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Bernstein—Sato Polynomials on Normal Toric Varieties
JEN-CHIEH Hs1A0 & LAURA FELICIA MATUSEVICH

ABSTRACT. We generalize the Bernstein—Sato polynomials of Budur,
Mustatd, and Saito to ideals in normal semigroup rings. In the case
of monomial ideals, we also relate the roots of the Bernstein—Sato
polynomial to the jumping coefficients of the corresponding multi-
plier ideals. To prove the latter result, we obtain a new combinatorial
description for the multiplier ideals of a monomial ideal in a normal
semigroup ring.

1. Introduction

Let f € C[x] =C[xy, ..., x,] be a nonconstant polynomial, and let D = Clx, 9]
be the Weyl algebra. The Bernstein—Sato polynomial (or b-function) of f, in-
troduced independently in [ Jand [ 1, is the monic polynomial b (s) €
Cls] of smallest degree such that there exists P(s) € D[s] = D ®c C[s] satisfying
the functional equation P(s)- fS*! =b r(s)f*. Itis wellknown that by (s) =s+1
if and only if the hypersurface defined by f is nonsingular. Moreover, the roots of
b (s) are conjecturally related to the eigenvalues of the Milnor monodromy of f
[ ] and the poles of the local zeta function associated with f [ ].

Another important singularity invariant are the multiplier ideals 7 (C", a(f))
associated with the hypersurface defined by f in C" [ ]. They can be de-
fined via an embedded log resolution of the pair (C”, (f)). When the coefficient
«a varies, the multiplier ideal 7 (C", a(f)) jumps. In fact, the smallest jumping
coefficient of (C", (f)) (i.e. the log-canonical threshold of the hypersurface de-
fined by f) is the smallest root of b¢(—s) [ ; ; ]. Generalizing
this result, one of the main theorems in [ ] states that if £ is a jumping
coefficient in (0, 1] of the pair (C”", (f)), then it is a root of b¢(—s). Along the
same lines, Budur, Mustata, and Saito extended the notion of b-functions to the
case of arbitrary ideals on smooth affine varieties [ ]. Utilizing the theory
of V-filtrations from [ ]and [ ], they showed that the b-function of an
ideal is independent of the choice of generators. Furthermore, they generalized
the connection established in [ ] between the roots of their b-functions
and the jumping coefficients of multiplier ideals to this more general setting.
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THEOREM 1.1 ([ 1. Let I be an ideal on a smooth affine variety X over
C. Then the log-canonical threshold of the pair (X, I) coincides with the small-
est root o of the b-function b;(—s), and any jumping coefficient of (X, I) in
laf, o + 1) is a root of by (—s).

As the theory of multiplier ideals is generalized to the case of arbitrary ideals on
normal varieties [ ], it is interesting to explore possible generalizations of
Theorem . To this end, the first task is to look for a suitable candidate that
plays the role of the Weyl algebra. In the current work, we restrict to the case
where the ambient variety X is an affine normal toric variety. There exists an
explicit combinatorial description of Grothendieck’s ring of differential operators
Dy on the toric variety X [ ; ; ], serving as an analog of Weyl
algebra in the case of X = C". We apply this description of Dy and the results
in [ ; ] to construct the b-function b;(s) for an ideal I on the
toric variety X. To state our results more explicitly, let us set up some notations.

NotaTiON 1.2. 1. Throughout this article, we work over an algebraically closed
field k of characteristic O instead of the complex number field C. Our results
are valid in this setting. The coordinate ring of the affine normal toric vari-
ety X is represented by the semigroup ring k[NA] generated by the columns
ai,...,ay of arank d matrix A € Z4*™_ We assume that ZA = Z9, the cone
C=RspAin RY over A is strongly convex, and the semigroup NA is normal,
meaning that C N Z¢ = NA. The faces of C are denoted by greek letters o,
7, and so on. This may refer to an index set, to a collection of columns of A,
or to the actual face of the cone. If o is a facer of C, then define its primitive
integral support function Fy : R? — R such that
(a) F5(ZA) =17,

(b) Fy(aj)>0fori=1,...,n,and

(¢) Fy(aj)=0fora; €o.

Define the linear map F : R¢ — RZ by F(p) = (Fs(p))ye, Wwhere .7 is the
collection of facets of C.

2. We consider k[NA] as a subring of the Laurent polynomial ring ]k[ylil, ces
y;tl]. Then the ring of differential operators D4 on the toric variety X can
be represented as a subring of the linear partial differential operators on

dy,, ..., 0y, with Laurent polynomial coefficients,
D= P y“{f(®) €klby.....04]]| f vanishes on NA\ (—u + NA)},
uezd
where 01, ..., 0, are the commuting operators y1dy,, ..., Yq0y,.

3. The linear map F : R? — R induces a ring homomorphism
k k
KINA] > kIN7] via Y 2P > axfei,
j=1 j=1

where B1,...,B8; € NA, and (x5),c# denote algebraically independent
variables, so that k[Ny] =Kk[xys | 0 € Z]. For an ideal I in k[NA] C
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]k[ylil, e y;tl], we abuse notation to denote
J

Note that F'(/) is an ideal in the semigroup ring k[ ' (NA)]. The ideal in k[Nﬁ ]
generated by F (/) is denoted by J = (F(I)).
4. For amonomial ideal I in k[NA] C ]k[ylil, e yjitl], denote by P; the Newton
polyhedron of 7, which by definition is the convex hull of |,,.,ve; (v + NA)
in R?. The relative interior of P; is denoted by int P;.

The first goal of this paper is to extend the notion of b-functions to the toric set-
ting. We use the same definition as in [ ] except that the Weyl algebra D
is replaced by the ring of differential operators D4 on X. Analyzing the combi-
natorics of the toric algebras, we obtain the following result.

THEOREM (Theorem 3.4). The b-function by (s) of an ideal I on the toric variety
X coincides with the b-function b (s) of the ideal J = (F (1)) in the polynomial
ring k[Ng ].

In particular, avoiding the study of the V-filtration in the toric case, we can still
conclude that the toric b-function by (s) is independent of the choice of generators
of I.

To generalize Theorem to the toric setting, we further restrict to the case
where / is a monomial ideal (i.e. an ideal defining a torus-invariant subvariety of
X). In this case, the multiplier ideals of the pair (X, /) were described in [ 1,
generalizing the work in [ ] on the multiplier ideals of monomial ideals in
polynomial algebras. Using these formulas, we obtain a new expression of the
multiplier ideals of monomial ideals on toric varieties using the map F (Proposi-
tion 4.2),

J(X,al)=(y* ek[NA]| F(v) + e € int(x Py)),

where e € N7 is such that e, = 1 forall o € .%, and int(Py) is the relative interior
of the Newton polyhedron P; of the monomial ideal J in k[NZ]. In particular,
we obtain the identity

JX, o) =k[NAIN T &7, alJ),

which relates the jumping coefficients of the pair (X, I) to those of &7, ).
Since the jumping coefficients of (ll«"oz , J) are related to the roots of bj(—s) by
Theorem 1.1, our arguments give the following theorem.

THEOREM (Theorem 4.4). Let I be a monomial ideal on an affine normal toric
variety X over an algebraically closed field k of characteristic 0. Then the log-
canonical threshold of the pair (X, I) coincides with the smallest root oy of the
b-function by (—s), and all jumping coefficients of (X, I) in oy, oy + 1) are roots
of by (—s).
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To end this introduction, we mention the work of Alvarez-Montaner, Huneke,
and Nuiiez-Betancourt [ 1, where b-functions are studied in the context of
direct summand rings.

2. Bernstein—Sato Polynomials of Budur, Mustata, and Saito

We recall relevant background on Bernstein—Sato polynomials for ideals from the
work of Budur, Mustata, and Saito [ ]. Here we concentrate on the case of
subvarieties of affine spaces, but the definition works for subvarieties of a smooth
variety.

Let [ be an ideal in k[x, ..., x,] generated by f1, ..., f-. Denote by D the
Weyl algebra on x1, ..., x,. If s1, ..., s, are indeterminates, then consider

r r
k[xl,...,xn][]—[fi—l,s],...,sr]]_[fl:“.
i=1 i=1

This is a D[s;;]-module, where s;; = s; tl._ltj, and the action of the operator ¢; is
given by #;(s;) = s; + &;; (the Kronecker delta).

DEeFINITION 2.1. The Bernstein—Sato polynomial or b-function associated with
f = (f1,..., fr) is defined to be the monic polynomial of lowest degree in s =
> i_, si satisfying a relation of the form

b =D P[] £ @.1)
k=1 i=1

i=1

where Py, ..., P- € D[s;; |i,je{l,...,r}].

In[ Section 2], Budur, Mustatd and Saito show that:

1. by (s) is a nonzero polynomial,
2. byr(s) is independent of the generating set of /.

2.1. An Alternative Way to Define the Bernstein—Sato Polynomial

In[ Section 2.10], Budur, Mustatd and Saito give the following way to
compute the b-function.

For ¢ = (c1,...,¢;) € Z", define nsupp(c) = {i | ¢; < 0}. The Bernstein—
Sato polynomial b ¢(s) is the monic polynomial of the smallest degree such that
br(s)[1ie; fl.si belongs to the D[sy, ..., s]-submodule generated by

(%) T =
=1

iensupp(c)
where ¢ = (cy, ..., ¢;) runs over the elements of Z" such that Z?:] ¢; = 1. Here
s=Y_ysiand () =si(si — 1)+~ (s —m+ 1)/m\.
The advantage of this approach is that we now work in the ring D[sq, ..., ]

and need no longer consider the operators s;; or .
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2.2. A Monomial-Ideal-Specific Way to Define the Bernstein—Sato Polynomial

The definition given in the previous subsection can be further specialized to the
case of monomial ideals.

Let a be a monomial ideal in k[x1, ..., x,] whose minimal monomial genera-
tors are x*!, ..., x% . Set £4(s1,...,8) =s1] + -+ - + s, and let £; (s) be the
ith coordinate of this vector. For v € Z", let psupp(v) = {i | v; > 0}.

Forc=(c1,...,¢;) €Z" suchthat ) i_, c; =1, set

5j 0i(s1, ..., 8) +Li(c)
= T () (40,
jens T ieps € (c)
Jensupp(c) iepsupp(a (c))
and define I, to be the ideal of Q[s1, ..., s,] generated by the polynomials g..

Then [ Prop. 4.2] asserts that b ¢ (s) is the monic polynomial of small-
est degree such that b ¢ (3"7_; si) belongs to the ideal /.

3. Bernstein—Sato Polynomials on Toric Varieties

The goal of this section is to extend Definition to the toric setting. We first
recall some background on the ring of differential operators of a toric variety.

3.1. Rings of Differential Operators on Toric Varieties

For a commutative algebra R over a commutative ring k, Grothendieck’s ring
of k-linear differential operators D;(R) of R [ ] is the R-subalgebra of
Homy (R, R) defined by
DR = | J Di,
ieNU{0)

where Dy = R and D; = {f € Homi(R, R) | fr —rf € D;_; for all r € R} for
i > 1. When R is the polynomial ring in n variables over an algebraically closed
field k of characteristic 0, the ring D¢ (R) coincides with the nth Weyl algebra.
Moreover, it is well known that if R is regular over k, then Di(R) is the R-
algebra generated by the k-derivations of R. The most influential applications of

D-module theory and, in particular, the b-functions of [ ] are built in this
setting.
When R is not regular, the ring Di(R) is not well-behaved [ ].

Nonetheless, when R = k[NA] is a toric algebra over an algebraically closed
field k of characteristic 0, there exists an explicit combinatorial description
of Dy(k[NA]). This expression of Dy(Kk[NA]) was obtained independently
in [ ] and [ ] when NA is normal and was further extended to the not
necessarily normal case in [ ]. We denote the ring of differential operators of
the toric algebra k[NA] by

D4 = Dg(k[NA]).

One way to understand Dy is to identify k[NA] as a subring of the Laurent
polynomial ring k[ylil, e y;tl] and study the k-linear differential operators of
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]k[ylil, ...,y{}tl]. It is known that if S is a multiplicatively closed subset of a k-
algebra R, then Dy (S7'R) = SR @k Di(R). It follows that
Die(klyy ooy D =Ky 37 Wy By,)

is a localization of the nth Weyl algebra. Moreover, one can realize

Da=1{8€ Dp(klyf', ..., 7' | S(kINA]) C k[NAJ}

as a subring of Dk(k[yftl, e, j]]). In particular, we have the Zd—graded ex-
pression
D= P y"{£(6) €klfy.....04]| f vanishes on NA\ (—u +NA)}, (3.1)
ueZd
where 01, ..., 0, are the commuting operators y; dy, fori =1,...,d. Since we are

only concerned with the case where NA is normal, for a given u € Z¢, the ideal
{f©@) €ek[O,...,04]]| f vanishes on NA \ (—u + NA)}

is the principal ideal in C[6y, ..., 6;] generated by
Fo(u)—1

[T ] ®@....00-i, (3.2)

Fy(uw)>0 j=0

where the product runs through all facets o (with F, (#) > 0) of the cone C asso-
ciated with NA, and Fj is the primitive integral support function of o as defined
in Notation 1.2.1.

We are now ready to define the b-function for an ideal 7 in k[NA]. To make the
exposition more transparent, we first treat the case where / is a monomial ideal.

3.2. Monomial Ideals in Semigroup Rings

Let a be a monomial ideal in k[NA] whose minimal monomial generators
are Laurent monomials yﬁl, yﬁf. For f = (yﬂl, e, y/gf), we define the
Bernstein—Sato polynomial b¢(s) exactly as in Definition 2.1, except that the
Weyl algebra D is replaced by the ring of differential operators D4 on k[NA].
If no polynomial satisfying the definition exists, then we make the convention
that b ¢ (s) is zero; however, we will prove later that this is never the case.

In Section 2.1, we recalled how in [ ] the computation of b-functions is
reduced to a computation over D[st, ..., s,] (rather than over D[s;;]). The same
argument can be applied to the toric setting. This implies that Bernstein-Sato poly-
nomials over normal toric varieties can be computed using only operators from
Dalsy, ..., s,], without needing to work over the larger ring D[s;;].

Our task becomes to translate the situation from Section 2.2 to the new setting
with monomial ideals in semigroup rings, rather than with monomial ideals in
polynomial rings.

Let ¢ € Z” whose coordinates sum to 1, and for 8 = (81,...,8,) € (ZY", set
Lo(s1,...,8p)=s181+ -+ 5:Br.
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To find the Bernstein—Sato polynomial, we need to apply an operator in
Dalst, -, 51 10 [Ticusuppiey (k) - TTizi )% in such a way that the out-
come is a multiple of y25=1 SiBi = ytp(siseensr)

If we apply the operator from (3.2) with u = £5(c) t0 [T;cnsupp(e) (%) -
[Ti_, (»P))%i*¢i | then we obtain

5 Fo(Lg(e)—1

1 .
F, —

| I1 (—c,-) [ H (Fo(Cp(s1.-...50) + Lp(c)) — )

iensupp(c) Fy(Lp(c))>0 j=0

. yfﬁ(sl ,,,,,, S r).

PrOPOSITION 3.1. We use the notation introduced before. The Bernstein—Sato

polynomial by(s) for f = (yPr, ..., yPr) considered as a monomial ideal in

k[NA] is the monic polynomial of smallest degree such that by (sy + --- + s;)

belongs to the ideal generated by

1_[ < Si ) 1—[ (Fo(gﬂ(sl’""S’)+£’3(c))>, (3.3)
—c; Fa(eﬂ(c))

i ensupp(c) ¢ Fo(Lp(c))>0

where ¢ € Z" has the coordinate sum 1.

Proof. It remains to be shown that, for any other operator (in Dy[sq, ..., s,]) that
applied 10 [T;cpsupp(ey (21) - [Tizy 074 yields a multiple of y*@1-+) this

multiple belongs to the ideal generated by (3.3).
This follows from the description of D4 given by (3.1) and (3.2). O

Recall that .% is the collection of facets of the cone C of NA and that the map
F:RY - R defined by F(p) = (Fs(p))ses from Notation 1.2.1 induces an
inclusion k[NA] — k[N7].

PROPOSITION 3.2. Denote by F(f) the sequence of monomials (x¥®D .
xF )Y in KN |. The Bernstein-Sato polynomial brr)(s) of F(f) in the poly-
nomial ring K[NZ | coincides with the Bernstein-Sato polynomial by (s) of f =
(P, ..., xPry in KINA]. In particular, the latter polynomial by (s) is nonzero,
and its roots can be computed using the combinatorial description [

Thm. 1.1] applied to (xF(ﬂl), ...,xF(ﬂ’)) - k[N’gZ].

Proof. First, we observe that the minimal monomial generators of (xF Bo
xFBry C KINZ] are the monomials xF#D ... xF®#) To see this, note that
xF#) divides xTB) is equivalent to F,(B;) < F,(B;) for all facets o of the
cone C. This implies that 8; — B; lies in the cone C. Since 8; — B; € Z" and NA
is normal, we see that 8; — B; € NA, and therefore yﬁ" divides yﬁ-/’ in k[NA]J.
Let o = F(B;) for i =1,...,7r, let £y(s1,...,8) = s1a1 + -+ + srp,
and denote by ¢;(s1,...,s,) the ith coordinate of the vector £4(s1,...,S:).
By [ Prop. 4.2] the Bernstein—Sato polynomial of (x¥#1) xFBr)
is the monic polynomial p of smallest degree such that p(s; + - - - +s,) lies in the
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ideal generated by

1—[ ( s ) 1—[ <£,-(s1, ey Sy) +E,-(c)> 3.4)
jensupp(e) NI/ icpsupp(ta (©)) ()

for ¢ € Z" with coordinate sum 1. But note that by construction £, = F o £g, so
that the generators (3.4) coincide exactly with the generators (3.3). As a reality

check, note that both sets of generators belong to the ring k[sy, ..., s,], which
does not depend on the ambient rings of the monomial ideals involved. O

3.3. The General Case

Again, recall that we have a linear map F : R — R with F (NA) C N7 . We
construct a ring homomorphism

k k
K[NA] > kINT] via Y 4Py a6, (3.5)
j=l1 j=1
where B, ..., Br € NA. That this is a homomorphism follows from the linearity

of F,as xFB+E) — xF(BOFTF(BE) — xF(B) xF(B) We abuse notation and denote the
homomorphism (3.5) by F.

If I C k[NA] is an ideal, then its image F'(/) is not an ideal in k[Nﬁ]; we
denote by (F (1)) the ideal in k[N’g ] generated by F(1).

LEMMA 3.3. Let I C K[NA] be the ideal generated by g1, ..., g € K[NA]. Then
F(g1),..., F(gr) generate (F(I)).

Proof. Since g1, ..., g generate I, and F is a ring homomorphism, then any
element of F(I) is obtained as a combination of F(g1),..., F(g,) with coeffi-
cients in k[N ]. This implies that the polynomials F(g1), ..., F(g,) generate
(F(I)). O

We apply Definition to a sequence of polynomials in k[NA] using the ring of
differential operators D4 instead of D. The following is the main result of this
section.

THEOREM 3.4. Let I C k[NA] be an ideal, and let g1, ..., gr be generators
for I. The Bernstein—Sato polynomial of g = (g1, ..., &) in K[NA] equals the
Bernstein—Sato polynomial of f = (fi1,..., fr) = F(g) = (F(g1),..., F(gr)) in
k[NZ]. Consequently, this Bernstein—Sato polynomial is nonzero and depends
only on I, not on the particular set of generators chosen.

Proof. We know that the Bernstein—Sato polynomial b (s) is the monic polyno-
mial of smallest degree such that, for s =1 + -+ + sy, bg(s) [[7_; ;" belongs to
the Dy[sq, ..., sr]-submodule generated by

P r
1_[ <_s;) -l_[gf"“" for (cy,...,c;) € Z" with Zci =1
l i=1

iensupp(c) i=1
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whereas by(s) is is the monic polynomial of smallest degree such that
by(s) ]_[;=1 fl.si belongs to the D[sy, ..., s]-submodule generated by

r r
Si e .
l_[ <_lc) 'HfiSlJrCI for (c1,...,c,) € Z" with Zci =1

iensupp(c) ! i=1 i=1

Here D is the ring of differential operators on k[NZ], and D, is the ring of
differential operators on k[NA]J.
Fix ¢ € Z" such that ) ¢; = 1, and let P € D[sy,...,s,] be such that

P[Hiensupp(c) (_Y’Cl) iy .fl-sﬁci] is a polynomial in sy, ..., s, times [];_, fl.s".
Applying the description given by (3.1) and (3.2) to D (instead of D,), we see
that we can write P as a finite sum

—us—1
P=" qu(sl,...,sr)x"[]'[ I1 ((%—j)}pu(ex),

ueZZ e <0 j=0
where the p, are polynomials in |.%| indeterminates with coefficients in k.

Note that, by construction, the element [[;., supp(©) ( —Y’c,) T, fiSi+Ci
is F(NA)-graded. Since PI[T;ecnsuppie (%) - [Tizi £7771 is a multiple of
[T_, fisi , we may assume that the operator P is F'(NA)-graded as well. In other
words, we may assume that u € F(Z%) if ¢, p, #0.

Thus we rewrite

—ug—1
P= ) qu<s1,...,s,)x“[1_[ I1 ((9x>a—j)]pu(9x>,
u=F(v)eF(Z%) s <0 j=0
and if we denote
—Fy(v)—1
ﬁ=ZqF<v>(s1,...,sr)y“[ IT TI <F0(9y>—j)}pF@)((Fg(ey))aem,
veZd Fo()<0 j=0

then P is an element of Dylsy,...,sy], and P applied to [, ensupp(c) (thl) .
[T-, gf" ti s a polynomial of sy, ..., s, times []i_, gl.si, and this is the same
polynomial that we obtain when we apply P to ]_[iensupp(c) (_A'C,) Tz fiSiJrCi
(and divide by [ /).

Conversely, if we apply an element of Dalsi, ..., 5] 0 [1;cnsupp(e) ( _"Cl) .
[T/—, &" and obtain a polynomial in si, ..., s, times []/_; g, then we can
obtain an element of D[sy, ..., s.] that applied to Hiensupp(c) (jz%) . le:l fisi"rCi
gives exactly the same polynomial in sy, ..., s, times [[/_, fis". To do this, we
write the element of D4[sy, ..., s,] as a sum of terms of the form

—Fy(v)—1

CIU(Slv-~~vsr)yU|: 1_[ l_[ (Fo(ey)_j)i|pv(9y),

Fy(v)<0  j=0
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then express (nonuniquely) the polynomial p, as sums of powers of the linear
forms Fy(6y), and then apply F in the obvious way. Nonuniqueness comes be-
cause we need to choose d linearly independent forms F, in order to get k-
algebra generators of k[6)]; however, since the image of F as a linear map is
d-dimensional, the choice does not affect the image. O

ExAMPLE 3.5. In [ ], their b-function is defined for any scheme Z. Up to
a shift by codimension, it is independent of the choice of the embedding of Z into
a smooth variety. We provide a simple example showing that their b-functions are
quite different from ours. This was suggested to us by Nero Budur.

Consider the affine line Z = {u = v = 0} embedded in the toric hypersurface
X = {uw — v? = 0}. The b-function of the scheme Z in the sense of Budur, Mus-
tatd and Saito is bz(s) = s. However, using our definition and Theorem 3.4, we
see that the toric b-function of Z embedded in X is the same as the Budur—
Mustati-Saito h-function of the subscheme {x> = xy = 0} of the affine plane,
which is equal to (s + 1)2(s +3/2).

4. Multiplier Ideals on Normal Toric Varieties

We recall basic definitions of multiplier ideals that can be found in Lazarsfeld’s
text [ 1.

Let X be a smooth variety over an algebraically closed field k of characteristic
0. Let Z € Ox be an ideal sheaf, and let @ > 0 be a rational number. Fix a log
resolution p : X’ — X of Z with Z - Ox» = Ox/(—E). The multiplier ideal of the
pair (X, aZ) is defined as

J (X, o) = pusOx/(Kx/x — e+ EJ),

where Kx/,x = Kx/ — w*Kyx is the relative canonical divisor of w, which is an
effective divisor supported on the exceptional locus of & whose local equation is
given by the determinant of the derivative d . The definition does not depend on
the choice of log resolution. One of the important features of multiplier ideals is
that 7 (X, oZ) measures the singularity of the pair (X, «Z): a smaller multiplier
ideal corresponds to a worse singularity.

Notice that J (X, «Z) becomes smaller as « increases. The jumping coeffi-
cients of (X,«Z) are the positive real numbers 0 < oy < ap < --- such that
JX,a;1) = J(X,al) # J(X,a;111) for aj <o < a1 (j > 0) where
oo = 0. When X is affine and 7 is the ideal in the coordinate ring k[X] corre-
sponding the the sheaf Z, Budur, Mustata and Saito proved that the jumping coef-
ficients of (X, al) in [af, af + 1) are roots of b s (—s), where f = (f1,..., fr) is
a set of generators for I, b (s) is the Bernstein—Sato polynomial of /, and a s is
the smallest root of b (—s). One of our goals is to generalize this correspondence
between b-function roots and jumping coefficients to monomial ideals on affine
normal toric varieties.

In the particular case that / is a monomial ideal in the polynomial ring
k[x1,...,xn], Howald [ ] gave the following combinatorial formula for
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the multiplier ideals of the pair (A™, al):
JA™ al)=(x"|v+ecint(aPp)),

where Pj is the Newton polyhedron of I, and e is the vector (1, 1,...,1) in N,
In particular, a rational number « > 0 is a jumping coefficient of (A™, « ) if and
only if the boundary of —e + int(« P;) contains a lattice point in N,

The notion of multiplier ideal can be generalized to the case that 7 is an ideal
sheaf on a normal variety X over k as follows. Let A be an effective Q-divisor
such that Kx + A is QQ-Cartier. Such A is called a boundary divisor. Let u :
X’ — X be a log resolution of the triple (X, A, Z), and let « > 0 be a rational
number. Suppose that Z - Oxr = Ox/(—FE). Then we can define the multiplier
ideal J (X, A, «Z) associated with the triple (X, A, «Z) as

J(X, A, aT) = psOx (Kx — | (Kx + A) +aEJ).

Again, this definition is not dependent on the choice of x. De Fernex and Ha-
con [ ] have given a definition of 7 (X, « Z) for non-Q-Gorenstein X with-
out using the boundary divisor A. They showed that there exists a boundary divi-
sor A such that the multiplier ideal 7 (X, A, @ Z) coincides with their multiplier
ideal J (X, @ Z) and that 7 (X, ¢ Z) is the unique maximal element of the set

{J(X,A,aZ)| A is aboundary divisor}.

4.1. A New Expression for Multiplier Ideals on Toric Varieties

Let us explain how we use the map F to understand the multiplier ideals of de
Fernex and Hacon in the case of monomial ideals on normal toric varieties.

Let K[NA] C ]k[yft, ey y;t] be a normal semigroup ring in our setting, and let
X = Spec(k[NAY]). Each facet 0 € .# corresponds to a torus invariant prime Weil
divisor D, on X. The canonical class of X is represented by the torus invariant
canonical divisor Ky = —) .z Ds. A boundary divisor A is an effective Q-
divisor such that Ky + A is Q-Cartier, which means there exist/ € Z and u € 74
such that /(Ky + A) = div(y"*). Denote wa = 7. Notice that

A= (14 Fy(wa)Ds,

oceF

so the effectivity of A is equivalent to the condition that F,(wa) > —1 for all
o € .Z. Conversely, each w € Q7 such that F, (w) > —1 for all ¢ € .% gives rise
to a boundary divisor A,, on X by the same formula

Ay=) (14 Fyw)Ds.
oceF

Let I be a monomial ideal in k[NA], and let « > 0 be a rational number.
Blickle [ ] showed that the multiplier ideal 7 (X, A, «1) is equal to the ideal
(y¥ € K[NA] | v — wp € int(a Py)), generalizing Howald’s description of mul-
tiplier ideals [ ] in the case of monomial ideals in polynomial rings. Be
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cautioned about the mistake of the sign of wa in Blickle’s original description.
For w € Qd , denote

Quor =[w+int(ePr)] and Q= U Quar.  @&1)
weQ4:F, (w)>—1VYoeF
Then the multiplier ideal of de Fernex and Hacon is
J(X,al) = (y" ek[NA] | v € Qqr). (4.2)

We claim that J (X, «l) can be computed using an analog of Howald’s for-
mula. Recall that the linear map F : R — R7 induces ring homomorphisms

k[INA] = k[F(NA)] — k[N7].
By abusing notation denote
F(I)=k[F(NA)]- (x"® | y' e 1)

the ideal in k[F(NA)] obtained from the semigroup isomorphism F : NA >
F(NA). The monomial ideal in k[N ] generated by F (I) is denoted by

J =k[N7Z - (F(I)).

The Newton polyhedron of F([) is denoted by Pr(yy; this is the convex hull
of {F(v) | y¥ € I} in F(R?). We have

Prr) =conv|: U Fo)+ F(NA))].

viyvel

On the other hand, the Newton polyhedron of J in RZ is

P; = COIIV|: U (F(v) + N=$):|.
viyvel
Note that if yﬁ', e, yﬂ" is the set of minimal monomial generators of 7, then
{B1, ..., Br} (respectively, {F(B1), ..., F(B:)}) is exactly the set of vertices of the
Newton polyhedron P; (respectively, Pr(jy or Py). We have the following lemma
that compares the relative interiors of o Pr () and o Py.

LEmMMA 4.1. For general NA, the relative interiors of Pr(;y and Py satisfy
int(e Pr(y) = F(C) Nint(a Py).

Proof. A point u lies in int(Pr(;y) if and only if u — v € int(F(C)) for some v
on a bounded face of Pp(;y. Similarly, a point u lies in int(P;) if and only if
u—v €int Rz) for some v on a bounded face of P;. Since F (/) and J have the
same minimal monomial generators, the bounded faces of Pr(jy and P; coincide.
Therefore, it suffices to show that

int(F(C)) = F(C) Nint(RZ).

But for p € C, F(p) € int F(C) if and only if p is not contained in any facet
o € 7, which means exactly F, (p) > 0. O
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Let e be the element in RZ such that es =1forallo € %.

PROPOSITION 4.2. The multiplier ideal J (X, «l) is equal to the ideal
(y" € kKINA] | F(v) + e € int(a Py)).
Proof. By (4.1) and (4.2) it suffices to show that
F(Qqr NNA) = (—e+int(xPy)) N F(NA).
For the containment F (2,7 NNA) C (—e + int(x Py)) N F(NA), it is enough
to verify that
F(w+int(xPy)) C [—e + int(a Py)]
for any w € Q¢ satisfying F,(w) > —1 for all o € .%. Any such w satisfies
F(w)+ee R‘i), so by Lemma
F(w +int(a Py)) = [F(w) + int(a F (Pr))]
= [F(w) + int(aPp(l))]
C[F(w) +int(aPy)]
=[—e+ (F(w) 4+ e) +int(x Py)]
C [—e+RZ +int(@P))]
C[—e+int(x Py)].
For the other containment F(2,; N NA) D (—e + int(a Py)) N F(NA), let

v € NA be such that F(v) + e € int(a Py). Then there exists u# lying on a bounded
face of o P; such that

F(v) +e— F(u) € int(RZ).

In particular, F, (v —u) > —1 for all ¢ € .%. Take any p € intC and € > 0 small
enough so that

w::v—u—epe@d and Fy(v—u—ep)>—1.

Then F(v) — F(u) — F(w) = F(ep) € intC where F(u) lies on a bounded face
of a Pr(py. Therefore, we have F(v) — F(w) € int(a Pr(ry), and hence F(v) €
F(Qy.o1 NNA) C F(Q2q; NNA), as desired. O

REMARK 4.3. Notice that ¢ may not be in F(NA) and that e € F(NA) if and only
if X is Gorenstein. Even if we extend to rational coefficients, then the element
e may not be in F(Q ® NA) = F(Q%). The condition e € F(Q?) holds exactly
when X is Q-Gorenstein, namely K x is a Q-Cartier divisor. This is the case where
X is Q-factorial (or, equivalently, the semigroup NA is simplicial).

The new expression of multiplier ideals in Proposition is motivated by
an observation in the special case where X is Q-Gorenstein. In that case, we
have e € F(Q?) and Qy; = Qp-1(—eyar- SO W = F~!(—e) corresponds to the
A of de Fernex and Hacon. In fact, the divisor A Fl(—e) = 0 coincides with the
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canonical choice of boundary divisor for the pair (X, al) in the Q-Gorenstein
case. Therefore, by (4.2) the multiplier ideal

J(X,al)=(y" ek[NA] | v e Qqr)
=(y" ek[NA] v € Qp-1(_) o1)
= (y’ €k[NA]| F(v) + e €int(a F(Py)))
= (v’ €KINA] | F(v) + e € int(aPr1y)).

4.2. Roots—Jumping Coefficients Correspondence on Toric Varieties

Now, we combine the previous observations to establish the following theorem.

THEOREM 4.4. Let NA be a normal semigroup, let X = Spec(k[NA]) be its as-
sociated affine toric variety, and let 1 be a monomial ideal on X. Suppose o is
the smallest root of by (—s) where by (s) is the Bernstein—Sato polynomial of I in
k[NA]. Then all jumping coefficients of the pair (X, I) in [ay, a; + 1) are roots
of by (—s). Moreover, the number o is the smallest jumping coefficient (i.e. the
log-canonical threshold) of (X, I).

Proof. By Proposition the Bernstein—Sato polynomial b;(s) of I coincides
with the Bernstein—Sato polynomial of the monomial ideal J = k[Ng 1-(F(I)).
Thus by [ Thm. 2], the jumping coefficients of the pair (A7, J) in
[ar, a7 + 1) are roots of b;(—s). By Howald’s formula a number « is a jump-
ing coefficient of (A‘g , J) exactly when the boundary of (—e + « P;) contains a
lattice point in N7 . Also, according to Proposition 4.2, a number « is a jumping
coefficient of (X, I) exactly when the boundary of (—e + o P;) contains a lat-
tice point in F(NA). Therefore, the jumping coefficients of (X, I) are jumping
coefficients of (Ag , J), and the first statement of this theorem follows.

To prove «aj is the log-canonical threshold of (X, I), it suffices to show that
the boundary of (—e + o; Py) intersects F(NA). Since oy is the log-canonical
threshold of (Ay ,J), we have

1ek[N?1=J(A7,a;J), andhence F(0) =0 € (—e+a; P;) N F(NA).
0

EXAMPLE 4.5. Let A = ((1) % é é) and [ = (ylyg,ylyg) a monomial ideal in
k[NA]. In this case, the semigroup ring K[NA] is simplicial and hence Q-
Gorenstein. The linear mapping F : R? — R? is represented by the matrix ((3) ’i ).
The subsemigroup k[F(NA)] of k[x1, x2] is generated by x13 , xlzxz, xlxg, and
xg and by the monomial ideal J = k[xl,xz](x]zxz,xlxg). Using the method
of Budur, Mustata and Saito as discussed in Section , we can compute the
Bernstein—Sato polynomial by (s) = (s + 12(3s +2)(3s +4). (We point out that
b-function algorithms have been developed and implemented; see [ ].) More-
over, by Proposition we have by (s) = (s + 1)2(3s +2)(3s +4) as well. On the



Bernstein—Sato Polynomials on Normal Toric Varieties 131

other hand, using Howald’s formula, we find that %

, 1, and % are jumping coeffi-
cients of (A2, J), but only % and 1 are jumping coefficients of (X, /) according

to Proposition
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