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The Trace Map of Frobenius and Extending
Sections for Threefolds

HiroMU TANAKA

ABSTRACT. In this paper, by using the trace map of Frobenius, we con-
sider problems on extending sections for positive characteristic three-
folds.

0. Introduction

In characteristic zero, by the Kodaira vanishing theorem and its generaliza-
tions, we can establish some results on adjoint divisors, such as the Kawamata—
Shokurov basepoint-free theorem (see, e.g., [ Theorem 3.3]) and
the Hacon—-McKernan extension theorem [ Theorem 5.4.21]. These theorems
claim, under suitable conditions, that an adjoint divisor m(Ky + A + A) has good
properties, where m € Z.¢, (X, A) is a pair, and A is an ample divisor. In this pa-
per we only consider the following very simple situation: X is a smooth projective
variety, A = S is a smooth prime divisor, and A is an ample Cartier divisor. The
following fact immediately follows from the Kodaira vanishing theorem.

Fact 0.1. Let k be an algebraically closed field of characteristic zero. Let X be
a smooth projective variety over k. Let S be a smooth prime divisor on X, and let
A be an ample Cartier divisor on X such that Kx + S + A is nef. Fix m € Z~y.
Then, by the Kodaira vanishing theorem, we obtain

H'(X, Kx + A+ (m = 1)(Kx + S + A)) =0.
Thus, the natural restriction map
HY(X,m(Kx + S+ A)) — H(S,m(Ks + Als))
is surjective.

It is natural to consider whether this fact also holds in positive characteristic.
Unfortunately, however, there exists the following example.

ExaMpLE 0.2 (cf. Example 4.4). Let k be an algebraically closed field of positive
characteristic. Then, there exist a smooth projective surface X over k, a smooth
prime divisor C on X, and an ample Cartier divisor A on X suchthat Kx +C+ A
is nef and the natural restriction map

HYX,Kx+C+ A)— HYC,Kc + Alo)

is not surjective.
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Thus, we would like to find a suitable analogue of Fact 0.1 in positive character-
istic. In this paper, we prove the following two theorems.

THEOREM 0.3 (cf. Corollary 4.3). Let k be an algebraically closed field of positive
characteristic. Let X be a smooth projective surface over k. Let C be a smooth
prime divisor on X, and let A be an ample Cartier divisor on X. If HO(C, K¢ +
Alc) # 0, then the natural restriction map

H°X,Kx +C+A)— H(C,Kc + Alc)
is a nonzero map.

THEOREM 0.4 (cf. Theorem 7.3). Let k be an algebraically closed field of positive
characteristic. Let X be a smooth projective threefold over k. Let S be a smooth
prime divisor on X, and let A be an ample Cartier divisor on X. Assume the
following two conditions:

(1) Kx + S+ A is nef.
(2) «(S,Ks+ Als) #0.

Then, there exists mgy € Z~q such that, for every integer m > my, the natural
restriction map

HY(X,m(Kx + S+ A)) — H(S,m(Ks + Als))
is surjective.

To show these two theorems, we use the trace map of Frobenius. This strategy
is essentially the same as that used in [ Proposition 5.3] and its proof.
Let us see the idea of the proofs. Let X be a smooth projective variety. Let S be a
smooth prime divisor on X, and let A be an ample Cartier divisor on X. Then, for
every e € Z-~, we obtain the following commutative diagram by using the trace
map of Frobenius:

HO(X,Kx + S+ p°A) —— HO(S,Ks+ p°Als) —— H'(X,Kx + p°A)

l lTr‘g(A\s)

HOX,Kx +S+4) —— HOS, Ks+ Als),
where the lower horizontal arrow p is the natural restriction map, and the upper
horizontal sequence is exact. By the Serre vanishing theorem, for large e >> 0, we
obtain the vanishing H LX, Kx + p¢A) = 0. Thus, to prove that the restriction
map p is surjective (resp. a nonzero map), it is sufficient to show that the trace map
Tr§(Als) is surjective (resp. a nonzero map). Therefore, to prove Theorems
and 0.4, we establish the following results on the trace map of Frobenius.

THEOREM 0.5 (cf. Theorem 4.1). Let k be an algebraically closed field of positive
characteristic. Let C be a smooth projective curve over k. Let A be an ample
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Cartier divisor on C. If H'(C, K¢ + A) #0, then the trace map
Tré.(A) : HY(C, K¢ + p¢A) — H(C, K¢ + A)

is a nonzero map for every e € 7.

THEOREM 0.6 (cf. Theorem 7.1). Let k be an algebraically closed field of positive
characteristic. Let S be a smooth projective surface over k. Let A be an ample
Cartier divisor on S. Assume the following two conditions:

(1) Ks+ A is nef.

(2) k(S,Ks+A)#0.

Then, there exists m| € Zq such that the trace map

Tr§ (A +m(Ks + A)) : H(S, Ks + p°(A +m(Ks + A)))
— HY(S, K5+ (A +m(Kg + A)))

is surjective for every integer m > my and for every e € Z~y.

We also consider whether Theorem and Theorem hold for the case where
k (S, Ks+ A) =0. Let us compare Theorem (.4 with the following basepoint-free
conjecture (cf. [ Theorem 3.3]).

CoNJECTURE 0.7. Let k be an algebraically closed field of positive characteristic.
Let X be a smooth projective threefold over k. Let S be a smooth prime divisor
on X, and let A be an ample Cartier divisor on X such that Kx + S + A is nef.
Then, |b(Kx + S + A)| is basepoint-free for every b > 0.

ReEMARK 0.8. After the first version of this paper was circulated, [ Theo-
rem 1.2] proved that, in the above situation, |b(Kx + S + A)| is basepoint-free
for every sufficiently large and divisible b in characteristic p > 5.

If Conjecture holds, then Theorem also holds when « (S, Ksg + A) = 0.
It is natural to ask whether Theorem also holds when « (S, Ks + A) = 0.
Unfortunately, the answer is negative. We can construct the following example in
characteristic two.

THEOREM 0.9 (cf. Theorem 8.3). Let k be an algebraically closed field of charac-
teristic two. Then, there exists a smooth projective surface S over k such that:
(1) —Ks =: A is ample. In particular, (S, Ks + A) =0.
(2) For every e € Z~, the trace map
Tr§(A) : HO(S, Ks +2°A) — H(S, Ks + A)

is the zero map.

Moreover, Theorem also shows that we cannot generalize Theorem to
dimension two.

In the Appendix, we establish the following analogue of the Hacon—-McKernan
extension theorem for surfaces.
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THEOREM 0.10 (cf. Theorem ). Let k be an algebraically closed field of pos-

itive characteristic. Let X be a smooth projective surface over k, and let C be a

smooth prime divisor on X . Let A := C + B, where B is an effective Q-divisor on

X that satisfies the following properties:

(1) C ¢ Supp B, .Bu=0and (X, A) is plt;

(2) B ~qg A+ F,where A is an ample Q-divisor, and F is an effective Q-divisor
such that C ¢ Supp F; and

(3) no prime component of A is contained in the stable base locus of Kx + A.

Then, there exists an integer mo > 0 such that, for every integer m > 0, the re-
striction map

HO(X, mmo(Kx + A)) — H(C,mmo(Kx + A)lc)
is surjective.

However, the proof of Theorem does not use the trace map of Frobenius. We
use instead results on the minimal model theory established in [T2] and [T3].

0.1. Overview of Contents

In Section |, we summarize the notation. In Section 2, we give the definition and
some basic properties of the trace map of Frobenius. The trace map of Frobenius
is obtained by applying the functor Homp, (—, wx) to the Frobenius map Ox —
F,.Oyx. In Section 3, we recall some known facts about the Cartier operator. We
can consider the trace map of Frobenius as a Cartier operator. The Cartier operator
is defined by the de Rham complex. We use the Cartier operator to consider the
relation between the trace map of Frobenius and étale base change. In Section 4,

we prove Theorem and Theorem 0.5. In Section 5, we prove Theorem
when « = 1. In Section 6, we prove Theorem when « = 2. In Section 7, by
using Theorem we show Theorem 0.4. In Section 8, we prove Theorem

In the Appendix, we prove Theorem

0.2. Overview of Related Literature

We give some general references to the literature related to this paper in con-
nection with the basepoint-free theorem, the extension theorem, the trace map of
Frobenius, and the minimal model theory in positive characteristic.

Basepoint-Free Theorem and Extension Theorem. The motivation of this paper
comes from the basepoint-free theorem and the extension theorem in character-
istic zero. Thus, let us summarize some known results on this topic. Kawamata
and Shokurov established the basepoint-free theorem for kit pairs (cf. [ ;

D. [ ] generalized this result (cf. [ 1). The extension theo-
rem is established by Hacon and McKernan [ Theorem 5.4.21]. This theorem
is a key to proving the existence of flips [ ]. For related topics, see [ ]

and [FG].
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The Trace Map of Frobenius. At the heart of this paper is the trace map of Frobe-
nius. This map plays a crucial role in the theory of F-singularities (cf. [ ;

; 1). Moreover, [ ] and [ ] establish results re-
lated to birational geometry by using the trace map of Frobenius and the theory
of F-singularities. For related topics, see [ ] and [TW].

Minimal Model Theory in Positive Characteristic. For results on the minimal
model theory in positive characteristic, we refer to [ ; ; T2], and [T3]
for the case of surfaces and to [ ; ; ; ; ; ; ],
and [Xu] for the case of threefolds.

1. Notation

We freely use the notation and terminology in [ ]. We do not distin-
guish in notation between invertible sheaves and divisors. For example, we often
write L 4+ M for invertible sheaves L and M. For a coherent sheaf F' and a Cartier
divisor L, we define F(L) := F ® Ox(L).

Throughout this paper, we work over an algebraically closed field k of positive
characteristic and let chark =: p > 0. In this paper, a variety means an integral
scheme, separated and of finite type over k. A curve (resp. a surface) means a
variety of dimension one (resp. two).

2. The Trace Map of Frobenius

In this section, we define the trace map of Frobenius and we discuss some fun-
damental properties. We only use the smooth case. For the singular case, see
[ Section 2].

PrROPOSITION 2.1. Let X be a smooth projective variety. Let E be an effective 7.-
divisor, and let D be a Z-divisor. Then, for every positive integer e, there exists a
natural Ox-module homomorphism

T p(D) 1 Fe(wx(E + p° D)) = wx(E + D).
We call this a trace map.
Proof. Consider the Frobenius map
OX d F:OX,

that is, the p¢th power map a — a”’. Since E is effective, we obtain by tensoring
with Ox (—FE)

Ox(—E) = F{(Ox(=p°E)) = F{(Ox(—E)).
Tensoring with Oy (— D) we obtain

Ox(—E — D) — F{(Ox(—E)) ® Ox(—D)
~ F¢(Ox(—E — p°D)).



232 HiroMU TANAKA

By the duality theorem for finite morphisms we obtain
Homo, (F{(Ox(—E — p°D)), wx) =~ F{(wx (E + p°D)).
Then, we apply the functor Hom, (—, wx) and obtain
F{(wx(E + p*D)) > wx(E + D).
This is the trace map Tr‘;(’ (D). O
REMARK 2.2. By this construction, Tr§(’ g (D) factors through Tr$, (E + D) :=
Trif,O(E + D):

TeS, (E+D)
T (D) : Ff(wx(E+ p°D)) = F{(wx(p°E+ p°D)) ———— wx(E+D).

REMARK 2.3. Let X be a smooth projective variety. Let Spec R C X be an affine
open subset such that R has a p-basis {x, ..., x,}. Then, we obtain

I'(Spec R, wx) = Rdxi A--- Adxy
and
[(Spec R, F{wx) = @ Rf”exil --~x,i1" dxi A--- ANdx,.
0<ij<p®

The trace map

Tr% : T'(Spec R, Fwx) — I'(Spec R, wx)
is described as follows:
) Trg((fol . -.-x,ftl dxi A+~ ANdxy)=dxi A+ ANdxy.
(2) Tr‘;(()clll X dx A---Ndxy)=0if0<i; < p®— 1 forsome 1 < j <n.

The following two lemmas give some fundamental properties.

LEMMA 2.4. Let X be a smooth projective variety, and let E be an effective 7.-
divisor. If D1 and D; are linearly equivalent Z-divisors, then the two trace maps
Tr$, (D1) and Tr$(D2) are the same for every positive integer e, that is, there
exists a commutative diagram:

) T (D2)
F{(wx(E + p*D3)) —— wx(E + Dy)

. . TS, (D1)
F{(wx(E+ p°D1)) —> wx(E+ Dy).
Proof. The assertion follows from Tr$ (D;) = Tr§, ® 0, Ox (D;). O

LEMMA 2.5. Let X be a smooth projective variety, and let E be an effective Z.-
divisor. Let D be a Z-divisor. Then, for every positive integer e,

Te (D) = Tl z(D) o F{(Try z(p°D)).
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that is,

F¢(Try 5 (pD))
_—

Tr;fg(p) : FE Y wx (E + pT D)) F¢(wx(E + p¢D))

Tr‘;(YE(D)
X wox(E + D).

Proof. Consider the Frobenius maps
Ox(—E) — F{(Ox(=E)) — F{'(Ox(—E)).
Tensoring with Ox (— D) we obtain
Ox(—E — D) = F{(Ox(~E — p*D)) = F{*'(Ox(=E — p**'D)).
Applying the functor Homyx (—, wx), we obtain the assertion. ]

In this paper, we often use the following two commutative diagrams.

LEMMA 2.6. Let X be a smooth projective variety, and let S be a smooth prime
divisor. Then, there exist the following commutative diagrams:

ey

0 —— Flox —— F{(wx(S)) —— F{ws —— 0

lTrgf lTrg(‘S lTr‘;
0 —— wy —s wx(§) —s wg — 0,
2

0 —— Fi{ox —— Fi(wx(p°S)) —— Fi(wpes) —— O

J'Trg( lTr‘;( ) va

0 ——— wy — wx(S) _— ws — 0.

Moreover, Tr§ factors through V:
T e . Fe Fe v
Ty Fyog — F (wpes) = ws.

Proof. (1) Consider the following commutative diagram:

0 —— F{(Ox(=9) —> FOx —— F,O0s —— 0

1 R
0 —— Ox(-S) —— Ox —— 05 —— 0.

Applying the functor Homx (—, wx), we obtain the assertion.
(2) Consider the following commutative diagram:

0 —— F¢(Ox(—p°S)) ——> FOx ——> FOps —> 0

| [rs I

0 —— Ox(—S) s OX E— OS —> 0.
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Applying the functor Homy(—, wx), we obtain the required commutative dia-
gram. Since

F § : Og — F: Og
factors through F¢ O pes, we obtain the last assertion in the lemma. O
REMARK 2.7. Given a smooth projective variety X and an ample Z-divisor A on
X, it is natural to ask whether for every e € Z- ¢, the trace map Tr‘j((A) is sur-
jective. However, this has a negative answer. Indeed, [ ] constructs a smooth

projective curve X and an ample Z-divisor A on X such that the trace map Tr% (A)
is not surjective for e = 1.

On the other hand, we obtain an affirmative answer for the following two cases:
Abelian varieties and F'-split varieties.

ProposiTION 2.8. If X is an Abelian variety and A is an ample Z-divisor, then
the trace map

Tri(A) : HO(X, ox(p°A) = H (X, wx (A))
is surjective for every e € Z~o.

Proof. Fix e € Z~o. Form € Z,let mx : X — X be the m-multiplication map of
the Abelian variety X. If n € Z~ ¢ is not divisible by p, then

ny: X—>X
is a finite morphism whose degree is not divisible by p. Thus,
Ox — (nx)«Ox

is split as an Ox-module homomorphism (cf. [ Proposition 5.7(2)]).
We obtain the following commutative diagram:

F{(nx)«(Ox(p®(nx)*A)) <—— (nx)+(Ox((nx)*A))
F{(Ox(p°A)) — Ox(A).

Applying the functor Home, (—, wx) (cf. the proof of Proposition 2.1) and taking
global sections gives

0 e(ny)* Trx @0"4) o *
HY (X, ox(p*(nx)*A)) ———— H'(X, 0x((nx)*A))

l L

0 . T, (A) o
HY(X, wx(p°A)) — HY(X, wx(A)).

Here, nx’ is surjective by the splitting of Ox — (nx)+Ox. Therefore, it is suffi-
cient to show that Tr ((nx)*A) is surjective. By [ Corollary 3 in Sec-
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tion 6] we obtain
n? +n 2_

i A= A+ A,
2 2
Note that, since (—1) x is an automorphism, (— 1)§A is ample. Therefore, by the
Fujita vanishing theorem ([ Theorem (1)], [ Section 5]), we can
find n € Z¢ such that Tr% ((nx)*A) is surjective. O

DEFINITION 2.9. Let X be a smooth projective variety. We say that X is F-split if
the Frobenius map

OX — F*OX

is split as an Ox-module homomorphism.

PrOPOSITION 2.10. Let X be an F-split smooth projective variety, and let D be a
Z-divisor. Then, the trace map

Tr (D) : H'(X, wx (p D)) — H’(X, wx (D))
is surjective for every e € Z~o.
Proof. By the definition of F-splitting we see that the Frobenius map
Ox(=D) = F{(Ox(—p°D))

is split. Applying the functor Homo, (—, wx), we obtain the assertion. (]

3. Facts on Cartier Operator

In this section, we collect some facts on the Cartier operator. By Remark 3.4 we
consider the trace map of Frobenius as the Cartier operator.

DEeFINITION 3.1. Let X be a smooth variety. Consider the de Rham complex of X
0y 8al b s
where QlX = Q’X /K- Applying F, we obtain a complex

Fid Fid F.d
F.Q% : F,.Ox S F.QL 5 F03 52

Then, it is easy to see that F,d; is an Ox-module homomorphism. We define
Bl :=Image(Fid;i—1 : FuQ ' — F.Ql),
Zk = Ker(Fyd; : FQy — F.Q .

Note that B;} and Z 3( are coherent sheaves.

Fact 3.2. Let X be a smooth variety. For every i € Z such that 1 <i <dim X,
consider the map

Cy': QY — 74 /By
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locally defined by
Cx'lspeck : T(Spec R, Q%) — T'(Spec R, Z; / B),
dai A - Nda; > a7 ! -~~al.p_1da1 A Ada;,
where Spec R is an open affine subset of X, and ay, ...,a; € R. This map C;l

is a well-defined Ox-module isomorphism. We call Cx = (C;l)’1 the Cartier
operator.

Proof. See, for example, [ Theorem 9.14]. O

REMARK 3.3. Let X be an n-dimensional smooth variety. We obtain the following
exact sequences:

(1 0— OX—>F*(9X—>B)1(—>0,
2) 0 Zi — F.Q) — B — 0for 1 <i <n,and

. . cho .
(3) 0— Bi, — zi, 3 Ql —0forl <i<n.
By (2) for i = n, we obtain Z%§ ~ F,wx. By (3) for i = n, we obtain

cy
X
0 — BY — F.wx = wx — 0.

REMARK 3.4. Let X be an n-dimensional smooth projective variety. By Re-
mark the Cartier operator C' and the trace map of Frobenius are the same:
C% =Try.

LEMMA 3.5. Let y : X — Y be a finite étale morphism between smooth varieties.
Then, for every i, _ _ _ ‘
y*By ~By and y*Zy,~Z\.
Proof. We may assume that X = Spec B and Y = Spec A. Let
¢: A—>B
be the homomorphism induced by y . Let
Fpo:A—- A and Fp:B— B

be the respective pth-power maps. Since ¢ is étale, the following diagram is a
tensor product:

Ai)A

ool

F,
B —% B.

Thus, we see that the natural B-module homomorphism

0" : (Fa)«y) ®4 B — (Fp)«(Q, ®4 B),

(Za]dx]> XA b~ (Za]dx]> ®4 bP
J J
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is an isomorphism where a; € A and dx; :=dxj, A--- Adxj, for some xj, € A.
Since ¢ is étale, the natural B-module homomorphism

,oi : SZ’A@AB—>Q%,
(Saravs)@ar Yoanpaw)
J

is an isomorphism. Since ¢ is flat, the isomorphisms in the lemma follow from
the commutativity of the following diagram:

(Fp):Qy  ——  (Fp).Qy"

T(FB)*p" T(Fsup"“

(Fp)o(, ®4 B) —2—> (Fp)o (' @4 B)

Tei T@H—l
(FA)«Ql) ®4 B —— (FA).Q4) ®4 B,
which is easy to check. 0

We state the following vanishing result on F-split varieties for later use.

PrROPOSITION 3.6. If X is an n-dimensional F-split smooth projective variety and
A is an ample Z-divisor, then

H'(X, B}(A)) =0.

Proof. Consider the exact sequence

n

0— B% — F*conga)x—>0.
Then, by Proposition , the trace map
Ch =Tri(A) : H'(X, wx(pA)) — H(X, wx(A))
is surjective. Therefore, we obtain the exact sequence
0— H' (X, BL(A) - H'(X, wx(pA)).

Since F-split varieties satisfy the Kodaira vanishing theorem [ Proposition 2],
we obtain the vanishing H' (X, BY% (A)) =0. O
4. The Trace Map of Frobenius for Curves

In this section, we calculate the trace map
TrS (A) : HO(X, wx (p°A)) > H(X, wx(A))

when X is a curve. By Remark 2.7, Tr% (A) is not surjective in general. However,
we show that Tré (A) is almost always a nonzero map.
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THEOREM 4.1. Let X be a smooth projective curve whose genus g(X) is not zero.
Let A be an ample Z-divisor. Then, for every e € Z~, the trace map

Tr$ (A) : HO(X, wx (p°A)) — HY(X, wx (A))

is a nonzero map.

Proof. Fix e € Z~¢. Since A is ample, we have deg A > 1. We consider two cases,
degA >1anddegA =1.

StTEeP 1. In this step, we assume that deg A > 1, and we prove the assertion. The
following argument follows the proof of [ Theorem 3.3].

Fix a point O € X. By Lemma we obtain the following commutative dia-
gram:

HY(X,Kx + p°A) — H°(p°Q,Kpeo + p°(A— Q)— H' (X, Kx + p*(A— Q)

lTr&(A) l\p

HOX,Kx +A4) 2 HY(Q.Kp+A— Q).

By the Serre duality we obtain the vanishing
H'(X,Kx + p°(A— Q))=0.
On the other hand, W is surjective because the composition
Tr), : H(Q. Ko + p(A— Q) — H(p° Q. K peg + p*(A— Q)
L HYQ. Ko+ A-0Q)
is surjective. Therefore, the composition map p o Tri( (A) is surjective. We con-

clude that Tr% (A) is a nonzero map since HO(Q, Ko+ A—-0)#0.

StEP 2. In this step, we prove that if deg A = 1, then there exists a point Q € X
such that the natural injective map

H(X, wx(p°A— p*Q)) — H'(X, ox(p°A — (p° — 1) Q)
is not surjective.
Since HO(Q, L|g) > k for every invertible sheaf L on X, we obtain the fol-
lowing exact sequence:
0— HX,wx(p°A —p°Q)) = H(X, wx(p°A — (p° —1)Q)) — k
— H'(X, ox(p°A — p°Q)).
Therefore, it is sufficient to show that
R (X, wx(p°A — p° Q) =h*(X, —(p°A — p¢Q)) =0

for some point Q € X. Note that the first equality follows from the Serre dual-
ity. Assume the contrary, that is, assume that p*A ~ p¢Q for every point Q € X.
Since the genus g(X) is not zero, there exists a nonzero /-torsion divisor D for a
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prime number [ # p. Note that D is not a p°-torsion. Take the prime decomposi-

tion
D=ZmiQi —anRj.

Since deg D =) m; — ) n; =0, we obtain the following contradiction:
p’D =) mip°Qi—Y n;p°R,
= <Zm, — an>peA

=0.
SteP 3. In this step, we assume that deg A = 1 and prove the assertion in the
theorem.
We fix a point Q € X as in Step 2. If A ~ A’, then the corresponding trace

maps are the same by Lemma 2.4. Therefore, we may assume that Q ¢ Supp A.
By Step 2 there exists an element

ne H' (X, ox(p?A — (p° — 1)Q)) \ H'(X, wx (p°A — p°Q)).

Take the local ring (R, m) corresponding to the point Q. Note that F¢ R is a free
R-module. Let {x} be a p-basis. Then, we obtain

.
WR = @ RP x'dx.
0<i<p*®
Thus, we can write

NlSpec R = Z fip x!dx.

0<i<p¢

The fact that n ¢ HO(X, wx(p¢A — p®Q)) means that f; ¢ m for some 0 <i <
p¢. Since n € HY(X, wx (p*A — (p¢ — 1)Q)), we have f; € m for every 0 <i <
p¢ — 1. Therefore, we obtain f,e_1 ¢ m. Then, we can find ¢ € k* and u € m
such that

fpe—1=c+p.
By Remark we see that Tr$, (A) (1) [spec 8 7 0. O

COROLLARY 4.2. Let X be a smooth projective curve. Let A be an ample Z-divisor.
IfHO(X, wx (A)) # 0, then for every e € Z~, the trace map
Tri(A) 1 HO(X, wx (p°A)) — H(X, wx (A))

is a nonzero map.

Proof. 1f g(X) > 1 where g(X) is the genus of X, then the assertion follows from
Theorem 4.1. Thus, we may assume that X ~ P!, Since P! is F-split, the trace
map is surjective by Proposition . (]
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In characteristic zero, the following result follows using the Kodaira vanishing
theorem. In positive characteristic, we obtain the following result by the trace
map of Frobenius.

COROLLARY 4.3. Let X be a smooth projective surface, and let C be a smooth
prime divisor on X . Let A be an ample Z-divisor on X. If H*(C, K¢ + A|c) #0,
then the natural restriction map

HX,Kx +C+A)— H(C,Kc + Al¢o)

is a nonzero map.

Proof. By Lemma 2.6, we obtain the following commutative diagram:
HO(X,Kx +C+ p°A) — HO(C,Kc + p°Alc) — H'(X,Kx + p°A)
[mc |meio

HX,Kx+C+A) — HOC,Kc+ Alc).

We see H!(X, Kx 4+ p¢A) =0 for e > 0 by the Serre vanishing theorem. Thus,
the assertion follows from Corollary 4.2. O

In characteristic zero, in the above situation, the restriction map is surjective by
the Kodaira vanishing theorem. However, in positive characteristic, the restriction
map is not surjective in general.

ExaMPLE 4.4. There exists a smooth projective surface X, a smooth prime divisor
H on X, and an ample Z-divisor A such that:

(1) |Kx + H + A] is basepoint free and
(2) the natural restriction map

HY(X,Kx +H +A) — H(H, Ky + Alr)
is not surjective.
Construction. Let X be a smooth projective surface, and let A be an ample Z-
divisor on X such that
H'(X,Kx + A) #0.

We can find such a surface by [ ]. Take a smooth hyperplane section H of
X such that |Kx + H + A| is basepoint-free and

H' (X, Kx +H+ A)=0.
Consider the exact sequence
0—>Ox(Kx+A) —>Ox(Kx+H+A)—> Oyg(Kyg + Alg) — 0.
Then, we obtain the following exact sequence:
H'X,Kx+H+A)— H'(H, Ky + Alyg) > H' (X, Kx + A) — 0.
Since H! (X, Kx + A) # 0, the restriction map is not surjective. O

We use the following corollary in Section 8.
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COROLLARY 4.5. Let X be a smooth projective surface. Let L be a Z-divisor on
X such that
L=C+M,

where C is a smooth prime divisor, and M is a nef and big Z-divisor such that
M| is ample. IfHO(C, Kc + M|c) #0, then the trace map

TrS (L) : HO(X, 0x(p°L)) — H*(X, wx (L))

is a nonzero map.

Proof. By Lemma 2.6 we obtain the following commutative diagram:
HO(X,Kx +p°L) —> HO(p*C.Kpec + p*Mlc) — H'(X,Kx +p°M)

J’Tr‘;((L) l\y
HX,Kx+L) —>  HYC,Kc+Mlc).

By [ Theorem 2.6] we have H!'(X, Kx + p¢M) = 0 for e > 0. By Corol-
lary 4.2, W is a nonzero map because the composition

Tr&.(M|c) : HX(C, K¢ + p*M|c) — H(p°C, K pec + p*M| pec)
L H(C. K¢+ Mlc)

is nonzero. Therefore, the trace map Tr$ (L) also is a nonzero map. (]

5. Surjectivity of the Trace Maps for Surfaces (« = 1)

In this section, we show the surjectivity of the trace map
HO(X, 0x (p°(A+m(Kx + A)) = H'(X, ox (A +m(Kx + A)))

when X is a surface and « (X, Kx + A) = 1. For this, we establish the following
vanishing result.

PROPOSITION 5.1. Let C be a smooth curve. Let Y :=P! x C,and letw : Y — C
be the projection. Let f : X — Y be the blowup at one point, and let

0. xLyZ=c.

If Ax is a 0-ample Z-divisor on X, then
R'6.(B3(Ax)) =0.

Proof.

SteP 1. In this step, we assume that C is rational and prove the assertion.

Since the assertion is local on C, we may assume that C ~ P!. For an arbitrary
ample Z-divisor Ac on C, by the Leray spectral sequence we obtain the following
exact sequence:

0— H'(C,0.(B%(Ax)) ® Oc(Ac))
— H'(X, B3 (Ax +60%Ac))
— H(C, R'6.(B(Ax)) ® Oc(Ac)) — 0.
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Let Ac be an ample Z-divisor on C such that

(1) Ax +6*Ac is ample and
2) RIQ*(B)Z((AX)) ® Oc(Ac) is generated by global sections.

Then, it is sufficient to show
H' (X, B (Ax +6%Ac)) =0.
Since X is a toric variety hence F-split, this follows from Proposition

SteP 2. In this step, we prove that the following assertions are equivalent:

(1) R'6.(Bx(Ax))=0;
(2) HY(X,, B}z((AX)|XC) = 0 for every closed point ¢ € C, where X, = 01 (c).

By [ Theorem 12.11] there exists an isomorphism
R'6:(By(Ax)) @ k(c) = H' (X¢, By (Ax)lx,).
By Nakayama’s lemma, if
R'6,(B3(Ax) ® k(c) =0,
then RIG*(B)% (Ax))|u = 0 for some open neighborhood c € U C C.

SteP 3. In this step, we show that H'(X,, B)2( (Ax)|x.) = 0 for the closed points
¢ € C other than the one corresponding to the singular fiber. Fix such a closed
point ¢ € C. We can shrink C around ¢ € C. Thus, we may assume that X =Y =
P! x C — C. We can find a Cartesian diagram

X =Pl xC <2 PlxCc=X
I !
c’ x c
such that C’ ~ A! and y¢ and yy are finite étale morphisms. Note that Yx Bf(, ~

B% by Lemma 3.5. We can find a 6’-ample Z-divisor Axs on X’ such that
(yx(Ox/(Ax))|x. =~ Ox(Ax)|x,. Therefore, we obtain

H'(X., BX(Ax)|x.) = H' (Xc, v B3 (5 Ax)
= H' (X}, B%(Ax")
=0.

The last equality follows from Step | and Step 2.

StTEP 4. In this step, we show that H L(x,, B)Z((A x)|x,) =0 for the closed point
¢ € C corresponding to the singular fiber.
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We can replace C by a neighborhood of c¢. We find a commutative diagram

X <X x

b

y <y

ln’ ln
c <L ¢

where C’ ~ A!, each square is a fiber product, and yc, yy, and yx are finite

étale morphisms. Let 8’ := 7’ o f/ and ¢’ := y¢(c). Note that y;?B)z(, o~ B)Z( by

Lemma 3.5. Then, yx|x, : X, — X_, is an isomorphism.

We show that there exists a @’-ample Z-divisor Ay, on X’ such that
(rx(Ox(Ax))Ix. = Ox(Ax)|x,. The fiber X, >~ X/, =: D is a reduced sim-
ple normal crossing divisor D1 U D, with D; ~ P!. We can assume that D; is the
f'-exceptional curve and D, is the proper transform of a fiber of Y’ — C’. We
consider the following exact sequence:

1— 0 —Op xOp —Op p — 1.
Since the intersection Dy N D> is one point,
H(X,05 x 05 )— H(X, 05 )
is surjective. Thus, we obtain the following group isomorphism:
Pic D > Pic D; x Pic Dy, L+ (Lly,, Lly,)-

Therefore, it suffices to show that, for given positive integers ay, ar € Z-, there
exists an invertible sheaf Ay’ on X’ such that Ax/|p, >~ Op, (a;) foreachi =1, 2.
Consider a section S" of Y’ — C’ passing through the blown-up point and its
proper transform 7' C X’. Then, Ox/(T")|y, =~ Op, (1) and Ox/(T")|y, =~ Op,.
Since

Ox'(nT"+mD1)|p, =~ Op, (n —m), Ox/(nT" +mD1)|p, =~ Op, (m),

we are done.
Thus, we obtain

H'(Xe, By (Ax) = H'(Xe, 73 By (3 Ax)
= HY(X.,, B3 (Ax")
=0.
The last equality follows from Step | and Step 2.

The assertion in the proposition follows from Step 2, Step 3, and Step 4. U

Let us prove the main theorem in this section.
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THEOREM 5.2. Let X be a smooth projective surface, and let A be an ample 7.-
divisor on X such that (X, Kx + A) =1 and Kx + A is nef. Then there exists
m1 € Z~q such that the trace map

Tr% (A +m(Kx + A)) : HY(X, Kx + p°(A+m(Kx + A)))
— HYX,Kx + (A+m(Kx + A)))

is surjective for every integer m > m1 and for every e € Z~.
Proof.

STEP 1. We see that Ky + A is semiample by [ The second theorem in
Introduction].

STEP 2. In this step, we prove that, for some ng € Z-.(, the complete linear system
Ping(kx+a))=0: X > C

gives a ruled surface structure, that is, 6 is a projective morphism to a smooth
projective curve such that 6,Ox = O¢ and a general fiber is P!.

We can find ng € Z-¢ such that @, (k,+4)| =0 : X — C is a projective mor-
phism to a smooth projective curve such that 6,Ox = O¢. By [ Corol-
lary 7.3] general fibers are integral. Since a general fiber F satisfies

0=(Kx+A)-F>(Kx+F)-F,
we see F ~P!. Thus, 6 gives a ruled surface structure.
SteP 3. In this step, we prove that it is sufficient to show that
R'0.(B%(A") =0

for every ample Z-divisor A’.
By Remark 3.3 and Remark 3.4 we obtain the following exact sequence:

) Tr}(
0— By — Fuox — wx — 0.

By Lemma it suffices to find mq € Z~¢ such that
H' (X, By (p* (A +m(Kx + A)))) =0

for every d > 0 and m > mg. By the Frujita vanishing theorem we can find dy €
Z~o such that if d > dy, then

H' (X, B3 (p*(A+m(Kx + A)))) =0

for every m > 0. Therefore, we fix an integer 0 < d < dp, and it is enough to find
ng € Z~, depending on d, such that

H'(X, By (p*(A+m(Kx + A))) =0
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for every m > ngy. We can write Kx + A = 6*H where H is an ample Z-divisor
on C. By the Leray spectral sequence we obtain

0— H'(C,0.(B%(p?A)) @0, Oc(pmH)) =0
— H' (X, B (p(A+m(Kx + A))))
— H°(C, R'6,(B%(p?A)) @0, Oc(p’mH)) — 0.

If m > 0, then the first term vanishes by the Serre vanishing theorem. Thus, it is
sufficient to show that R! 9*(B§((A’ )) = 0 for every ample Z-divisor A’.

STEP 4. In this step, we prove the assertion in the theorem. By Step 3 it is suffi-
cient to show that

R'0.(B%(A") =0
for every ample Z-divisor A’.

Since X — C is a ruled surface structure, after contracting (—1)-curves in

fibers, we obtain morphisms

bp:xLv>c,
where f is a birational morphism to a smooth projective surface Y. Note that
every fiber of 7 is irreducible; otherwise, we can find a (—1)-curve in a reducible
fiber. By the adjunction formula every fiber of 7 is P'. Thus, 7 is a P!-bundle
structure (cf. [ Corollary 11.11]). Since the problem is local on C, we
may assume that 6 has only one singular fiber and that ¥ =P! x C. Let F; be the
singular fiber. We see that

0=(Kx+A)-F,=—-2+A-F,.

Thus, Fy has at most two irreducible components. This implies that f is the
blowup at one point or an isomorphism. Then, the equation Rle*(B)z((A’)) =0
follows from Proposition 5.1. 0

6. Surjectivity of the Trace Maps for Surfaces (x = 2)
In this section, we show the surjectivity of the trace map
HO(X, 0x (p°(A+m(Kx + A)) = H'(X, ox (A +m(Kx + A)))

when X is a surface and « (X, Kx + A) = 2. Let us recall a lemma on global
generation.

LEMMA 6.1. Let X be a smooth projective variety. Let A be an ample Z-divisor,
and let G be a coherent sheaf. Then, there exists ng € Z~o, depending only on A
and G, such that

G(ngA+ N)
is generated by global sections for every nef Z-divisor N .
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Proof. The assertion immediately follows from Castelnuovo—Mumford regularity
[ Theorem 1.8.5] and the Fujita vanishing theorem ([ Theorem
D], [ Section 5]). O

To prove the surjectivity, we establish the following vanishing result.

PROPOSITION 6.2. Let h : X — Z be a birational morphism between smooth pro-
Jjective surfaces. Let Ax be an ample Z-divisor on X, and let Az be an ample
Z-divisor on Z. Then there exists mqg € Z~q such that

H' (X, By (Ax + h*(moAz + N2))) =0
for every nef Z-divisor Nz on Z.

Proof. The birational morphism # is a composition of n point blowups. We prove
the assertion by induction on 7.

SteP 1. If n = 0, then the assertion follows from the Fujita vanishing theorem
(a Theorem (1)], [ Section 5]). Thus, we may assume that n > 0
and the assertion holds for n — 1.

StTEP 2. In this step, we prove that we may assume that 42 (Ex(h)) is one point.
Assume that the assertion holds when 4 (Ex(h4)) is one point. The Leray spec-
tral sequence induces a short exact sequence
0— H'(Z, hy(Bx(Ax +h*(moAz + N2)))) =0
— HY(X, B3(Ax + h*(moAz + Nz)))
— H(Z, R'h.(Bx (Ax + h*(moAz + N2)))) — 0,
where the equation HY(Z, h*(B}z((Ax + h*(mgAz + Nz)))) = 0 follows from

the Fujita vanishing theorem ([ Theorem (1)], [ Section 5]). By
Lemma 6.1 the following assertions are equivalent:

o HY(X,B%(Ax + h*(moAz + Nz))) =0.

o R'n.(B%(Ax))=0.

Set h(Ex(h)) = {z0,21,--->2m} and Zo := Z \ {z1, ..., Zm}. We only show that
th*(Bf((AX)N 7, = 0. Let X’ be the smooth projective surface obtained by

patching Z \ {zo} and X \ 2= '({z1, ..., zn}). We obtain a birational morphism
h' . X' — Z of smooth projective surfaces such that 42’ (Ex(h’)) is equal to {zo}

and h'[j-1(z,) = hlp-1(z,)- Let AY) be the closure of Axlp-1(z,)- Since Ag?/)

and Ax|,-1(z are the same around Ex(h’), we see that Ag?/) is h’-ample. We fix

ng > 0 such that Ay := Ag?/) + ngh’* Az is ample. By our assumption, we obtain
HY' (X', B2, (Ax' + h™*(moAz + N7z))) = 0.

By the previous argument using the Leray spectral sequence, this is equivalent to

R'h. (B%(Ax)) =0.
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This implies
0= RN, (BEA)) |2y = R'h(BE(Ax))|z,-

We are done.
From now on, we assume that 4 (Ex (%)) is one point.

STEP 3. We consider the factorization

nxbhvsz

where g is the blowup of Z at a point. Let Ey be the g-exceptional curve. Note
that Elz, =—1. We see

N 1
g§'Az — 7E Y
is an ample Q-divisor for every large integer / >> 0. Thus, by replacing Az with a

multiple we may assume that
Ay =g*Az — Ey
is an ample Z-divisor. In particular, we obtain
h*Az = f*Ay + f*Ey.
By the induction hypothesis there exists m| € Z-~¢ such that
H'(X, B (Ax + f*(miAy + Ny)) =0
for every nef Z-divisor Ny on Y. We have
mih*Az =m f*Ay +m| f*Ey.
SteErP4. Let Eq, ..., E, C X be the h-exceptional curves. where E| is the proper
transform of Ey. In this step, we construct a sequence of Z-divisors
0="EO0)<E()<E@2)<---<E(R-1)<E(R):=f"Ey
such that:
(a) Forevery0<r<R—-1,E(r+1)—E(r)=Ej forsome 1 < j <n;
(b) E(r)-E; > —1forevery 0 <r < R and forevery 1 <i <n.

We consider a decomposition into one-point blowups:

fiX=x" 1S xSy _y,
We may assume that, for every 2 < j <n, E; C X is the proper transform of
the f(j)-exceptional curve. For 1 < j <i <n,let E;l) c X be the image of E;
(e.g., the f®-exceptional curve is El.(i) c XDy, Let fUtD(Ex (D)) = pD ¢
X® and denote by g) the induced map
gD x5 7,

Note that P € Ex(g®). Since Supp(Ex(g")) is a simple normal crossing, there
are two cases:
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(1 P9Y e E(i) for some j and P ¢ E(i) for every j' # j;
) PYe E(Z) ﬂE(Z) for some j # j’ and P ¢ E( for every j” # j, j'.

For1<i<n, we construct a finite sequence (Seq), of prime divisors on X in-
ductively as follows. Every member of (Seq); is equal to E; for some j. Let

(Seq)1 := (E1).
Assume that we obtain (Seq);. We construct (Seq);+ as follows. There are two
cases (1) and (2) as before. Assume (1), that is, P; € E;.i) and P; ¢ Eil,) for every
J#I
Seq)i=(...,Ej,....Ej,...),
then we define (Seq);+1 by
Seq)i+1:=(C...,Eit1,Ej, ..., Ejr,...).

In other words, we add E; only in front of E; (for each appearance of E}).
Assume (2) that is, P e E(') n E(') for some j # j’ and P; ¢ E( for every

Jj"#E I
(Seq)i=(...,Ej,....,Ej,...,Ejn,...),
then we define (Seq);+1 by
(Seq)i+1:= (.. l+1,Ej,...,Ei+1,Ej/, ...,Ej//,...).
In other words, we add E; only in front of E; and E ;s (for each appearance of
E; or E /). We obtain a finite sequence (Seq); for 1 <i <n. Let
(Seq)n = (Ea(1)» Ea2)> Ea3)s -+ -» Ea(r)),
where a(l) € {1, ..., n}. We define the finite sequence (SEQ) by
(SEQ) = (Eq1y, Eay + Ew2), Ea() + Ea2) + Ea3), - --)
=:(E(1),E(2),EQ),..., E(R)).

It suffices to show that E(r) - E; > —1 for every j and E(R) = f*Ey. By our
construction we can check that E(R) = f*Ey. We prove that E(r) - E; > —1 for
every j and r by induction on n.

We show that E(r) - E, > —1 for every 1 <r < R. We consider the behavior
of the sequence

E()-E,,EQ)-E,,....

KfE®F)-E,>EFr+1)-E,, then E;;4+1) = E,. Thus, we consider the subset

={ki,....k}C{l,...,R} withk; <ky <--- <k, suchthat E ) ="---=
Euk,) = E, and that E, .y # E, forevery r’ € {1,..., R} \ K:

Seq)n = (..., Eatky) = Ens Eaty+1)» - - - » Eagky) = En,
Ea(k2+1), coos Bageyy = Eny Ea(ky+1), -+ )-
By the construction we see E, N E 41y # @ for every k € K. Therefore, we
obtain
E(ky) - Eqp > —1,
E(kl + 1) : En = (E(kl) + Ea(k1+l)) : En = -1+ Ea(k|+l) : En > O,
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E(ky) - Ep > —1,
E(ky +1) - Ey = (E(k2) + Eatfp+1)) - En = =1+ Eqtp+1) - En 20,

Thus, we see that E(r) - E,, > —1 forevery 1 <r <R.
We consider the corresponding sequences (Seq)’(;i_ll) and (SEQ)”~D on
X@=D that is,
n=1) ._ =1 pn-1) Hh-1) (n—1)
(Seq),' ™" = (Ea(l) Eg0) v Euzy s Eqpy ),
(n=1) ._ (p@—1) ph-1) (n=1) p(@n=1) (n—1) (n=1)
SEQ" V= (E, 1, Ejy +Eyiay s Eaity T Eqay +Eqzy se0)
= (E" V), E" V@), E"V3),..., E"TV(R)),
where we set E,(,"fl) := 0. By the induction hypothesis we obtain
E(n—l)(r) . Ei(n—l) >_1
forevery 1 <r <R and 1 <i <n. By our construction we see that
(SOETD @) = Er)

forevery r € {1,..., R} \ K. Therefore, forr € {1,...,R}\ K and 1 <i <n, we
obtain

E(r)- Ei=(f")"(E" D) E=E" () -E" V> -1,
Thus, it suffices to show that
E(r)y-E;i > -1
forr € K and 1 <i <n — 1. This follows from
E(r)-Ei=(EFr—-—1D)+Equ) - Ei=(EFr—-1)+E,)-E;>E(r—1)-E; > —1.

We are done.

SteP 5. In this step, we construct a sequence of Z-divisors
0=:D0)<D()<DQR)<---=<DES—1) <D(S):=m f*Ey
such that:
(a) Forevery0<s<§—1,D(s +1) — D(s) = E; for some j;
(b) D(s)+ Ax +m f*Ay isnef forevery 0 <s < S.
We define the sequence {D(s)}fzo by
E(0),
E(1),EQ2),...,E(R),
E(R)+ E(1), E(R)+E(2),...,2E(R),
2E(R)+ E(1),2E(R)+ E(Q2),...,3E(R),

(my — DE(R) + E(1), (mil — )E(R) + E2), ..., m E(R).
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Then, the sequence {D(s)} f:o satisfies (a). We now show (b). Forevery 0 <s < §,
we can write

D(s)+Ax +mi f*Ay =E(r) +tf*Ey + Ax +m f* Ay

for some 0 <r < R and some 0 <t <m; — 1. To show that this divisor is nef, it
is sufficient to show that

(E(r)+tf*Ey + Ax +m f*Ay) - E;i>0
for every 1 < j <n. By Step 4, for every 2 < j <n, we obtain
(E(r) +tf"Ey + Ax +m f*Ay) - E; = (E(r) + Ax) - E; > 0.
On the other hand, when j = 1, we have
(E(r)+tf*Ey + Ax +m1 f*Ay) - Ey = (tf*Ey +m f*Ay) - E;

=(tEy + mAy)- Ey
> (miEy +m1Ay) - Ey
=0.

STEP 6. For a Z-divisor D on X and for a curve E ~ P! in X, by Lemma we

obtain the following diagram:

0 — HX,wx(pD)) —> H(X,wx(E+pD)) —> H°(E.wp(pD)) —> H'(X,wx(pD))

la::TrX(D) J,ﬂ::TrX'E(D) va::TrE(D)

0 — H'X,wx(D)) — HYX,wx(E+ D)) —> HY%E,wp(D)),
where the horizontal sequences are exact, and the vertical arrows are the trace
maps. Then the following assertions hold:

(1) y is surjective.
2) If H' (X, wx (pD)) =0 and « is surjective, then g also is surjective.
(3) If B is surjective, then the trace map

Trx (E + D) : H(X, wx(p(E + D))) > H*(X, wx (E + D))

also is surjective.

The assertion in (1) holds because E ~ P! is F -split (Proposition ). We de-
duce (2) from the snake lemma. The assertion in (3) follows from Remark

STEP 7. Let my € Z- such that
H'(X, wx(mah*Az + Nx)) =0

for every nef Z-divisor Nx on X. Note that, since h* Ay is nef and big, we can
find such an integer mj by [ Theorem 2.6]. Let mqg :=m + m, and fix a nef
Z-~divisor Nz on Z.
We would like to apply the diagram in Step 6 for
D=D()+Ax + mlf*Ay + mzh*AZ + h*Nz,
E=D(s+1)— D(s),
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where 0 < s < S — 1. Note that by Step 5 this divisor D is nef. By Step 3, « =
Tryx (D) in Step 6 is surjective for

D=D(0)+ Ax +my f*Ay + moh*Az +h*Nz.
We have
H' (X, 0x(p(D(s) + Ax +my f*Ay + mah*Az + h*Nz))) =0
by the choice of m;. Therefore, by Step 5 and Step 6 we obtain the surjection
Trx(D) : H'(X, wx(pD)) = H(X, wx (D))
for
D=D(S)+Ax +mi f*Ay + myh*Az + h*Nyz
=mif*Ey + Ax +mi f*Ay + moh™Az +h*Nz
=Ax +mh*Az +myh*Az + h*Ny
=Ax + (my +my))h*Az +h*Ny
= Ax +h*(moAz + Nyz).
Thus, the assertion in the proposition follows from

HY' (X, 0x(p(Ax +h*(moAz + Nz)))) =0. 0

PrROPOSITION 6.3. Let h: X — Z be a birational morphism between smooth
projective surfaces. Let Ay be an ample Z-divisor on X, and let Az be an
ample Z-divisor on Z. Then, there exists m| € Z~q such that the trace map
Tr§ (Ax +h*(m1Az + Nz))

HY(X, wx (p*(Ax +h*(m1Az +N2))) — H (X, wx(Ax +h*(miAz + Nz)))

is surjective for every e € Z~q and for every nef Z-divisor Nz on Z.

Proof. For m € Z~( and a nef Z-divisor Nz on Z, set
D(m,Nz):=Ax +h*(mAz + N7).
By Lemma 2.5 we obtain
T (D(m. N7)) = Teg (D(m. N2)) o F{ (Trx (p? D(m., N2))).

Thus, it suffices to find m| € Z~ g such that Try (pdD(ml, Nz)) is surjective for
every d € Z=¢ and nef Z-divisor Nz on Z. By the Fujita vanishing theorem we
can find dy € Z-¢ such that Try (pdD(ml , Nz)) is surjective for every d > dy,
mq € Z~q and nef Z-divisor Nz on Z. By Proposition 6.2, for every 0 <i < d,
we can find n; € Z-¢o such that Trx(piD(m, Nz)) is surjective for every m >
n; and nef Z-divisor Nz on Z. Therefore, for m| := max;<;<q,{n;}, the trace
map Trx(pdD(ml, Nz)) is surjective for every d € Z>o and nef Z-divisor Nz
on Z. O

Let us prove the main theorem in this section.
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THEOREM 6.4. Let X be a smooth projective surface. Let A be an ample Z-divisor
on X such that Kx + A is nef and big. Then there exists m € Z~q such that the
trace map Tr% (A + m(Kx + A))

HY(X, ox(p°(A+m(Kx + A))) = H'(X, wx(A+m(Kx + A)))

is surjective for every m > m1 and for every e € 7.

Proof. By Proposition it is sufficient to prove that there exists a birational
morphism
h:X—>Z7

to a smooth projective surface Z such that Kx + A is the pull-back of an ample Z-
divisor on Z. If Kx + A is ample, then there is nothing to show. We may assume
that Ky + A is not ample. Then, by the Nakai—-Moishezon criterion we can find a
curve E such that (Kx + A) - E = 0. This implies Kx - E < 0. Moreover, since
Kx + A is big, the equation (Kx + A) - E =0 implies E? < 0. Therefore, E is a
(—1)-curve. Let g : X — Y be the contraction of E. Set Ay := g, A. Then, we see
that Ay is ample and Kx + A = g*(Ky + Ay). We can apply the same argument
to Y and Ay, thatis, Ky + Ay is ample, or we can find a (—1)-curve Ey on Y
with (Ky 4+ Ay) - Ey = 0. Since p(Y) = p(X) — 1, this procedure terminates.
Thus, we obtain a birational morphism / : X — Z to a smooth projective surface
such that Kx + A =h*(Kz 4+ h«A), where Kz + h, A is ample. O

7. Main Theorem for Threefolds

In this section, we prove the main theorem for threefolds. Let us summarize the
results on the trace map obtained in the previous sections.

THEOREM 7.1. Let X be a smooth projective surface. Let A be an ample Z-divisor
on X such that Kx + A is nefand k (X, Kx + A) # 0. Then there exists m| € Z~q
such that the trace map

Tr{ (A +m(Kx + A)) : H(X, Kx + p“(A+m(Kx + A)))
— HY%(X,Kx + (A+m(Kx + A)))
is surjective for every m > m1 and for every e € 7.
Proof. If k(X, Kx + A) = —o0, then there is nothing to show. Thus, we may

assume that «(X, Kx + A) > 1. Then, the assertion follows from Theorem
and Theorem O

REMARK 7.2. In the previous situation, one can show « (X, Ky + A) = —o0 using
the abundance theorem obtained in [ Theorem 1.4]. Indeed, by Bertini’s
theorem we can find an effective Q-divisor D such that LD =0and A ~qg D.

Let us prove the main theorem.

THEOREM 7.3. Let X be a smooth projective threefold. Let S be a smooth prime
divisor on X, and let A be an ample Z-divisor on X such that
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(1) Kx 4+ S+ Aisnefand
(2) k(S,Ks+ Als) #0.

Then there exists mqy € Z~q such that, for every integer m > my, the natural re-
striction map

HY(X,m(Kx + S + A)) — H'(S,m(Ks + Als))
is surjective.
Proof. Let L:=Kx + S+ A. By Lemma 2.6 we obtain the following commuta-
tive diagram:
HO(X,wx(S+ p*A+p‘mL)) —> H'(S, ws(p°Als +mp°Lls)) — H'(X,wx(p°A+ p‘mL))

JVTI‘;(_S(AerL) J'Tr'g(A\s-%—mL\g)

HYX, 0x(S+A+mL)) —> HS, ws(Als+mLls)).

By (2) and Theorem we can find mg € Z- ¢ such that the trace map Trg(Als +
mL|s)

H(S, Ks + p°A+ pmL) — H°(S, Ks + Als +mL|s)

is surjective for every m > mg and e € Z-¢. Fix an integer m > mg. By the Serre
vanishing theorem we have

H'(X, wx(p°A + pmL)) =0
for e > 0. Therefore, the natural restriction map
HO(X, (m+ 1)(Kx + S+ A))
=H(X,wx(S+ A+mL))
— H(S, ws(Als +mLl|s))
= H(S, (m+ 1)(Ks + Als))

is surjective. O

8. Calculation for the Case x =0

In this section, we consider whether Theorem holds for the case (X, Kx +
A) = 0. Let X be a smooth projective surface, and let A be an ample Z-divisor
on X. Assume that Ky + A is nef and «(X, Kx + A) = 0. By the abundance
theorem [ The second theorem in Introduction] we see that Ky + A ~q 0.
Then, —Kx is ample. In particular, X is a rational surface. In this case, Pic(X)
has no torsion; hence, Kx + A ~ 0. We consider the following question.

QUESTION 8.1. Let X be a smooth projective surface such that — Ky is ample. Is
the trace map

TrS (—Kx) : H'(X, ox(—p°Kx)) — H(X, 0x(—Kx))

surjective?

If K )2( > 4, then we obtain an affirmative answer.
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PROPOSITION 8.2. Let X be a smooth projective surface such that —K x is ample.
If K}z{ > 4, then the trace map
Try (=Kx) : HO(X, ox(=p°Kx)) = H (X, ox(—=Kx))

is surjective for every e € Z~y.

Proof. Since h°(X, wx(—Kx)) = 1, it is sufficient to show that the trace map
Tr§ (—Kx) : H'(X, 0x(—p°Kx)) = H*(X, wx (—Kx))

is a nonzero map. Since K}z{ >4, X is obtained by blowing up P? at <5 points.
Therefore, we can find a smooth conic Cy passing through these points. Let L
be a line that does not pass through these points. Let C and L be the proper trans-
forms of C¢ and Lo, respectively. We see that L|¢ is ample, HO(C,wc(L|c)) #0,
and L is nef and big. Since C 4+ L € |—Kx/|, we can apply Corollary 4.5. ]

If X is F-split, then the trace map Tr$, (—Ky) in Question is surjective. Note
that, by [ Example 5.5] and [ Proposition 4.10], if K% > 4, then X is
F-split. However, since [ ] contains no explicit proof, we decided to include
the previous proof. Moreover, [ Example 5.5] and [ Proposition 4.10]
show that if K §( =3 and X is not F-split, then X is a Fermat-type cubic surface in
characteristic two. Indeed, this example gives a negative answer to Question

as follows.

THEOREM 8.3. Let chark = p = 2. Consider P3 and let [x : y: z: w] be the
homogeneous coordinates. Let
X={[x:y:z: w]e]P’3|x3+y3+z3+w3=0}.
Then the trace map
Tr§ (—Kx) : H(X, 0x(—2°Kx)) - H*(X, wx (—Kx))
is the zero map for every e € Z~y.

Proof. By Lemma 2.5, we may assume that e = 1. By Lemma we obtain the
following commutative diagram:

0 —— Fyops —— Fy(wp (X)) ——> Fuoxy —> 0

l l l

0 — wpp —— opX) —— wxy —— O
Tensoring Ops (—Kps — X) and taking H®, we obtain
HOP?, wps (X — 2Kps — 2X)) —L— HO(X, wx(—2Kx))
lTru»a,ﬂ—Kps—X) JTFX(—KX)
HO(P?, wps (X — Kps — X)) —— HOX,wx(—Kyx)).

Since H! (IE”3, L) =0 for an arbitrary invertible sheaf L, f is surjective. Therefore,
it is sufficient to prove that the trace map Trps y (—Kps — X) is the zero map. By
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Lemma 2.4 we obtain
Trps x (—Kps — X) =Trps x (H),
where H is defined by
H:={[x:y:z: w]eIP3|w=O}.
Thus, we show that
Tr:=Trps x (H) : H'(P?, wps (X +2H)) — H' (P, wps (X + H))
is the zero map. Let us take a k-linear basis of H 03, wp3 (X +2H)). Note that
RO(P3, wps (X +2H)) = 4.

Let Speck[X, Y, Z] C P3 be the affine open subset defined by w # 0. Consider
the following four 3-forms:

1

= dX ANdY NdZ,
=X iy 2311
X
= dX ANdY NdZ,
XY 1+ 1
Y
= dX NdY NdZ,
L E N Z A ]
Z
nz: dX ANdY NdZ.

T XY+ 2341
These are elements of wi(x,y,z) = (wp3)¢ where & is the generic point of
IP3. By a direct calculation, these four elements are linearly independent, and
N1, Nx,Ny,Nz € HO(]P’3, wp3 (X +2H)). In particular, these four elements form a
k-linear basis of H O(IP’3, wp3 (X + 2H)). The trace map is a p_l-linear map, that
is, fora, b,c,d €k,
Tr(ani + bnx +cny +dnz)
=a'/P Te(m) +b"/P Te(nx) + ¢'/7 Te(ny) +d"/7 Tr(nz).

Thus, it is sufficient to show

Tr(n) =Tr(nx) =Tr(ny) = Tr(nz) = 0.
Let us only prove Tr(nx) = 0. This follows from

(Tr(mx))|speckix,v,z]

=Tr dX ANdY NdZ
X34+Y34+23+1

XX3+Y3+23+)
=Tr
(X3+Y34+27341)?
B 1
XA+ Y3I+Z3+1
=0.
The last equality follows from Remark 2.3. (]

dX/\dY/\dZ>

Te(X*+ XY+ XZ] + X)dX AdY AdZ)
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We do not know whether the conclusion of Theorem holds when « (S, K5 +
Als) = 0. However, the following example shows that when this is the case, we
cannot argue as in the proof of the theorem.

ExAMPLE 8.4. Let chark = p = 2. Then, there exist smooth projective threefold
X over k, a smooth prime divisor Sy on X, and an ample Z-divisor A on X that
satisfy the following properties.

(1) |Kx + So + A] is basepoint free.
(2) The natural restriction map

HO(X,m(Kx + So+ A)) = H°(So, m(Ks, + Alsy))
is surjective for every m € Zg.
(3) The trace map Trgo(A|S0 +m(Ks, + Alsy))
HO (S0, s, (2°(Als, +m(Ks, + Alsy))) = H (S0, s, (Als, +m(Ks, + Als,))
is the zero map for every m € Z~¢ and for every e € Z~.
Proof. Let S be the surface in Theorem 8.3, and let Ag := — K. Take an arbi-
trary smooth projective curve C and fix an arbitrary ample Z-divisor Ac on C.

Let X := 8 x C, and let 75 and ¢ be the projections onto the first and second
components, respectively. Fix a point ¢g € C and let Sp := § x {cp}. Let

A:=m5As+niAc.

Note that A|s, = —Ks,. Thus, (3) follows from Theorem 8.3. The assertion in (1)
follows from

Kx+So+A=n§(Ks+ As) +7(Kc+co+ Ac)
= ﬂé(Kc +co+ Ac).

Therefore, in order to conclude the proof, it is sufficient to show (2). This follows
from

H' (X, Kx+A+m—1)(Kx +So+ A))
=H'(X,n&(Kc+ Ac + (m — 1)(Kc + co+ Ac)))
~ H'(S,05) @ H'(C, K¢ + Ac + (m — D(K¢ +co+ Ac))
® H(S,05) @ H'(C, Kc + Ac + (m — 1) (K¢ + co + Ac))
=0.
The last equality holds since H 1(S,0g) =0 and
dege(Ac + (m —1)(Kc +co+ Ac)) > 0. U

Appendix: Extension Theorem for Surfaces

For the surface case, we can freely use the minimal model theory (cf. [ ;
; T2]). By using results obtained in [ ; T2], and [T3] we can establish
an analogue of [ Theorem 5.4.21] as follows.
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THEOREM A.1 (extension theorem). Let X be a smooth projective surface, and
let C be a smooth prime divisor on X. Let A := C + B, where B is an effective
Q-divisor that satisfies the following properties:

(1) C ¢ SuppB, .B.=0,and (X, A) is plt,

(2) B is a big Q-divisor, and

(3) no prime component of A is contained in the stable base locus of Kx + A.
Then, there exists an integer mo > 0 such that, for every integer m > 0, the re-
striction map

HO(X,mmo(Kx + A)) > HY(C,mmo(Kx + A)lc)
is surjective.

Proof.

STEP 1. In this step, we prove that if E is a curve in X such that E? < 0 and
(Kx + A) - E <0, then the following three assertions hold:

(a) Ky -E=E?>=—1,

(b) E is not a prime component of A, and

(c) E-C=0.

Since E2 < 0, we obtain (Kx +E)-E <(Kx—+ A)-E <0. Then, there exists
a birational morphism f : X — Y to a normal Q-factorial surface ¥ such that
Ex(f) = E (cf. [T2, Theorem 6.2]). Let Ay := f, A and define d € Q by

Kx—{—A:f*(Ky—i-Ay)—i—dE.

The inequalities (Kx + A) - E <0 and E? < 0 imply d > 0. We can find an
integer / > O such that /(Ky + Ay) is Cartier. Then, E is a fixed component of

I(Kx +A)= f*(I(Ky + Ay)) + dIE.

We deduce that assumption (3) implies (b). This gives E - A > 0. Thus, assertion
(a) follows from

Kx-E<(Kx+A)-E<0.

Let us show (c). If £ - C > 0, then E - C > 1. This implies the following contra-
diction:

0>(Kx+A) - E=Kx-E+C-E4+B-E>—1+140=0.

StEP 2. In this step, we prove that we may assume that Kx + A is nef.

Assume that Ky + A is not nef. Then, there exists a curve E such that (Ky +
A) - E < 0. By (3) there exists an integer / > 0 such that [[(Kx + A)| # @. This
implies E% < 0. We see that E is a (—1)-curve by Step 1. Let f : X — Y be the
contraction of E. Let

AY = f*A, CY = f*C, By = f*B.
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We can check that Y and these divisors also satisfy conditions (1), (2), and (3).
Let m1 > 0 be an integer such that m A is a Z-divisor. Then we have

mi(Kx + A) = f*(mi1(Ky + Ay)) + ¢E

for some e € Z~. Let n be an arbitrary positive integer. Since f,Ox = Oy, we
have

f«(Ox(nm(Kx + A))) = fi(Ox (nmy f*(Ky + Ay))) = Oy (nm1(Ky + Ay)).
Since C N E = by Step 1, we have

f«(Oc(nm(Kx + A))) = fi(Oc(nm, f*(Ky + Ay))) = Oc, (nm (Ky + Ay)).
We conclude that we have the following commutative diagram:

HO(X,nm(Kx +A)) ——  H(C,nm(Kx + A)lc)

| |

HO(Y,nm|(Ky + Ay)) —— H(Cy,nmi(Ky + Ay)lcy),

where the horizontal arrows are the natural restriction maps. Thus, we can reduce
the problem on X to the problem on Y. After repeating this argument finitely
many times, we reduce to the case where Ky + A is nef.

StEP 3. By the abundance theorem [ The second theorem in Introduction],
Kx + A is semiample. Let

J i =@mykx+a) s X —> R

for some mj € Z-¢ such that f,Ox = Og. In this step, we prove that f,O¢c =
Orc)-
Assume that f,Oc # Ofc). We run the (Kx + {A})-MMP, where {A} de-
notes the fractional part of A. By [T3. Proposition 2.8] there exist morphisms
x5 voR,

where V is a smooth projective curve such that a general fiber G of g satisfies
G ~P'and LA_-G =2. Note that B ={A} and C = LA_. Since G is a fiber and
B is big, we deduce G - B > 0. Thus, we obtain the following contradiction:

0=(Kx+A)-G=(Kx+B)-G+2>(Kx+G)-G+2=0.
STEP 4. In this step, we prove the assertion in the theorem. Let

= Pmykx+a) : X > R

be such that f,Ox = Og, and let f(C) =: D. By Step 3 we have f,Oc = Op.
Let H be an ample Cartier divisor on R such that my(Ky + A) = f*H. By the
Serre vanishing theorem we can find m3 € Z~ such that

H%(R,mmsH) — HY(D, mmsH)
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is surjective for every m € Z~g. Since f,Ox = Og and f,O¢c = Op, we have the
following commutative diagram:

HO(X, mmam3(Kx + A)) —— HYC, mmam3(Kx + A)|c)

| |

HOY(R,mm3H) — HY(D, mm3H|p).
This implies the assertion in the theorem. 0
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