, NQ) g M1 C Mg,

which is equivalent to N1 D N, since the polar map is order reversing.
By Section 1.1, the polar map defines isomorphisms.

A(C) =~ X(C)? ~ Gal(C), (4)
and the join and meet of (M;, N;);ecr are given respectively by

Vi ) = (1)’ 112%) = (s (Je))

7

and
/Z\ M;, N;) <ﬂM (ﬂM) > - <<UN)/ UN>

Note that each a € A defines a formal concept (a, a’) called a token-
based concept. Similarly, each z € X defines a formal concept (2, T) called
a type-based concept.

Since every concept (F, F) is written either as the join

(B, F)=\/(@ a)

acFE
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and as the meet

(B, F) = \ . 7).

zeF

we have the following theorem.

Theorem 17 The token-based concepts are \/-dense in Gal(C) and the
type-based ones are \-dense in Gal(C).

Example 2 A set A defines a formal context P(A) := (A4, pow(A), €),
called the power context of the set A. Then

Gal(P(A)) = pow(A).
Example 3 Let T =P({*}). Then
Gal(T) ~ pow({*}) ~ 2.
Similarly L = T* has the concept lattice pow({ * })°P ~ 2* ~ 2.
From a formal context C = (A, X, |=), we define anthor one

powC := (powA, powX, =)

MlzN(g}m):n for all m € M and n € N.

The following obvious lemma will be used frequently.

Lemma 18 For M C A and N C X,
MEN<+=MEN<+ MEN.
Proof.
MEN<+=MCN < MCN <= MEN.
The other equivalence is proved similarly. [l

Proposition 19 The map (M, N) — (powM, powN) induces a bijec-
tion:

v: Gal(C) = Gal(powC).
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Proof. Let M C A. Denote by M™* the polar of M € powM with respect
to the context powC. Then N € M* means M = N which is equivalent
to N C M’'. Thus

M* = pow(M’).

Suppose now M = {M; | i € [} C powA. Then

M = ()17 = (Ypow(at}) = pow (| 1)

iel el el

!/

This proves M* = pow(|JM)’. Suppose (M, N) is a formal concept of
powC. Then

M=M= pow(U M) = pow (M),
where M = |J M. Similarly
N = pow(N),

with N = JN. Moreover, pow (M) = pow(N’) implies M = N’. Similarly
N = M’ holds. Hence (M, N) is a formal concept for the context K and
uM, N) = (M, N). O

Let A be an intersection closed family of subsets of A.
Proposition 20

Gal(A, A, €) ~ A,
Gal(A, A, 5) ~ A°P.

Proof. Denote A1 = A and X; = A. The polarof z € X1 = Aisz €
pow(A) itself and since A is intersection closed, the polar of FF C A is
written as (| F € A, whence the set of closed sets of A coincides with \A.
Hence the formal concept can be written as (E, E' 1) (E € A), where E 1=
{Fe A|ECF}.

The second follows from the first one, since the formal concepts are
(E1,E) (EeA. O

1.5. Chu maps
A Chu map from a formal context Cy; = (A1, X1, ) to Co = (A2, Xo, =)
is a pair of maps (f: A1 — A, g: Xo — X)) satisfying, for all (a1, z2) €
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Ay x X,
flar) E 1o = a1 | g(x2).

Usually the concept of Chu maps is considered to be the correct concept of
morphism between formal concepts [1].
The set of Chu maps from C; to Cs is denoted by ChuMaps(Ci, Cs).

Example 4 A map f: A; — Ay induces a Chu map
(f, F71): (A1, pow (A1), €) — (A2, pow(42), €),
since
fla) e B&ay € f7'B,
by the definition of f~1.
In fact, we have the following.
Proposition 21 The correspondence
Map(Ay, As) 3 f — (f, f7') € ChuMaps(P(A;), P(A))
s a bijection.
Proof. 1If
(f, 9): (A1, pow(A1), €) — (A2, pow(A2), €)
is a Chu map, then g = f~!, since the condition
a1 € g(B) < f(a1) € B
implies g(B) = f~'B. O
For a Chu map v = (f, g), define v,: Gal(C;y) — Gal(Csz) by

VM, M') = (f(M), f(M)')
and

v*: Gal(Cq) — Gal(Cy)

v, L) = (9(L)', g(L)).
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Then we have
Ye(M, M") < (L', L) <= (M, M") <~*(L', L),

from which it follows that ~, preserves the join and ~* the meet.
Not that the equivalence (5) is rewritten as

f(MY DL <= M cCg(L)
which is equivalent to
F(M) £ L M F g(L)

which follows directly from the defining property of the Chu maps.
We have other expressions of v, and v*.

Proposition 22

(N, N)) = ((97'N)', g7'N),
YK, K') = ('K, (f'K)).
Proof. Tt suffices to show that f(N’)’ = g~ N, which follows from
ye f(N') <= f(N)Ey
<= N[ g(y)
—gyy e N=N
—yeg !N

The other equality follows similarly.

2. Chu correspondence

There may be no Chu maps between formal contexts although there

are many join preserving maps between their Galois lattices. We extend
the concept of Chu maps to Chu correspondences which provide us rich

relations between formal contexts.

2.1. Definition

Let C; = (A;, X;, P;) (i = 1, 2) be formal contexts. A pair ¢ =
(Ly, Ry) is called a correspondence from Cy to Co if L, and R, are corre-

spondences respectively from A; to Az and from X, to X;. L, and R, are

called the extent and the intent parts of ¢ respectively.



Chu Correspondences 167

We use the notational conventions introduced for correspondences in
§1.3. For example, L., denotes the unique extension of L, to the join
preserving map from pow(A;) to pow(Az).

Definition 1 A correspondence ¢ from C; to Cs is called a Chu corre-
spondence in the weak sense if for every a; € A1 and x9 € Xo

Loai =22 a1 = Ryxa.

Definition 2 A Chu correspondence ¢ in the weak sense from C; to Co
is called simply a Chu correspondence if both Lya; C Ay and Ryxa C X7
are closed for every a; € A and x5 € Xo.

Proposition 23 Let ¢ be a Chu correspondence in the weak sense from
C; to Co. Define a correspondence @ from Cy to Co by

Lgay = m
and
Rpxo = m.
Then p is a Chu correspondence.
Proof. Let a1 € A1 and x9 € X5. Then

L@Gl lz To < chal lz To < L@al ): To < a1 ): R<p$2
<~ aj ’: R¢$2 <~ ai 'Z R@SL’Q.
O

A Chu correspondence ¢: C; — Cy is called a strong isomorphism
if there are bijections

fiA1— A, g: Xo— Xo
satisfying
Loar = {f(a1)}, Ryxa={g(z2)}

for a1 € A; and z2 € Xs5. (f, g) is called a generator of the the strong
isomorphism ¢. We note that there may be generally many generators of a
Chu correspondence .
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Example 5 Let C; = Cy = (V, V*, 1), where V is a finite-dimensional
linear space over a field £ and v L w means w(v) = 0. Then the Chu
correspondences

(aidy, bidy+) a, b€ k\ {0}
in the weak sense have the same closures.

Lemma 24 Let (f, g) be a generator of a strong isomorphism ¢. Then
(f71, ¢7Y) is a Chu correspondence in the weak sense and its closure is a
strong isomorphism.

2.2. Basic properties of Chu correspondences

Proposition 25 Let ¢ be a Chu correspondence. Then for Ny C Ay and
My C XQ,

(LysN1)' = R,*NY,

(RpeMy)' = L,* M.

In other words, the following diagrams commute:

polar polar

pow(A;) — pow(X)) pow(A;) ~—— pow(X;)

L(p* l lRw* Lw* ‘ ‘R¢*
olar olar

pow(As) o, pow(X>) pow(As) Fr pow(X2)

Proof. Write L = L, and R = R, for brevity. Then zy € (L,N1)" if and
only if L,Ny |= x4 if and only if N7 = Rxs if and only if Rxo C Ny if and
only if z9 € R*Nj.

The other assertion is proved similarly. O

Conversely, we have
Proposition 26 A correspondence ¢ is a Chu correspondence if
(LysN1)' = R,*Ny  for every Ny C Aj.
Similarly, ¢ is a Chu correspondence if

(RpeMs) = L, My for every My C Xo.
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Proof. Let a; € Ay and x5 € Xo.

Lyay = 29 <= x5 € (Lya1)' = Ry*(a})
< Ryxo C d}
<~ aq |: R<p$2,

Hence ¢ is a Chu correspondence and the first assertion holds.
The latter can be proved similarly. O

Hence we have the following propositions.

Proposition 27 A correspondence o is a Chu correspondence in the weak
sense if and only if

(Lya1)' = Ry*a)  for all a; € Ay
if and only if
(Rpxa)' = Ly*(2h)  for all 2o € Xo.

Proposition 28 If ¢ is a Chu correspondence from Cy to Cy, then for
al € Al

Lyar = (Ry"ay)’
and for xo € Xo
Ryoxo = (Ly*ah)'.
In particular, L, and R, determine each other.

Note that L,./N1 might not be closed even if ¢ is a Chu correspondence
and Ny C Aj is closed.
The following property of the join-preserving operator

Lyy: pow(A;) — pow(Ay)
will be used frequently.

Proposition 29 If ¢ is a Chu correspondence in the weak sense from Cy
to Cq, then

Lgo*ﬁl - Lgp*Nl
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for Ny C Ay. In particular

Lw*aﬁ = Lwal
for ay € Ay. Hence if ¢ is a Chu correspondence then
L@*Tl = Lg,al.
Proof. Suffices to show
(Lw*ﬁl)/ = (Ltp*Nl)/-
Let z1 € Xq. Then
T € (Lw*ﬁl), Rt L@*ﬁl ): 1
< Ny E Ry
<~ N1 ': mel
<= L, N1 | 21 <= 21 € (LpiN1)'.

The right adjoint
L,": pow(A;) — pow(Asz)
has the following basic properties.

Proposition 30 (i) If No C Ay is closed then L,"No C Ay is closed.
(ii) The operator L,* preserves intersection.
(iii) For E C Aq,

L, E C L,"E.
Proof. Let My = (N3)' so that No = MJ. Then by Proposition 25
Lso*N2 - Lw*(M2)/ = (Rso*M2)/v

whence L,*Nj is closed, whence the assertion (i).
The assertion (ii) holds by basic properties Corollary 13 of Galois pairs.
Since L,*E is closed and includes L,*E, we have the assertion (iii).
U

Definition 3 Let C; (i = 1, 2) be formal contexts. A correspondence
L: A — powAs is called a continuous extent correspondence from Cyp to
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C, if
L*: powAs — powA;

preserves the closed sets.
Similarly R: Xy — pow(X) is called a continuous intent correspon-
dence from C; to Cq if R* preserves the closed sets.

If ¢ is a Chu correspondence, L, is a continuous extent relation and R,
is a continuous intent relation from C; to Csy. In fact the converse holds.

Theorem 31 Suppose L: A1 — powAs is a continuous extent relation
from Cy1 to Co. Then there is a correspondence R: Xo — powXs with
(L, R) being a Chu correspondence from Cj to Cs.

Proof. Define R by
Rxy = (L*x),)  for 29 € Xo.
Then, for a1 € A1 and x5 € Xo,
a1 = Rxg <= a; € (Ray) = L*al, = L*z},
< La) C 7h <= La) [ z2,
whence (L, R) is a Chu correspondence. O
Similarly, we have the following;:

Theorem 32 Suppose R: Xo — pow X is a continuous intent correspon-
dence from Cy to Co. Then there is a correspondence L: A1 — pow Ay with
(L, R) being a Chu correspondence from Ci to Cs.

2.3. Description by Bonds
Chu correspondences are described by bonds introduced by Ganter and
Wille [9]. Let C; = (A;, Xi, =) (i =1, 2) be formal contexts.

Definition 4 A bond from C; to Cs is a correspondence Z from A; to
X satisfying the condition that both Za; and !Zz5 be closed for x5 € X5
and a1 € Aj.

Example 6 If (f, g) is a Chu map from C; to Cs, then the correspon-
dence Z from A; to X5 defined by Zay := f(ay)’, which is also determined
by {Zzy = g(x2)" is a bond.
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Example 7 If £y C Ay and F5 C Xo, the subset Z = Fy x I, C A1 x Xo
is a bond if and only if F; and Fj are closed.

Example 8 If C = (A, X, P) is a formal context, then P C A x X is
obviously a bond from C to C, called the tautological bond.

We denote by Bond(Ci, Cg) the set of all the bonds from C; to Cag,
equipped with the partial order Z; < Zy defined by [Z1] C [Z2]. (See
Section 1.3)

Proposition 33 Bond(Cy, C2) is the intersection closed subset of
pow(A; x Xs). In particular, it is a complete lattice with the meet op-
eration given by the intersection.

Proof. Suppose B; (i € I) are bonds from C; to Cy. Then B := )
defined by

Baj = ﬂ B;aq

il B;

for a; € Ay is also a Bond. In fact Bay is closed and by Proposition 10

tBl‘Q = ﬂ tBiIEQ
i€l
is also closed. O

We show that there is an anti-isomorphic correspondence between the
complete lattice of Chu correspondences and that of bonds.

2.3.1. Bonds defines Chu correspondences First we show that
bonds define Chu correspondences.

Proposition 34 Let Z: C; — Cy be a bond. Define a correspondence
pz: C1 — Cq by

(Lyy)ar = (Za1)' C Ay forar € Ay
and
(chz)LUQ = (thQ)I Cc Xy for T9 € Xo.

Then @z is a Chu correspondence from Cy to Cs.
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Proof. Let (a1, x2) € A1 X X5. Then

L¢a1 li To <= (Z al)’ li )
S a9 € Lap = Zaq
Say €' Zrg = Zxy
<~ aj |: (Z:L'Q)/ = RQDLEQ.
Hence ¢ is a Chu correspondence. ([

Example 9 Suppose E1 C A; and Fy C Xy are closed. The Chu corre-
spondence ¢ corresponding to the bond F; x F» satisfies

Loai — FQ/ if a1 € Fq
oL Ao otherwise.

whence

L] = By x Fy|_J(B1)° x As.
Similarly

[R,] = B} x Fy| J(A1) x (A2)".

Example 10 The tautological bond defines the identity Chu correspon-
dence.

2.3.2. Bonds defined by Chu correspondences Conversely let ¢ be
a Chu correspondence from C; to Ca. Define a correspondence Z, from A;
to Xo by

Zyay := (Lypay)'.

Example 11 The identity Chu correspondence defines the tautological
bond.

Proposition 35 Z, is a bond from Cy to Cs.

Proof. Put Z = Z,, for brevity. Then for a; € Ay, Z,a; is obviously closed
by definition.
For x4 € Xo,

tZ.%'Q = {a1 ‘ To € ZCLl} = {a1 ‘ To € (L@al)/}.
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Since

T2 € (Lyar) <= Lya1 = 79 <= a1 = Ryxa, <= a1 € (Ryz2)',
we have

t 7o = (Rwl'g)/,
which implies {Zx5 is closed. ]

Proposition 36 The correspondences ¢ — Z, and Z — @z are inverse
to each other.

Proof. Let Z be a bond. Since Z,,a1 = (Ly,a1) = Za1 = Zai, we have
Z,, = Z.
On the other hand, let ¢ be a Chu correspondence. Then
szw al = (Zwal)’ = Lwal = Lwal,
whence L‘Pzw = Ly, which implies ¢z, = ¢. O
Proposition 37 Let C; = (4;, X;, E) (i = 1, 2) be formal contexts and

Z: Ay — Xs be a bond from Cq and Cs.
(i) For Ny C Ay,

((Lp)«N1)" = ZoNy.

(ii) The subset ZoN1 C Xy is closed for Ny C Ay and Z°My C Ay is also
closed for My C Xo.

Proof.
(L)Y = ()

me(Ly)« N1

N N

ne€N1 meLyn

= m (Lgon)/

neNy

:ﬂZn

neNy
= Z.Nj.

The assertion (ii) follows from (i). It is however obvious since Z,N =
Mhen Zn and Zn's are closed by definition. O
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2.4. The complete lattice of Chu correspondences

Let C; = (A;, X, ) ((i = 1, 2)) be formal contexts. Let ChuCors(Cy,
C;) denotes the set of Chu correspondences from C; to Cy with the order
defined by o1 < 9 if and only if L, C L,,. Note that by Proposition 28
and Corollary 15, this is equivalent to Ry, C R,,.

By Proposition 36, we have

Theorem 38 The correspondence which assigns to each Chu correspon-
dence ¢ the bond Z, is a bijection between ChuCors(Cy, Ca) to Bond(Cy,
Cy). In fact, as complete lattices, we have

ChuCors(Cy, Cq) ~ Bond(Cy, Ca)*.

Proof. It remains to check that the bijection reverse the order. Suppose
a < 3 as Chu correspondences. Then, for a1 € Ay,

Zaay = (Laal)/ D (Lﬁal)/ = Zﬁal.

Hence Z, > Z3. O
We write
Cy; X Cq:={[Z] | Z € Bond(Cy, C3)}, (6)

which consists of the graph of correspondences Z: A; — Ao for which both
Zay and *Zay are closed for a; € A; (i =1, 2).
From Theorem 38 and Proposition 33

Proposition 39 The poset ChuCors(Cy, C2) is complete.

For a Chu correspondence ¢ from Ci to Cs, define a Chu correspon-
dence ¢* from Cj to CJ by

Ly« =R,, Ry =L,.

Obviously we have

Proposition 40 The correspondence p — ©* defines a poset isomorphism
ChuCors(Cy, C2) ~ ChuCors(Cj3, C7).

Proposition 41

ChuCors(C, 1) ~ A(C),
ChuCors(T, C) ~ X(C).
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Proof. By Theorem 38, it suffices to show
Bond(C, 1) ~ A(C).

A bond Z from C to L is a subset of A x { « }, which corresponds to a closed

subset of A, whence the former assertion. The latter is proved similarly.
O

We see that the above isomorphisms are natural.

Proposition 42 If ¢: C; — Cs is a Chu correspondence, then the fol-
lowing diagram commutes:

ChuCors(Cy, L) —— A(Cy) ChuCors(L,Cy) —— X(Cy)
ChuCors(p,1) L,* ChuCors(1,p) R,
ChuCors(Co, 1) —— A(Cy) ChuCors(L,Cqy) — X(Cs)

Proof. Describe L as ({0, 13, {*}, {(1, #)}). Let ¢: C — L. The bond
Zy is given by
Zw = {(GQ, *) | as € Ao, L¢a2 ): *}7

which correspondes to Ly*{1} C As.
On the other hand,

Zypop = {(a1, *) | a1 € Ay, Lyopar = * }.
Since
Lq/;ocpal ): *@Lwowal C {1}
©a1 € Lyoy"{1} = (LyLy)*{1} = L, Ly {1}

The last equality follows from Proposition 16. This proves the commuta-
tivity of the left diagram. The comutativity of the right diagram can be
proved similarly. O

3. Examples of Chu correspondences

3.1. Simple examples
Let C = (B, B2, <), where By = By = B = {0, 1}. Then the set of
closed sets of By and By are respectively {0, 01} and {1, 01}. In particular
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there are four correspondences L; (1 <i < 4) from B; to B; whose images
are closed sets, namely,

To check if L is a continuous intent map, we compute L*K for closed K =
0, 0O1.

L | L*0 L*B
I,| B B
Ly 0 B ,
Is;| 1 B
L,| 0 B

whence only Ly and Lo are the extent parts of Chu correspondences. By
Proposition 28, the intent parts are computed for example as follows:

and
Rol = (Lo*1') = (Ly*B) = (B)' = 1.

By similar calculation, we have

The bonds corresponding to the Chu correspondences ¢; = (L;, R;) (i =
1, 2) is described as follows:

01 01
Zyo o 011 Zoy: 011
1111 1101

3.2. Chu correspondences which are not Chu maps
We give an example of a formal context with Chu auto correspondences
which are not Chu maps.
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(123, ¢)

(23,c)

(1,a)
(2,bc)

(0, abc)

Let C = (A, X, R) with A = {1, 2, 3}, X = {a, b, ¢} and R is given
by the following table:

abece

The Galois lattice of C is described as follows:

There are 43 Chu correspondences given as follows, where a corre-
spondence ¢ is described by the triple ((L,1)’, (L,2), (Ly3)'): (0, 0, 0),
(0,0, ¢), (0,0,bc), (0,0,a), (0,0,abc), (0,c,c), (0,c,bc), (0, c, abc),
(0, be, be), (0, be, abe), (0, a, a), (0, a, abe), (0, abe, abe), (¢, 0, 0), (¢, 0, a),
(¢, ¢, ¢), (¢, ¢, be), (¢, ¢, abe), (¢, be, be), (e, be, abe), (¢, a, a), (¢, abe, abe),
(be, 0 0), (be, 0, a), (be, ¢, ¢), (be, be, be), (be, be, abe), (be, a, a),

(be, abe, abe), (a, 0, 0), (a, 0, ¢), (a, 0, be), (a, ¢, ¢, (a, c, bc), (a, be, be),
(a, a, a), (a, a, abc), (a, abe, abe), (abe, 0, 0), (abe, ¢, c), (abe, be, be),
(abc, a, a), (abc, abe, abe).

Among these Chu correspondences, only the three (a, be, be), (a, ¢, be),

(be, a, a) come from Chu maps.

3.3. Chu maps as Chu correspondences

Proposition 43 Let C; = (A;, X;, ) (i = 1, 2) be formal contexts and
(f, g) be a pair of maps f: Ay — Ag and g: Xo — Xo. Then (f, g) is a
Chu map if only if (f, g) is a Chu correspondence in the weak sense when
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regarded as a correspondence from Cy to Co. In particular, its closure ¢

defined by

Ly(ar) = f(a1) Ryg(x2) = g(w2)

is a Chu correspondence.

Proof. Suppose (f, g) is a Chu map. Let a; € A; and x5 € X3. Then
a1 = A{9(z2)} & a1 | g(x2) & f(a1) E 22 & {f(a1)} = 22,

whence (f, g) is a Chu correspondence in the weak sense.
Conversely if (f, g) is a Chu correspondence in the weak sense, then

a1 = g(z2) & a1 = {gz2} & {f(a)} E 22 & f(a1) 22,
whence (f, g) is a Chu map. O

Remark The following example shows that Chu maps are very few com-
pared with Chu correspondences. Let

C=({1, 2,3}, {1, 2,3}, P)

where P is defined by P(i, j) = 1 — d;;, where ¢ is the Kronecker’s symbol.
Then Gal(C) = {(A, A°) | AcC {1, 2, 3}} ~ pow({1, 2, 3}).
Since every subset of {1, 2, 3} is closed, any relation L C {1, 2, 3}?
is continuous extent relation from C to itself and hence there are 2° Chu
correspondences. On the other hand there are only 6 Chu endomaps of C.
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In fact, suppose (f, g) be a Chu map. Suppose f is not a bijection.
Then there is a k ¢ Im(f). This k satisfies f(i) = k for all 4, whence i =
g(k) for all 4, which is impossible. Hence f must be a bijection. Conversely,
suppose we have a bijection f from {1, 2, 3} to itself. Define g(k) to be
the unique element of the polar set of {j | f(j) # k} which consists of two
elements. Then obviously (f, g) is a Chu map. Hence the set of Chu maps
is bijective to the set of bijective auto-maps of {1, 2, 3}.

However, between the formal contexts associated with complete lattices,
all Chu correspondences are induced from Chu maps. Consider the formal
contexts

C; = (L;, L;, <)

where L; are complete lattices (i = 1, 2). Then a Chu map (f, g) from C;
to Cq is precisely a Galois pair f: L1 — L9 and g: Lo — Lj satisfying

fla) <b<=a<g(b).

When this Chu map is regarded as a Chu correspondence in the weak sense,
then its closure ¢ is given by

Lyay = f(a1) |  and Ryaz = g(a2) T

for a; € A; (1 =1, 2). Conversely, suppose ¢ is a Chu correspondence from
C; to Cy. Define

flar) = \/Lgoal and g(az) = \/Rpaz.

Then (f, g) is a Chu map. Hence Chu correspondences and Chu maps from
C; to Cy corresponds one to the other bijectively.

3.4. Chu correspondences between powercontexts
Let A; (i =1, 2) be sets and

P(A;) = (A, powA;, €)
(i = 1, 2) be their power contexts. Recall that there is a bijection
Map(Ay, Az) = ChuMaps(P(A1), P(Ag)).

for sets A; (i = 1, 2), by Proposition 21.
We show that set theoretical correspondences induce Chu correspon-
dences between power contexts.
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Proposition 44 Let T: A1 — powAs be a correspondence. Define
Lr=T

and
Rr: powAs — powpowA;

by
RrNy={N; C X; | L*Ny C N1} = L*N; 1,

where B T denotes the family of subsets including B. Then T = (L1, Rr)
is a Chu correspondence from P (A1) to P(Asz).

Proof. We write R = Ry, L = Ly for brevity. Let a1 € A1 and No C As.
We show

Lay = Ny <= a1 = RN,
First note that
Laj |= Ny <= a; € L"Ny,
since
Lay = Ny < Lay C Ny < a1 € L*Ns.
Note also that
a1 = RNy <= a1 € [ | RNy,

since a1 = RNy means a; € N; for all Ny with N; € RNj.
Since RNy = L*N> T,

ﬂmw:ﬂm.

Hence Laj = Nj if and only if a; € L*Ny if and only if a; € (| RN if
and only if a; = RNs. Hence, (L, R) is a Chu correspondence. O

Corollary 45 Let
p: P(A1) — P(Ag)

be a Chu correspondence. Then

@ = L.
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In particular, the correspondence T to T defines a bijection
Cor(Ai, A1) ~ ChuCors(P(A1), P(A2)).

Proposition 46 Let f: Ay — As be a map considered as a correspon-
dence. Then

[Ry] = {(N1, N2) | f7'Ny C N1} C pow (A1) x pow(Ay).

Proof. Put L = f. It suffices to show that L*Ny = f~' Ny, which follows
directly from

L*Ny = {al | La, C NQ} = {al | f(al) € Ng} = f_lNz.
]

Remark Hence there are much more Chu correspondences from P(A;)
to P(A2) than Chu maps. In fact, if n; = |4;| (i = 1, 2), then there are
2mxm2 — (2"2)™ Chu correspondences and ny' Chu maps. As ng increases,
the ratio of the number of Chu correspondences against that of Chu maps
increases rapidly.

3.5. Chu correspondences as Chu maps
Chu correspondences correspond to Chu maps between the power con-
texts.

Lemma 47 A correspondence ¢ from Cy to Cq is a Chu correspondence
if and only if

L@*Nl ): M2 S Nl }: R¢*M2
for all Ny C Ay and My C Xo.

Proof. Ly«N1 |= My if and only if Lon; |= me for all ny € Ny and mg €
M, if and only if ny = R,me for all ny € Ny and mg € M, if and only if
Ny = Ry M.

Conversely, suppose the latter condition holds. Then taking N1 = {a;}
and My = {x2}, we have

Lwal ): To <— a1 ): R@l'g.

This can be rephrased as follows:
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Theorem 48 A correspondence ¢ from Cq to Cq is a Chu correspondence
if and only if (Lo, Rox) is a Chu map from pow(Cy) to pow(Ca).

3.6. Chu relation in the sense of Pratt

V. Pratt introduced a concept called “Chu relation” [15]. A correspon-
dence (L, R) is called a “Chu relation” if for all a; € A; and z; € X; (i =
1, 2), the condition (a1, az) € [L] and (z1, x2) € [R] imply the equivalence
of the conditions a; = =1 and as | xs.

If (L, R) is a “Chu relation” in the sense of Pratt, then it is a Chu
correspondence in our sense. In fact, for a; € A; and z9 € X5, for all as €
Lay and x; € Rxa, we have z1 |= ap iff as = x9. Hence La; |= x2 implies
ay = x9 for all ag € Lay, which implies a1 = z for all 1 € Rxa, namely,
a1 | Rxy. The other implication is proved similarly, whence (L, R) is a
Chu correspondence in our sense. Note that the above arguments also show
that if a correspondence (L, R) from C; to Cs is a “Chu relation” (L, R) in
the sense of Pratt, the correspondence (*L, ‘R) form C; to Cj is also a Chu
correspondence since it satisfies also the condition !Las Eaxiff as E tRay
for 1 € X7 and ay € As.

For the following formal concepts C; (i = 1, 2), there are 569 Chu
correspondences from C; to Cs and 578 ones from Cs to Cy, which means
that our Chu correspondence is strictly more general than the one defined
by Pratt.

Cy C,

Il
—_ o o= o
—_— 0o o O
= = R =
O = =
O = O O =
_ = O
_ O
o O = O
O = O =

1

The Galois lattices are as follows.

4. Category of Chu correspondences
The Chu correspondences form a category by a natural composition.

4.1. Definition

Let ChuCors be the category whose objects are extensional and inten-
sional formal contexts and whose arrows are Chu correspondences.

The identity Chu correspondence of a formal context C is the closure
of the identity Chu map of C considered as a Chu correspondence in the
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galois(C)) galois(C)

weak sense as in Section 3.3.

The composition is defined as follows. If ¢ and ¢ are Chu correspon-
dences respectively from C; to Cy and Cy to Cg, their composition ¢ o ¢
is defined by

Lgopa1 = Lg.(Lyar)
for a1 € A1 and

Ryops = Ryu(Rys)
for z3 € X3.

Proposition 49 The correspondence ¢ o ¢ from Cy1 to Cs3 is a Chu cor-
respondence.

Proof. Let a1 € Ay, x3 € X3. Then
Lyu(Lpar) = 23 <= Lg.(Lya1) =23 by Lemma 18
< Lya1 |= Ryxs
< a1 = Ry«(Rgx3) by Lemma 47
o BBy

This proves that ¢ o ¢ is a Chu correspondence. g

The identity axiom follows from the following.
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Proposition 50 For a Chu correspondence ¢ from Ci to Ca, the follow-
ing equalities hold.
( 1da1) <pa1
1d*( 2) @552
1d*( goal) <pa1
R@* (Ridl‘g) = RQDZL‘Q
Proof. We prove the first and the third equalities. The others are proved
similarly.
Let a1 € A;.

Lig«(Lpar) = U as

a2€Lya;

= U as by Lemma 7
a2€Lya1

5 Lwal = L@al.

Let a; € A;. Then by Proposition 29

Ly Liqar = Lysar = Loar,
by whence Lyoiq = L. O
To show the the associativity, we need the following lemma.
Lemma 51 For N1 C Ay,
LyooN1 = Ly LipxN1.

Proof.

LoopN1= | Lgop
rEN,

= |J ToLyz

rEN,

= U Lg«L,x by Lemma 7
rEN;
= Ly L N7
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The following proposition shows the associativity of the composition.

Proposition 52 Let p;: C; — Ciy1 (i =1, 2, 3) be Chu correspondences.
Then, for aq € Ay,

=L

L(<P10<P2)O<P3a1 p10(p20003) A1

Proof.

a1 = L(QD10§02)*L<P3 al

=Ly «Lyy«Lyya1 by Proposition 52.

Lipr0ps)005

On the other hand,

Ly o(pr003)a1 = Ly s Lipyop; a1

=Ly «Lyy+Lysar by Proposition 52

=Ly «Ly,«Lyza1 by Proposition 29.
O

By Proposition 39, the homset ChuCors(Cy, Cz) is a complete lat-
tice. We note that the category ChuCors has a structure of Slat-enriched
category.

4.2. Functor from the category of Chu maps
Let ChuMaps be the category whose arrows are Chu maps. Define the
functor

t: ChuMaps — ChuCors

which is identity on objects and for a Chu map (f, g), ¢(f, g) is the closure
of (f, g) regarded as a Chu correspondence in the weak sense by Proposi-
tion 43.

Proposition 53 ¢ is a functor.

Proof. By definition «(id¢) is the identity Chu correspondence of the for-
mal context C.

Let (fi, g;) be Chu maps from C; to C;41 (i = 1, 2) and Put ¢; :=
ufirgi) (i =1, 2). Define (f, g) = (f2, g2) o (f1, 91) = (f2 0 f1, g1 © g2) and
v =1(f, g). Then

L‘,O20901 ai :LCPQ*LSDI aj
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:LgaQ*fl (al)
=Ly« fi(a1) by Proposition 29

=f2(f1(a1)) = f(a1) = Lya.
Hence ¢ = @2 0 1. ]

The strong isomorphisms are exactly the image of Chu isomorphisms,
whence

Proposition 54 Let p: C; — Cs be a strong isomorphism with a gen-
erator: (f, g). Then it is an isomorphism whose inverse is the closure of

(F~g7h.
We write Cy = C,, if there is a Chu isomorphism from C; to Cs.

4.3. Galois functor
We have defined the complete lattice Gal(C) of formal concepts of a
formal context C. This induces the Galois functor

Gal: ChuCors — Slat

in the following way.
Let C; = (A;, X, =) (i =1, 2) be formal contexts and

p: C1 — Cy

be a Chu correspondence.
Define p.: Gal(C1) — Gal(C3) by

@« (Mj, M{) = (L@*Mb (LW*Ml)/) (7)
and ¢*: Gal(Cq) — Gal(Cy) by
@*(Név NQ) = ((RQD*NQ)/y R<p*N2)- (8)

Proposition 55 The pair (p«, ©*) is a galois pair, namely, for closed
M, C Ay and Ny C Xo,

@*(Mh M{) < (Né, NQ) — (M17 M{) < QD*(Né, NQ)' (9)
Proof. The condition (9) is equivalent to
(LysMy) D Ny <= My C (RpuN2)',
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i.e. to
Lo« My = Ny <= M |= Ry No,
which holds by Lemma 47. g
Corollary 56 ¢, preserves the joins and p* preserves the meets.
We define
Gal(p) == ps: Gal(Cy) — Gal(Cy).
Proposition 57 Gal is a functor from ChuCors to Slat.

Proof.  First Gal(idc) = idgg(c) follows from

LuM=|Ja=M=M
aceM

for closed M C A.
Let p1: C1 — Cy and pa: Co — C3 be Chu correspondences.
Since Gal(C) is \/-generated by (a1, a}) (a1 € A;), it suffices to show

(02 0 1)+(at1, a1) = p2.(p14(ar, at)).
The first component of the left hand side is
Lmos&lal:m
:m by Proposition 29
:m by Proposition 29
which is the first component of the right hand side. ]
By Proposition 25, the map ¢, can be described also as follows.
Proposition 58
0«(N7, Ny) = ((ch*Nl)’, R@*Nl).
Proof. By Proposition 26,
(Lw*N{)I = Rw*ﬁl = R¢*N17
for closed N1 C X1, whence

@« (N1, N1) = (L N{, (L N7)")
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= ((Rw*ﬁl)lv Rw*ﬁl) = ((R@*Nl),, R,"N1)
O

Note that this proposition also proves that ¢, preserves the join, since
the second component of the join is the set theoretical intersection and R,*
preserves the intersection by Corollary 13.
Note that the correspondences C +— A(C), X(C) of § 1.4 are functors
from ChuCors to Slat and Slat°P respectively if we define
Alp): A(C1) — A(C2)
X(p): X(C2) — X(Cy)

for ¢: C; — Cs by
A(p)(N1) = Ly N1,
for Ny C Ay and
X(p)(Mz) = Ry Mo,

for My C X9 respectively.
The following proposition follows directly from the definition.

Proposition 59 There are natural isomorphisms among functors:
A~ XP ~ Gal.

Recall that the Chu maps induce join preserving maps between the
complete lattices of formal concepts [13]. The following shows that they
coincide with those induced when the Chu maps are considered as Chu
correspondences.

Proposition 60 If (f, g): C; — Csq is a Chu map. Then Gal(.(f, g))
maps (My, M) to (f(My), f(M1)"). In particular, the following diagram of
functors commutes.

ChuMaps —— ChuCors

!
g Gal

Slat
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Proof. Let ¢ = 1(f, g). Then
@u(My, My) = (LM, (L M1)').
The assertion follows from

Lo = | Lea= | flo)= | fla) = F(M),

a€ My a€e My a€eMy

where the third equality follows from Lemma 7. g

The action of the functor Gal on Chu correspondences has the following
alternative descriptions, either by bonds or by powercontexts.
First we describe the Galois functor by bonds.

Proposition 61 Suppose a bond Z € Bond(C1, Cg) corresponds to a Chu
correspondence ¢. Then Gal(p) maps (N, N') to ((ZoN)', ZoN).

Proof. By definition, (N, N’) corresponds to ((Ly)«N, ((Ly)«N))). By
Proposition 37,

((Lg)+N))' = ZoN.
O

Now we describe the Galois functor by powercontexts. Let C; = (A4;, X,
=) (i = 1, 2) be formal contexts and ¢: C; — Cy be a Chu correspondence.
Let T: pow(C1) — pow(Cz) be the Chu map associated with it defined in
Section 3.5.

Proposition 62 The composition Kk

Gal(Cy) S Gal(powCh) GaltT) Gal(powCs) = Gal(Cs)

s given by

K)T(Nla N) = ((Rso)*N)/7 (R@*N),
and hence

K = Gal(g&)

Proof. By definition, the second component K of x7(N’, N) is character-
ized by the property

(Rys)~'pow(N) = pow (K).
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Suppose L C X5 does not satisfy R,.(L) € pow(N), i.e. Ryy(L) ¢ N. This
is equivalent to

Rou(L) [\ N© # 0,
to (N¢ x L)( R # () and hence to L[ R.N¢ # (). Hence
R, (L) C N <= L C (Ry,)"N.
Hence K = (R,)*N. O
By Propositions 41, 42, 59, we see that T represents the functor Gal.
Proposition 63 There are natural isomorphisms:

ChuCors(C, 1) ~ Gal(C)*,
ChuCors(T, C) ~ Gal(C).

Proof. The former isomorphism is the composition of that of Proposi-
tion 41 and the isomorphism A% ~ Gal(C)*.
The latter is proved similarly. O

4.4. Bifunctor of bonds
There is a bifunctor

ChuCors°® x ChuCors — Slat

which maps (Cj, C2) to Bond(Cy, Csz). The action of arrows is defined as
follows. Let ¢)1: D1 — C;q and t9: Cy — D9 be Chu correspondences. Let
Z € Bond(Cq, Cg). Define a correspondence

oo Zohy: By~ Yo
by its graph
(20 Zoun]={(br, y2) € Bi x Y | Ly, by X Ry,y2 C Z},
where D; = {B;, Y, =i} (i=1,2)
Lemma 64 The correspondence g o Z o 1p1: B~ Ys is a bond.
Proof. Let by € By and yo € Y. It suffices to show that both
{yeYa| Ly, b1 x Ry,y C Z} C Yy,
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and
{b€ By | Lybx Ry,ya C Z} C By

are closed. The condition Ly, by X Ry,y C Z is equivalent to
Ry,y C ZoLy, b1,

and to
y € Ry, ZoLy, by

The right hand side is closed By Propositions 30 and 37, since L, by is
closed.
The latter assertion is proved similarly. O

These data define a bifunctor:
Bond(—,—) : ChuCors®® x ChuCors — Slat.
4.5. Fullness and faithfullness of Gal
Theorem 65 The functor Gal is full and faithful, namely,
Gal: ChuCors(Cy, C2) — Slat(Gal(Cy), Gal(Cy3))
s a bijection.
We prove the theorem by showing that the map
A: Slat(Gal(Cy), Gal(Cz)) — ChuCors(Cy, Ca)
defined below is the inverse map of Gal. Let
¢: Gal(Cy) — Gal(Cy)

be a join preserving map and ¢* be its order adjoint. Define a correspon-
dence (L, R) from C; to C; as follows. For a; € Aj, define La; C Aj to
be the first component of the formal concept ¢(a7, a}), and for z9 € Xo,
define Rxo C X to be the second component of ¢* (x5, Zz). Then

Lemma 66

A(¢) := (L, R)

is a Chu correspondence from Ci to Cs.
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Proof. 1In fact, for a1 € A1 and 29 € X5,

Lay = x9 <= La; C x’2
< (La1, (La1)') < (25, 72)
= ¢(a1, ay) < (25, T3)
< (a1, a1) < ¢" (25, T2) = ((Rz2)', Ras)
< a)] D Ry
<= a1 = Rxs.

Lemma 67
Ao Gal =id.

Proof. Let p: C; — Cy be a Galois correspondence and put ¢ = A(py).
The subset

L¢a1 C Ag

is the first component of ¢, (ar, a}), namely the closure of L,.a7, which is
L,a; by Proposition 29. Hence Ly, = L. U

Lemma 68 For ¢: Gal(Cy) — Gal(Cay),
Gal(A(p)) = -
Proof. Put 1) = A(p). By definition,
¥u((@1, a1)) = (Lysar, (Lysan)').
By Proposition 29, (Ly«a1) = (Lya1)’, whence
vu((@1, a1)) = (Lyar, (Lyar)) = (Lyar, (Lyar)') = o(a1, ay),

since Lyaq is the first component of ¢(aq, a}) by definition.
Since Gal(Cy) is join generated by {(a1, a}) | a1 € A1}, it follows

e = .
O

Hence we have proved that A is the inverse of Gal and the proof of
Theorem 65 is completed.
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Corollary 69 A Chu correspondence @ is an isomorphism if Gal(p) is
bijective.

We use often the following proposition which follows from Corollary 69.
Proposition 70 Let (f, g): C; — Cq be a Chu map. Suppose f: A1 —

Ay is a bijection and preserves the closure operators in the sense that f(B) =
f(B) for B C Ay. Then «(f, g) is an isomorphism.

Proof. 1t suffices to show that F' := Gal(.(f, g)) is an isomorphism by
Corollary 69. By Proposition 60,

F((My, My)) = (f(My), f(M1)") = (f(My), f(Mr)").

Since M; — f(M;) is a bijection from A; to Az, we conclude F' is an
isomorphism. Here A; is the set of closed subsets of 4; (i =1, 2). O

4.6. Equivalence of ChuCors and Slat

We show that the functor Gal is in fact an equivalence of categories
between ChuCors and Slat.

Recall that a functor F': C — D is an equivalence of categories if there
is a functor G: D — C with natural isomorphisms

102GOF 1D2FOG.

A functor G satisfying these conditions is called a weak inverse of F.
Define a functor r: Slat — ChuCors by

r(L)= (L, L, <)
and for each join preserving map
¢1 Ll - L2a

the pair (¢, ¢*) is a Chu map from r(Ly) to r(Lg), where ¢* is the order
adjoint of ¢. We denote this Chu map regarded as a Chu correspondence

by ().

In the following we show that r is a weak inverse of the functor Gal.
Lemma 71 The maps

g K — Gal(r(K))
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defined, for each complete lattice K, by
uk)=(k1, k1)
define natural isomorphisms.

Proof. Obvious, since the formal concepts of the context (K, K, <) are
written uniquely as (k |, k T) with k € K. O

Lemma 72 For formal contexts C, there are natural isomorphisms
we: C = r(Gal(C)).

Proof. By Theorem 65, there is a unique isomorphism wg in ChuCors,
which corresponds under the Galois functor to the isomorphism

Lgai(c): Gal(C) — Gal(rGal(C)).

of Lemma 71. Then using the faithfullness of Gal, it is easy to see that
wc’s form a natural transformation. O

Hence we have proved the equivalence of categories.

Theorem 73 The Galois functor is an equivalence between the category
of the Chu correspondences and the category of join preserving maps.

Remark The isomorphism we: C — rGal(C) of Lemma 72 is described

explicitely as follows.
The formal context rGal(C) = (Gal(C), Gal(C), <) is described also
as (A(C), X(C), k=) since

(El, Fl) < (Eg, Fg) <— k1 C B, = (Fg)/ <— F; ): Fs.
Define a correspondence ¢ from C to rGal(C) by by
Loa=a|:={M e AC)| M Ca}
for a € A and
R . F =F

for closed F© C X. Then it is a Chu correspondence and is in fact an
isomorphism.

Remark The Theorem 73 follows from Corrollary 112 of [9] and Propo-
sition 36.
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4.7. Completeness and cocompleteness of ChuCors

The category ChuCors is complete, since it is equivalent to the com-
plete category Slat. Being selfdual, ChuCors is also cocomplete.

We give explicitly products and equalizers.

For formal contexts C; = (A;, X, i) (i = 1, 2) define a formal context

C1 X C2 = (Al X AQ, X1 HXQ, ):),

by (a1, az) = x if and only if a; |=;  when z € X; (i =1, 2).
Define a Chu correspondence, for i = 1, 2,

m;: C1 x Cy — C;

which corresponds to the Chu map (L;, R;) with the standard projection
L;: A1 x Ay — A;

and the standard inclusion
Ri: X; — X [ X

It is straightforward to show the following.

Proposition 74 The diagram

C; <+ Cy x Cy =5 Cy

is a product of C; (i = 1, 2). The dual of this product diagram for the duals
Cr (i =1, 2), namely,

C— (CT X C;)* — Cz,
is a coproduct of C; (i =1, 2).

Now we describe the equalizer. Let k;: C; — Cy (i = 1, 2) be Chu
correspondences. Put L; = L, and R; = Ry, (i =1, 2) for brevity. Define
a set A and a correspondence L: A — A(C;) C pow(A;) by the equalizer
diagram

(Ll)*

A—5 A(C)) —= A(Cy)
(L2)«

in the category of sets and maps. Define a correspondence R: X; — X by
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Rz = F(71) where
P (R1)«
X <=—X(C)) =——X(Cy)
(R2)*

is a coequalizer in the category of sets and maps. For a € A and N; €
X(Cy), Define a = F(N;1) by La = Nj. It is easily seen that this is well-
defined and we put

C=(4 X, ).

Then x = (L, R) is a Chu correspondence from C to C;. It is straightfor-
ward to show the following.

Proposition 75 The following diagram is an equalizer in ChuCors.
K k1
C—C,—ZGCy
K2
Note that the equalizer diagram
K3
K1

goes to a coequalizer diagram

K1 A*
Ci—<ZC,——=K*.
K2

4.8. Canonical forms of formal contexts
In the category of C'huCors, a formal context C is canonically isomor-
phic to

cf(C):= (A, A, €),

where A is the family of closed subsets of A.
In fact, define a correspondence

AC): C — cf(C)

Lya=ad, R\B=D5B
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for a € A and B € A. Then ) is a Chu correspondence since
Lya=B<=alEB
<—aC B =R\B
<=a € R\B <= al= R\B.

Note that c¢f is an endo functor by defining
cf(p): ¢f(C1) — cf(C2)
for a Chu correspondence ¢: C; — Csy by
Leso) = Ly Refp) = Ly™

Proposition 76 The Chu correspondences \(—) is a natural isomorphism
from the indentity functor of ChuCors to the functor cf.

Proof. We show that Gal(\) is an isomorphism. Let (M, M') € Gal(C),
where M C A is closed. Since the closure operator on A corresponding to
C is the same as that corresponding to (4, A, €), we have

A(M, M') = (LM, (LxM)').

But, using Lemma 7,

whence A, is an isomorphism.
Since the extent part of A is the closure of the identity, the naturality
follows immediately. O

5. Structures in ChuCors

5.1. Internal hom functor

Let C; (i = 1,2) be formal contexts. Define a new formal context
Cl —o CQ by

C; — Cy := (ChuCors(Cy, Ca), A1 X Xo, )
where

def
%2 ): (al, 93'2) é L<pa1 ‘: x9.
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Note that since ¢ is a Chu correspondence, the condition of the right hand
side is equivalent to a1 = R,2a.

Lemma 77 Let ¢ € ChuCors(Cy, Ca). Then
‘PI = [th}-
Proof. Let a; € A1 and x5 € X5. Then

¢ = (a1, xz2)&Loar = oo
=T € (Lgoal)/ = Z¢a1
<=>(a1, wg) € [ZSD]'

From this, we obtain the following isomorphism.

Theorem 78 The formal concepts of the formal contert C; —e Cqy are
written uniquely as

(QO la [ZQO])a

with a Chu correspondence . In particular, We have isomorphisms
1(Cq, Ca): Gal(Cy —e C3) ~ Gal(Cq) — Gal(Cy).

Proof. Since Bond(Cq, C3) C pow(A; x X5) is intersection closed family
by Proposition 33, and the polar ¢ — [Z,] is bijective by Proposition 36,
we have

Gal(C1 —e Co) = {(v |, [Z,]) | ¢ € ChuCors(Cy, Cy)}.
Hence we have an isomorphism

Gal(Cy —e Cy) ~ ChuCors(Cq, Ca).
By Theorem 65,

ChuCors(Cy, C2) ~ Slat(Gal(Cy), Gal(Cz))
~ Gal(Cyp) — Gal(Cy).

The composition of these isomorphism define the isomorphism

,u(Cl, CQ): Gal((31 —o Cg) — Gal(Cl) —0 Gal(Cg).



200 H. Mori

By definition,

1(Cr, C2)((p 1, [Z))) = Gal(yp).

To define the bi-functor

(=) —o (=): ChuCors® x ChuCors — ChuCors,

let 1: Co — Do and 91: Dy — C; be Chu correspondences. Let
Ci= (4, Xi, F), Di=(B,Y; ),

(=1, 2). Then
ChuCors(¢r1, 12): (C1 —e Cy) — (D1 —e Dy)

is given by (L, R), where
Lo = (Y2opot) |

and
R(b1, y2) = Ly, b1 X Ry, yo.

Then (L, R) is in fact a Chu correspondence. To see this, let
¢ € ChuCors(Cy, C2) and by € By and y; € Ya.

Then

Lo = (b1, y2) <= (Y2 0@ otp1) L= (b1, y2)
= popoty = (b1, y2)
< bl ): R1/1205001/)1 Y2
<~ bl ): Rwl Rwang.

On the other hand

¢ = R(b1, y2) <= ¢ |F Ly, b1 X Ry, y2
— LSOLwlbl |: R¢2y2
<~ b ): R¢1R¢R¢2y2,

whence (L, R) is a Chu correspondence.
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Proposition 79 Let C;, D; (i = 1,2) be formal contexts and let 1py: Co —
Dy and 1 : D1 — Cq be Chu correspondences. Then the following diagram
commutes.

Gal(Cy —e Cy) —2+ Gal(C1) — Gal(Cs)
Gal(1p2-e3)1) Gal(1h1)—oGal(1)2)

Gal(D1 —e Dg) -

Gal(Dl) —0 Gal(Dz)
Proof. Let £ = (¢ |, [Z,]) € Gal(Cy —e Cy). Then

(Gal(pz) — Gal(th1))u(€) = (Gal(ths) — Gal(iir))Gal(y)
= Gal(y2) o Gal(p) o Gal(y)
=Gal(pg o poh).

On the other hand

w(Gal(pg —e h1)€) = (12 0 @ 0 Y1 |, [Zynopoy])
= Gal(1pz 0 p o y).

Proposition 80 There are natural strong isomorphisms:
C, —C;=Cy;—e Cj.
Proof. Note that
C; — C; = (ChuCors(Cy, C3), A1 x A3z)),
and
C,; —e C] = (ChuCors(Cq, C7), As x Ay)).
Let L be the bijection
L: ChuCors(Cq, C3) — ChuCors(Cs, C})

of Proposition 40 regarded as a correspondence and R the transpose bijec-
tion As x A1 — A X As regarded as a correspondence. Then the closure of
the Chu correspondence (L, R) is an isomorphism. O
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The isomorphisms of Theorem 38 between Chu correspondences and
the bonds give natural isomorphism.

Proposition 81 The bifunctors ChuCors(—,—) and Bond(—,—) are
naturally isomorphic by the map ¢ +— Z,,.

Proof. Let C; and D; (i = 1, 2) be formal contexts and #;: D; — C;
and : Cy — D3 be Chu correspondences. Let ¢: C; — Cy be a Chu
correspondence. Then

ChuCors(yn, ¥2)p = 19 0 p 01y,

whereas

BOnd(’(/)l, wQ)Zcp = QpQ (e] Z‘P o 1/}1.
It suffices to show that

ZwQO‘PO’lXJl = ’Lﬂg O th O 1/}1.
Let (bl, yg) € By x Y. Then
(b1, ¥2) € [Zypoporn] © Y2 € (Lipyopor; b1)’
S Y2 € ((Lyy)wLigoy, b1)'
Y2 € RZQ (Lipoyn br)
& Ry,yo C (Lo, 01) = (Z)o (L, b1)
<:>L1ZJ1 by x Rw2y2 C [Z(p].
< (b1, y2) € [th2 0 Z, 0 9]
O

Similar natural isomorphisms exists for bifunctors for the ChuCors-
valued bifunctors. Define a formal context by

Ci —o0Cy = (Bond(Cl, Cg), Al x Xo, 9).

By the proof of Lemma 77, the isomorphism L of Theorem 38 and the
identity map of A; x X5 induce the following strong isomorphism

Proposition 82 We have natural isomorphisms

C1—0C2§01—OCQ.
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5.2. Self-duality

The category ChuCors is self-dual with the dualizing functor defined
by C +— C* and for a Chu correspondence ¢ from C; to Cs, ¢* from C3 to
C] as is defined in Section 2.

Theorem 83 There are natural strong isomorphisms:
dc: Gal(C*) = Gal(C)*.

Proof. Define
oc(E, F) = (F, E),

which is obviously a bijective order reversing correspondence.
To show the naturality, let ¢: C; — Cs be a Chu correspondence.
Then

©*: Cy — Cy

is defined by Ly« = R, and R+ = L,. We show the commutativity of the
following diagram

sc,
Gal(C}) —2 Gal(Cy)*

Gal(e*) ‘ Gal(p)*

Gal(C3) —— Gal(Cy)*
2

For (N2, N}) € Gal(C3) with No C X5 closed, we have by (7),

8¢, Gal(0")(Na, Np) = dc, (L Na, (L No)')
- 501(R90N27 (chN2),)
= ((R@Nﬂ/, R«pN2)-
On the other hand, by (8),
Gal(p)"dc, (N2, N3) = Gal(p)" (N3, N2) = (RyN2)', RyNa).
([l

In the category of Chu maps, the formal context L of Example 3 is a
dualizing object [13] in the sense that

C—o 1 ~C"
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In fact L is a dualizing object also in the category of Chu correspondences.
Theorem 84 We have natural isomorphisms
d(C): C —e L ~C".

Proof. By Theorem 38, Proposition 41, the self duality of ChuCors and
Proposition 76, there are isomorphisms:
C — L~ (Bond(C, L), Ax{x}, €)
(A(C), 4, €)
cf(C)*.
C*,

e 11

12

where the first three ones are strong isomorphisms. Here ¢f(C) is the
canonical form of C (§4.8).

Since the first components of the formal contexts appearing above are
all bijective to A and, under these bijections, the intent parts of the isomor-
phisms corresponds to the closures of the identity of A, the above isomor-
phisms are natural. O

It is straightforward to prove the following.

Proposition 85 The following diagram commutes.
Gal(d(C))

Gal(C —e 1) Gal(C™)

v éc

Gal(C) — 2 ——— Gal(C)*
where v is the composition of the isomorphisms
Gal(C —e 1) ~ (Gal(C) — Gal(L)) ~ (Gal(C) — 2).

5.3. Tensor
In the *-autonomous category,

A® B~ (A —o B*)".
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Since we have already the internal hom-functor and the self duality, we

define
CiXCy:=(Cy; —e C3)" = (41 x Ay, ChuCors(Cy, C3)).
Proposition 86 C; X C; = (C; —e Cj)*.

The structure of the bifunctor (—)X(—) is described explicitly using the
Slat-valued bifunctor (—) X (—) defined in Section 4.8 as follows. Define

Ci1RCy = (Al X Ay, C1 X Cy, E).

and make (—)&)(—) a bifunctor as follows. Let ¢;: C; — D; (i = 1, 2) be
Chu correspondences and define

P1QY2: C1RC2 — D1®Dy
to be (L, R), where
L: A) x Ay — pow(B; x By)
is defined by
L(a1, az) := Ly, a1 x Ly,a2
for a; € A; (1 =1, 2), and
R: D; XDy — pow(C; X Cy)
by
RZ = {(a1, a2) | Ly,a1 x Ly,a2 C Z} | .
Then we have
Theorem 87 There are natural strong isomorphisms:
CIXCy; = Cy XC,.
By Theorem 78 and Proposition 83, we obtain

Theorem 88 There are natural isomorphisms
H(Cl, Cz): Gal(01 X Cg) >~ Gal(C1) & GCLZ(CQ).
If C; = (Ai, Xi, =i) (i =1, 2) and Gal(C;) is identified with the family A;
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of closed subsets of A; (i =1, 2), then k(Cy, Ca) maps F1 X Ey to F1 & Es,
where E; € A; (i =1, 2).

Proof. By Theorem 87, Cy X C, is naturally and strongly isomorphic to
C1®C2 = (A1 X AQ, Bond(Cl, C;), G).

By Example 9, the bond Ey x Ey C A; x Ay correspondes to the Chu
correspondence ¢: C; — CJ defined by

E}, ifa € Ey
X5, otherwise.

Ly(a1) = {
This correspondes to the join preserving map fg, g, (cf. Section 1.2)
Gal(Cyq) — Gal(Cy)*,

where E; are regarded as in Gal(C;) (i = 1, 2), which correspondes to E1 ®
FEs of Gal(Cl) (%9 Gal(Cg) ]

The tensor is associative.

Theorem 89 For formal contexts C; (i = 1,2,3), there are strong iso-
morphisms

a(Cl, CQ, Cg): (Cl X CQ) X C3 — Cl X (CQ X Cg),
whose extent part is given by the bijection
((alv a2)’ a3) = (alv (a2’ a3))'

Proof. The assertion follows from the observation that both (C; X Cy) X
C;3 and C; X (Cy X C3) are strongly isomorphic to

(A1 X A2 X A3, W)

where W is the set of subsets Z C A; x Ay X Ao, which satisfies the con-
dition that for each a; € A; (i = 1, 2, 3) the subsets Z(a1, az, —) C As,
Z(ay, —, a3) C Ag, and Z(—, ag, az) C A are closed. Here

Z(al, as, —) = {ag € Ag ‘ (al, as, CL3) S Z}

etc.. OJ
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Proposition 90 The following diagram commutes.
Gal((C1 X Cy) K Cs) “ ~ Gal(C; X (Cy X Cs))

ul u2

(Gal(C1) ® Gal(C2)) ® Gal(Cy) —5-—~ Gal(C1) ® (Gal‘(Cg) ® Gal(C3))

where

a1 = Gal(a(Cq, Cy, C3))
and

az = a(Gal(Cy), Gal(Cs), Gal(C3y)),
and uq s the composition of the isomorphisms

Gal((C1 X Cy) K C3) ~ Gal((C1 X Cy)) ® Gal(Cs)

"C (Gal(Cy) ® Gal(Cs)) ® Gal(Cs),

and the isomorphism us is defined similarly.

Proof. Let a; € A; (i =1, 2, 3). Since Gal((C; X Cq) K C3) is join gener-
ated by (((a1, az), a3), ((a1, a2), asz)’), it suffices to show that these go to
the same elements of

Gal(C1) ® (Gal(Cs) ® Gal(Cs)).
It is easily seen that (((a1, az), as), ((a1, az), az)’) goes to
(@1, a1) ® (@2, a3) ® (a3, dj))
in either way. ([l
Obviously the tensor (—) X (—) is symmetric.
Theorem 91 There is a strong isomorphism

S(Cl, CQ)Z Cl X CQ = CQ X Cl,

whose extent part maps (ay, az) to (az, ai).
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Proposition 92 The following diagram commutes.

Gal(Cy B Cy) — 1)

Gal(Cy ¥ Cy)

1
1

Gal(C1) ® Gal(Cy) —— Gal(Cy) ® Gal(Cy)
Finally, we note that the functor C —e (—) is right adjoint to the functor
(—-)XC.
Theorem 93
ChuCors(Cy K C, Cq) ~ ChuCors(Cy, C —e Cy).
This follows from Proposition 41 and the following
Theorem 94 There are natural strong isomorphisms
(CIXC) - Cy=Cj —o (C—e Cy).

Proof. We have the following strong natural isomorphisms.

*

(C1XC)—Cyx((C;XC)XC3)
>~ (C; X (CK C}))*

O

5.4. Structure of *-autonomous category

We have introduced in ChuCors the ingredients of a x-autonomous
category [7], [5], namely, the unit object “T”, the tensor bifunctor “X”, the
internal hom functor —e , the selfduality C°P ~ C and the dualizing object
1.

The Galois functor preserves these operators in the following sense. By
Example 3 and Propositions 88, 78, 83,

Proposition 95 There are following natural isomorphisms:

H(Cl, CQ)I Gal(01 X CQ) ~ Gal(Cl) (%9 Gal(Cg),
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,U,(Cl, CQ) : Gal(01 —0 CQ) >~ Gal(Cl) —o Gal(Cg),
Gal(T)~2
0C: Gal(C*) ~ Gal(C)*.

We define the structural natural isomorphisms as follows.
By Theorem 87,

TRC ({*} x A, {BC{*}x A|Bisclosed in A}, €)
whence there is a strong isomorphism
TRC 2 cf(C).
Since c¢f(C) ~ C by Proposition 76, we have natural isomorphisms
lc: TRC ~ C.
Similarly, we define
rc: CXT ~C.

Proposition 96 The following diagram commutes

Gal(c) Gal(rc)
Gal(TKC) —— Gal(C) ~—— Gal(CK T)

%c:) ’”m
Gal(C

where vy s the isomorphism defined by the composition of

Gal(T R C) = Gal(T) ® Gal(C) ~ 2 ® Gal(C),

2 ® Gal(C

and the isomorphism vy is the similar composition.

Proof. Since Gal(T x C) is join-generated by (¥ X @, (%, a)), it suffices
to show the commutativity of the right triangle that they go to the same
element by either way.

By Theorem 88, (* x @, (*, a)) is mapped to 1 ® (a, a’) € 2 x Gal(C)
and then to (@, a’) in the left round way.

On the other hand, it is mapped by Gal(¢c) to (a, a’).

In the same way, it can be shown that the right triangle commutes.

O



210 H. Mori

Proposition 97 The coherence conditions hold.

Proof. The coherence conditions of the x-autonomous category Slat and
Propositions 96, 90, 85, 92 implies the corresponding coherence conditions
of ChuCors. For example, the coherence condition of commutativity of

(CIXT)XCy - C1 X (TXCy)
Ci X Cy
follows from the following commutative diagram.
Gal((CL R T) R Cy) Galle) Gal(C, R (T ® Cy))
f1 \ / g
Gal(rX1) Gal(1X0)
Gal(01 X T) ® Gal CQ Gal(01 X CQ Gal C1 GQZ(T X CQ)
h
Gal(r)®1 1©Gal(f)
£ Gal(Cy) ® Gal(Cs) o
(Gal(C1) ® 2) ® Gal(Ca) Gal(C1) ® (2® Gal(Cy))

In fact

ho Gal(1X ¢) o Gal(a)
= (1® Gal(f)) o g1 o Gal(a) by naturality of
=(1®/l)ogaogioGal(a) by definition of ¢
=(1®Gal(f))oao fao fi by definition of a
=(r®l)ofaofi
= (Gal(r)@1) o f1
=ho (Gal(r®1)).
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In short, we have proved

Theorem 98 The category ChuCors has a structure of *-autonomous
category with the unit T, the tensor (—)X (=), the internalhom (—) —e (=),
the the dualizing object 1, and the natural isomorphismsr, £, a, s, §, which
makes the Galois functor a *-autonomous functor.

Concluding Remarks

Chu maps and Chu correspondences The concept of formal contexts
appear in quite a few contexts under various terminologies such as Chu space
[14], classification [3], etc. besides the formal concept analysis [9]. When the
framework of category theory is used, the Chu maps are usually adopted as
arrows. However there can generally be few Chu maps between two formal
contexts, which seems to make the category theory rather uninteresting in
some field of research.

In contrast, there are abundant Chu correspondences between two for-
mal contexts and give justification of the usage of the category theoretical
machinery in studying formal concepts.

The concpet of bonds The x-autonomous category structure of
ChuClors is described combinatorially and is defined more straightforward
way than that of the category Slat owing especially to the beautiful con-
cept of bonds introduced in [9]. In fact, we could as well have developed the
category of bonds, which is isomorphic to our ChuCors.

Heyting valued contexts We can define the concept of Chu correspon-
dence when {0, 1} is replaced by a Heyting algebra as in [13]. Although
the Galois functor does not seem full and faithful in general, most of our
results seem to hold. In particular the *-autonomous category structure of
ChuCors is defined similarly.

Chu construction It seems that the procedure of constructing *-auton-
omous category from a complete closed category given by Chu [1], when
applied to the category Rel of correspondences between sets, gives us most
of the structures of ChuCors described in this paper. However, since Rel
is not complete, the verification of Chu [1] does not apply to our category
and operators directly.



212 H. Mori

Application Since our theory allow us to introduce “natural” correspon-
dence in the topics where objects have dualism description mentioned in
the introduction, we expect that our theory has theoretical applications.

As an example, we explain a usage of Chu correspondence in model
theory in Section A of the appendix.

A. Application to model theory

For basic terminologies, see [12].

Let T'= (L, ®) be a first order theory, where L is a first order language
and @ is its axiom which is an arbitrary set of L-sentences. Let F' be the
set of L-formulas with one free variable z. A subset of F* is called a 1-type.
Let M be a model of T. Then we have the following formal context

C(M):= (M, FE D),

with
def,
mlp <= M = ¢lo=m,

for m € M and ¢ € FF. The polar of m € M, denoted by F,(m) is the
1-type defined by m. The polar of ¢ € FF is the set M(p) of m € M
satisfying ¢, namely, M = @|y—m. A subset of M is closed if there is a
I-type N C FF with N’ = M. A 1-type Q C FF is closed if there is a
subset P C M whose polar is ), namely, @ is the set of formulas ¢ € FF
which are satisfied by all the elements of V.

The closure operator on F is the semantic implication in the model
M. Namely, for Q C FF and ¢ € FE, o € Q if, for every m € M, the
condition mIvy for all ¢ € Q) implies mIyp.

Suppose My and M are two models of T'. Define a correspondence

L: M; — My
by
def
mg € Lmy <= molF,(m;).

Proposition 99 (L, id) is a Chu correspondence from C(My) to C(Ma)
in the weak sense, whence defines a Chu correspondence

7(M1; Mg): C(Ml) — C(MQ)
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Proof. For ¢ € FL,
Lmile & mile.

In fact, by definition, miIy implies Lmile. Suppose LmiIp. If miIp does
not hold, then m;I—-¢p. Hence LmiI—p, which contradicts the assumption.
Hence we have mj 1. ]

Two models M; (i = 1, 2) are called elementarily equivalent if M; = ¢
iff My = ¢ for all L-sentences ¢.

Proposition 100 Models My and Ms are elementarily equivalent if and
only if
L'y(Ml,Mg)*Ml = MQ. (10)
Proof. Note that for ¢ € FX and a model M, the condition M | Vag
means MIp, ie., o € M.
Suppose M; and My are elementarily equivalent. Then M| = M; C
FE. where (—)* denotes the polar operator of C(M>), whence (10) holds.
Conversely suppose (10) holds. Let ¢ be an L-sentence. Then there is
a ¢ € FE, possibly without x, such that ¢ is logically equivalent to either
Ve or Jxp.
Suppose ¢ = Vxp. Then
M2 lZ (b <~ Mg](p
& LM I
< My I(p

If ¢ = dxp, then —¢ = Vz—p, whence
My | ¢ < My = ¢
and we conclude
My = ¢ = M = ¢.
O

These samples seem to suggest that the Chu correspondences between
the formal contexts C(M) might be useful tool as well as significant objects
to study in the theory of model theories.
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