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Linear differential relations satisfied by Wirtinger integrals
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Abstract. We will derive linear differential relations satisfied by Wirtinger integrals
by exploiting classical formulas of Jacobi’s theta functions. Although Wirtinger inte-
grals are related to Gauss’ hypergeometric functions, we will do that without referring
to Gauss’ hypergeometric differential equation. We believe that our method to derive
them will be applicable to another definite integral defined on the torus which has as
integrand a power product of not necessarily four theta functions, and which is not a
lift of any definite integral defined on the complex projective line.
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0. Introduction

In our recent paper [3] we studied twisted homology and cohomology
groups with coefficients in local systems associated to a power product of
Jacobi’s four theta functions (see also Theorems 1.1 and 1.2 below). As
is well-known ([5]), the pairing of non-vanishing homology and cohomology
groups is expressed as a definite integral defined in our case on the torus by
the de Rham theory. We propose to call such an integral Wirtinger integral,
because the integral arising from a certain special choice of a homology class
and a cohomology class is identical with the one considered by Wirtinger
[4] (see also Remark 3 in Section 1). The purpose of this paper is to derive
linear differential relations satisfied by Wirtinger integrals (Theorem 1.3).
As is seen in [4] (see also [2]), Wirtinger integrals are the lifts of Gauss’
hypergeometric functions to the upper half plane. So one can obtain the
linear differential relations in Theorem 1.3 also by taking the universal cov-
ering space of the space of the independent variable of Gauss’ hypergeometric
differential equation. Nevertheless in this paper, without referring to Gauss’
hypergeometric differential equation, we will derive them directly by exploit-

2000 Mathematics Subject Classification : Primary 33C05; Secondary 14K25, 55N25,
34M45.



84 H. Watanabe

ing classical formulas of Jacobi’s theta functions. Thus we can say that the
results of the present paper and our previous ones [2] and [3] constitute
the theory of Gauss’ hypergeometric functions based on theta functions and
developed on the upper half plane such that the analytic continuation of
Gauss’ hypergeometric functions is translated in the language of modular
transformations, and that they therefore suggest various new generalizations
of Gauss’ hypergeometric functions from the viewpoint of modular groups
and theta functions. In fact, we believe that our method in this paper (Sec-
tion 2) will be applicable to deriving differential relations of another definite
integral defined on the torus which has as integrand a power product of
not necessarily four theta functions, and which is not a lift of any definite
integral defined on the complex projective line.

1. Preliminaries

In this paper we follow Chandrasekharan’s notation for theta functions
([1]). Namely, the four symbols 0(u,7), 0;(u,7) (i = 1,2,3) are defined by

1 = L2 4
O(u,7) = n Z (71)"6("4'5) it o (2ntmiu
n=-—oo
—+ o0
01(u, 1) = Z e(”+%)2”i76(2”+1)“i“,
n=—oo
—+ oo
Oa(u,7) = Y (1) TR,
n=—o00
“+ o0
Os(u,7) = Z 6"2””62”7”“,

n=—oo

where u,7 € C and Im(7) > 0. Weset I' =Z+Z1, D = {0, %, 5 HTT}, and

M =C/I' = D. Let a, 3,7 be complex parameters. Throughout this paper
we assume the following conditions for a;, 3, ~:

1
«, ﬁa v Y G, ’7—57 W_O‘_ﬁa anda—ﬁ¢§Z7

where %Z denotes the group consisting of all integers and half integers. We
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set T'(u) = 0(u)?0; (u)?7 2205 (u)2P=27+203(u) 2", where 6;(u) means
0;(u, 7). We define a connection V by Vo = dy + w A ¢ for a differential
form ¢, where d denotes the exterior differential with respect to w, and
w = d(log T'(u)). Then we have VV = 0 and V(1) = w. Let £ and £ be the
local systems on M defined by T'(u)~! and T'(u), respectively: £ = CT'(u)~*
and £ = CT(u). They are dual to each other. For a non-negative integer
k, let Cx(M, L) be the group of twisted k-chains with coefficients in £,
and let @ be the boundary operator of the complex Co(M, £). Let QF (M)
be the vector space of single-valued holomorphic k-forms on M. Then the
connection V induces a natural homomorphism V : QF(M) — QF1(M).
The following theorem is fundamental:

Stokes’ Theorem For o € Cy(M, L) and ¢ € Q*~1(M), we have

/UT(u)-VLp:/ﬁgT(u)-(p.

Let Z(M, £) be the group of twisted k-cycles with coefficients in £, and
let By(M,L) be the group of twisted k-boundaries with coefficients in £.
We set Hy, (M, L) = Zy(M, L)/By(M, £): the k-th twisted homology group
with coefficients in £. Concerning the twisted homology groups, we have
obtained in our paper [3] the following:

Theorem 1.1  We have Hy(M, L) = Ho(M,L) = 0, H (M, L) = Ce; @
Cceo®Ce3®Ccey. Here c1,ca,c3,cq4 denote the homology classes of the cycles
01,03,03,04, respectively, which are given by

o1 = (1 — edmia)(1 — edmi(y—a)) (24—, 0+, 5—,0 — >,

1 l—i—T+ 1+ 1+7 1
(1 — e 4mif)(1 — edmity—a))\ 2 72 7 2 2 ’

1 7'+ 1+T+ T 147
03 = - - — - J— _
ST (A — e ) (1 — ety \ 27 2 2 ’

09 =

g4 —

. (1,04, —1,0—
(1 _ 6727727)(1 o e4ﬂ—za)( , 0+, ; )7

where the right-hand sides of the expressions for o1, o2, o3 are Pochham-
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mer cycles multiplied by complex constants, and the right-hand side of the
expression for o4 is the cycle multiplied by a constant, obtained by con-
necting the four curves I, (0+), —I, (0—) in this order, where | and —I
are the global cycles of C/I' defined by the equations I(s) = —7 + s and
(—=0)(s) = =7 — 5 (0 < s < 1), respectively, and (04) and (0—) are small
circles turning around the center 0 once with anti-clockwise and clockwise
directions, respectively.

Let D be the effective divisor on C/I" given by D = 2[0]+[4]+[F]+[1E7].
Let Qp be the sheaf of meromorphic 1-forms on C/I" which are multiples of
the divisor —D. Let H*(M, L) be the k-th twisted cohomology group with
coefficients in £. Our result concerning the twisted cohomology groups is as

follows ([3]):

Theorem 1.2 We have H°(M,L) = H?*(M,L) = 0, H'(M,L) =
HO(C/T,9p)/V(C) = Clp] & Clps] ® Clgs) & Clios].  Here [g] de-
notes the image of an element ¢ of H°(C/I,Qp) by the natural map
H°(C/I',Q2p) — H(C/I,Qp)/V(C), and ¢1,ps, 3,04 are elements of
H°(C/I',Qp) given by

92 (u)2

o1 = m03rdu, o = Th3 002 du,
01 (u)02(u) 0(u)bs3(u)
— g2 W = g2 AT
TR T 0w (u)

where 0; denotes the theta constant 0;(0).

Since Hy(M, L) and H'(M, L) are dual to each other, we have a nat-
ural nondegenerate bilinear form Hy(M,L£) x H'(M,L) — C. For [o] €
Hy(M, L) and [p] € H' (M, L) with o € Z;(M, L) and ¢ € H*(C/I,Qp),
let ([o], [¢]) be the image by this bilinear form. By the standard procedure
for regarding twisted cycles and cocycles as currents ([5]), we obtain the
expression ([o], [¢]) = [ T(u)g, which we call Wirtinger integral (see Re-
mark 3 below for the reason why we call it so). Every Wirtinger integral
is a single-valued and holomorphic function of 7 defined on the upper half
plane H. We set [ T(u)p; = Ijj (i,j = 1,2,3,4). It is easy to see that, for
a fixed j, the four iIJltegrals I, 155,135, 14; are linearly independent over C,
and that, for a fixed i, I;1, I;2, I;3, I;4 are linearly independent over C. The
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main theorem in this paper is as follows:

Theorem 1.3 The 16 functions I;; (i,j = 1,2,3,4) of the variable T
satisfy the following system of linear differential equations with coefficients

mmvariant under the modular action of the principal congruence subgroup
I'(2) of level 2 :

In e Lz Iig ajiy a2 0 0 I Iio Lz I1a
i d (I Ipp Inz Doa| _ |a2i a2 0 0| |Ion loo Doz Ios
m05dr |Is1 Iy I3 Isal | O 0 by bio| |Is1 Iso Iz Igal|’

Iyn Iyp Isz Iy 0 0 o1 boo| |1ax Taz Ia3 Iyg

where a;;’s and b;j’s are given by

a—-pB-160F -1 1 -2« 2y — 28— 30}
ayp = 5 %‘F 5 v M2T T a21:f%>
B—a+16f 1-—4« l+a—y)(a+p3) B0} b}
agp = ——F—— 7+ —— bu= + 50+ 550
2 017 2 28— a) 201 " 263
_(d+a=—7(0+6-7) _op
biz = ;o b= ;
f—a a—p3
b _afa+p—27+2) fy—a—l% fy—ﬂ—l%
- 2(a — ) 2 0 2 ol

The proof is given in the next section.

Remark 1 Note that the differential operator — % is invariant under

w03
the action of the group I'(2). In fact we have #% = A\ —1)4, where
3

4
denotes the lambda function: \ = Z—}l.
3

Remark 2 The system (1.1) is splitted into the following two systems of
differential equations:

Li I _ |@11 ai12 Iy
703 dr | Iz, a1 agz] |1z
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and
Li I3; _ bir biz| |13
7T9§ dr I4j b21 bgg I4j ’
each of which is equivalent to Gauss’ hypergeometric differential equation.

Remark 3 As was shown by Wirtinger [4] (see also [2]), the integrals I;;’s
are related to Gauss’ hypergeometric function F'(a, 3,7, z). In fact we have
for example

F(a—&—%)l“(fy—a—%)

o atB—~+2 1 3
I, = AT (1= 2 F — =Y, A
11 21—‘(7) ( ) (O[+2,,8+2,’)/7 )7
6%(7_‘1_6_1)]_‘(0( — %)F(’y e %) at+B8—~+1
121 = A 2
2I'(y+1)
atptl 1 1 1
1-X)" Fla—= - yv—-1,—
(=N P (a0 5 - Lty ).
I'a)I'(y —a) (a1 atB—rt1
I3, = A 1—A F 1Ly, A
31 2F(’7) ( ) (OZ7B+ » Vs )7
I'a+1)I'(y—a—1) 1 atB—nt1
Iy = Az (1= 2 Fla+1,8,7v,A),
where A denotes the lambda function: \ = g—; The other 12 integrals I;;’s
3

have analogous expressions, too.

2. Proof of Theorem 1.3: Derivation of differential relations

Since the integrals I;; introduced in Section 1 are related to Gauss’ hy-
pergeometric function (Remark 3 in Section 1), one can of course obtain the
equation (1.1) by lifting the variable A of Gauss’ hypergeometric differential
equation

d*F

)\(I—A)WJr{v—(a+ﬁ+1))\}%—aﬁF:0

4
to the variable 7 via the equality A = leP Nevertheless, we give here another
3
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proof of Theorem 1.3 based on the theory of theta functions. To derive the
16 relations in (1.1), it suffices to prove the following

Proposition 2.1  The following formulas hold:

o,
- (T(W)er) = anT (W + awT(w)g: wod B'(M,L);  (21)
3
2o,
- (T()g2) = anT(w)pr + anT(w)gz wod B'(M,L);  (22)
3
0
o (T()gs) = buT(w)gs + boT(wes  mod B'(M,L);  (23)
3
i 0

— —(T(u)ps) = b1 T(u) 3 + boaT(u)ps  mod B' (M, L), (2.4)
w5 OT

where BY(M, L) denotes the group of twisted 1-coboundaries with coefficients
n L.

In fact, the 16 relations in (1.1) follows immediately if one integrates
each of the four relations in the proposition along suitable cycles.

Proof of Proposition 2.1. We prove the formula (2.3) only, since the other
formulas are proved similarly. We have

or 93
927 (u) _ 937 (u) >
O2(u)  O3(u)

037 (u) (u)

+(2ﬁ—2a+2)<

+(1—2a)(

where 63, denotes %—(0,7’), and 61,(u) denotes 801(

four theta functlon (u)
(2.

u,T), etc. Since the
and 6;(u) satisfy the common partial differential

equation 47TZW = 5) is turned to

8u2 I
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0 O3, 27 —2a—1/0Y(u) 6)(u)
a7 L(Wes) = [ 05 Ari (01(u) N ez(u)>
28 — 20+ 2 95'( A
120 (04(u)  0"(u)
e (o )| 0

where 6/(u) denotes %292 (u, No
/

( 7). W
03 ()01 (u) — 07 (w)ba(u) = mO3(0"(w)bs(u) + O5(w)0(w)), 05 (u)0s(u) —
05 (u)02(u) = w03 (6"(u ) 1(u) + 01(w)0(u)), 0"(u)0s(u) — 05(u)0(u) =
T02(0] (w)02 (u) + 05 (u)8: (w)), where 6}(u) denotes 2% (u, 7). Applying these
formulas to the right-hand side of (2.6), we have

we note the following formulas:

0 Osr 2y—2a—1 5 0(u)f3(u) (0 (u) 65(u)
e Tlgs) = |2~ SR (e( > &)
26 — 2a + 2 O(u)01(u) (6 (u)
T T h(ws() ( (w) )

1—2a 5601 (u)02(u)
T <u><

Substituting the formulas:

Ohw) _ 0hw) | oo O()a(w)

B 0hw) _ 00w o 0i(w)0s(u)
Oa(u) ~ Ou(u) 200 (u)bs(u) Oa(u) ~ O(w) 2 B(u)fa(u)

into the right-hand side of (2.7) and making some calculation, we have

2 ()
— 299?;TT(u)<p3 + % [ —(2y — 20— M%W
+ (26 — 2a + 2)7h? ;2((1‘13)9;3(8) — (1 — 20) 763 %1((5)): (( ))

0" (u) 1(u) W21, (1272971, (11282730 (1) 25 L du
(Gt G o0, ()00 )2
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7203203 B 9y 0(u)b2(u) _9g 01 (u)302(u) Wdu
|- e g + (- )é ;
Here we note the equality
2 0(u)0s(u)

+ (28 — 20 + 2)me2 WO W)

[_(27_2 )71'939 192( )93(16)

1(u)f2(u)

201 (u)b2(u) 20—1 2v—2a—1 28—2y —28-1
—(1—2a)7 93W ()2~ 16, (u) 0y (1) 2P 271305 (u) ~27
= D0y ()22 () ()2, (2.9)

Applying (2.9) to the right-hand side of (2.8), we have

2 (g
937’
=2——T(u)ps3
03
92 0'(u) | 01(u) W20, (127201, ()28 2739, (1) 261
S (G S Yot 2 () )25

(W? 0w W 8w
(<u>2 0(u) O (u)? emu))

> e(u)2a7191 (u)2772a7192 (u)2ﬁf2v+393(u)72571du

20203 O(u)b2(u) 01 (u)302(u)
T [_ 2y =20 = 1) g s ) 0(u)%05 ()

+ (1 —2a) ]T(u)du.
(2.10)

‘We note that

0'(u)*  0"(u) o ZL 22,201 (1)
ow? o) ey T
01(u)®  0f(u) 917 2 0(u)?

b B(w) — g, T
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0'(u) | 01(u) W)29710 ()27 2019, (0128273, (4,) 261
) (o) G Yot w2205 )

€ BY(M, L).

Then the equality (2.10) is turned to

2 rwes)
=2( % - )t
20303 0(u)0s(u) 01 ()30 (w)
Ty, 3[(1+ - )Gl(u)03(u)+(1_ )0(u)393(u) T (u)du

Substituting the equalities

01 ()30 (u) _ 0201 (u)02(u)03(u) B 0261 (u)02(u)
0(u)303(u) 036(u)3 036(u)0s(u)

and

O3r Or _ 7

05 0, 4i 2

into the right-hand side of (2.11), we have

9 ()
= %%T(u)% LI %93 (14+a-— y)m
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We need the following
Lemma 2.2 The following formulas hold:

O(u)bo(u) , _ a1 B—v+1 1 .
Wduszeg“’?’*ﬂﬁgm mod B(M, £);
(2.13)
01(u)02(u)0s(u )du: B 9% (a—~v+1)3 92
0(u)? T ll-—anb363  (1-a)(B—a)nb?03 ¥3
—y+DB-~r+1) 63
. (iy—a))((g—g) )we%?’e%% mod BY(M, £).
(2.14)

Proof of Lemma 2.2. The formula (2.13) follows immediately from the
equality

w=(28-2y+ 2)7r93;1(())%2(()>d ~ (26 =20 szd“
Now we see that
(e
. el(u)z?s;geg(u) s %(%)22 92W
+ (20 +26 -2y + 2)W9§m ~ 20m6; ;1(( ))023((13) .
(o 12e2 01@2?5)20 3 g 4 (a4 §— 4 1)202 9(< ))91((;3)@

92 ('LL)3
= 20T Gy ) )

from which it follows immediately that



94 H. Watanabe

501 (u)f2(u)bs(u)

62 du5a+5*7+1 292(U)93(U)d

O(u)3 1 -« 3 0(w)b, (u)

_ ,8 0 92(7,1,)3
L— a2 0(u)fr (u)fs(u)

du mod B'(M,L).
(2.15)

Substituting the equality

9%92('&)3 _ 0%02(11)93('&) _ Hfﬁl(u)ﬁg(u)
0(u)b1(u)bs(u) 0(u)b1(u) 0(u)03(u)

into the right-hand side of (2.15), we have

2 01 ()0 (u)b3(u)
05 TR A
_a—7+1 ,60(u)bs(u) B a01(u)fa(u)
=— 03 B(0)0r (1) du + T a 07 8(u)65 (0) du mod BY(M, L).

(2.16)

Now we have

w= (26 — 2y + 2)703 :(( ))06;));(73) du
on 5 02(u)03(u) 201(w)02(u) .
(26 = 20)mb gy 4 27 )
from which it follows immediately that
Bo(wlsu) By 163 Ows(w) B 30w
0w T e 0w T G a8 0w

mod BY (M, L). (2.17)

Substituting (2.17) into the right-hand side of (2.16), we have the desired
equality (2.14), which proves Lemma 2.2.

Let us return to our proof of Proposition 2.1. Substituting the two
equalities (2.13) and (2.14) into the right-hand side of (2.12), we have the
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desired equality (2.3). Proposition 2.1 is thereby proved.
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