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Quasi-conformal Maps on Model Filiform Groups
XIANGDONG XIE

ABSTRACT. We describe all quasi-conformal maps on the higher (real
and complex) model Filiform groups equipped with the Carnot metric,
including nonsmooth ones. These maps have very special forms. In
particular, they are all bi-Lipschitz and preserve multiple foliations.
The results in this paper have implications to the large-scale geometry
of nilpotent Lie groups and negatively curved solvable Lie groups.

1. Introduction

In this paper we study quasi-conformal maps on the higher real and complex
model Filiform groups equipped with the Carnot metric. We identify all such
maps. They are all bi-Lipschitz and preserve multiple foliations. We do not im-
pose any regularity condition on the quasi-conformal maps. However, the group
structure forces rigidity and regularity. In particular, in the case of higher complex
model Filiform groups, up to taking complex conjugation, all quasi-conformal
maps are biholomorphic and in fact affine.

Let K be a field. We only consider the case where K is R or C. The n-step
(n > 2) model Filiform algebra f} over K is an (n + 1)-dimensional Lie algebra
over K. It has a basis {e1, e2, ..., e,+1}, and the only nontrivial bracket relations
are [e1,ej] =ejy1 for 2 < j <n. The Lie algebra f} admits a direct sum decom-
position of vector subspaces '}( =V & ---® Vy, where V] is the linear subspace
spanned by e1, €3, and V; (2 < j < n) is the linear subspace spanned by e; 1. Itis
easy to check that [V}, V;] = V4 for 1 < j <n, where V,,;| = {0}. Hence, f is
a stratified Lie algebra. For K = R or C, the connected and simply connected Lie
group with Lie algebra §% will be denoted by Fg and is called the n-step model
Filiform group over K.

The two-dimensional subspace V; of fj, determines a left-invariant distribution
(so called horizontal distribution) on Fy. On Vi, we consider the inner product
with e}, e as an orthonormal basis. This norm on V| then induces a Carnot metric
d. on Fg. Similarly, the first layer V; of ff is a four-dimensional real vector
subspace spanned by eq, ieq, ez, iep (i = =1 ), and it determines a left-invariant
distribution on F(g. On V; of f#, we consider the inner product with ey, ieq, e,
iep as an orthonormal basis. This norm on Vj then induces a Carnot metric d,. on
F{.

CRecall that, for a connected and simply connected nilpotent Lie group G with
Lie algebra g, the exponential map exp : g — G is a diffeomorphism. We shall
identify g and G via the exponential map and denote the group operation by .

Received February 20, 2014. Revision received October 10, 2014.

169


http://www.lsa.umich.edu/math/outreach/michiganmathematicaljournal

170 XIANGDONG XIE

Notice that every element x € fj, can be uniquely written as x = xjej * (x2e2 +
coot+Xpp16n41), Where x; e R, 1 <i<n+1.

Fix n > 2. Let h: R — R be a Lipschitz function. Set 4, = h and define
hj:R—R,3<j<n+1,inductively as follows:

hj(x) = —/0 hj_l(s)ds.

Define Fj, : F — Fp by

n+1 n+l1
Fy <X1€1 * ijej> =Xxie1 * Z(x]' —}—hj(xl))ej.

j=2 j=2

THEOREM 1.1. Let n > 3. A homeomorphism F : (F%,d.) — (Fy,d;) is quasi-
conformal if and only if it is a finite composition of left translations, graded iso-
morphisms, and maps of the form Fy, where h : R — R is a Lipschitz function.

We remark that Ben Warhurst [W] previously proved a similar statement under the
assumption that the map F is smooth. We do not impose any regularity assump-
tions on the quasi-conformal maps. Theorem also provides lots of examples
of nonsmooth quasi-conformal maps on Fp.

The quasi-conformal maps on the complex Filiform groups are even more
rigid.

THEOREM 1.2. Let n > 3. A homeomorphism F : (F}, d;) — (F}, d.) is a quasi-
conformal map if and only if it is a finite composition of left translations and
graded isomorphisms.

Model Filiform groups are an important class of the so-called nonrigid Carnot
groups [W; O; ]. Recall that a Carnot group is rigid if the space of smooth con-
tact maps is finite-dimensional and called nonrigid otherwise. Our results show
that, on these nonrigid Carnot groups, quasi-conformal maps are rigid in the sense
that they are bi-Lipschitz and have very special forms.

When n = 2, the group Fé is simply the first Heisenberg group. It is well
known that quasi-conformal maps on the Heisenberg groups are very flexible.
For instance, there exist quasi-conformal maps between Heisenberg groups that
change the Hausdorff dimension of certain subsets; see [B]. There also exist bi-
Lipschitz maps of the Heisenberg groups that map vertical lines to nonvertical
curves [X1].

The group Fé is the first complex Heisenberg group. Recall that the nth com-
plex Heisenberg algebra b is a (2n + 1)-dimensional complex Lie algebra and
has a complex vector space basis X;, Y;, Z (1 <i < n) with the only nontrivial
bracket relations [X;, Y;] = Z, 1 <i <n. The Lie algebra b% is a two-step Carnot
algebra. The first layer V| of h% is spanned by the X;,Y;, 1 <i <n, and has
complex dimension 2n. The second layer V; is spanned by Z and has complex
dimension 1. The nth complex Heisenberg group H: is the connected and simply
connected nilpotent Lie group with Lie algebra hi.. We always equip Hg with a
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Carnot metric associated with Vi. We identify both H{ and its Lie algebra b,
with C***1.So V| = C?" x {0} and V> = {0} x C.

It seems that complex Heisenberg groups are also very rigid with respect to
quasi-conformal maps. In fact, using the result of Reimann and Ricci [RR], we
can show that if a quasi-conformal map F : Hf. — H{. is also a C? diffeomor-
phism, then it is complex affine after possibly taking complex conjugation; see
Proposition

CONJECTURE 1.3. A homeomorphism F : Hi. — H{. of the nth complex Heisen-
berg group is a quasi-conformal map if and only if it is a finite composition of left
translations and graded isomorphisms.

For general Carnot groups, we have the following.

CONJECTURE 1.4. Let G be a Carnot group equipped with a Carnot metric. If G
is not an Euclidean group or an Heisenberg group, then every quasi-conformal
map F : G — G is bi-Lipschitz.

The results in this paper have implications for the large-scale geometry of nilpo-
tent groups and negatively curved homogeneous manifolds. Each Carnot group
arises as (one point complement of) the ideal boundary of some negatively curved
homogeneous manifold [H]. Our results imply that each quasi-isometry of the
negatively curved homogeneous manifold associated to the higher model Filiform
group is a rough isometry, that is, it must preserve the distance up to an additive
constant. Furthermore, each quasi-isometry between finitely generated nilpotent
groups descends to a bi-Lipschitz map between the asymptotic cones which are
Carnot groups. Our results say that these bi-Lipschitz maps preserve multiple fo-
liations. So they provide information about the structure of the quasi-isometries,
at least after passing to the asymptotic cones.

The ideas in this paper can be used to show that quasi-conformal maps on
many Carnot groups are bi-Lipschitz; see [X2; X4].

In Section 2, we recall the basics about Carnot groups and the definition of
model Filiform groups. In Section 3, we study quasi-conformal maps on the real
model Filiform groups and prove Theorem 1.1. In Section 4, we consider complex
Heisenberg groups; in particular, we prove a special case of Conjecture 1.3, which
will be used later in Section 5. In Section 5, we prove a rigidity result about quasi-
conformal maps on the higher complex model Filiform groups (Theorem 1.2).

2. Preliminaries

In this section, we collect definitions and results that will be needed later. We
first recall the basic definitions related to Carnot groups in Section 2.1. Then we
review the definition of model Filiform groups (Section 2.2), the BCH formula
(Section 2.3), the definitions of quasi-similarity and quasi-symmetric maps (Sec-
tion 2.4), and the Pansu differentiability theorem (Section 2.5).
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2.1. The Basics

A Carnot Lie algebra is a finite-dimensional Lie algebra g together with a direct
sum decomposition g =V @ Vo @ --- @ V, of nontrivial vector subspaces such
that [V, V;] = V;4 for all 1 <i <r, where we set V.| = {0}. The integer r is
called the degree of nilpotency of g. Every Carnot algebrag=V @V, ®--- @V,
admits a one-parameter family of automorphisms A; : g — g, ¢ € (0, 00), where
Mx)=tixforxeVi.Lletg=V, @V, --@®@V,andg =V/@V, - DV,
be two Carnot algebras. A Lie algebra homomorphism ¢ : g — ¢’ is graded if
¢ commutes with A; for all r > 0, that is, if ¢ o A, = A; o ¢. We observe that
¢(V;)CcV/ forall 1 <i <r.

A connected and simply connected nilpotent Lie group is a Carnot group if
its Lie algebra is a Carnot algebra. Let G be a Carnot group with Lie algebra
g=Vi®---®V,. The subspace V| defines a left-invariant distribution HG C TG
on G. We fix a left-invariant inner product on HG. An absolutely continuous
curve y in G whose velocity vector y'(z) is contained in H, ()G for a.e. t is called
a horizontal curve. By Chow’s theorem ([BR, Theorem 2.4]), any two points of G
can be connected by horizontal curves. For p, g € G, the Carnot metric d.(p, q)
between them is defined as the infimum of length of horizontal curves that join p
and q.

Since the inner product on H G is left-invariant, the Carnot metric on G is also
left-invariant. Different choices of inner product on H G result in Carnot metrics
that are bi-Lipchitz equivalent. The Hausdorff dimension of G with respect to a
Carnot metric is given by Y ._, i - dim(V;).

Recall that, for a connected and simply connected nilpotent Lie group G with
Lie algebra g, the exponential map exp : g — G is a diffeomorphism. Under this
identification, the Lebesgue measure on g is a Haar measure on G. Furthermore,
the exponential map induces a one-to-one correspondence between Lie subalge-
bras of g and connected Lie subgroups of G.

It is often more convenient to work with homogeneous distances defined using
norms than with Carnot metrics. Let g=V; @ Vo @ --- @ V, be a Carnot algebra.
Write x € gas x = x| +---+x, with x; € V;. Fix anorm | - | on each layer. Define

the norm || - || on g by
,

bl =" i V7

i=1
Now define a homogeneous distance on G = g by d(g, h) = ||[(—g) * k||. An im-
portant fact is that d and d, are bi-Lipschitz equivalent. That is, there is a constant
C > 1suchthatd(p,q)/C <d.(p,q) <C -d(p,q) for all p,q € G. It is often
possible to calculate or estimate d by using the BCH formula (see Section 2.3).
Since we are only concerned with quasi-conformal maps and bi-Lipschitz maps,

it does not matter whether we use d or d..
Let G be a Carnot group with Lie algebrag=V; @ --- @ V,.Since A; : g — g
(t > 0) is a Lie algebra automorphism and G is simply connected, there is a
unique Lie group automorphism A;: G — G whose differential at the iden-
tity is A;. For each r > 0, A, is a similarity with respect to the Carnot metric:
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d(A:(p), At(g)) =td(p, q) for any two points p, g € G. A Lie group homomor-
phism f : G — G’ between two Carnot groups is a graded homomorphism if it
commutes with A, forall > 0, that is, if f o A; = A, o f. Notice that a Lie group
homomorphism f : G — G’ between two Carnot groups is graded if and only if
the corresponding Lie algebra homomorphism is graded.

2.2. The Model Filiform Groups

Let K be a field. We only consider the case where K is R or C. The n-step
(n > 2) model Filiform algebra f’l’( over K is an (n + 1)-dimensional Lie algebra
over K. It has a basis {e1, €2, ..., e5+1}, and the only nontrivial bracket relations
are [e1,ej]=ejr1 for2< j <n. Whenn =2, f%( is simply the Heisenberg al-
gebra over K. When K = C, f. can also be viewed as a real Lie algebra. Since
the brackets in f, are complex linear, fi. (when viewed as a real Lie algebra) has
the following additional nontrivial bracket relations: [ie1, e;j] = [e1,iej] =iejy1,
lier,iej]=—ej 1 for2 < j<n.

For K =R or C, the n-step (n > 2) model Filiform group Fg over K is the
connected and simply connected Lie group whose Lie algebra is ;. For Fg, we
use the Carnot metric corresponding to the inner product on V| with e; and e;
as an orthonormal basis. The homogeneous distance on Fy is determined by the
following norm:

n+1
= (f +aD ) w00,
i=3

n+1

E Xjéj
i=1

We make the obvious modifications in the case of F(g.

2.3. The Baker—Campbell-Hausdorff Formula

Let G be a connected and simply connected nilpotent Lie group with Lie alge-
bra g. The exponential map exp : g — G is a diffeomorphism. One can then pull
back the group operation from G to get a group structure on g. This group struc-
ture can be described by the Baker—Campbell-Hausdorft formula (BCH formula
in short), which expresses the product X x Y (X, Y € g) in terms of the iterated
Lie brackets of X and Y. The group operation in G will be denoted by -. The
pull-back group operation * on g is defined as follows. For X, Y € g, define

X*Y=exp ' (expX -expY).
Then the BCH formula ([CG], page 11) says
— 1+t np gyl
X*YZZ( ) 3 iz (pi + i)

1gi e g
=0 n pitqi=0,1<i<n P1:q1:-- Pnqn:
x (ad X)P'(ad Y)?' --- (ad X)P" (ad V)9 "y,
where ad A(B) = [A, B]. If ¢, = 0, the term in the sum is s (ad X)P X df
gn > 1 orif g, =0 and p, > 1, then the term is zero. The first few terms are well
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known:
XxY X—i—Y—i—l[X Y]—i—l[X[X Y1l 1[Y[X Y1l
k = ~ Y A El ’ — TA ’ ’
2 12 12
1 1
——[Y, [X,[X, Y]]l - =[X,[Y,[X,Y
48[ [X, [X, Y]] 48[ Y, [X, Y]]
+ (commutators in five or more terms).

LEMMA 2.1. There are universal constants c; € Q, 2 < j <n — 1, with the fol-
lowing property: for any X € i and anyY € Ke; @ V2 @ --- @ V;,, we have

n—1

1 ‘
X*Y:X+Y+§[X,Y]+ch(adX)/Y (2.1
j=2
and
1 n—1 - ‘
Y*X=Y+X+E[Y,X]+Z(—l)/cj~(adX)fY. 2.2)
j=2

Proof. Formula (2.1) follows from the fact that [Z;, Z>] = 0 for any two Z1, Z» €
Key ®Vy @ --- @ V,. In particular, [Y, [X, Y]] = 0, so the only possible nonzero
terms in the BCH formula are multiples of (ad X)/Y. We stop at j =n — 1 since
% has n layers.

Formula (2.2) follows from (2.1) by taking the inverse of both sides and then

replacing X with —X and Y with —Y. (]
COROLLARY 2.2. In |4 the following holds for all t,x3, ..., x,41 € K:
n+1 n+1
(—tey) * ijej *xte] = Zx}ej,
j=2 j=2

where x/, =x2,x;. =xj—txj_1+Gjfor3<j<n+1.Here G is apolynomial

of t and x;, and each of its terms has a factor t* for some k > 2.
Proof. We apply Lemma 2.1 to Z := (—tey) * Z;’:; xje; and obtain:

n+1

Z = (—tey) * Zx.,'ej
j=2

n+1 1 n+1 n+1
= —te] + ijej + E[—lm, ijeji| + ZHjej,
j=2 j=2 =4

where H; is a polynomial of 7 and x;, and each of its terms has a factor tk for
some k > 2. Notice that the last term in the formula in Lemma contains only
higher-degree terms in . Now we apply the BCH formula to Z x tej. The first
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three terms are

1 n+1 1 n+1 n+1
Z +ter + E[Z,tel] = ijej + E[—tel, ijeji| —I—ZHjej
j=2 j=2 =4

1 n+1 n+l
+ 3 [ijej’ t61:| + leej
=2 =4

n+1 n+1
=xpey + Z(Xj —txj_1)ej + Z(Hj +1Ij)ej,
Jj=3 j=4

where [; is a polynomial of ¢ and x;, and each of its terms has a factor 1k for
some k > 2. For the iterated brackets in the BCH formula for Z % tej, we only
need to consider the terms of the form (ad Z)/te; (2 < j <n —1) since all the
other terms involve te; at least twice and so have higher degree in . However, a
direct calculation shows that (ad Z)?te; also has higher degree in ¢. So the same
is true for all the terms (ad Z)te1,2 < Jj <n — 1. The corollary follows. O

2.4. Various Maps

Here we recall the definitions of quasi-similarity and quasi-symmetric maps.
Let K > 1 and C > 0. A bijection F : X — Y between two metric spaces is
called a (K, C)-quasi-similarity if

C
Ed(x,y) =d(F(x),F(y)) =CKd(x,y)

forall x,y € X.

Clearly, a map is a quasi-similarity if and only if it is bi-Lipschitz. The point
here is that often there is control on K but not on C. In this case, the notion of
quasi-similarity provides more information about the distortion. To see this, just
compare the (1, 100)-quasi-similarity and 100-bi-Lipschitz properties.

Let F: X — Y be a homeomorphism between two metric spaces. For any
x € X and any r > 0, set

_ sup{d (F (y), F(x)): d(y,x) <r}
inf{d(F(y), F(x)): d(y,x)>r}’

The map F is called quasi-conformal if there is some H < oo such that

Hp(x,r)

limsup Hp(x,r) < H
r—0
forall x € X.
Let n : [0, 00) — [0, 00) be a homeomorphism. A homeomorphism F : X —
Y between two metric spaces is n-quasi-symmetric if for all distinct triples
x,y,z € X, we have

d(F(x),F(y))< <d(x,y))
d(F(x), F(z)) — '\d(x,2) )"
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If F: X — Y is an 7n-quasi-symmetry, then F~!:Y — X is an n;-quasi-
symmetry, where n(t) = (n’l(t’]))’l. See [V], Theorem 6.3. A homeomor-
phism between metric spaces is quasi-symmetric if it is n-quasi-symmetric for
some 7).

We remark that quasi-symmetric homeomorphisms between general metric
spaces are quasi-conformal. In the case of Carnot groups (and more generally
Loewner spaces), a homeomorphism is quasi-symmetric if and only if it is quasi-
conformal; see [HK].

Theorem 1.1 in [ ] implies that a quasi-conformal map between two
proper, locally Ahlfors Q-regular (Q > 1) metric spaces is absolutely continuous
on almost every curve. This result applies to quasi-conformal maps F : G — G
on Carnot groups.

Pansu [P2] proved that a quasisymmetric map F : G; — G» between two
Carnot groups is absolutely continuous. That is, a measurable set A C G has
measure 0 if and only if 7 (A) has measure 0.

2.5. Pansu Differentiability Theorem

We begin with the definition.

DEFINITION 2.3. Let G and G’ be two Carnot groups endowed with Carnot met-
rics, and U C€ G, U’ C G’ open subsets. A map F : U — U’ is Pansu differen-
tiable at x € U if there exists a graded homomorphism L : G — G’ such that

i d(Fx)~' - F(y), L(x71-y))
m

=0.
y—x d(x,y)

In this case, the graded homomorphism L : G — G’ is called the Pansu differen-
tial of F at x and is denoted by d F (x).

We have the following chain rule for Pansu differentials.

LEMMA 2.3 (Lemma 3.7 in [CC]). Suppose that Fy : Uy — U, is Pansu differen-
tiable at p and F> : Uy — Uj is Pansu differentiable at Fi(p). Then F, o Fy is
Pansu differentiable at p, and d(Fy o F1)(p) =dF>(F1(p)) od F1(p).

Notice that the Pansu differential of the identity map U; — U is the identity

isomorphism. Hence, if F' : U; — U> is bijective, F is Pansu differentiable at p €

Uy, and F~! is Pansu differentiable at F(p), then d F~1(F(p)) = (dF(p))~'.
The following result (except the terminology) is due to Pansu [P2].

THEOREM 2.4. Let G, G’ be Carnot groups, and U C G, U’ C G’ open subsets.
Let F : U — U’ be a quasi-conformal map. Then F is a.e. Pansu differentiable.
Furthermore, at a.e. x € U, the Pansu differential dF (x) : G — G' is a graded
isomorphism.

In Theorem and the proofs below, “a.e.” is with respect to the Lebesgue mea-
sureon g = G.
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To simplify the exposition, we introduce the following terminology.

DEFINITION 2.4. Let F : U — U’ be a quasi-conformal map between open sub-
sets of Carnot groups. A point p € U is called a good point (with respect to F)
if:

(1) F is Pansu differentiable at p, and d F(p) is a graded isomorphism;
(2) F~! is Pansu differentiable at F(p), and dF_l(F(p)) is a graded isomor-
phism.

It follows from the Pansu differentiability theorem and the Pansu theorem on ab-
solute continuity of quasi-conformal maps that a.e. p € U is a good point.

Let G be a Carnot group with Lie algebra g= V| & --- ® V;.. A horizontal line
in G is the image of amap y : R — G of the form y (¢) = g * v for some g € g
and some v € V7 \ {0}. A nondegenerate compact connected subset of a horizontal
line is called a horizontal line segment.

LEMMA 2.5. Let F : G — G be a continuous map on a Carnot group G. Sup-
pose that F is Pansu differentiable a.e. and is absolutely continuous on almost all
curves. If the Pansu differential is a.e. the identity isomorphism, then F is a left
translation of G.

Proof. After composing F with a left translation, we may assume that F(0) = 0.
For each v € V1 \ {0}, consider the family of horizontal lines consisting of the
left cosets of Rv. Then for a.e. horizontal line L = g * Rv in this family, the
Pansu differential of F is a.e. on L the identity isomorphism, and F is absolutely
continuous on L. It follows that F(L) = F(g) «*Rv and F(g*tv) = F(g) *tv for
all r € R. Since this is true for a.e. L in the family and F is continuous, the same
is true for all horizontal lines in the family. Since the vector v € Vj is arbitrary,
the same is true for all horizontal lines.

Let now g € G be arbitrary. Then there exists a finite sequence of points
0= po, p1, ..., pn = g and horizontal line segment «; from p;_; to p;. The first
paragraph applied to «; implies that F' fixes all points on «. An induction argu-
ment shows that F fixes all points on «;. In particular, F(g) = g. O

3. Quasi-conformal Maps on the Real Model Filiform Groups

In this section, we will prove Theorem . Given a quasi-conformal map
F: Fg — Fy (n > 3), we shall precompose and postcompose F' with left trans-
lations and graded automorphisms to obtain a map of the form Fj, described in
the

3.1. Graded Automorphisms of i

In this subsection, we will identify all the graded automorphisms of f,.

For an element x € g in a Lie algebra, let rank(x) be the rank of the linear
transformation ad(x) : g — g, ad(x)(y) = [x, y]. In other words, rank(x) is the
dimension of the image of ad(x).
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LEMMA 3.1. Let fi be the n-step real model Filiform algebra. Assume that n > 3.
Let X = aey + bey € V| be a nonzero element in the first layer. Then rank(X) = 1
if and only if a = 0.
Proof. LetY =yie1 + -+ + Yn+1€n+1. Then

[X,Y]=a(yze3+ -+ ynent1) — byies.
If a =0, then [X, Y] = —by1e3, and so rank(X) = 1. If a # 0, then we can vary
the y;, and it is clear that rank(X) =n — 1 > 2. The lemma follows. O

Itis clear that a Lie algebra isomorphism preserves the rank of elements. A graded
isomorphism also preserves the first layer V;. Hence, we obtain the following.

LEMMA 3.2. Suppose n > 3. Then h(Rey) = Rey for every graded isomorphism
h: g — fg-
Given ai,ax € R\ {0} and b € R, define the linear map & = hg, 0,1 : f% — f’]ﬁ by
h(e1) = aier + bey,
h(ej) :a{_zazej for2<j<n+1.
It is easy to check that 7 is a graded isomorphism of ff. The following lemma

says that these are the only graded isomorphisms of .

LEMMA 3.3. A linear map h : f — fy is a graded isomorphism if and only if
h =hga, ay,p for some ay,ar € R\ {0} and b e R.

Proof. Leth : fi — fp be a graded isomorphism. Then i (V;) = V;. Hence, there
are constants aj, az, b,c € Randa; € R,3 < j <n+1, suchthat h(e;) =aje; +
bey, h(ex) =cey +azer, h(ej) =ajejfor3 < j <n-+1.By Lemma we have
¢ =0. Since 4 is a Lie algebra isomorphism, for 2 < j <n, we have
ajriejr1 =h(ej1) =h(ler, e;]) =[h(er), h(e;)]
= [aie1 +Dber,ajej] =aiajejt,

so aji1 = aja;. It follows that a; = a{72a2 for2<j<n+1landh=hy 4 0.
O

LEMMA 3.4. Let F: Fg — Fy be a map. Suppose that there are functions
fiR-R, f: RS R 2<j <n+1,such that

n+1 n+1
F<X1€1 * ij'ej) = f(xer* Y fi(xej,
j=2

j=2

where x = (x1, ..., Xp+1). If F is Pansu differentiable at p := x1e] * Z;’:; xjej
with Pansu differential d F (p) = ha, (p),ax(p),b(p)> then f'(x1) and 8f>(x)/0x; ex-
ist, and

’ 8f2
Sx)=ai(p) and a—(X) =ax(p).
X2
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Proof. For q € F,let y = (y1,..., yut1) € R"*! be determined by ¢ = yje; *
Z;’I; yjej. By the definition of the Pansu differential we have

5 d((=F(p))* F(q),dF(p)((—p) *q)) _
m =

q—p d(p,q)
In particular, this limit is O if ¢ = p * (y1 — x1)e; and y; — x1. Let ¢ = p *
(y1 —x1)eq. Then (—p) xqg = (y1 — x1)e1,and so d(p, q) =d(0, (y1 —x1)e1) =
|y1 — x1| and

0. 3.1

dF(p)((—p) xq) = (y1 — x1)(a1(p)e1 + b(p)ez).

Notice that the coefficient of e; in g is y1, and so the coefficient of €1 in (—F (p)) *
F(q)is f(y1) — f(x1). The coefficient of ej in [—d F (p)((—p) xq) ] (—F (p)) *
F(q)is f(y1) — f(x1) —ai(p)(y1 — x1). Hence,

d(=F(p) * F(q),dF(p)((=p)*xq)) = | f(y1) — f(x1) —a1(p)(y1 — x|

Now (3.1) implies

y [f (1) — fx1) —ai(p)(y1 —x1)|
m =

Y= Iy1 — x1l

Hence, f is differentiable at x1, and f/(x1) = a;(p).
The proof of the statement about df> (x)/dx; is similar. Let g = p* (y2 —x2)es.
Since [e;, ej] =0 for i, j > 2, we can write

n+1 n+1
g =xie1% Y _ xiei % (y2 — x2)ez = x1e] * (yzez + Zm&-)-
i=2 i=3

0.

So x and y differ only in the second coordinate. Notice that we have (—p) x g =

(y2 —x2)e2,d(p,q) = |y2 —x2| and dF (p)((—p) x q) = az(p)(y2 — x2)e2. Also
the coefficient of e; in (—F(p)) * F(q) is

L) = Lx) = folxr, y2, X3, ..., Xpgp1) — f2(X1, X2, X3, o, Xpp 1)
Hence,
d((=F(p))* F(q),dF(p)((=p) xq)) = | [2(y) — f2(x) — az2(p)(y2 — x2)|.
Now (3.1) implies

[2(y) — f2(x) —ax(p)(y2 — x2)| _

lim 0.
Y222 ly2 — x2
Hence, df>(x)/dx> exists, and df,(x)/dx2 = ax(p). O

3.2. Quasi-conformal Implies bi-Lipschitz

In this subsection, we show that every quasi-conformal map of Fp (n > 3) is
bi-Lipschitz.

Let n > 3, and let F': Fy — Fp be an n-quasi-symmetric map for some 7.
Pansu’s differentiability theorem says that F is Pansu differentiable a.e. and the
Pansu differential is a.e. a graded isomorphism. Notice that the Lie subalgebra
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generated by Re; is itself. We shall abuse notation and also denote the corre-
sponding connected subgroup of F by Rej. It follows from Fubini’s theorem
that for a.e. left coset L of Re,, the map F is Pansu differentiable a.e. on L
and the Pansu differential is a.e. a graded isomorphism on L. By Lemma 3.2,
dF(x)(Rey) = Re; fora.e. x € F. Now the following result implies that F sends
left cosets of Re; to the left cosets of Res.

PROPOSITION 3.5 (Proposition 3.4 in [X3]). Let G and G’ be two Carnot groups,
and W C Vi, W' C V/ be subspaces. Denote by gw C g and g/vv, C ¢’ respectively
the Lie subalgebras generated by W and W'. Let H C G and H' C G’ respec-
tively be the connected Lie subgroups of G and G’ corresponding to gw and 9/W"
Let F : G — G’ be a quasi-symmetric homeomorphism. If dF (x)(W) C W' for
a.e. x € G, then F sends left cosets of H into left cosets of H'.

To simplify the exposition, we introduce the following terminology (see Defini-
tion 2.4 for the definition of a “good point”).

DEFINITION 3.2. Let n > 3, and let F : Fg — Fp be a quasi-symmetric map.
A left coset L of Re is called a good left coset (with respect to F) if the following
conditions hold:

(1) a.e. point p € L is a good point with respect to F;

(2) F|L is absolutely continuous;

3) F! | F(1) is absolutely continuous.

LEMMA 3.6. Let n > 3, and let F : Fy — Fy be a quasi-symmetric map. Then
a.e. left coset of Rey is a good left coset.

Proof. Since a.e. point is a good point, Fubini’s theorem implies (1) for a.e. left
coset L. Theorem 1.1 of [ ] implies that F'|; is absolutely continuous on
a.e. left coset L of Re,. Since F~! is also quasi-symmetric, F~'|;/ is absolutely
continuous on a.e. left coset L’ of Re,. Since quasi-symmetric maps preserve the
conformal modulus of curve families and F' maps left cosets of Re; to left cosets
of Re,, we see that (2) and (3) hold for a.e. left coset L. U

For a good point x € Fy, let b(x),a;(x),ax(x) € R be such that dF(x) =
Ray(x),ar(x),b(x); see Lemma . Then dF(x)(e1) = ai(x)er + b(x)es,
dF(x)(ej) = (a1(x))/ 2az(x)e; for 2 < j <n+ 1. Set ay11(x) = (a1 (x))"~! x
ay(x). Notice that d F (x)(v) = ap+1(x)v forany v € V,, =Rej,41.

LEMMA 3.7. Let L be a good left coset of Rey. Then there is a constant ay €
R\ {0} such that a,+1(x) = ay, fora.e. x € L.

Proof. Suppose that there exist good points p,g € L such that a,4+1(p) #
an+1(q). We shall show that this implies a,41(z) — 400 as z — oo along L.
This provides a contradiction since the same claim applied to F~! implies
ap+1(z) = 0 as z — oo along L; see the remark after Lemma about the rela-
tion between the Pansu differential of F and that of F~!.
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We may assume that |a,4+1(p)| = |an+1(g)|. Notice that L = p *x Rey and
F(L) = F(p) * Rey. In particular, there are y, yo € R such that ¢ = p * ye; and
F(q) = F(p) * yoea. After composing with the inverse of d F(p), we may as-
sume that d F(p) = Id is the identity isomorphism. Then a,1(p) = 1 and either
lan+1(q)| < 1 or a,4+1(q) = —1. We shall consider the image of the left coset
r"ey+1 * L under the map F as r — 0.

Notice that d(0, r"e,41) = r. Since d F(p) = Id, the definition of the Pansu
differential implies that there exists some X =), X;je; with X; = X; (r) such that
d(0,x)=o(r) and F(r'e,+1 * p) = F(p) * r"e,4+1 * X, where o(r) is the little-o
notation. Here we used the fact that "¢, 11 is in the center. Similarly, there is some
y =Y, yiei with y; = ¥;(r, y) such that d(0,y) = o(r) and F(r"e,4+1 * q) =
F(q) *an+1(q)r'e,+1 * y. For later use, we notice here that x1, X2, y» = o(r) and
Xn+1, ynt1 = o(r™). Since F sends left cosets of Rej to left cosets of Rey, we
have

L, :=F@"ept1%L)=F@"eps1 % p) xRey = F(p) xr'e,q1 * X % Rey.
In particular, F(r"e,41 % q) = F(p) *r"e,+1 * X * §1e3 for some §; € R. Using
Lemma 2.1, we find two expressions for F(r'e, 11 * q):
F@r'ept1%q)

=F(q) * ant1(q)r"ent1 %y

= F(p) * yoez * an+1(q)r" eny1 * y

=F(p)* (yie1 + {32+ yole2 + Si

+ Gt + ane1@r" + (D" et 57 vodensn)
and
F("ept1%q) = F(p)*r'ept1 x X % 51e2
= F(p) * (X1e1 + {X2 +51}e2 + 52
Tt 1" 1351 ent 1),

where S| and §; are linear combinations of the e¢; with 3 <i <n. Comparing the
coefficients, we obtain:

y1 =X, (3.3)
51=yo+ (2 — X2), (3.4)

a1 (@r" + Fni1 + (D" a1 57 y0
="+ Fppt + et XS (3.5)

Pluging (3.3) and (3.4) into (3.2), we get:
(1 — a1 (@) + (1 = (=) ey 1@ yg
= (Gnt1 — Fng1) — a1 X7 (G — F2). (3.6)

Since X1, X2, ¥2 = 0(r), Xp+1, yn+1 = o(r™), we see that we must have a,,+1(q) =
1ifc,_1 =0 orn — 1is even. In these cases, the lemma holds. So from now on,
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we shall assume that n — 1 is odd and ¢,—1 # 0. Then (3.6) implies that, for all
sufficiently small r, we have

11 n ~n—1 9 n
—1—0(1 — dp41(g))r" <2cp—1X] Yo < _ﬁ(l — dpt1(g))r". (3.7)
Our next goal is to bound |a,+1(z)| from below for z € L. For this, we shall
bound from below the distance from a pointon F (L) to L,. So we fix g» = F(p) *
soex € F(L) and let g1 € L, vary. Then g1 = F(r"e,+1 % p) * sjea = F(p) *
r'e,y1 % X xs1ep with s; € R, and d(q2, q1) =d(0, (—s2e2) *r'ep41 * X * s1€2).
Using Lemma twice, we obtain

(—spe2) x1""e, 1 x X %516
=Xie) +{X2 —s2 +si1}e2 + S
=~ ~n—1 ~n—1
+{r" 4 X g1 +Cp—1X] S2+Cp—1X] si}en+1,

where S is a linear combination of the e¢; with 3 <i <n. Write sp =tyg and s1 —
s» = u. Fix any ¢ with |¢| > 100/(1 — a,+1(g)). Notice that 100/(1 — a,+1(q)) >
50 since |a,+1(q)| < 1. Let r be sufficiently small so that |x;| < r/10 and (3.7)
holds. If sy is such that |u]| > /]t[r, then d(q2, q1) > |(X2 — 52 +s1)| = /t]r/2 >
%|t|1/” -r. If |u| < 4/Jt]r, then (3.7) and the assumption on || imply that the
following holds for sufficiently small r:

d(q2. q1) = |r" + Zng1 + a1 ¥ sz + camr B sy |17
=|r" + X1 +2Cn—156?_1S2 + Cn—lf?_lull/"
=" 4yt 12002157 o A camt B a0
1 I 1/n
> > -t 2c,_1%] 7 Yo
o(1 — 1/n
> ( an+1(q)) It
20
9(1 — any1(q)) |'"
_ an+19g ‘ ~|l‘|1/n~}"
20 '

It follows that d (g2, L) > clt|"/"r, where ¢ = min{1, [9(1 — a,+1(g))/20]'/"}.
This implies that a, 1 (F~'(g2)) > ¢"|t|, which goes to +00 as |t| — oo, finish-
ing the proof of our claim. O

Recall that F is n-quasi-symmetric.

LEmMMA 3.8. For every good left coset L of Res, the restriction F|p : L — F(L)
isa (n(1), lag|"/™)-quasi-similarity.

Proof. Notice that (L, d) is isometric to the real line and under this identification
the usual derivative of the map F|; : L — F (L) is simply az(p). So we only need
to control ax(p) for p € L. Since F is n-quasi-symmetric, its Pansu differentials
are also n-quasi-symmetric. Notice that d F (p)(e2) = azx(p)eaz, dF (p)(ey+1) =
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ant1(plent1. So d(0,dF(p)(e2)) = lax(p)| and d(0,dF(p)(ent1)) =
IanH(p)Il/". Since d(0, e2) = d(0, e3) = 1, the quasi-symmetric condition now
implies

s I = L ()] = () - a1 ()

(D) n+1(P Sla2(p)=n an+1\p .
By Lemma there is a constant a; such that a,+1(p) = ar for ae. p € L.
Since F'|; : L — F(L) is a homeomorphism between two lines, either az(p) > 0
fora.e. p e L or ax(p) <0 for a.e. p € L. The lemma now follows from the fact
that F|y is absolutely continuous. U

LEMMA 3.9. For every two good left cosets L, L' of Rey, we have |ar|/
@' n(1)*") < lap/| <2"n(1)*|a|.

Proof. Let L, L' be two good left cosets of Re;. We assume that |ap| >
2"n(1)*ays|, and will get a contradiction. Fix g € L and g, € L’. By
Lemma 3.8,
d(F (g1 xtez), F(g1) = |tllar|'" /(1) = 2|t \n(Dlag | "™
and d(F (g2 % te2), F(g2)) < |tIn(1)]az/|'/". It follows that
d(F(g1*ter), F(g1)) —d(F(g2*tez), F(g2)) -1
d(F(g2*tez), F(g2)) -

It is an easy calculation to show that either d(g| * tes, g2 * fez) is a constant
function of ¢ if the coefficients of e; in g1 and g, are the same, or

(3.8)

d(g) xtey, g2 tey) ~+/t ast— o0.
Hence,
d(g1 xtep, g2 * tez)
d(g2, g2 *tea)
The quasi-symmetry condition of F' implies
d(F (g1 *te2), F (g2 xte2))
d(F(g2), F(g2xtez))
Let p; be the point on F(L) between F(g;) and F(g; * tez) such that
d(F(g1), pr) =d(F(g2), F(g2 *tez)). Similarly to (3.9), we have
d(ps, F (g2 *tez))
d(F(g2), F(g2xte2))
Now ( ) and ( ) imply
d(F(g1*tex), F(g1)) —d(F(gax*tez), F(g2)) _ d(ps, F(g1*1e2))
d(F(g2*tep), F(g2)) d(F(g2), F(g2*tep))

as t — oo, contradicting (3.8). Similarly, we get a contradiction if |ap/| >
2"n(1)*" |ar|. O

—0 ast— oo. 3.9)

—0 ast— oo. (3.10)

—0 ast— o0. 3.11)

LeEmMMA 3.10. Suppose n > 3. Then every n-quasi-symmetric map F : Fg — Fy
isa (27](1)4, C)-quasi-similarity for some constant C.
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Proof. Fix a good left coset Ly. Then F|;, is an (n(1), |aL0|1/")—quasi—similarity.
Lemma and Lemma now imply that F|y is a @2n(1)3, |aL0|1/”)-quasi-
similarity for every good left coset L of Rey. Since a.e. left coset of Rej is a
good left coset (Lemma 3.6) and F' is continuous, F|z is a 2n(1)3, |aLO|1/")-
quasi-similarity for every left coset L of Re,. Now let p, g € F be two arbitrary
points. If p, g lie on the same left coset, then

|aL0|1/n
2n(1)3
Suppose that p, ¢ do not lie on the same left coset. Pick a point ¢ such that p,
q’ lie on the same left coset and d(p, ¢") = d(p, q). Then the quasi-symmetric
condition implies
d(F(p), F(g)) < n(1) -d(F(p), F(g") =n(1) - 2n(1)*lar, " -d(p.q")
=21(1)*ar, V" - d(p.q).

Now the same argument applied to F~! finishes the proof. U

-d(p,q) <d(F(p), F(q)) <2n(1)*lar,|"" - d(p, q).

REMARK 3.12. The arguments in this section can be modified to show a local
version of Lemma :if F: U — V is a quasi-symmetric map between two
open subsets of F with n > 3, then F is locally bi-Lipschitz, that is, every point
x € U has a neighborhood U’ such that F|y is bi-Lipschitz. In the proofs of the
above lemmas, it is not necessary to let |f| — co. One can get around this by
choosing a sufficiently small neighborhood of x. For instance, for any fixed ¢ > 0,
the quotient in (3.9) becomes very small if g is sufficiently close to gi.

3.3. Quasi-conformal Maps Have Special Forms

In this subsection, we show that quasi-conformal maps on Fy (n > 3) have very
special forms.

Letn >3,andlet F : F — Fp be an n-quasi-symmetric map for some home-
omorphism 7 : [0, c0) — [0, 00). By Lemma , I is M -bi-Lipschitz for some
M=>1.LetG=Re;®V,®---®V, C Fy. Notice that G is a subgroup of Fp.

LEMMA 3.11. F sends left cosets of G to left cosets of G.

Proof. An easy calculation using the BCH formula shows that two left cosets of
Re> lie in the same left coset of G if and only if the Hausdorff distance between

them is finite. Now the lemma follows since by Lemma F is bi-Lipschitz.
O

LEMMA 3.12. There is an M-bi-Lipschitz homeomorphism f : R — R such that
F(xie1 xG) = f(x1)e1 xG.

Proof. Lemma implies that there is a homeomorphism f : R — R such
that F(xje; * G) = f(x1)e; * G. We need to prove that f is bi-Lipschitz. Let
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x1, x; € R. Notice that d(x1e; * G, xje1 * G) = |x; — x{|. Pick p € x1e; * G and
g € xje1 * G with d(p, q) = |x; — x{|. Then

|f(x1) — fxDI =d(f(xD)er * G, f(x])er * G) <d(F(p), F(q))
<M-d(p.q)=M -|x — x}|.

A similar argument shows that f~! is also M-Lipschitz. (]

LEMMA 3.13. For every good left coset L of Rea, there exists a constant ay | €
R\ {0} such that ax(p) = az,1, for a.e. p € L. Furthermore, for any g € L, we
have F(g xtey) = F(g) xaa pter forallt e R.

Proof. For p € Fi, let x = (x1, ..., Xy+1) € R""! be determined by p = xje; *
Z,n:zl x;e;. By Lemma we have ay(p)*'ax(p) = ans1(p) = ay, for ae.
p € L. On the other hand, there is a homeomorphism f : R — R such that
F(x1e1 *G) = f(x1)e; * G. Lemma 3.4 implies that a; (p) = f’(x1). Since all the
points on L have the same e coefficient, aj(p) is a.e. constant along L. There-
fore, ax(p) is a.e. a constant along L. By Lemma again, ax(p) = dfa2(x)/dxz.
Since F|p is absolutely continuous (being bi-Lipschitz), f> is an affine function
of xp (whereas the other variables are fixed), and the last statement in the lemma
holds. [l

LEMMA 3.14. There exists a constant ay € R\ {0} such that F (g *tey) = F(g) *
ate, for every g € Fy.

Proof. Since F is continuous, it suffices to show as ; = ay 1/ for any two good
left cosets L, L’ of Rep. Fix g; € L and g» € L'. Then F(g; * tey) = F(g1) *
ap,1tey and F(grxter) = F(g2) *an 1/te;. Now the equality ap ; = ap 1+ follows
from the following fact that was derived in the proof of Lemma
d(F (g1 xte2), F(g1)) —d(F(g2*te2), F(g2))
d(F(g2*te2), F(g2))

By replacing F with i, -1, o F we may assume that a, = 1.
’ z ’

—0 ast— oo. 0

Notice that the left cosets of G with the metric induced from d are isometric to
R" with the metric D((x;), (y;)) = Zj |x; — yj|1/-/. It was proved in Section 15
of [T] that each quasi-symmetric map (R"?, D) — (R”", D) preserves the foliation
consisting of affine subspaces parallel to R’ x {0} for each 1 <i <n — 1. This
implies that there exist continuous functions f; := f;(xX1,X;,Xj41,..., Xnt1)s
2 < j <n+ 1, such that F has the following form:

n+1 n+1
F(xlel * (ijej» = f(xerx Y fiej. (3.13)
j=2

j=2
Let E C R be the subset consisting of all x; € R with the following properties:

(1) f is differentiable at xy;
(2) almost every point p in the left coset xje; * G is a good point with respect
to F.
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By Fubini’s theorem and the fact that f is bi-Lipschitz, we see that E has full
measure in R.

LeEMMA 3.15. For x| € E, there exist functions hj :==hj(x1,Xjy1, ..., Xp41), 2 <
Jj <n+ 1, such that the following holds when x| € E:

n+1 n+1
F<X161 * <ijej>> = f(x1)eq * Z{(f/(xl))j_zxj —l—hj}e]'.
j=2 Jj=2

Proof. We shall first show that f; = f;(x1,xj,Xj41,...,Xp41), 2 < j <n+1,
is Lipschitz in x;. Let

p=xie1x (xpex+ -+ Xpp1€441)
and
q=xie;* (x2ep+---+xj_1ej_1+yjej +Xjri1€jp1+ -+ Xpp1€ni1).

Notice that the only difference between p and ¢ is in the coefficient of e;. We
have (—p) xq = (y; — x;)e; and d(p, q) = |y; — x;|"/ =D Hence,

d(F(p), F(g)) < Mly; —x;|"/U~1.
On the other hand, by (3.13) the coefficient of ¢; in (—F(p)) * F(q) is

Filen, yjXjats oo X)) = [0 X, Xjgets ooy Xnge1). (3.14)
Hence,
L3 (X0 Yo Xt e ees Y1) = F7 X1, X5 X1 ey X )| UTD
<d(F(p),F(q)) <M -|y; —x;|"/V=1,
and so
£ 0 Y Xt e X ) = [ X Xt X )] < M7y —

Hence, f; is Lipschitz in x;.
SetGj=Re; @ --- @ (Rej) @ --- ®Reyy1, where (Re;) means that the term
Re; is absent. For x| € E, define the subset E; C G; as follows:

w=xpex+ - +xj_1€j—1+xjt1€j+1 + -+ Xptr1€n41 € Ex,
if and only if the point
p = p(x1,w,x;)
i=x1e1 % (xpex+ -+ xj_1ej_1 +xjej +xjp1€j41+ -+ Xpp1€p41)

is a good point for a.e. x; € R. Since a.e. pointin xje; * G is a good point, Fubini’s
theorem implies that Ey, has full measure in G;. Fix x; € E and w € E,,. Let x;
be such that p = p(x, w, x;) is a good point. By Lemma 3.4, a1(p) = f'(x1).
By our normalization a; = 1, we obtain a (p) = (f'(x1))? 2. Let g be as defined
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at the beginning of the proof. Then d F (p)((—p) xq) = (f’(xl))j’z(yj —xje;j.
By the definition of the Pansu differential we have

dQ,[-dF(p)(—p) x D1 * (- F(p)) * F(q))

d(p,q)
as y; — x;. Notice that (—F(p)) * F(q) € G and the coefficient of e; in
(—=F(p)) = F(q) is given by ( ). It follows that the coefficient of e; in
[—dF(p)((=p) )] * (—=F(p)) * F(q) is
Aji=fi(X1, Y Xt oo Xn) — Fi (XL X, X1, o005 Xng1)
— () () = x)).

Now ( ) implies

0 (3.15)

|Aj|1/(j—1) :|Aj|1/(j—l)
ly; —x;|1/G=D d(p.q)
_ 4, [=dF(p)(=p) * D] * (=F(p)) * F(q))
N
B d(p,q)

It follows that df;(x)/dx; = (f'(x1))/ 2. Since this is true for a.e. x; and f;
is Lipschitz in x;, we see that f; is an affine function of x; (when the other

0.

variables are fixed). Hence, there is a real number H; := H;(x1, Xj41,..., Xp41)
such that f; = (f/(xl))j’zx]- + H;. So far, Hj(x1,Xj41, ..., Xp41) is defined
only for those (xj41, ..., X,41) such that there are (x2,...,x;_1) with

Xpep+ -+ xj_1€j 1 +Xjp1€j41 + -+ Xpp1eny1 € Ey.
Since Ey, has full measure, Fubini’s theorem implies that H; is defined for a.e.
(xj+17"'7xn+])'
Let x; € E be fixed. Set
j—2
Bj(X1, Xj, Xjg1s ooy Xng1) = (X1, x5, ooy Xng) — (F (1)) 7%

To complete the proof of the lemma, it suffices to show that 4 is independent
of x;. We have proved in the preceding paragraph that for a.e. (x;41,...,X411),
the function /;(x1, xj, Xj41, ..., X441) is independent of x ;. Since & is continu-
ousin (x;,Xj41,...,Xn41), it is independent of x; for all (x;41,...,x,41). O

Next, we show that f is an affine function and that /; (x1, x;11, - .., X,+1) depends
only on xi.
Letx; € E.Let p = xje; *27:21 xie; and ¢ = x1e1 % Q1 Xi€i + Xnt1€nt1).
Then d(p, q) = |Xp41 — Xns1]'/". Since F is M-bi-Lipschitz, we have
d(F(p), F(9)) < M|xp 1 — Fnpa]'/".
On the other hand,

n
(—F (@) % F(p)= Y (hi(xt, Xix1, -, Xn1) = hi (41, X1, -, Bng1))ei
i=2

+ )" gt — Fng)ent1-
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It follows that for 2 <i <n,

|hi(-xlsxi+17 7xn+1) _hi(-x13xi+lv cee 7i)’l+1)|
<M g = T 0 (3.16)

LEMMA 3.16. The function f is affine.

Proof. Let x1,%; € E. We prove that f/(x;) = f/(X1). The lemma then fol-
lows since f is bi-Lipschitz and E has full measure in R. Let p = xje; *
Xp+1eny1 and g = X1ey * x,41e,41. Eventually, we will let x,, 41 — oco. Set
Snat = )" gt + g1 (x1) and Suq1 = /(3" g1 + a1 (F1). By
Lemma ,

F(p) = f(x1)er * {(Zhiei> +Sn+len+1}

i=2

and

n
F(g) = f(F1)er * {(Zﬁie,-) +§n+1en+1},
i=2
where h; = hi(x1,0,...,0,x,41) and h; = h;(%1,0, ..., 0, x,41). Denote a :=

f(x1) — f(&1). Now

(=F(@)*F(p) = {— (Z ﬁi@i) —Sn+1€n+t1 } kaeq* { <Z hiei) +Snt1€n+1 }

i=2 i=2
Notice that d(p, g) = |x; — x1|. Hence, d(F (p), F(q)) < M -|x; — x| is bounded
from above by a constant independent of x,,41. By using Lemma 2.1 twice we find
that the coefficient of e,,41 in (—F(q)) * F(p) is given by
1 n—1 n—1
Sn4l — Spy1 + Ea(hn +hy) + Z cjalhp_jy1+ Z(_1)1+lcja]hnfj+l
j=2 j=2
=Lf )" = f1ED" gt A gt = By
1 n—1 n—1
+ 5@l + )+ ) cjal b+ Y (D ejal b,
j=2 j=2

which is bounded from above by a constant independent of x,,+1. By (3.10),
i (1,0, 0, 0041) = hi (1, 0,0, O) < MIT - |71/

we see that |h;| (for 2 <i < n) is bounded from above by a sublinear function
of x,41 as x,4+1 — oco. The same is true for fz,-. It follows that [f’(xl)"_1 —
f! ()El)"’l]x,,+ 1 is also bounded above by a sublinear function of x,41. This can
happen only when (f’(x1))"~! = (f/(¥1))"~'. Since f : R — R is a homeomor-
phism, f’(x1) and f’(X1) have the same sign, and hence f’(x1) = f'(X1). O
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By Lemma there are constants a € R\ {0}, b € R such that f(x1) =ax; +b.
After replacing F with h,-1 | g o L_F(g) o F', we may assume that f(x1) = xj is
the identity map. So, for x| € E, we have

i, xin oo xpq1) =X Hhi (XL X, -0 Xpg1)- (3.17)

Now we can extend the definition of h; to the case where x| ¢ E. For any
(X1, Xi, ..oy Xng1), set

Hi(xlvxivxi—&-l’~~~’xn+l)=fi(x1,xi,~~~’xn+1)_xi~

Notice that H; is continuous in all variables since f; is. Equality ( ) implies

that H;(x1,xi,...,xn4+1) is independent of x; when x; € E. Since E has full
measure and H; is continuous, we conclude that H; is independent of x; for all
x1 € R. Hence, H;(x1, Xj, ..., Xn4+1) is a function of x1, Xj4+1, ..., X,41 only. So

we can define

i (X1, Xig1s ooy Xpgp1) = Hi (1, X, -0, Xng1)

for any (x1, Xj+1, ..., Xn+1). Now the following holds for all points in Fﬁ:

n+1 n+1
F<X181 * (inei)) =Xxje; * Z{Xi +hi (X1, Xig1, - Xpg1) e
i=2

i=2
Next, we shall show that &; (x1, Xj+1, ..., X,+1) depends only on x;.

LeEmMMA 3.17. For each 2 <i < n, the function h;(xy, Xj+1, ..., Xn+1) depends
only on x1.

Proof. The idea is very simple: F sends horizontal vectors to horizontal vectors.
Notice that for any g € F}, the tangent vectors of g x te (¢ € R) are horizontal.
Since F is Pansu differentiable a.e., we see that for a.e. g € F, the tangent vector
of the curve F(g *xtey) at t = 0 exists and is horizontal. We shall calculate this
tangent vector.

Let g = xje1 * Z:’:zl x;je; be a point where F is Pansu differentiable. By Corol-
lary we have:

n+1 n+1
gxte] = Xxjeq * inei xtep = (x1 +1)eq x (—teq) * Zx,'ei *teg
i=2 i=2
n+1
= (x] +1t)ey * le{e,-,
i=2

where xé = xp and x; =x; —txj—1+G, for 3 <i <n+1.Here G; is a polynomial
of t and the x; and each of its terms has a factor t* for some k > 2. Denote
xp=x1+1, hi =hi(x1,Xi11,...,X,11) and h; :hi(xi,xl.’H,...,x;lH).Now

n+1 n+1
F(gxte) = F(x{el * (in’ei>> =xjej * Z(xi/ + hy)e;.
=2

i=2
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Since
n+1 n+1
F(g) = F(xlel * (inei>) =xjep * Z(xi +hiei,
i=2 i=2
by Corollary we obtain

(—F(g)) * F(gx*tey)

n+1 n+1
=D (xi —hi)ei x (ter) x Y _(x] +he;
i=2 i=2
n+1 n+1
= (ter) * (—ter) % Y _(=xi = hi)e; * (ter) ) _(x] +hi)e;
i=2 i=2
n+1 n+1
= (tey) % le{/e,' * Z(xl/ + ﬁ,-)ei
i=2 i=2
n+1
= (te1) * Z(xi” +x; + hi)ei,
i=2

where x) = —[x2 + hal, X7 = —[x; + hj] + tlxj—1 +hj_1] + H; for 3 < j <

n + 1. Here H; is a polynomial, and all its terms have degree at least 2 in 7. Set

Xi =xlf’+xlf+ﬁ,~ for2 <i <n+1.Observe that X = —[x2 + ha] 4+ x2 + hp =

ﬁg—hz andfor3<i<n-+1,

=] ]+ hi = =xi + b+ tlxioy +hiog] + Hy + x; — txi21 + G + hi
=f~li —hj+thi_1+G; + H,;.

We continue the calculation by using Lemma

(—F(g)) x F(g=tey)
n+1 n+1

- - I
= (tey) * Zx,-e,- =te; + x2ep + Z(x,- + Etx,-_l + Ii>e,-,

i=2 i=3
where /; is a polynomial in ¢, and the X; and all its terms have degree at least 2
in t. So for 3 <i <n + 1, the coefficient of ¢; is

S
Xi + Etxi_l +1;
=hi —hi +thi-1 +G; + H;

1 -
+ Et[hifl —hi_1+thio+ G-+ Hi— 1+ I

|
=h; —h; +thi—1 + Et(hi—l —hi_1)+Ji,

where J; is a polynomial, and all its terms have degree at least 2 in t. Now the
fact that the tangent vector of the curve F(g * teq) at = 0 is horizontal implies
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that forall3 <i <n+1,
Xi+iXi—1/2+ 1L

lim 0.
t—0 t
Hence,
lim hi —hi +thi—y +t(hi—1 —hi_1)/2+ J; _0
t—0 t o
Clearly, lim;_.o J;/t = 0. Since lim;_,¢ fzi,] = h;_1, we have lim,%ot(fzi,l —
hi—1)/t =0. Hence, we have
hi —h;
_hi—l = lim d !
t—0 t
_ hm hi(-xi3xl‘/+1v e ’x}{H—l) - hi(xlvxi—Flv .. "xn+1). (318)
t—0 t
Fori =n + 1, we have
. a1 (x]) = hag1(x1)
—hu (X1, Xpg1) ztlg% = 1 : e
. hpp e+ 1) = hpgpr(x)
N A

We have shown that —h,(x1,x,41) = h:1+1(x1) at every point xje; *

:’:21 x;e;, where F is Pansu differentiable. Since F is Pansu differentiable
a.e., Fubini’s theorem implies that for a.e. x| € R, the equality —h, (x1, X,+1) =
h”lJrl (x1) holds for a.e. x;,+1. The continuity of A, implies that —h, (x1, x,41) =
h;z-i-l (x1) for all x,,11. In particular, for a.e. x; € R, hj,(x1, x,+1) is independent
of x,+1. Now the continuity of A, implies that for all x1, A, (x1, x,41) is inde-
pendent of x,4. This shows that &, (x1, x,41) is a function of x; only. Now an
induction argument on i using ( ) implies that for all 2 <i <n 41, h; is a
function of x; only. (]

3.4. Completing the Proof of Theorem

Here we finish the proof of Theorem

We shall first show that every map of the form Fj, is bi-Lipschitz and hence
quasi-conformal. For this part, we shall use the Carnot metric d,.. Recall that d,
and d are bi-Lipschitz equivalent. Let 2 be M-Lipschitz, and F := Fj, be defined
as in the . Clearly, F isometrically maps each left coset of G to itself.
Since hj(x) = — [y hj—i(s)ds, the calculation in the proof of Lemma shows
that the curve F (g * tey) is horizontal. Furthermore, the coefficients of e; and e;
in—F(g)* F(gx*tey)aretand Xo = hy(xy+1t) —ho(t) = h(x; +1t) — h(x1). So
the tangent vector of F (g * tey) is e; + h'(x1)ez and has the length < +/1 + MZ2.
It follows that for each horizontal line segment S contained in some left coset
of Rey, its image F(S) has the length at most ~/1 + M2 - length(S). Now let
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P.q € F} be arbitrary. Then p € xjeq * G and g € xjey * G for some x1, x| € R.
If

1
d( 3 *G)zid( 3 )’
- P lovTrae b

then
dc(F(q), F(p)) 2dc(F(g*G), F(pxG))=d.(q*G,p*xG)=d.(q, p*G)

1
> ——d.(p.q).
oV

Now suppose that

1
de(q, p*G) < ————==d:(p, q).
‘ 10V1+ M2 ¢

We may assume that x; > x}. In this case, the horizontal line segment S = {q *
ter]t € [0, x; — x{]} has the length |x; — x{| and connects g and ¢' =g * (x; —
x1)er € px G. It follows that F(S) has the length < /1 + M? - |x; — x{|. Hence,

de(F(q), F(g") < V14 M?-|x1 —x{| =V 1+ M?-d.(q, pxG) < dc(p,q)/10.

On the other hand, d.(F (p), F(¢")) =d.(p,q") > (1—1/(101 4+ M?))d.(p, q).
By the triangle inequality we have

de(F(p), F(@)) = de(F(p), F(g") — d:(F(q"), F(¢))

1 1
> (1 N ]O)dc(p,q)-

Hence, d.(F (p), F (g)) is bounded from below in terms of d.(p, ¢g). Since F,;1 =
F_p,, the same argument applied to F,~ ! shows that d.(p, ) is bounded from
below in terms of d.(F (p), F(g)). Hence, F is bi-Lipschitz.

Conversely, let n > 3, and let F : Fﬂ’é — Fﬂg be a quasi-conformal map. We
have shown that after composing F' with graded automorphisms and left transla-
tions, F has the following form:

n+1 n+1
F<X1€1 * <le'€i>) =xie1% Y _{xi +hi(x)ler.
i=2 i=2
We next show that hj is Lipschitz. Given xi,x] € R, let p = xje1, ¢ = x{ey.
Then d(p, q) = |x1 — x}|. Since we have shown that F is bi-Lipschitz, we have
d(F(p), F(q)) <M -d(p,q) =M - |x; — x{|. On the other hand, the coefficient
of e3 in (—F(q)) * F(p) is ha(x1) — ha(x}). It follows that

lha(x1) = ho(x)| = d(0, (=F () * F(p)) =d(F(q), F(p)) = M - |x1 — x{].

Hence, h, is Lipschitz. Now consider the quasi-conformal map Fy := Fh_z1 oF =
F_p, o F. Its projection on the first layer is the identity map. That is, if 71 : Fg —
Vi denotes the projection onto the first layer, and if g € Fy is such that 71 (g) =
Xx1e1 + xpez, then 1 (Fo(g)) = x1e1 + x2e3. It follows that the Pansu differential
of Fy is the identity isomorphism whenever it exists. Now Lemma implies
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that Fp is a left translation. Hence, the original map F is a composition of left
translations, graded isomorphisms, and a map of the form Fj,.
The proof of Theorem 1.1 is now complete.

4. The Complex Heisenberg Groups

In this section, we will provide evidence that quasi-conformal maps on the com-
plex Heisenberg groups are very special (Section 4.3). For this purpose, we
need to introduce differential forms associated with two-step Carnot groups (Sec-
tion 4.1) and discuss their relations with horizontal liftings (Section 4.2).

4.1. Differential Forms Associated with Two-Step Carnot Groups

Here we introduce differential forms associated with two-step Carnot groups.

Let g = V1 & V, be a two-step Carnot group. We identify the Lie group with its
Lie algebra via the exponential map. The Lie bracket restricted to the first layer
V) gives rise to a skew symmetric bilinear map

w: Vi xVi— VWV,
w(X,Y) =[X,Y]

We view w as a (constant) V,-valued differential 2-form on Vj.

We next define a V,-valued differential 1-form o on Vj as follows. For each
X € Vi, we need to define a linear map ay : Tx V) — V,. We identify Tx V)
with V1. Let ax : V1 — V> be given by

ax(Y)=[X,Y] forY eV].

It is convenient to write the differential forms « and w in coordinates. Fix
a vector space basis {ey, ..., ey} for V| and a vector space basis {1, ..., n,}
for V. Then a point X € V| can be written as X = x1e| + x2e2 + - - - + x;ep,. For
X =x1e1+x2ex+ -+ xpen and Y = yreg + y2e2 + - - - + ymem, We obtain:

o(X,Y)=[X,Y]1=) xiyjlei, ej].
i,j
It follows that

w:Z[ei,ej]dxi Adx; =2Z[ei,ej]dx,- Adx;
i,j i<j
and

a:in[ei,ej]dxj.
i,j

We notice that do = w.

Now we work out the differential forms associated to the complex Heisenberg
group Hé =C3. Let X, Y, Z be the basis for the complex Lie algebra with bracket
relation [X, Y] = Z. We choose a basis for the real Lie algebra {e; = X, ex =
iX,e3=Y,ea=1Y,n = Z,nr =iZ}. The nontrivial bracket relations for the
real Lie algebra are [e1, e3] = n1, [e1, e4] = 12, [e2, €3] = 12, and [e2, e4] = —n;.
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A point with coordinates (x1, x2, X3, x4) with respect to the real vector space basis
{e1, ez, e3, e4} has the coordinates (wj, wy) with respect to the complex vector
space basis {X, Y}, where wi = x1 +ixp, wp = x3+ix4. Thendw; =dx| +idx;
and dwy = dx3 + i dx4. We obtain:
w=2[e1,e3]ldx; Adx3z+2[e1,eq]ldx) AN dxg
+ 2[en, e3]ldxy Adxz +2[ep, ea]ldxor Adxg

=2(dxy ANdx3z —dxy ANdxg)n +2(dxy Adxg 4+ dxy Adx3)n

=2[(dx1 Ndx3 —dxo Adxg) +i(dx; Adxg +dxr ANdx3)]Z

=2(dwi Aduwp)Z.

Similarly,

a = ey, e3lx1dx3 + [e3, e1]xzdx1 + [e1, eslx1 dxq + [eq, e1]x4 dx;
+ ez, e3lxpdx3 + [e3, e2]lx3 dxp + [e2, eslx2 dxs + [es, ex]xa dxr
= (x1dx3 —x3dx1 + x4dxo — x2dx4)n;
+ (x1dx4 — x4dx1 + x2dx3 — x3dx2)1M2
=[(x1dx3 — x3dx; + xq4dxy — xpdxq)
+i(x1dxg — xq4dx1 +x2dx3 — x3dx2)]Z
= (wi1dwy —wrdw))Z.

4.2. Horizontal Lifts in Two-Step Carnot Groups

Here we give a criterion for a closed curve in V| whose horizontal lifts to g are
also closed curves.

We first recall that a horizontal curve is completely determined by its initial
point and its first layer component. This result is well known.

Let c(t) = (c1(t), c2(2)) € g = V1 @ V, be an absolutely continuous curve in g.
For each #g, let y (t) = L_.(;)c(t) be the translated curve. Notice that y (fy) = 0.
Using the BCH formula, we find that the tangent vector of y at t =1y is

(c/] (t0), ¢5(to) — %[61 (t0), ¢} (to)]>.
It follows that the curve c(¢) is horizontal if and only if
) = %[cl (1), cj(@®)] forae.r. 4.1
Here is a criterion for a closed curve in V] to have closed horizontal lifts to g.

LEmMMA 4.1. Let ¢ : [0, 1] = V1 be a closed Lipschitz curve. Then the following
conditions are equivalent:

(1) The horizontal lifts of ¢| to g are closed curves;
@) [, a=0;
3) J, p @ = 0 for any Lipschitz 2-disk D with boundary curve c.
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Proof. (1) <= (2) Let c(t) = (c1(¢), c2(t)) be a horizontal lift of ¢;. Then ¢
is closed if and only if ¢2(1) = ¢2(0). By (4.1) we have ¢} (1) = %[cl(t), cj ()]
for ae. t € [0,1]. Write ¢i(t) = D_; x;(t)e;. Then ¢|(t) = > ; x/(t)e; and
[e1(1),c] (D] = Zi’j X; (t)x} (t)[ei, ej]. Now the fundamental theorem of calculus
gives

1 1 1
62(1)—02(0)=/ cg(r)dr=5f [e1(0), | ()] dt
0 0

1! , 1
=5/0 %:xi(t)xj(t)[ei,ej]dtzE/Cloz.

Hence, (1) and (2) are equivalent.
Conditions (2) and (3) are equivalent due to Stokes’ theorem and the fact that
da =w. O

4.3. Quasi-conformal Maps on the Complex Heisenberg Groups

Here we provide evidence that quasi-conformal maps on the complex Heisenberg
groups are affine.

Recall that the nth complex Heisenberg group Hg is the simply connected
Lie group whose Lie algebra b is a complex Lie algebra and has a complex
vector space basis X;, Y;, Z (1 <i < n) with the only nontrivial bracket rela-
tions [X;,Y;]=Z, 1 <i <n. Of course, it has more bracket relations as a real
Lie algebra coming from the fact that the bracket is complex linear: [X;,iY;] =
[iX;,Y;l=iZ,and [iX;,iY;] = —Z. The first layer V; of b% is spanned by the
Xi,Y;, 1 <i <n,and has complex dimension 2n. The second layer V; is spanned
by Z and has complex dimension 1. We identify both H and its Lie algebra b
with C*"*1.So V| = C?" x {0} and V, = {0} x C. Let 7r; : Hl = C*"*! — C*"
be the projection onto Vi. A map F : C**+1 — C?"*! is called a lifting of a map
f1C" = C¥™if F(ry ' (p)) =7, ' (f(p)) forall p e C*.

Let T : Hi — Hg be defined by t(wy,...,z) = (W, ...,2). Itis easy to see
that 7 is a graded isomorphism of Hg'.

Here is the first evidence for Conjecture

ProPOSITION 4.2. Let F: Hi — Hg be a homeomorphism of the complex
Heisenberg group. If F is both a quasi-conformal map and a C? diffeomorhism,
then, after possibly composing with t, F is the lifting of a complex affine map.
Furthermore, F or F o T is a complex affine map.

Proof. Write F as F(wy, ..., wa,,2) = (F1, ..., Fon, Font+1), where F; = F;(wy,
..., W2y, 2) is the ith component function of F. Since F is quasi-conformal
and H{ is connected, F is power quasi-symmetric. This implies that the F;
have polynomial growth. On the other hand, by the main result in [RR], F' or
F o 7 is biholomorphic. We shall assume that F' is biholomorphic. By a Liou-
ville type theorem we conclude that the F; are actually polynomials. By sym-
metry, the component functions of F~! are also polynomials. It follows that the
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horizontal Jacobian Jy (F, x) of F is a polynomial (recall that the horizontal
Jacobian Jy (F, x) is the determinant of the linear map dF(x)|y, : Vi — Vi).
The same is true for the horizontal Jacobian Jg (F -1 y) of F —! However, the
horizontal Jacobian of Id = F~ 1o F is 1 = Jy(F,x) - Jy(F~, F(x)). So the
product of the polynomials Jy(F,x) and Jy(F~ 1 F(x)) is 1. This happens
only when both polynomials are constants. Therefore, Jy(F,x) is a constant
function. This implies that F' is bi-Lipschitz. It follows that there is a constant
L > 0 such that d(F(p), F(g)) <L -d(p,q) forall p,q € HE. Let p =0 and
q = (wi, ..., W, 7). We see that for each 1 <i <2n,

|Fi(wi, ..., w2, 2) = Fi(0,..., 00| < L- {Z|wi| + |z|‘/2}.
i

Since F; is a polynomial, we conclude that F; is independent of z and is
affine in wy, ..., wy,. Hence, F is the lifting of a complex affine map f :=
(Fi,..., Fay): C" — C?.

Let g be the linear part of f. Notice that g = dF(p)|y, for any point p. In
other words, g lifts to the graded isomorphism d F'(p) of H. The translational
part of f of course lifts to a left translation L, (for some g € H')in H{. Let F' =
L, odF(p). Notice that dF (x)|y, = g = dF'(x)|y, forallx € H(('f. It follows that
dF(x) =dF'(x) for all x € H¢. By Lemma 2.5 there is some ¢" € H{: such that
F=LyoF =LgoLgodF(p),whichisacomplex affine map. U

Here is more evidence for Conjecture

PrROPOSITION 4.3. Let F : Hé — Hé be a quasi-conformal map. Suppose that F
is the lifting of a map f : C> — C? of the form f (w1, w2) = (w1, wa + g(wy)),
where g : C — C is a map. Then there are constants a, b € C such that g(w) =
awq + b.

Proof. Notice that for each fixed w; € C, we have f({w;} x C) = {w;} x C.
Since F 1is a lifting of the map f, it follows that F' preserves each left coset of
{0} x C2 in Hé. Now the arguments in [SX] show that F is bi-Lipschitz.

Fix wy,ze€eCandletc: [0,1] > C x {wa} x {z} C H(é be a closed C! curve.
Then c is a horizontal curve in H(é. Since F is bi-Lipschitz, F o c is also a closed
horizontal curve in Hé. The projection 11 o F o ¢ of F o ¢ under m is a closed
Lipschitz curve in C? that admits a closed horizontal lift. By Lemma 4.1 we have

/ widwy — wydwi =0.
moFoc

Since fy wy dw; +wy dw; = 0 for any closed curve y, we have /m wrdw| =

0. Notice that 11 o F o c(t) = (c(t), wa + g(c(2))). So

oFoc

0=/ wzdw1=/[wz+g(w1)]dw1 =fg(w1)dw1.
moFoc c

c
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Hence, fC g(wy)dw; = 0 for any closed C! curve in the complex plane. Since
g is continuous (actually Lipschitz; see the next paragraph), Morera’s theorem
implies that g(wp) is holomorphic.

We next show that g is Lipschitz. Let wy, w} € C be arbitrary. Fix any w», z €
C and let p = (wy, w2,2), g = (wi, wo, 7 + %(wl — w’l)wz). Then d(p, q) =
|lw — w}|. Notice that 71 o F(p) = f(wy, w2) = (w1, w2 + g(wy)) and 71 o
F(q) = f(w}, w2) = (wy, wa + g(w))). It follows that d(F (p), F(q)) > [(w2 +
g(w1)) — (wa + gw)))| = |g(w) — g(w})|. By the first paragraph, F is M-bi-
Lipschitz for some M > 0. Hence,

lg(w1) — g(w)I <d(F(p), F(q)) <M -d(p,q) =M - |wy — wi].
So g is Lipschitz. Since g is also holomorphic, it has to be affine. O

5. Quasi-conformal Maps on the Complex Model Filiform Groups

In this section, we show that quasi-conformal maps on the higher complex model
Filiform groups are affine. The proof is mostly similar to the real case. We will
only indicate the difference in the proofs.

5.1. Graded Automorphisms of f-

In this subsection, we identify the graded automorphisms of ..

Let F{ be the n-step complex model Filiform group. Recall that its Lie algebra
f% is a complex Lie algebra with basis {e1, ez, ..., e,+1} and the only nontrivial
bracket relations are [e1,e;] =e; 1 for 2 < j <n. Viewed as a real Lie algebra,
f% has the additional bracket relations [ie1, ej] =iej11 = [e1,ie}], [ier,ie;] =
—ej+1. The Lie algebra f{. decomposes as . = Vi @ V2 @ --- @ V;,, where V| =
Ce; @ Ce; is the first layer, and V; = Cej 11,2 < j < n, is the jth layer.

The proof of the following lemma is similar to that of Lemma

LEMMA 5.1. Let f. be the n-step complex model Filiform algebra. Assume that
n > 3. Let X = aey + bey € V| be a nonzero element in the first layer. Then
rank(X) =2 if a = 0 and rank(X) > 2 otherwise.

Hence, we have the following.

LEMMA 5.2. Suppose n > 3. Then h(Cey) = Ce; for every graded isomorphism
h:§e— fe-

A graded isomorphism & : f. — f¢, is in particular an isomorphism between real
vector spaces. In general, /& needs not to be an isomorphism of the complex vector
spaces. Here is an example. Define 7 : fi. — f¢. by

o(Teier) = Xser
It is easy to check that 7 is a graded isomorphism of f,. Notice that  is complex
antilinear, not complex linear.
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LEMMA 5.3. Let h : fi. — - be a graded isomorphism. Then h is either complex
linear or complex antilinear.

Proof. The map h satisfies [hv, hw] = h[v, w] for all v, w € V;. In particu-
lar, we have [h(ie1), h(ie2)] = h([ie1,iez]) = —h([e1, e2]), [h(ie1), h(e2)] =
h(lier,e2]) = h(lei,iea]) = [h(e1),h(iez)], and [h(e1),h(ie1)] = h(lei,
ie1]) =0.

By Lemma we know that 4 (Cey) = Ce,. Hence, there are 0 # wy, wp € C
such that

h(ez) = wies,

h(iep) = wpes.

There are also constants a, b, ¢, d € C such that
h(e1) = aey + bey,
h(ie1) =ce; +des.

The equation [h(iey), h(e2)] = [h(e1), h(iez)] yields cwy = aw;. Similarly,
[h(ie1), h(ie2)] = —[h(e1), h(e2)] yields cws = —awy, and [h(e1), h(ie1)] =0
yields ad — be = 0. It follows that c(w? + w3) = 0. Assume that ¢ = 0; then
ad = 0. Since A is an isomorphism, d # 0. So a = 0, which implies that 4 maps
V1 into Ce;, contradicting the fact that % is an isomorphism. Hence, ¢ # 0. It
follows that wy =iw; or wy = —iw;.

If wp =iw;p, then ¢ =ia and d =ib. In this case, h|y, is complex linear.
Since the bracket is also complex linear, an induction argument shows that h|y; is

complex linear for all j. If wp = —iwj, then ¢ = —ia and d = —ib. In this case,
hly, is complex antilinear. A similar argument also shows that i|y; is complex
antilinear for all j. O

LEMMA 5.4. A real linear map h : i, — . is a graded isomorphism if and only

if h has one of the following two forms:

(1) h = hgy,a,p for some ay,ar € C\ {0} and b € C; in this case, h is complex
linear;

(2) h=tohg apforsomeay,ar € C\ {0} and b € C; in this case, h is complex
antilinear.

Proof. One direction is clear. So we start with a graded isomorphism % : f¢, — f¢-.
By Lemma h is complex linear or complex antilinear. If 4 is complex linear,
then the proof of Lemma shows that 1 = hy, 4,5 for some ay,ap € C\ {0}
and b € C. If & is complex antilinear, then t o / is a graded isomorphism and is
complex linear. Hence, 7 o h = hy, 4, for some aj,a; € C\ {0} and b € C. It
follows that i =7 0 hgy 4y,p- O

5.2. Proof of Theorem

In this subsection, we show that each quasi-conformal map of F(g (n>3)
is a composition of left translations and graded automorphisms. Hence, by
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Lemma 5.4, after possibly taking complex conjugation (that is, composing with
1), each quasi-conformal map of F (n > 3) is biholomorphic.

Letn > 3,andlet F : Fz — F( be a quasi-conformal map. Then F is a quasi-
symmetric map and sends left cosets of Cey to left cosets of Ce,. For a.e. left
coset L of Cey, the map F is Pansu differentiable a.e. on L. For any point x € F(g
where F is Pansu differentiable, let a;(x),b(x) € C, 1 < j <n + 1, be such
that dF(x)(e1) = ai(x)e; +b(x)ez, dF(x)(ej) =aj(x)ej (2<j<n+1). Then
aj(x) = (a1(x))! 2ar(x) for 2 < j <n+ 1. If dF(x) is complex linear, then
dF(x)(zej) =z -dF(x)(e;) for any z € C. If d F(x) is complex antilinear, then
dF(x)(zej) =Z-dF(x)(e;) forany z € C.

LEMMA 5.5. Let L be a good left coset of Cey. Then there is a constant aj, €
C\ {0} such that a,11(x) = ay, for a.e. x € L. Furthermore, if x,y € L are two
good points, then either both dF (x) and dF(y) are complex linear, or both are
complex antilinear.

Proof. The proof of the first statement is the same as in the proof of Lemma

with R replaced by C. For the second statement, if d F (x) is complex linear and
d F (y) is complex antilinear, then use the left cosetir” e, 41 * L instead of " e, 11 *
L and repeat the argument to get a contradiction. For this, one uses the fact that

dF (x)(ir"ens1) = ir'ans1 (et and dF () (ir'ens1) = —ir"ap1 (y)enst =
—ir"ap+1(x)epy1- O
Now statements similar to Lemma through Lemma all hold, and the

proofs are the same. In particular, F is bi-Lipschitz, and if we denote by G =
Cer @ ® Ceyy1, then F sends left cosets of G to left cosets of G. Hence, there
is a homeomorphism f : C — C such that F(xje; * G) = f(x1)e; * G. For a.e.
left coset L of Cey, there exists a constant az 1, € C\ {0} such that az(x) = a2 1,
for a.e. x € L. Furthermore, for any g € L, either F (g *tey) = F(g) *ay rte; for
allt € C,or F(gxtey) = F(g)*ap ey forallt € C.

LEMMA 5.6. There is a constant ay € C\ {0} such that either F (g xtey) = F(g) *
asxtey for all g € F(' or F(g xtex) = F(g) x axtes forall g € F¢.

Proof. Let L, L’ be two good left cosets of Ce,. We run the argument in the proof
of Lemma fort eRtoshow ar | =ap . If F(g*tey) = F(g)*ay tey; on
L and F(g *tey) = F(g) *ay /fep on L, then we get a contradiction by using
t € iR. Since F is a homeomorphism and a.e. left coset L of Ce; is a good left
coset, the lemma follows by continuity. U

After composing F' with a graded isomorphism, we may assume that a; = 1 and
F(gxtey) = F(g)x*tey forall g € F('. So the Pansu differential is complex linear
whenever it exists.

When the Pansu differential is complex linear, the derivatives that appear in
the proofs in Section 3 can be taken to be complex derivatives:

(1) proof of Lemmas and ,ai1(p) = f'(x1) and ax(p) = 3f>(x)/dx3;
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(2) proof of Lemma , 0fj(x)/ox; = (f/(xl))j’z; here both are complex
derivatives;
(3) proof of Lemma , —hy(x1, Xpe1) = h;,+1(x1)-

Notice that the left cosets of G are isometric to C" with the metric D((z;),
w)=;lzi — wi|1/i. By the proof in Section 15 of [T] each quasi-symmetric
map h : (C*, D) — (C", D) preserves the foliation consisting of affine subspaces
parallel to C! x {0} for each 1 <i <n — 1. An analogue of Lemma holds,
and so for a.e. x; € C, F has the following form:

n+1
F(xlel * (Zx,e,))
i=2

n+1
= fOeners Y (/@) x4+ hi(xr, Xivts - Xag)bei
i=2
We next show the following.

LEMMA 5.7. The function f is complex affine.

Proof. Recall that f: C — C is a homeomorphism such that F(xje; x G) =
f(x1)er * G. This implies that at any point p € Fr. where F is Pansu differen-
tiable, a; (p) = f’(x1). Here x; is the coefficient of ¢; in the expression for p, and
f'(x1) is the complex derivative. Hence, at a.e. x; € C, f has nonzero complex
derivative. In particular, f : C — C is a 1-quasi-conformal map. It follows that
f is a similarity. Since f has complex derivative, the linear part of f cannot be a
reflection, and so f must be a complex affine map. O

After composing F' with a graded isomorphism and a left translation, we may
assume that f(x1) = x1. So F has the following form:

n+1 n+1
F<X1€1 * (ZM&')) =xie1% Y _{xi +hi(er, Xivt, o Xng)}ei
i=2 i=2
Now the proof of Lemma shows that 4; is a function of x; only. We shall
show that 4; is a holomorphic function of xi.

Let H3y =Ces & --- & Ce;41. Then Hz is a closed normal subgroup of F[,
and F(:/Hj is isomorphic to H(é (the first complex Heisenberg group). It is easy
to see from the expression of F that F' maps left cosets of Hj3 to left cosets of H3.
Hence, F induces a map F : F*/H; = H. — H} = F{'/Hz3, and F admits the
following expression:

F(xier * (x2e2 +x3e3)) = xieq * [(x2 + ha(x1))ez + (x3 + h3(x1))es].
It follows that F is the lifting of the map f : C? > C?, fx1,x2) = (x1,x2 +
ha(x1)). Here we identified the first layer V| of H(é with C2 via xje; + x2e2 —
(x1,x2).

Letw: F — F¢/H3 = H(é be the quotient map. Since H3 is normal in F(,
and the quotient group Fg/Hj is also Carnot, it is not hard to check that for
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any p,q € Fo/H3 = Hé and any x € 77 (p), we have d.(x~ (p), 7' (q)) =
dq(x, n_l(q)) =d.(p,q). Since F is quasi-symmetric, it now follows from the
following lemma of Tyson that F : F/H3 = H} — H{. = F/Hj is also quasi-
symmetric.

LEMMA 5.8 [T, Lemma 15.9]. Let g : X| — X3 be an n-quasi-symmetry, and
A,B,C C X1.Ifd(A, B) <td(A, C) for some t > 0, then there is a € A such
that

d(g(A), g(B)) = n(n)d(g(a), g(C)).

Now we apply Proposition to F to conclude that /15(x1) is a complex affine
function of x;. So there are constants a, b € C such that hy(x;) = ax; + b. Af-
ter composing F with the map F_j, (see the ), we may assume that
ha(x1) = 0. It follows that the Pansu differential of F is a.e. the identity isomor-
phism. Lemma 2.5 implies that it is a left translation. Notice that 7, is a composi-
tion of a graded isomorphism and a left translation. Hence, every quasi-conformal
map of F¢ is a finite composition of left translations and graded isomorphisms.
This finishes the proof of Theorem

Notice that left translations in F are polynomial maps with polynomial in-
verse (this follows from the BCH formula). By Lemma each graded isomor-
phism is complex linear after possibly composing with 7 (taking complex conju-
gation). Hence, Theorem |.2 implies that for n > 3, every quasi-conformal map of
F¢. is a polynomial map with polynomial inverse after possibly composing with .
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