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Constructing Banach Spaces of Vector-Valued
Sequences with Special Properties

GERALDO BOTELHO & VINiciUSs V. FAVARO

ABSTRACT. We develop new techniques to construct infinite-
dimensional Banach (or quasi-Banach) spaces formed by vector-
valued sequences with special properties. We also investigate when
such Banach/quasi-Banach spaces can be constructed with the maxi-
mum possible dimension. Numerous concrete applications of the re-
sults we prove are provided; the following example is illustrative:

given a Banach space X and p > 1, defining p;, := p — m,

we prove the existence of a Banach space of maximal dimension
formed, up to the null vector, by X-valued p-summable sequences
not belonging to the Nakano space of X-valued sequences determined
by (Pn)zozl .

1. Introduction

The title Linear subsets of nonlinear sets in topological vector spaces of the
recent survey [0] is a precise description of the field to which this paper be-
longs. It has been a long time that mathematicians have been searching for some
linear structure in nonlinear environments, but the paper [2] and the works of
Gurariy and his collaborators (see, e.g. [3; 14; 16; 17]) made the subject fash-
ionable, and the long list of recent references in [0] ensures the vitality of the
area. In this paper we continue the research initiated in [4; 8; 9] on the existence
of infinite-dimensional closed subspaces of Banach or quasi-Banach sequence
spaces formed by sequences with special properties. The state of the art is de-
scribed in [6, Section 2.4.2], and very recent contributions can be found in [13;

; 231

Let us explain how our results push the results of [4; 9] quite further. Given
a Banach space X, in [9] the authors introduce a large class of Banach or quasi-
Banach spaces formed by X-valued sequences, called invariant sequences spaces
(see Definition 2.1), which encompasses several classical sequences spaces as
particular cases (see [9, Example 1.2]). Roughly speaking, the main results of
[4; 9] prove that, for every invariant sequence space E of X-valued sequences
and every subset I' of (0, oo], there exist a closed infinite-dimensional subspace
of E formed, up to the null vector, by sequences not belonging to | J ger L4(X)
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and a closed infinite-dimensional subspace of E formed, up to the null vector,
by sequences not belonging to co(X). In Section 2 of this paper, we consider the
following much more general situation: given Banach spaces X and Y, a map
f: X —Y,asetI" C (0, 4o00], and an invariant sequence space E of X-valued
sequences, we investigate the existence of closed infinite-dimensional subspaces
of E formed, up to the origin, by sequences (x j)?o: | € E such that either

(Fan ¢ Jb) o (FaniZ ¢ Jewm) or

qgel qgel

(f@N ¢ co¥).

As usual, £,(X) and EZ](X) are the Banach spaces (p-Banach spaces if 0 <
p < 1) of p-summable and weakly p-summable X-valued sequences, respec-
tively, and co(X) is the Banach space of norm null X-valued sequences. Let-
ting f be the identity on X, the cases of sequences (x j)?‘;l € E such that
(f(xj))j?o:1 ¢ qur £4(Y) or (f(xj))?":1 ¢ co(Y) recover the situation investi-
gated in [4; 9]. So, the results proved in Section 2 generalize the previous results
in two directions: we consider f belonging to a large class of functions (see Def-
inition 2.3), and we consider spaces formed by sequences (x j)?i | € E such that
(f(xj))?il does not belong to qur 7
than not belonging to qur Ly(Y).

In Section 3 we go even further by investigating when these Banach/quasi-
Banach spaces of X-valued sequences can be constructed with maximal dimen-
sion, that is, with the same dimension as that of the invariant sequence space E.
Refining the argument used in Section 2, we show that, in some cases, this maxi-
mal dimension can be actually achieved.

In order to simplify the statements of the results, we use the following ter-
minology, by now quite standard: a subset A of a topological vector space V is
spaceable if A U {0} contains a closed infinite-dimensional subspace W of V. If
such a subspace W can be chosen such that dim(W) = dim(V'), then A is said to
be maximal spaceable.

It is worth mentioning that our results do not follow from the results of [19]
because we prove the spaceability of sets that are not, in general, complements of
vector subspaces (neither complements of countable unions of vector subspaces).
Even in the case of complements of vector subspaces, for instance, when f is a
linear operator and I' is a singleton, our results encompass the nonlocally convex
range 0 < p < 1, whereas the results of [19], although quite general, are confined
to the locally convex case. Moreover, the question of maximal spaceability is not
treated in [19].

After proving the main result of each section (Theorems and 3.2), we give
some concrete applications. In Section 2 we consider situations in which the func-
tion f is an (eventually discontinuous) linear operator or homogeneous polyno-
mial.

(Y), a condition much more restrictive
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For example, we prove that for any two complete nonequivalent norms || - |1
and || - ||2 on an infinite-dimensional space X and p > 0, there exists an infinite-
dimensional Banach/quasi-Banach space formed, up to the origin, by X-valued
Il - |[1-p-summable non-|| - ||2-weakly p-summable sequences (Corollary ).
Moreover, in Proposition we show that even functions f without any alge-
braic structure give rise to interesting applications of Theorem 2.5. In Section
we apply Theorem to show that for certain sequences (p j)?il of positive
numbers, there exists an infinite-dimensional Banach space of maximal dimen-
sion formed, up to the origin, by p-summable X-valued sequences not belonging
to the vector-valued Nakano sequence space determined by (p; 711'

From now on all Banach and quasi-Banach spaces are considered over a fixed
scalar field K, which can be either R or C.

2. Spaceability

The results of this section are proved within the general framework of invariant
sequence spaces introduced in [9].

DEerINITION 2.1. Let X # {0} be a Banach space.

(a) Given x € xN, by x¥ we mean the zerofree version of x, that is: if x has
only finitely many nonzero coordinates, then x9 = 0; otherwise, x = (x j)(;'il
where x; is the jth nonzero coordinate of x.

(b) By an invariant sequence space over X we mean an infinite-dimensional Ba-
nach or quasi-Banach space E of X-valued sequences satisfying the following
conditions:

(bl) For x € X" such that x° #£ 0, x € E if and only if x° € E, and in this
case, || x|z < K||x°|| £ for some constant K depending only on E.
(b2) llxjllx < llx|lg for every x = (xj)cl?":1 € E and every j € N.
An invariant sequence space is an invariant sequence space over some Banach
space X.

Several classical sequence spaces are invariant sequence spaces (see [9, Exam-
ple 1.2]). For an invariant sequence space over X, spaceability of sets of the form
E — qur £,(X), where I C (0, +00], and E — ¢o(X) was studied in [9]. Here
we take this study further by investigating the spaceability of the following sets:

DEFINITION 2.2. Let X and Y be Banach spaces, E be an invariant sequence space
over X, I' C (0, 4o00], and f: X —> Y be a function. We define the following
sets:

C(E, f.T) = {(x,o‘;-‘;1 cE:(fe)2 ¢ zqm},

qgel

CY(E, f,T) = {(xj);il EE:(f(x))} ¢ Uz;f(Y)}, and

qgel
C(E, £,0) ={(x)72; € E: (f(x;)jZ; ¢ co¥)}.
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The case studied in [©] is simply the case of C(E, f,T") and C(E, f,0) with f
being the identity on X. Observe that the case of C* (E, f, I") is not treated in [9]
at all. Whenever we say that either C(E, f, '), or CY(E, f,I'), or C(E, f,0) is
spaceable, we mean that it is spaceable in E.

Different (but closely related) types of subhomogeneous functions have been
considered in the literature (see, e.g., [10; 12; 20]). Here we use a class of func-
tions that encompasses the subhomogeneous functions as particular cases (see
Example 2.4). The applications of subhomogeneous functions f usually require
that f(0) =0, so we have incorporated this condition to the definition:

DEFINITION 2.3. Amap f: X — Y between normed spaces is said to be:
(a) Noncontractive if f(0) = 0 and for every scalar @ # 0, there is a constant
K (a) > 0 such that

If(ex)lly = K(a) - [f ()l

for every x € X.
(b) Strongly noncontractive if f(0) = 0 and for every scalar @ # 0, there is a
constant K () > 0 such that

6 (f(ax)| = K(a) - |p(f(x))]
forallx e Xand ¢ € Y'.

By the Hahn—Banach theorem, strongly noncontractive functions are noncontrac-
tive.

ExaMPLE 2.4. Subhomogeneous functions are noncontractive because:
(@) Amap f: X —> Y such that f£(0) =0 and, for every scalar o # 0, there is a
constant A, > 0 such that
If @x)ll = lae|™ - | f(x)|  forevery x € X

is noncontractive,
(b) Amap f: X — Y such that £(0) =0 and, for every scalar o # 0, there is a
constant A, > 0 such that

| (f(@x))| > |al* - |¢p(f(x))| forall¢ € Y andx € X

is strongly noncontractive.

It is plain that bounded and unbounded linear operators are strongly noncon-
tractive (hence noncontractive) with K («) = |«| for every « # 0 and that homo-
geneous polynomials (continuous or not) are strongly contractive (hence contrac-
tive) with K (o) = || for every « # 0, where n is the degree of homogeneity.

Now we can prove the main result of this section.

THEOREM 2.5. Let X and Y be Banach spaces, E be an invariant sequence space
over X, f: X —> Y be a function, and I" C (0, +o0].

(@) If f is noncontractive, then C(E, f,T") and C(E, f,0) are either empty or
spaceable.
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(b) If f is strongly noncontractive, then C*¥(E, f,T") is either empty or space-
able.

Proof. (a) Let us fix a notation. For o = (Ot,,)oo 1 € KN and w € X, we denote
WRe=aQw:=(tw)oe, e xV.

The proof begins following the idea of the proof of [9, Thm. 1.3]. Assume that
C(E, f,T') is nonempty and choose x € C(E, f,I'). Since E is an invariant
sequence space, we have x° € E, and the condition f(0) = 0 guarantees that
x% e C(E, f,T). Writing x° = (x,-)?‘;l, we have that x; # 0 for every j. Split N
into countably many infinite pairwise disjoint subsets (N;)?° . For every i € N,
set N; ={i; <i» < ---} and define

o0
Vi = ij Qe € xN.
j=1
Observe that y? =x0, 50 0 # y? € E; hence, y; € E for every i because E is
an invariant sequence space. For g € ', ¢ < 400, we have 2711 ||f(xj)||q =
+00 because x° € C(E, f,T). If +00 € T, then by the same reason we have
sup; Il f(xi)lly = +oo. It follows that each y; € C(E, f,T"). Let K be the constant

of condition 2.1(bl) and define § = 1 if E is a Banach space and § = s if E is an
s-Banach space, 0 < s < 1. For (ai)fil € {3,

o o0
D laiyilly = lail - llyilly < K- Da, Pl
i=l1 i=1

i=1
00

- }
=K 0% ) il

i=1
=K %1 - @32, I} < +oo.
Thus, Y72, llaiyillg < +oc if E is a Banach space and ) ;2 |la;yill; < +oo if

E is an s-Banach space, 0 < s < 1. In both cases the series ) o a;y; converges
in E; hence, the operator

T:l;— E,  T(a); 1)—ZW“

is well defined. It is easy to see that T is linear and injective. Thus, 7' ({;5) is
a closed infinite-dimensional subspace of E. We just have to show that if z =
(zn);'lo 1 € T(43), z#0, then (f(zn)) ¢ qurﬂ (Y). Given such a z, there are

sequences (a(k))"ol € L5, k € N, such that z = limy_, T((a(k))°°1) in E. Note
that, for each k € N,

o0
T((Cl(k)) 1) Za(k)y _ Za(k) ijel] — Zzai(k)xjeij'

i=1 j=1
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Fix r € N such that z, # 0. Since N = U‘?O N, there are (unique) m, ¢ € N such

that e,,, = e,. Thus, for each k € N, the rth coordinate of T((a(k))ool) is the

vector a,(n)xt Condition 2.1(b2) ensures that convergence in E implies coordi-

natewise convergence, SO
7 = lim aWx, = ( lim a,(,f))x,
k— 00 k— 00
It follows that o, := limg_, oo a,(,f ) # 0. On the one hand, we have
apXj = (hm a(k))xj = lim aPx;
k— 00

for every j € N. On the other hand, for j,k € N, the mjth coordinate of
T((ai(k));’il) is a,(,f )x; . So, coordinatewise convergence gives limk%ooa,%C )x =
Zm;. It follows that z,,; = amx; for every j € N. Observe that m, which de-
pends on r, is fixed, so the natural numbers (mj)?":1 are pairwise distinct (re-
call that N,,, = {m| <my < ---}). Since Zjil ||f(xj)||(f, =400 forevery g €T,
q # 400, by Definition 2.3(a) we have

DTUFEOIG =D If @mdlG =Y ILf mx I
n=1 j=1

j=1

> [K (o)) Zuf(x,)uy = 400

for every ¢ in I', g # +o00. Besides, if +00 € I', then we have (f(xj)) ¢
Loo(Y) because x° € C(E, f, I'); therefore,

sup (| f () lly = sup || f (zm)lly = sup || f (@mx )|y
n j j
> K(otm) - sup || f (xj)[ly = +oo.
J

This shows that (f(za))y—; ¢ Uyer €¢(X) and completes the proof that z €
C(E, f,1).

Assume now that C(E, f, 0) is nonempty and choose x € C(E, f,0). As be-
fore, xO € E because E is an invariant sequence space, and LecC (E, £,0)
because f(0) = 0 and x° = (xj);‘;l with x; # 0 for every j. Proceeding as
before, we define the vectors y; € E for i € N. We know that f(x;) 4~ 0
because x0 € C(E, £,0), so each y; € C(E, f,0). Define the injective lin-
ear operator 7: {5 —> E as before and note that all we have to prove is
that if z = (zx);2; € T(¢3), z # 0, then (f(zx));2; ¢ co(Y). To do so, con-
struct the subsequence (zm )<>Q | as before and recall that zm = ayx; for ev-

ery j, where o, # 0. Smce lf&xp)lly #> 0 because x0 e C(E, £,0), we
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have

limsup || f (zx)ly = limsup || f(zm)lly = limsup || f (&mx;) Iy
n J J

= K(apm) - limsup || f(x) [y >0,
J
which proves that || f (z,)||ly #— 0, and hence f(z,) /A= 0inY.

(b) If 400 € I', then there is nothing to prove because, in this case,
CY(E, f,I') = C(E, f,T'), which was treated in (a) with a weaker assumption
on f. We thus can assume that 400 ¢ I". Assume that C¥(E, f, I') is nonempty
and choose x € CY(E, f,T"). Once again, x% € E because E is an invariant
sequence space, and x € C¥(E, f,T") because f(0) =0 and x° = (xj);?‘;l
with x; # 0 for every j. Proceeding as before, we define the vectors y; € E
for i € N. For g € I', since x0 e CY(E, f,I'), there is ¢, € Y’ such that
Z?’;l lpg (f(x;))|9 = +o00, so each y; € CY(E, f,T"). Define the injective lin-
ear operator T: {5 —> E as in the proof of (a) and note that all we have to
prove is that if z = (Zn),?il e T (l;), z # 0, then (f(Z"))Zil ¢ K;’(Y) for every
g € I'. To do so, construct the subsequence (z, j)j?ozl as before and recall that
Zm; = amxj for every j, where oy, # 0. Given g € I', by Definition 2.3(b) we
have

D 16y (F@? =Y 1g (f @mIT =D 16 (f (etmx; )4
j=1

n=1 j=1

o0
> [K(@m)l? - Y g (f (x))]? = +o00,
j=1
proving that z ¢ £/(Y). O
Observe that [9. Thm. 1.3] is a particular case of Theorem 2.5(a) with f being the
identity operator on X. So, all consequences of [9, Thm. 1.3] listed in [9] are also

consequences of Theorem 2.5. Next, we list some consequences of Theorem
that do not follow from [9, Thm. 1.3].

DEFINITION 2.6. Let X and Y be Banach spaces, and 0 < p < g < +00. We say
that

e a linear operator u: X — Y is absolutely (q, p)-summing if (u(x j))?‘;l €
€p(Y) for each (x;)52, € €7 (X).

e an n-homogeneous polynomial P: X — Y is p-dominated if (P (x;))72, €
Ep/n(Y) for each (x;)52, € £5(X).

COROLLARY 2.7. Let X and Y be Banach spaces.

(@) Let 1 < p <q < 400, and let u: X — Y be a nonabsolutely (q, p)-
summing linear operator. Then the set

()% € €8(X) : @) ¢ £g (1))

is spaceable.
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(b) Let 0 < p < 400, and let P: X —> Y be a non-p-dominated n-homoge-
neous polynomial. Then the set

()3 € €2 (PO ¢ Loy (V)

is spaceable.

Proof. Just apply Theorem having in mind that linear operators and homo-
geneous polynomials are (strongly) noncontractive maps and that Zg(X ) is an
invariant sequence space over X. O

There are lots of continuous nonabsolutely (g, p)-summing linear operators
studied in the literature. Many results asserting the existence of continuous
non- p-dominated homogeneous polynomials are available (see [I1] and refer-
ences therein). They give us another opportunity to apply our results, for exam-
ple:

COROLLARY 2.8. Let X be an infinite-dimensional Banach space, n > 3, and
p > 1. Then the set

()% € L4 T (PN & Lpn)
is spaceable for some continuous scalar-valued n-homogeneous polynomial P
on X.

Proof. By [11, Thm. 2.4] there is a continuous scalar-valued non- p-dominated
n-homogeneous polynomial on X. The result follows from Corollary 2.7(b). [

We keep on using the standard terminology regarding linear operators and homo-
geneous polynomials:

DEFINITION 2.9. Let X and Y be Banach spaces. The symbol x 5 x means
that the sequence (x j);‘;l is weakly convergent to x. We say that

e a linear operator u: X — Y is completely continuous if u(x;) — u(x) in Y

w .
whenever x; — x in X;
e an n-homogeneous polynomial P: X —> Y is weakly sequentially continuous

at the origin if P(x;) —> 0in Y whenever x; 5 0in X.

By cg (X) we denote the closed subspace of £x(X) formed by weakly null X-
valued sequences. It is easy to check that c¢j (X) is an invariant sequence space
over X, so from Theorem we have the following:

COROLLARY 2.10. Let X and Y be Banach spaces.
(@) Letu: X —> Y be a noncompletely continuous linear operator. Then the set
()% € e (X): wx) ¢ co(Y))
is spaceable. In particular, if X lacks the Schur property, then there exists an

infinite-dimensional Banach space formed, up to the origin, by weakly null
but not norm null X -valued sequences.
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(b) Let P: X —> Y be an n-homogeneous polynomial that fails to be weakly
sequentially continuous at the origin. Then the set

{2y €cg (X) 1 (P(x;)NG2) & co(¥)}
is spaceable.

Again, linear operators that fail to be completely continuous and homogeneous
polynomials that fail to be weakly sequentially continuous at the origin are easily
found in the literature.

Our next purpose is to explore the possibility of considering discontinuous
functions in Theorem .If u: X — Y is an unbounded linear operator, then
there is a sequence (x;)7Z; such that x; —> 0 in X but u(x;) #— 0 in Y. We
shall see, as a particular case of a more general result, that there is an infinite-
dimensional Banach space formed, up to the null vector, by sequences of this

type.

DErFINITION 2.11. Amap f: X — Y between Banach spaces is said to be:

e bounded if f sends bounded subsets of X to bounded subsets of Y,

e linearly strongly noncontractive near the origin if it is strongly noncontractive
and there are 0 < & <1 and ¢ > 0 such that in Definition 2.3(b) we can choose
K (o) =t|a| whenever 0 < || < e.

PrOPOSITION 2.12. Let X, Y be Banach spaces, and f: X —> Y be a map.

(a) If f is discontinuous at the origin and noncontractive, then the set
(N € co(X) : (FNTy ¢ oY)

is spaceable.
(b) If f is unbounded and linearly strongly noncontractive near the origin, then
the set

()7L € (X)) (F (N2, €, (X))

is spaceable for every p > 0.

Proof. (a) The discontinuity of f at the origin and the fact that f(0) = 0 guar-
antee that C(co(X), f,0) is nonempty, so its spaceability follows from Theo-
rem 2.5(a) because co(X) is an invariant sequence space over X.

(b) Let us prove that C*(£,(X), f,{p}) # @ for p > 0: by the unbounded-
ness of f there is a bounded sequence (xj)?o=1 in X such that (f(xj))‘]?il ¢
£so(Y). Since weakly bounded subsets of Banach spaces are norm bounded [
Thm. 2.5.5], the set { f(x;) : j € N} fails to be weakly bounded in Y. Thus, there
is a functional ¢ € Y’ such that (|¢(f()cj))|1’)?°;1 ¢ L. By the duality £} = £
and the Banach—Steinhaus theorem (uniform boundedness principle) there is a
sequence (Olj)?il € £ such that the numerical series Z?’;l ajlo(f(x;)P di-
verges. In particular, 2?0:1 leej| - 1@ (f(xj)]P =+oo.Let0 <e<1landt > 0be
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as in the definition of linearly strongly noncontractive map at the origin, and let
N € N be such that |(xj|1/” < ¢ for every j > N. So K(|ozj|1/") = tlaj|1/” for
j = N, and hence

Z 16 (f (et |/ Px )P = Z[Kua, 1217 1 (f ()P

J=N J=N

=173 " ol 16 (f (x)IP = +o0.

Jj=N

Putting z; = |o; |1/Px,', we have that (zj)OO | € £p(X) because (x,) °, is
bounded and (oc]);’O | € 1, and, by the computation before, (f(z])) R Ew(Y).
It follows that C* (£,(X), f, {p}) # ¥; hence, it is spaceable by Theorem (b)
because £, (X) is an invariant sequence space over X for every p > 0. O

Recall that a subset A of a topological vector space E is maximal dense-lineable
if AU {0} contains a dense linear subspace V of E with dim(V) = dim(E).

PrOPOSITION 2.13. Let X and Y be Banach spaces, and p > 0. Then the sets

{52y €coX) s (u(x;)FL Eco(Y)} and
{52 € €p(X) : (u(xj)FLy ¢ £, (Y))

are spaceable for every unbounded linear operator u: X — Y. Moreover,
if X is separable and p < 400, then these subsets are also maximal dense-
lineable.

Proof. The first assertion follows from Proposition . We shall apply [

Thm. 2.3(b)] to prove the second assertion. Assume that X is separable and
p < +oo. It is easy to see that co(X) and £,(X) are separable as well. Let A
be either C(co(X), u,0) or C*(£,(X), u,{p}). By the first assertion we know
that A U {0} contains a c-dimensional subspace, where ¢ is the cardinality of the
continuum. Let cop(X) denote the space of eventually null X-valued sequences.
It is clear that A 4+ cgp(X) € A, A Ncoo(X) =@ and coo(X) is a dense infinite-
dimensional subspace of co(X) and £, (X). By [5. Thm. 2.3(b)] A U {0} contains
a c-dimensional dense subspace, and the result follows because co(X) and £, (X)
are c-dimensional (recall that they are separable infinite-dimensional Banach or
quasi-Banach spaces). U

ExaMPLE 2.14. Let X be an infinite-dimensional Banach space, and 0 < p <
4o00. In [9, Cor. 1.5] it is proved that E%(X) — £,(X) is spaceable, that is,
there exists an infinite-dimensional Banach/quasi-Banach space formed, up to
the origin, by X-valued sequences (x/) - ; such that Z, 1@ (x;)IP < +oo for
every bounded linear functional ¢ € X ’ and Y% i=1 lx;1|” = +o00. Considering
an unbounded linear functional ¢ on X, which always exists, Proposition
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yields the following dual result: there exists an infinite-dimensional Banach/quasi-
Banach space formed, up to the origin, by X-valued sequences (xj)?‘;l such that

Z?’;l llx;[IP” < +o00 and Z;’o:l ¢ (x;)|7 = +o0.

For the full appreciation of the next application, keep in mind that every infinite-
dimensional Banach space admits lots of complete nonequivalent norms (see, e.g.,
[1]1). Given two complete nonequivalent norms || - ||1 and || - || on X, it is expected
that the sets £, (X, || - l1) — £p(X, || - ll2) and £7(X, || - [[1) — €, (X, || - [|2) are

spaceable (we are using the notation A — B = AN BE). Applying Proposition
(and the open mapping theorem) we have much more:

COROLLARY 2.15. Let || - |l1 and || - ||2 be any two complete nonequivalent norms
on an infinite-dimensional space X, and p > 0. Then the sets

coX, -1 —co(X, |- l2) and  £,(X, I 1) — €, (X, ]| - 1I2)

are spaceable. Moreover, if X is separable and p < +00, then these subsets are
also maximal dense-lineable.

Of course, the corollary can be adapted, mutatis mutandis, to any pair of noniso-
morphic infinite-dimensional Banach spaces of the same dimension, for example,
for any two nonisomorphic separable infinite-dimensional Banach spaces.

Applications of Theorem go beyond linear operators and homogeneous
polynomials. We give below an illustrative example. For the definition of r-
regular maps, see [20, Def. 2.2]; examples, including and beyond linear operators
and homogeneous polynomials, can be found in [20, Examples 2.4].

PrOPOSITION 2.16. Let p,q > 0, X, Y be Banach spaces, and f: X — Y be a
noncontractive map that fails to be g-regular at the origin. Then the set

{52 €€p(X) 1 (f(x)52) ¢ L (V)
is spaceable.

Proof. By [20, Thm. 2.5], the non—g—regularity of f at the origin ensures that the

set C(£,(X), f,{g}) is nonvoid, so its spaceability follows from Theorem 2.5(a).
O

3. Maximal Spaceability

Whereas in Section 2 we proved spaceability of certain sets of vector-valued se-
quences, in this section we move forward to prove maximal spaceability. With
such a much more general conclusion, we are supposed to work with more re-
strictive conditions. To give our result more generality, we work with sequences
of functions instead of one single function. In doing so, we give an interesting
application (Corollary 3.3) of the main result of this section (Theorem 3.2) within
the setting of classical Nakano sequence spaces.
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?‘;1 is said to be:

(a) Noncontractive if f;(0) =0 for every j and for every scalar o # 0, there is a
constant K () > 0 such that

DEFINITION 3.1. A sequence of functions (f;: K — K)

|fi(a&)| > K(a)-|fj(€)] forallé eKandjeN

and if inf{K (@) : || =1} > 0.
(b) Nonincreasing near the origin if there are C > 0 and ¢ > 0 such that | f;, (§)]| >
C|fm(&)| whenever n <m and |£]| < ¢.

For p > 0 and I" C (0, 4+-00], define

Clp, (fN52, D)= {(Sj)?il €lp: (fiGGN5, ¢ Uﬁq}-

qel’

THEOREM 3.2. Let (fj: K —> K);‘;l be a noncontractive and nonincreasing
near the origin sequence, p > 0, and I" C (0, +oc0]. If C(L), (fj)?ozl, ') is
nonempty, then

CpX), (fjoll-DjZy, T):= {(Xj)?il € Lp(X) : (fillx;IN5 ¢ Uﬁq}

qgel

is maximal spaceable, regardless of the infinite-dimensional Banach space X .

Proof. The structure of the proof is similar to that of Theorem 2.5, but the differ-
ences are substantial, and it is worth giving a detailed argument.

By assumption there exists a scalar sequence & = (& j);?ozl € £, such that
(fiG5L, ¢ Uger £q- Since f;(0) = 0 for every j, it is clear that we may sup-
pose that &; # 0 for every j € N. Again, split N into countably many infinite
pairwise disjoint subsets N; = {i; <i» <---},7 € N, and define

oo
Vi = Zsj'eij € KN
j=1

for every i € N. Since ||y; |, = l|§], for every r > 0 and f;(0) = 0 for every j,

we have that y; € C(£,, (fj)j?ozl ,I') for every i. As in the proof of Theorem 2.5,

forA=(n);2, € KN and w € X, we denote
A@w = Aw)y, e xV.
Defines=1if p>1lands=pif0< p < 1.For (wj)?il € l:(X),

o0

o
Sy ewill=>"
j=1

j=1

o0

Y Euwje

k=1

s © s s/p
=Z<Z ||skwj||§>
k=1

P j=l

o0

0 5/p
= Z(Zw’ : ||wj||§})
j=1

k=1
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=i llwj I - (Dsmﬂ)

/p

o0
="l - 1€ = 151, - w5y 1iE < +oo.

Thus, 3252, ly; ® wjll, < +oo if p>1and 372, lly; ® wil < 4oo if
0 < p < 1. It follows that the series Z;’il yj ® wj converges in £,(X) and the
operator

T: (X)) — 6(X),  T(w))5e)) = Zy, ®w;,

is well defined. Clearly, T is linear and injective, and thus 7 (¢3(X)) is a closed
infinite-dimensional subspace of £, (X) with

dim £, (X) > dim T (¢;(X)) > dim T (£5(X)) = dim £5(X) = dim £, (X);

hence, dimT (£;5(X)) = dim{,(X). Now we just have to show that if z =
(zn)y2y € TU5(X)), 2 # 0, then (fu(llzal5Z; & Uger ¢q- There are sequences

)2 € £:(X), k € N, such that z = limy_. o T((w¥)2,) in £,(X). Note
that, for each k € N,

T(w")32)) = Zy, ®uw®
i=1

0o 00
= Zzéjwi(k)eij'
i=1 j=1

Since z # 0, there is r € N such that z, # 0. Since N = Uj’il N;, there are
(unique) m, t € N such that e,,, = e,. Thus, for each k € N, the rth coordinate
of T((wi(k));’il) is E,w,gf ) Since convergence in £,(X) implies coordinatewise
convergence, we have
zr = lim Ew® =g . lim w®
k—o00 k— o0

and

lim w® =< 2.

— 00 t
For j,k € N, the mjth coordinate of T((w(k))ool) is &jwy, 2 . Defining u,, =
zr/& # 0, we have

lim &wd =¢; - lim w® =¢gu,
k— 00 k— 00

for every j € N. On the other hand, coordinatewise convergence gives

hmk_,oo &; w,(n) = zmj, 8O Zm; = &jup for each j € N. By construction we have

j < jforevery j.Let C and ¢ be as in Definition 3.1(b). Since & € £, there is
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N € N such that |§,| < ¢ for n > N. Finally,

D o Uzmy DI = D IK Uum DI - | fin; (1E5D14
j=N

j=N

> C - [K(lum DIy 1 £ (€ DI
j=N

. q
fi (i—; |&; I) ‘

& , q
zc~[K(||um||>]q~Z[K<'§—{')] A fiEDI
J

j=N

=C-[K(lunlDI?- )"
j=N

> C K (¥ [ inf K]+ 3 161
j=N

= C-IK QDY - inf K@)]" - 1565l = +oo
for all 0 < g < p, proving that (f,,(||z,,||));’l°:l ¢ qur L. O

Let us give a concrete application of Theorem 3.2. In what follows, A shall be
either [1, +o0) or (0, 1]. Given a bounded sequence (p;);j=1 € A and a Banach
space X, by £((p j)?‘;l , X) we denote the Nakano space of X-valued sequences,
that is,

oo
P X) = {(x,»ﬁil e XN Y 1P < +oo}.

Jj=1
As usual, when X =K, we simply write £((p j)j?il). This space of scalar-valued
Nakano sequences was introduced in [22] for A =[1, +00) and has been explored
by many authors since then (see, e.g., [18] and references therein). For the case
A = (0, 1], see [24]. For vector-valued Nakano sequence spaces, we refer to [7].
The referee kindly pointed out to us that spaceability in scalar-valued Nakano se-
quence spaces has been recently treated in [23]. As far as we know, (maximal)
spaceability involving vector-valued Nakano sequence spaces has never been in-
vestigated. In this direction we have the following:

CoRrOLLARY 3.3. Let (pj)j=1 S A be a monotonically nondecreasing bounded

sequence,and p > 0.1f ¢, —5((1?./‘)?11) is nonempty, then £ ,(X) —E((pj)?il, X)

is maximal spaceable, regardless of the infinite-dimensional Banach space X .
Proof. For j € N, consider the function

fit K—K, fi &) =1§1"7.
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It is clear that f;(0) =0. Let L > 1 be such that p; < L for every j. For o« € K,
a # 0, choosing

{min{|a|,|a|L} if A =[1,+00),
K(x)= . .
min{la|, [@|?1} if A = (0, 1],

condition (a) of Definition is fulfilled. From the monotonicity of the se-
quence (p; ‘/?Ozl, condition (b) holds for C = & = 1. Letting I' = {1}, we have

Cp, (fj)?il, )=¢, —f((Pj)iil) and C(£,(X), (fjoll- ||)711, [)=¢,(X)—
£(( P.i)?il , X), so the result follows from Theorem 3.2. O

Of course, the most interesting case occurs when p; — p. We can find in the
literature several situations where £, —£((p j)j?oz ) # ¥ with (p j)?il being mono-
tonically nondecreasing and p; — p (hence bounded). For example, in the case
A =[1,400), take p > 1 and a monotonically nondecreasing sequence (a j)c];o: 1
of real numbers such that a; — +00 and Z;’il C% =+4ooforevery0 < C < 1.
A concrete example of such a sequence is a; = 1 + log(log(j + 4)) (see [

p. 512]). Putting p; = p — 1/a;, we obtain a monotonically increasing sequence
converging to p such that £, — K((pj)?il) # 0 (cf. [7, Cor. 2.1]). For the case
A =(0,1]and p =1, see [24, Thm. 3].
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