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Torsion in the Cohomology of Desingularized
Fiber Products of Elliptic Surfaces

CHAD SCHOEN

0. Introduction

Let W be a smooth projective threefold over an algebraically closed field k. Let
[ be a prime distinct from char(k). This paper is concerned with the problem of
computing the torsion subgroup H 3(W, Z))ors of the étale cohomology H 3w, z)).
Before stating the results, we recall five reasons why one is interested in this group.

1. Relationship to the Brauer group, Br(W). The subgroup H>(W, Z;(1))ors is
canonically isomorphic to the /-primary part of the Brauer group modulo its max-
imal divisible subgroup [Gro, Sec. 8.3].

2. Birational invariance for smooth projective varieties [Gro, Thm. 7.4, Thm.
6.1c]. This attribute was used by Artin and Mumford [ ] to give examples of
unirational threefolds that are not rational.

3. Mirror symmetry. Take k = C. There is tantalizing empirical evidence (see
[ 1) that for Calabi-Yau threefolds, H>3(W(C), Z)ors should be isomorphic to
the first homology of the mirror. No natural isomorphism is currently known.

4. The integral Tate problem. Poincaré duality for a smooth projective threefold
gives an isomorphism,

HY (W, Z1(2))tors = Hom(H* (W, Z1)ors> Q1/ Zi(1)).

An integral version of the Tate conjecture (or if k = C, of the Hodge conjec-
ture) would imply that H (W, Z1(2))ors 18 generated by classes of codimension-2
algebraic cycles. The integral Hodge conjecture is known to hold for Fano three-
folds [ V] (see also [Gra]) and for Calabi—Yau threefolds [V ]. It is known to fail for
certain threefolds of general type [Ko], although in [Ko] H*(W, Z;(2))ors = O.
Some of the threefolds studied in this paper are birational to Calabi—Yau varieties
but most have Kodaira dimension 1, which is unexplored territory.

5. The Abel-Jacobi map. The Abel-Jacobi map applies to algebraic cycles that
are integrally homologous to zero. A consequence of Theorem 0.3(ii) is that the
much-studied complex multiplication cycles have this property (cf. [ST, 3.2]).
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Despite the interest in H3 (W, Z;)ors, little is known about how to compute it. Con-
sider for example the case of hypersurfaces in P*. If W C P* is smooth, then the
cohomology of W is known by the Lefschetz hyperplane theorem and an Euler
characteristic computation. On the other hand, if W is obtained by desingulariz-
ing a hypersurface W c P4 having only nodes as singularities, then H>(W, Z;)ors
is poorly understood when deg(W) > 3 and no instance in which H3(W, Z;)1ors *
0 seems to be known. A little more is known when W is a desingularization of
a double cover W — P3 branched along a surface S C P? with ordinary dou-
ble point singularities. The case deg(S) < 4 is treated in [E]. There are a few
more known interesting examples with deg(S) = 8 and H 3W, Z)tors # 0 [G].
The most comprehensive results so far are for generic Calabi—Yau hypersurfaces
in Gorenstein toric Fano varieties, in which case the Brauer group has a combi-
natorial description [ ]. A case in which the Brauer group is not cyclic is the
subject of [GP].

The purpose of this paper is to compute H3(W, Z)ors Systematically when W
is the blowup of a certain type of nodal hypersurface W in a smooth projective
fourfold. The construction of W is as follows. Begin with a smooth, irreducible,
projective curve X over k and a pair of elliptic curves E and E’ over the function
field, K = k(X), whose J-invariants are not contained in k. Write 7: ¥ — X
(resp. #': Y' — X) for the relatively minimal model of E (resp. E’). The fiber
product W := Y xy Y’ is a (nonample) hypersurface in the smooth projective
fourfold Y x; Y’. The following assumption, which will be in force throughout, is
equivalent to requiring that the only singularities of W be isolated ordinary double
points.

0.1. AssuMPTION. For each x € X for which both fibers 7 ~!(x) and (/) ~!(x)
are singular, both are of multiplicative type.

Now blow up the nodes of W to obtain a smooth projective threefold W, which we
refer to henceforth as a desingularized fiber product. These varieties have found
application in many different areas, including algebraic cycles (especially com-
plex multiplication or Heegner cycles) [ST], modularity of Galois representations
[M, Chap. 2], phenomena peculiar to positive characteristic [S1], and super string
theory [ ].

The main result of the paper describes H 3(W, Z))ors in terms of the Galois repre-
sentations on the torsion in E(K) and E’(K) and certain local conditions at places
of bad reduction. To be more precise, define G := Gal(K/K)-modules

E[I"] := Ker E(K) &> E(K) and E'[I"] :=Ker E'(K) %> E'(K).

Now consider the group Homg (E[I"], E'[I"]) or—what amounts to the same
thing, thanks to the Weil pairing—the group (E[I"] ® E'[1"])¢. We define a sub-
group of this group by imposing local conditions at the places of bad reduction
and then relate the subgroup to H 3w,z

In order to describe the local conditions, fix for each x € X a henselization
of Ox x, (’)Qx C K. Denote by E[l"]ox C E[I"] the largest subgroup whose



Torsion in the Cohomology of Desingularized Fiber Products 83

closure in the Néron model of E at x := Spec(O)’}yx) is finite over x and meets
only the identity component of the closed fiber. If E has additive reduction at x,
then E[I"]p, = 0 because the identity component of the closed fiber is isomor-
phic to G,, whose /"-torsion subgroup is 0. If £ has multiplicative reduction then
E[l™]ox =~ Z/I", since the identity component of the closed fiber is isomorphic to
G, with ["-torsion subgroup p;». Define E’[1"]o, analogously. Let S (resp. S”)
denote the locus of bad reduction for E (resp. E’).

0.2. DEFINITION.  ©:(W) := {0 € (E[1"]® E'[I"])° : (i), (ii), and (iii) hold}:
(i) forallseS— (SNS"),0eE["o ® E'[I"];

(ii) forallse S — (SN S),0 € E[I"] ® E'[I"]os.

(iii) forallse SN S, 0 e E["® E'[l"]os + E[l"]os ® E'[I"].

0.3. THEOREM. Let W be a desingularized fiber product as defined previously.
Then the following statements hold.
(1) HI(W Zl)tors = OfO}"i ¢ {374}
(ii) IfE isisogenousto E'over K, then H*(W, Z;)iors := @?:0 H (W, Z))ors = 0.
(iii) If E is not isogenous to E' over K, then ®(W) ~ H3(W,Z)[I"] ~
H*(W,Z)[1"].

A consequence of the theorem is that the possible isomorphism classes of the
group H3 (W, Z;)r are quite restricted. More precisely, we will prove the follow-
ing result.

0.4. THEOREM. Let W be as defined before.

(1) H3(W,Z))ors is a cyclic group.

(ii) If E or E’ has a place of additive reduction, then H*(W, Z;)ors = 0.
(iii) If SN S' =@, then H* (W, Z)ors = 0.

In concrete situations, the group ®;»(W) (and hence also H3(W,Z;)rs) is fre-
quently quite computable. The next result shows that there are no restrictions on
these groups beyond Theorem 0.4(i).

0.5. THEOREM. Given m € N prime to p := char(k), there exists a W as de-
scribed previously with H3(W, ]_[l#p Z,)mrs ~7Z/m.

When H*(W, Z;(2))wors # 0, it is natural to ask whether these cohomology classes
come from algebraic cycles. Toward this end, let Z2(W ), denote the subgroup of
the group of codimension-2 algebraic cycles on W that is generated by cycles in
the smooth fibers of f: W — X (or, equivalently, of f W= X ) whose inter-
section with each factor Y and Y’ is a degree-0 zero cycle.

0.6. THEOREM. Suppose that E is not isogenous to E'. Then the image of the
cycle class map Z2(W)og — H*(W,Z;(2)) is H*(W, Z;(2))tors-

The contents of the individual sections of this paper are as follows. For easy
reference, the notation is summarized in Section 1. Section 2 recalls tools from
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étale cohomology that will be used in the sequel. In particular, the groundwork
is laid for identifying H3(W, Z;)ors With the quotient of H>(W,Z/I") by a max-
imal free Z/I"-submodule—provided = is sufficiently large. Thus the focus will
be on computing H>(W, Z /I™). The main tool will be the Leray spectral sequence
for the canonical morphism f: W — X. To prepare the way, Section 3 treats
the Leray spectral sequence for 7: ¥ — X and Section 4 deals with the Leray
spectral sequence for the canonical map f: W — X. In Section 5 we show that
H3(W, Z)tors is controlled by HO(X, R*f,7./1™) for large n. The sheaf R2f.Z/1"
is analyzed in Section 6 with the help of [S2, Sec. 7]. There is a direct fac-
tor, Gyn, of R>f,7Z/1"™ with the property that if E and E’ are not isogenous then
H°(X,Gn) ~ H3*(W,Z;)[I"]. Interpreting the global sections of G;» in the lan-
guage of Definition 0.2 proves Theorem 0.3(iii). The proofs of the remaining
assertions in Theorems 0.3 and 0.4 are completed in Section 7.

With the explicit formula for H3(W,Z;)[1"] in Theorem 0.3(iii) in hand, one
turns to constructing examples where this group is nonzero. In fact, such exam-
ples are rare because the requirements that ®;.(W) # 0 and E not be isogenous to
E’ are seldom satisfied simultaneously. Section 8 is devoted to an easy but anoma-
lous example in which the torsion can be made to disappear by extending the base
field K. Theorem 0.5 is proved in Section 9 by constructing certain special fiber
products with S # SN S’ # §’. A different construction is presented in Sec-
tion 10, which gives many examples with S = §’. Each construction requires that
the genus of X be large if |H 3(Wors| 18 large. In general, it is unknown whether
|H3(W)ors| can be bounded in terms of the genus of X.

Section 11 concerns the cycle class map to cohomology. Here Theorem 0.6 is
proved. The Betti numbers of ¥ and W are given in Section 12, since this infor-
mation is useful in other contexts [ M, Chap. 2].

The related article [ ] contains concrete examples of desingularized fiber
products W that are birational to Calabi—Yau varieties or Calabi—Yau algebraic
spaces and have H 3W, ZDtors # 0 for small primes /.

1. Notation

This section serves as an index for notation that is in force throughout. The nota-
tion defined in Section 1.n is first used in Section n.

1.2.
N=17Z.
A[n] = Ker A > A for an abelian group A and n € Z.
MY = Homg(M, R) for a module M over a commutative ring R.
k = an algebraically closed field.
| = a prime number distinct from the characteristic of k.
V = a projective k-scheme.
F is an étale sheaf.
Hi(V, F) denotes étale cohomology.
hi(V,Z/1) := dimz, (H'(V,Z/1)).
h'(V, Q) = dimg, (H'(V,Q))).
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X = a smooth irreducible projective curve over k.
j: n — X denotes the inclusion of the generic point.
j: n — X denotes a geometric generic point algebraic over j.

1.3.

|A| = the cardinality of A, where A is a finite set.

g = the genus of X.

K =k(X).

E is an elliptic curve over K whose J-invariant is not contained in k.

m:Y — X denotes a relatively minimal elliptic surface with generic fiber E.

S C X, the locus of a bad reduction of E.

Sa, Sm C S, the locus of an additive (respectively, a multiplicative) reduction
of E.

= the number of irreducible components of 7 ~!(s).

K=a separable closure of K.

G = Gal(K/K). p

E[1"] = Ker E(K) LN E(K).

E[l"]oy C E[I"] (depends on the choice of a henselization (Qh C K of Ox.s)s
the largest subgroup whose closure in the Néron model of E over (Dh is fi-
nite over the base and meets only the identity component of the closed fiber.
(Equivalently, E[I/"]os depends on the choice of the inertia group above s,
I, = Aut(K/O} ) < G.)

1.4.

T:=E[l"], T :=E'[I"], Ty :== Eos[{"],and T, := E([I"] when [ and n are
understood.

Bi» = Hom(E[1"]%,Z/I™).

E'is an elliptic curve over K with J -invariant not contained in k.

Y — X, 8,8, m,, E'[l"los, Bjx,... denote the analogues for E’ of
.Y — X: S’ Su» msaE[ln]OS7Bl” .
S"=85N§S".

W, f, W and f are defined only under the additional assumption that S, N §' =
SN S, = @ (ct. Assumption 0.1).

W=YxxY

f: W — X denotes the tautological map.

L.5.

o: W — W denotes the blowup of the reduced singular locus of W.

f=foo:W— X.

N, = the quotient of the finitely generated Z/I"-module N by a maximal free
submodule Nj; the isomorphism class of N, is independent of the choice
of N().

1.6.  G» is a quotient sheaf of R?f,Z /1" defined in Section 6.

1.8. 7Z'= Hl#char(k) 7.
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2. Preliminaries on Etale Sheaves and Etale Cohomology

This section collects basic facts about étale cohomology used in the sequel. It may
initially be skipped and referred back to as needed. Notation is as in Section 1.2.

2.1. PROPOSITION.
(i) H(V,Z/1") is a finite group.
(i) HU(V,Z)) is a finitely generated Z;-module.
(iii) H(V,Z/I") =0 fori > 2dim(V).
(iv) The rank of H'(V,Z;) is independent of I.

Proof.

1) [ , Théorémes de finitude, Thm. 1.1].
(ii) [Mi, V.1.11].
(iii) [Mi, VI1].
(iv) [Mi, VI.12.5b and VI.4.2]. O

The next lemma provides the criteria that will be used to determine whether or not
a given cohomology group is torsion free.

2.2. LEMMA. (1) I]‘Hi(V, Z1)tors = 0, then the quotient oin(V, Z/1") by a max-
imal free 7./1"-submodule is isomorphic to H'\(V, Z)[1"] for n > 0.

(i) If H'(V,Z/1"™) is a free Z./1"-module for n > 0, then H'(V,Z)ors = 0 =
HH_I(Vs Zl')tor& ) )

(i) If W'(V,Z/1) > h'(V,Z/1") for some primel’ # char(k), then H'(V, Z})ors
and H'Y(V, Z;)ors are not both zero.

Proof. The first two assertions follow from Proposition 2.1(ii) and the exact
sequence

HV.Z) 5 H(V.2) > H(V.Z)1") > HP(V,2) 5 HY(V,Z)

[Mi, V.1.11]. When n = 1 this sequence implies h'(V,Z/1) = r + t;(1) + tix1(1),
where r = rank (H'(V, Z;)) is independent of / and () = dimZ/l(Hf(V, ZpI[1]).
Now (iii) follows. O

2.3. PROPOSITION. Suppose that V is smooth and irreducible and that dim (V') =
d. Then:

(i) the finite groups H'(V, Z;)ors and H? =1V, Z,(d))tors are dual and hence
(noncanonically) isomorphic; and
(i) H'(V,Z))wrs = O for all except finitely many primes .

Proof. (i) For each n, Poincaré duality gives an isomorphism

H\(V,Z)1") ~ Hom<H2d—f <v, %Z/Z),Q;/%(—ﬁ)
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[Mi, VL.11.1]. Apply 1121,, to get

H'(V,Z;) ~ Hom(H**~(V,Q;/Z1), Qi/ Zi(—d)).

Use the exact sequence

HH(V,Q) & HX(V,Qi/Z) — H* NV, Z))ors — O
[ , (13)] to conclude
H'(V, Z)ors = Hom(H**~ YV, Z))iors, Qi) Z1 (—d)).
(ii) [Ga]. O

In the remainder of this section we recall some facts about constructible étale
sheaves on curves. Let S C X be a finite subset of closed points on a smooth,
projective, connected k-curve. Fix an integer n > 1. Denote by C the category of
constructible sheaves of Z/n-modules on X whose restriction to X — S is locally
constant. It is convenient to work in a category M, which is equivalent to C, that
we now describe.

Let j: n — X be the inclusion of the generic point. Let j: 7 — X denote a
geometric point that is algebraic over 5. For each s € S, fix an inertia group I, €
m1(X —8S,j). Now the objects of M are pairs (M, { My, ¢,}scs) in which M is a fi-
nite Z /n-module with a continuous 7r;(X — S, j)-action, M is a finite Z /n-module,
and ¢, : My — M is a Z /n-linear map. Morphisms in M are given by pairs,

W {(Wshses) s (M, (M, ps}ses) — (M, {My, §y}ses):
here : M — M is a homomorphism of Z /n[m (X — S, j)]-modules, ¥, : M; —
M is a Z/n-module homomorphism, and ¢ o ¥, = V' o ¢;.
For F € Ob(C), no notational distinction will be made between the sheaf j*F
and the associated 7r;(X — S, j)-module (cf. [Mi, I1.1.9]).

2.4. LEMMA. (i) ThefunctorC — M, F +— (J*F, {F;, ds}ses), where g : Fg —
(jsJ*F)s = (j*F)5 is the natural map, is an equivalence of categories.
(i) If (F,{F;, ¢s}ses) corresponds to the étale sheaf F, then

HO(X,F) ~ {(f, (fDeF x[[F:feFn¥SD f e R, ¢.(f) = f}.

seS

(iii) The kernel IC of the canonical map F N J« J*F is supported on S. If the
stalk ICg is a free Z./1" -module for each s € S, then K is a direct summand of F.

Proof. (i) [Mi, I11.3.10-16 and V.1.3].
(it) [Mi, I1.3.16(c)].
(iii) The exact sequence in M corresponding to 0 — K — F — j, j*F is
O - (Ov {KS’ O}Y) - (M7 {MX’ ¢X}S) - (M7 {Mlx7 lﬁS}s)7

where ¥, : M’s — M is the inclusion. The hypotheses imply that M, ~ K, & M/
with ¢s: M) — M Is injective and ¢ (K,) = 0. It is apparent that the first mor-
phism has a left inverse. U
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Letp: X — X denote a finite morphlsm of smooth, pI‘O_]eCtIVC irreducible curves,
and let S = ,o‘l(S) Fix a hftmgj n— X of j. Foreach § € S, choose an inertia
group I; C m(X S J) Choose g; € m1(X — S,j) such that [; = ,o*l(gs s8; )
where p, is the induced map on fundamental groups and p(5) = s.

2.5. LEMMA. If F € Ob(C) corresponds to (F,{F;, ¢s}ses), then p*F corre-
sponds to (F,{F,), 8 © $p5)}e8)-

2.6. REMARK. When p = Id, Lemma 2.5 describes the dependence of ¢ (F;) C
F on the choice of the inertia group I;.

3. Cohomology of Elliptic Surfaces

In preparation for the computation of the cohomology of desingularized fiber prod-
ucts, the cohomology of elliptic surfaces is computed in this section by means of
the Leray spectral sequence. The notation of previous sections, and especially that
defined in Section 1.3, remains in force. In particular, 7: ¥ — X is a relatively
minimal and nonisotrivial elliptic surface with section. Write g for the genus of
X and m; for the number of irreducible components in the fiber 77 1(s).

3.1. PROPOSITION. (i) The terms EY? ~ HP(X, R97,Z/I") in the Leray spec-
tral sequence for w are presented in the usual format in the following table, where
numbers indicate ranks of free 7 /1" -modules (e.g., 2g stands for (Z]1™)%8).

1+ cg(mg—1) 2g 1
0 HY(X,R'w.Z/1")  Hom(E[I"° Z/I")
1 2g 1

(ii) The dzﬁ‘erentlal dg 2. E LN E Uis surjective.
(iii) For each i, H'(Y, Z/l”) is afree Z/1"-module.

Proof. (i) The form of the bottom row of the E,-term follows from m,Z/l" ~
Z/1". To analyze the E3'-term, use Poincaré duality:
H*(X,R'm,Z)I") ~ H*(X, j. j*R'7. Z/I")
~ HY%X, j. j*R'mopun)” ~ Hom(E[I"]°,Z/1™)
[Mi, V.2.2(b)]. The form of the top row follows from the next lemma.
3.2. LEMMA. R*m Z/)I" =~ Z)1" ® Y gise(Z/1M)™ L,

Proof. Write 7: Y — X for the Weierstrass model of E. Blowing down the irre-
ducible components of the singular fibers of 7 that do not meet the identity section
gives a morphism, w: ¥ — Y. Now R?7,7Z/I" ~ 7Z/I" and so the spectral se-
quence for the composition of functors 7, >~ 7, o w, gives an exact sequence,

0— Z/I" > R*mZ/I" — Y i (Z/I")™ ™" — 0.
ses

The map R?>7,Z/1" — j, j*R*m,Z/1" ~ 71" splits this sequence. U
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3.3. LEMMA. In the notation of Section 1.3 and Lemma 2.4, the object of
the category M corresponding to R'mw.Z/1" is (E[I"],{E[I"]os,@s}), where
@5 E[1")os — E[I"] is the inclusion.

Proof. The espace étalé of the sheaf R, 1;» may be identified with the maximal
[ -torsion subgroup scheme of the Néron model of E that meets every fiber in the
identity component. This sheaf is constructible, and its restriction to X — § is lo-
cally constant [Mi, VI.2 and V1.4.2]. O

3.4. ProposiTiON. HO(X,R'm,Z/1™) = 0.

Proof. Since each g is injective, Lemma 2.4 (ii) implies

H(X,R'm, un) ~ E[1"1° N <ﬂ E[I"]OJ).
seS
If there is a place s of additive reduction, the proposition follows immediately be-
cause then E[I"]oy = 0. To treat the general case, it is convenient to base change.
Let K C K be a finite field extension, p: X — X the normalization of X in K R
and#: Y — X the relatively minimal model of Ep := E Xgpec(k) Spec(le).

3.5. LEMMA. The canonical map of sheaves, p*R'w,.Z/1" — R'#7,Z/1" is
injective. If p is unramified over the locus of additive reduction, S,, it is an
isomorphism.

Proof. Write w: Y — Y for the morphism from the relatively minimal model of
E to the Weierstrass model. The exceptional fibers of w are trees of P's. Thus
R'w,Z/I" = 0 and R'7,Z/I" >~ R'7.Z/1". Hence both Y and ¥ may be re-
placed by Weierstrass models. If p is not ramified over S,, then the Weierstrass
model for ¥ is the pullback of the Weierstrass model for ¥ and the asserted iso-
morphism follows from the proper base change theorem. Even if p is ramified
over S,, the map is injective since R'7,Z/1"|, =0 fors e S,. OJ

Continuing now with the proof of Proposition 3.4, we choose a field extension
K C K such that all the /-torsion in E becomes rational over K. Fix an ordered
basis ey, e, for the /-torsion. The Weil pairing determines a primitive /th root of
unity, (e}, e;) = ¢ € k*, and there is an induced morphism from Spec(le ) to the
moduli of generalized elliptic curves with a basis for the /-torsion. This is a fine
moduli space unless / = 2. When [ = 2, the argument that follows will need to be
modified—say, by choosing K such that there is an additional prime !’ # char(k)
for which the 2/’-torsion is rational over K. We leave the necessary modifications
to the reader and assume that [ > 3.

The value ¢ of the Weil pairing determines a connected component and thus a
generic point x of the moduli space. Write E for the generic fiber of the universal
elliptic curve. Write s for a cusp and define E[/]¢s C E[/] for the subgroup whose
closure in the Néron model meets the identity component of the Néron model over
the cusp. We claim that every one-dimensional Z/I-subspace of E[/] has the form
E[/]os for some cusp s. To see this, begin by noting that the fiber of the Néron
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model at a cusp is isomorphic to G,, x Z/I, so its [-torsion may be identified with
w x Z /1. The Weil pairing extends to the singular fiber by

((6.0), (65 d)) = ¢ 7"
fora,b,c,d eZ/l.

An [-gon of rational curves together with an ordered pair of points on the non-
singular locus that identify with /-torsion points ({¢, b) and (¢, d) in G, x Z/I
gives a generalized elliptic curve with level structure and thus a cusp s of the mod-
uli space. Assume ad — bc = 1 so that s is in the closure of the generic point x.
By applying an automorphism of the /-gon as a generalized elliptic curve, we may
arrange that the basis e;, e, of E[/] specializes to (¢%,b), (¢¢,d). The automor-
phism group is dihedral with generators acting on the smooth locus G,, x Z/I by
(t,b) — (t7',=b) and (¢, b) — (ct,b) [DR, 11.1.10]. The element de; — be, €
E[!] specializes to (¢,0), so E[l]o; = Span{de; — be,}. The only condition on b
and d is the existence of a and ¢ with ad — bc = 1. Thus every order-/ subgroup
of E[!/] has the form E[/], for some cusp s in the closure of x. In particular,
intersecting over these cusps gives M, Elllos =0.

Since Y is the pullback of the universal generalized elliptic curve and since the
locus of bad reduction of Ey is the pullback S C X of the cusps, it follows that
Mies Elllos = 0. Thus, forany n, ;.5 E[I"]os = Oandso H(X, R'#,Z/I") =
0. By Lemma 3.5, H(X,R'7,Z/1") = 0. O

The proof of Proposition 3.1(i) is now complete. To prove part (ii) it suffices to
show H3(Y,Z/1") ~ (Z/1™)*¢, which follows from H'(Y,Z/I") ~ (Z/1")*¢ and
Poincaré duality. As for part (iii), the fact that H(Y,Z/I") is a free Z/I"-module
foralln andi # 2 implies that H(Y, Z;)iors = O for alli by Lemma 2.2(ii), which
implies that H>(Y,Z/1") is a free Z/1"-module (cf. the proof of Lemma 2.2(i)).
O

4. Cohomology of Fiber Products of Elliptic Surfaces

Recall the terms E, E/,w:Y — X, n": Y — X, S, and S’ from the Introduc-
tion. In this section we consider the cohomology of W := Y xx Y’. Here one
can make good progress using the Leray spectral sequence for the canonical map
f: W — X and the Kiinneth formula applied to the fiber product. To simplify
notation, define

T:=E[", T :=E'["], T,:=Eqll"], T/:=E)ll"]
when [ and n are clear from the context. Also define S” := SN S".

4.1. PROPOSITION. H' (W, Z})iors = O fori # 4.

Proof. By Lemma 2.2(ii) it suffices to show that Hi(W, Z/1") is a free Z/1"-
module for i ¢ {3,4} and all n. This will be deduced from Lemmas 4.2—4.5.

4.2. LEMMA.

(i) fuZ)I" ~ ZJI"
(i) R'fZ/I" ~ R'nw,ZJ1" ® R'w.Z/1".
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(ili) R*f,Z/1" ~ R*7,Z/1" ® R'w,Z/1" ® R'w.7./1" ® R*m. 71",
(iv) RLZ/I" ~ 7, Z)1" ® R'z/ 71" ® R'm,Z/I" ® R*7.Z)I".
(V) RZJI" ~ RPm, Z)1" @ R, Z/1" ~ZJ1" DY, g s ise(Z/IM)™ 1 D
Y esimsr i (LI @ N g isu (/1™
Proof. By Section 3, R'w,Z/I" and R'w,7 /1" are flat sheaves of Z/I"-modules.

The assertions now follow from the Kiinneth formula [ M1, VI.8.6]. The final iso-
morphism in part (v) is a direct consequence of Lemma 3.2. O

To compactify notation, define:
By» :=Hom(E[1"1°Z/I") and B/, :=Hom(E'[I"1°Z/I");
Ryn :=Hom((E[I"] ® E'[I"))°, Z/1");
R:=R'm2/1" and R := R'7.7Z/I";
m; := the number of irreducible components in the fiber (n’)*l(s).

43. LEMMA. The Es-term, E»>(f), of the Leray spectral sequence for the map
f and the sheaf 7./1" is displayed in the usual format below. The numbers 0, 1,
2g,and h°(X, R'f, Z)1) = dimZ/l(HO(X, Rif,7./1)) indicate ranks of free 7./1"-
modules.

ho(X, R*f.7./1) 2g 1
ho(X, R3f,. Z/1) HY(X,R*f.72/1") Bi» ® B,
ho(X, R*f, 7)) HY(X,R*f.Z./I™) (ZJ1™)? @ Ry
0 HY(X,R'7,Z/I" ® R'7.Z/I™) B ® Bj,
1 2g 1

Proof. The bottom two rows have the indicated form by Proposition 3.4 and
parts (i) and (ii) of Lemma 4.2, and the top row by Lemma 4.2(v). For the
second row, compute explicitly the tensor products in Lemma 4.2(iv) to get that
R3f,7./1" is isomorphic to
R ® 9{/ ® Z ix*(Z/ln)2(ms—l)
seS—S"
® ) i@V @Y iz

seS§'—=8" seS”

and then apply the second row in Proposition 3.1(i). To show that E9” is a free

Z/1"-module, combine Lemma 4.2(iii) with Lemma 3.2 to get that R>f, Z/I" is
isomorphic to

ROR @ (Z/I")V @ Y iw(Z/IH™!

seS—S"
© Y i@ Y i1,
ses/—s" ses”

Now the E 22 2_term has the indicated form by Poincaré duality:
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H* (X, R@NR) ~ HAX, j, j* (RQR)) ~ Hom((E[I"] ® E'[I"))°, Z/I").

[Mi, V.2.2(b)]. The proof of the lemma is now complete—up to the assertion
that the E{*-term is a free Z/I"-module. This is an immediate consequence of
Lemma 3.2, the explicit expression for R? f* Z /1" in Lemma 4.2(iii), and the fol-
lowing statement. UJ

4.4. LemMA. HY%X,R'm.Z/I" @ R'w|Z/I") = 0.

Proof. As in the proof of Proposition 3.4, we may reduce to the case where both
elliptic surfaces 7 and 7’ are relatively minimal models of pullbacks of universal
elliptic surfaces with full level /" structure. The sheaf R'7,Z /1" ® R'x.7/1" cor-
responds (by Lemmas 3.3 and 2.4) to data (M, {M, ¢ }sesus’), where M = TQT’
and, foreachs € S, ¢;(M,) C T, ®T". By the proof of Proposition 3.4, (), Iy =
0. Thus (),.q Ty ® T’ = 0 and the assertion follows from Lemma 2.4(ii). O

seS

4.5. LEMMA. The differentials d3*: EY?> — E3'and d3*: E)* — EZ* are each
surjective.

Proof. The projection maps W — Y and W — Y’ give rise to morphisms of
spectral sequences E(7) — E(f) and E(') — E(f). The surjectivity of d3?
follows from the analogous statements for the spectral sequences E(rr) and E(7”)
(cf. Proposition 3.1(ii)). The surjectivity of d9* follows from the surjectivity of
dgz by taking a cup product with the cohomology class of the Cartier divisor
sxxY'+Y xxs'in H(X,R*>n,Z/I") ® R*n.Z/1"(1)), where s C Y and s’ C
Y’ denote sections. O

Proof of Proposition 4.1 (continued). It is immediately apparent from Lemma 4.3
that Hi(VT/, Z/1")is afree Z/1"-module for i € {0, 1, 6}. Freeness for i = 5 follows
from the surjectivity of d9*. For the case i = 2, consider the commutative diagram
of exact sequences arising from the morphism of spectral sequences E(x @7') :=
E(7) ® E(7') — E(f):

0— EM(r @n') — HX(Y). ® HX(Y'), — EX(x @ 7') — Bi» ® B}, — 0

b al o L

0—— ENf) ——— H*(W,2/1"). — ES*(/) — Bix @ Bj, — 0,

where the , means “take the quotient by H*(X,Z/I")”. By Lemmas 4.2(iii)
and 4.4, B is an isomorphism. Thus « is an isomorphism by the five lemma. Now
H?(Y,Z/I") and H>(Y',Z/I") are free Z/I"-modules by Proposition 3.1. Since
taking the quotient by the image of H2(X,Z/I") preserves freeness, H>(W, Z/I")
is also free. UJ

5. Applications to the Cohomology of
Desingularized Fiber Products

Writeo: W — W for the blowup of the ideal sheaf of the reduced singular locus
Waing C W. A point w = (y,y") € 77'(x) x (7/)7'(x) C W lies in Wy pre-
cisely when 7 is not smooth at y and 7’ is not smooth at y’. Assumption 0.1
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implies that, locally analytically, the map m at the first component y of w is given
by the standard inclusion of k-algebras: k[[t]] — k[[zf, u, v]]/(uv —1¢),t Bi(Cf'
[Si2, IV.8-9]). Since 7’ has an analogous description, the completion OV_V,w o~
k[[u,v,u’,v']11/(uv — u'v"). Consequently W is a smooth projective variety and
each connected component of the exceptional divisor Q C W is isomorphic to a
hypersurface in P? defined by uv — u'v’ = 0.

5.1. PROPOSITION.
(i) The map o*: H\(W,Z/I") — H(W,Z/I") is an isomorphism for i €
{0,1,5,6}.
(ii) Fori ¢ (3,4}, H'(W,Z})ors = 0.
(iii) The map o*: HYW,Z)iors = H*(W, Z)ors is an isomorphism.
(iv) H3(W,Z)ors and H*(W, Z;)ors are (noncanonically) isomorphic.

Proof. (1) This is a straightforward computation using the Leray spectral sequence
for the map o. Note that 5, Z /1" ~ Z./1", R'0, Z/I" = 0,and H?(W, R16,Z./1") =
0 for p > O and ¢ > 0, since R%0,Z/I" is supported on the (zero-dimensional)
locus Wsing. Furthermore, the differential

a*: H'(W, R*o,2/1") — H>(W,0,Z/1")

is zero because the map H*(W,Z/I") — HW, R*c,Z/I") is surjective. To
see this, take a line L,, in the exceptional divisor Q,, := o~'(w) and compute
the intersection product: L, - Q, = c1(Np ywlL,), which is minus the class
of a point. Thus the cohomology class [L,] € H 4(W,Z/l ")(2) restricts to a
generator of H*(Q,,,7/1")(2) for each w € Wying. Since H'(W, R*0,Z/1") ~
D, i H*Qu,Z/I"), the surjectivity follows.

weE Wiing )

(ii) By part (i) and the proof of Proposition 4.1, H/(W,Z/1") is a free Z/1"-
module for j € {0, 1,5, 6} and each n. The assertion follows from Lemma 2.2.

(iii) The Leray spectral sequence for o gives an exact sequence

0— HYW,Z/1"(2)) - HYW,Z/1"(2)) - H*(Q,Z/I"(2)) — 0,

which is split by the classes [L,], w € Wsing. Now take the inverse limit over n
and use that H4(Q, Z;(2)tors = 0.
(iv) This is a special case of Proposition 2.3(i). O

5.2. REMARK. Generally itis noteasy tocompute H YW, ZDors = H* W, ZD tors
directly, even with the help of the spectral sequence in Lemma 4.3. The problem
is computing the differential d9°. (See Remark 8.2 for a special situation where
this is manageable.)

The next lemma establishes the approach we take when computing H *(W, Z; ) ors =
H 3(W, Z1)tors: reduce the problem to understanding H 2(W, Z/m).

5.3. LEMMA. For sufficiently large n, H*(W, Z))[1"] is isomorphic to the quo-
tient of H*(W, Z/1™) by a maximal free 7. /1" -submodule.

Proof. Combine Proposition 5.1(ii) with Lemma 2.2(i). O
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The main tool for analyzing H>(W,Z/1") will be the Leray spectral sequence
associated to the canonical morphism f: W — X.

5.4. LEMMA. (i) The E,-term, E,(f), of the Leray spectral sequence for f is
displayed below in the usual format; the numbers 1, 2g, and h°(X, R*f.Z/1)
indicate the ranks of free Z /1" -modules.

ho(X, R*f.Z/1) 2g 1
HO(X,R3f,7/)1")  H'X,Rf.Z/I") B @ Bj,
HYX,R*f.2/1")  H'(X,R*f.Z/I")  (Z/I")* ® R
0 HY(X,R'f,Z/1™) Bi» & B,
1 2g 1

(ii) The differentials d3*: ES*(f) — E3'(f) and d3*: ES*(f) — EF(f) are
surjective.

Proof. (i) Consider the restriction map v': Rf,Z/I" — R'f,Z/I". Since
0. ZJI" ~ 7JI" and R'c,Z/I" = 0, we may identify the bottom two rows in
E,(f) with the corresponding rows in Ez(f) (cf. Lemma 4.3). The top row in
E>(f) may be deduced from the top row in E, ( f) thanks to the split exact sequence

v

0 — RY,Z)I" =5 R, Z/I" — fiR*0,Z/I" — 0
(cf. the proof of Proposition 5.1(iii)). The right-hand columns in E,(f) and E;( f )
may be identified. Indeed, Ker(v?) and Coker(v') are supported on S U S and so
H?(X,v') is an isomorphism for all i.
(ii) This follows from the morphism of spectral sequences, E(f) — E(f), and
the analogous fact for the differentials in E,(f) (see Lemma 4.5). O

For a finitely generated Z/I"-module N, let N, denote the quotient by a maximal
free Z /1" -submodule. The isomorphism class of N, is independent of the choice
of maximal free submodule.

5.5. Lemma. H?*(W,Z/I"), ~ H(X, R*f. Z/1")..

Proof. The map o: W — W gives rise to a morphism of spectral sequences,
E(f) — E(f), and to a morphism of exact sequences,

00— E)'(f) — HXW,Z/I"). — EP*(f) — B ® B[, — 0
| ‘| /| |
0—— E(f) — H*(W,Z/l"). — E®*(f) — By & B}, —0;

as before, the . means “take the quotient by the image of H*(X,Z/I")”. Split-
ting each four-term exact sequence into two short exact sequences shows that the
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map Coker(a) — Coker(f) is an isomorphism. By Lemma 4.3, ES?(f) is a free
7./1"-module. The same holds for H2(W, Z/I"). by the proof of Proposition 4.1.
If « and B are injective, then they are split injective and the lemma will follow.
The injectivity of 8 follows from the injectivity of the map

v2

R*f.7.)I" = R%*f,7Z/1",
which is an easy consequence of the spectral sequence for the composition of func-
tors, fi = fi0%. The injectivity of o follows from the five lemma. O

5.6. CorOLLARY. HO(X,R*f.Z/1™), ~ H3(W,Z))[1"] forn > 0.

Proof. Combine Lemmas 5.3 and 5.5. U

6. The Cohomology Group H’(X, R*f,Z/1")

Let’s begin by describing R?f,Z/I" as a direct sum of simpler sheaves. Write
j: n — X for the inclusion of the generic point, and let

r: REZ)IT — . R 21"
denote the canonical map. Define G;» to be the image of the composition

roo. Jxopr

RfZI = juj* RLZN" = ju j*(R'7Z/1" @ R'7[Z/1™),
where pr denotes the Kiinneth projector on the generic fiber.

6.1. PROPOSITION.

(i) The sheaf Ker(r) is supported on S U §'.

(ii) Foreach s € S U S, the stalk Ker(r)y is a free Z /1" -module.
(iii) R2f,Z/1" ~ Ker(r) ® (Z/1")> & G;n.

(iv) Ginlx—s» ~ (R'm,Z/1" @ R'7,Z/1™)|x—s".

(V) HYX,R*f, Z/1"), =~ H(X,Gn)s.

Proof. (i) [Mi, 11.3.15 and VI1.4.2].

(ii) Away from S N S’ one may identify R2f,Z/I" with R*f,Z/I". For s ¢
S N S’, the assertion follows from Lemmas 4.2(iii), 3.2, and 3.3. Fors € SN S,
this is [S2, 7.3].

(iii) By Lemma 2.4(iii), Ker(r) is a direct summand of R?f,Z/I". The de-
composition of the image of » as a direct sum follows from the Kiinneth formula
applied to j, j*R>f,Z/1" [Mi, V1.8.5].

(iv) Apply Lemma 4.2(iii) while using W — £~'(§”) ~ W — f£~1(S”) and the
injectivity of the canonical map

R'7,Z/)1" @ R'7.Z/1" — j,j*(R'n,Z/I" ® R'x.Z/I")

(cf. the proof of Lemma 4.4).
(v) This follows from parts (ii) and (iii). O
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6.2. PROPOSITION. The sheaf G is a constructible sheaf of 7./1"-modules that
is locally constant on U := X — (S U §’). Under the equivalence of categories
(Lemma 2.4), Gin corresponds to (M,{Mj, ¢s}sesus’) € Ob(M), where M =
T QT and

0,0 if seS,US,,

I, T, ®1d if s€S, — 58",
MS7¢s=

TQT AR ¢ if ses, — ",

(TR @T)) +¢s(T) @T)YN(T T, ¢ if seS”.

In the last line, ¢, is the standard inclusion.

Proof. The only point that is not apparent from Proposition 6.1(iv) and the proof
of Lemma 4.4 is the identification of M, and ¢, for s € S”. For this, see [S2,
7.6(iv)]. O

6.3. COROLLARY. With notation as in Definition 0.2, H*(X,Gn) =~ ©u(W).
Proof. Apply Lemma 2.4(ii). UJ
6.4. COROLLARY. IfS,US. # @, then H*(X,Gn) = 0.

Proof. By Assumption 0.1, (S, U S/)) N'S” = @. For s € S, (resp. S}), the
stalk R'7w,Z/1"|, (resp. R'w.Z/1"|,) is zero. Now apply Proposition 6.2 and
Lemma 2.4(ii). O

6.5. PrROPOSITION.  HO(X,Gn) is a cyclic group. If S N S' = () then this group
is zero.

Proof. We may and will assume thatn = 1. We first prove the assertions in the spe-
cial case when thereis ann’ > 1suchthat/" > 2and E[/" ] and E’[I"'] are trivial
G-modules. This implies that the elliptic surfaces Y and Y’ are relatively minimal
models of pullbacks of the universal generalized elliptic curve with level [’ struc-
ture over the modular curve X(/ "'). Assume first that S N S’ = . By Lemma 3.3
and Proposition 3.4, (s ¢s(T;) = 0. By Proposition 6.2, (.4 ¢s(M;) = 0
and so H%(X,G)) >~ N, csus @s(Ms) = 0.

If SNS’ # ¢, then the hypotheses imply the existence of three distinct sy, 2, 53 €
S U S’ such that ¢, (Ty,), 95, (Ty,) C T ~ (Z]1 )? are distinct one-dimensional
subspaces and the same holds for ¢; (7)), ¢;, (T|,) C T'. The most delicate case
to consider is when {sy, 52,53} C SN S’. Set

H =¢,(T,) QT +T® <p;i(Tsj) cT®T.
Now H(X,G) ~ Nsesus @s(My) C Hi N Hy N Hz. We claim
dim(H, N H, N H3) < 1.

If not, the intersection P(H;) NIP(H,) N IP(H3) in the projective space of lines in
T®T',P(T ®T'), has positive dimension. Equivalently, in the dual projective
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space the points p; corresponding to the P(H;) are colinear. The nondegenerate
bilinear form,

(TRT)R(TRT) — NTRNT, (1®1])Q(1L®1)) > —h AL 1AL

identifies T ® T’ with its dual and thus P(T ® T’) with the dual projective space.
Furthermore, under this identification, p; = P(¢y(Ty;) ® ¢ ;i (TSE )). The three
points py, p2, p3 lie on the Segre quadric of pure tensors. By Bezout’s theorem,
any line through these three points is necessarily contained in this quadric. But the
only lines in the quadric of pure tensors have the form P(Ty ® T') or P(T ® T}),
where Ty C T and T; C T’ are one-dimensional subspaces. Clearly not all of
P1, P2, p3 are contained in a line of this form. The claim follows.

If 5, ¢ S' or s3 ¢ S then ﬂ?:l ¢5;(Mj,) is contained in an intersection of hyper-
surfaces of the form just described and thus has dimension at most 1.

It remains only to reduce the general case of the proposition to the special case
just proved. This is done in Lemma 6.6. UJ

Let p: X —> X be a finite morphism of smooth irreducible curves over k. Let
#:Y —> Xand#': ¥’ — X be the relatlvely minimal models of the pullbacks of
7 and 7r'. Write W for the blowup of Y Xz Y’ at the reduced singular locus. Write
g,n for the direct summand of R?2 f*Z /1" deﬁned in analogy with G;».

6.6. LEMMA. There is an injective sheaf homomorphism PG — G that in-
duces an injection H(X, Gin) — H(X, Gn).

Proof. Since the stalks of G;» over points s € S, U S/, are zero, we may restrict our
attention to Gn | x_(s,us;)- On o U(X = (S, U S!)), by Lemma 3.5 we have

o*R'm,Z/1" ~ R'7,Z/1",  p*R'w.Z/I" ~ R'7.Z/I".

For s € S,,, the description of the subgroup ¢,(7;) C T is compatible with base
change and passage to the relatively minimal model. It follows from Proposi-
tion 6.2 that there is a canonical injection p*G;n — G» that is an isomorphism
away from p~'(S, U S)). O

7. Proofs of the Main Theorems

7.1. ProposITION. (i) If E and E’ are isogenous elliptic curves over K = k(X),
then HY(X,Gn) ~ Z/1".

(ii) If E and E’ are not isogenous over K, then |[H%(X,G»)| is bounded as n
varies.

Proof. (i) If E and E’ are isogenous, then there is an isogeny whose kernel is a
cyclic group. Write I' C W for the closure of the graph of this isogeny. Consider
the composition

HZ(W,MM) =, H°<X R2fun)

— H(X,Gin(1)) — H'(Eg,Z/1") ® H'(Ef, pn),
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in which the final map is the restriction of a global section of G;»(1) to the stalk
at the geometric generic point. Then the image of the cohomology class [I']
under this composition may be identified via the Weil pairing with the element of
Hom(E[!"], E'[1"]) induced by the isogeny. Since the kernel of the isogeny is
cyclic, this element has order /". Because H (X, G;») is a cyclic group (by Propo-
sition 6.5) with at most /" elements, (i) follows.

(i) If H%(X, G;») is unbounded as n varies then lir_nn H%X,Gn) # 0, which
implies

lim H(X, ju j*(R'w,Z/1" ® R'w Z/1"))
’ ~ lim H'(X, j. j*(Hom(R'7, Z/", R'w/Z/1")) # 0.
Thus there is a nontrivial Galois invariant homomorphism of /-adic Tate modules,
T;(E) — T;(E’). This implies that E is isogenous to E’; when char(K) = 0, use
[D,4.4.13] or [L, Thm. 8]. In general one may reduce to the classical isogeny the-
orem over a finitely generated base field using [Z, 3.4 and proof of 1.4(i)]. O

7.2. COROLLARY. IfE isnotisogenousto E’, then HY(X,Gn) ~ H3(W,Z)[1"]
foralln.

Proof. By Propositions 6.1 and 6.5, H(X, R*f,Z/I"), = 0 if H'(X,Gn) ~
Z/1"™ and is isomorphic to H°(X, G;») otherwise. By Proposition 7.1(ii),

HYX,R*.Z/1"), ~ H(X,G»)

for large n. By Corollary 5.6, the assertion follows for large n. Since there is a
natural map for all n, the assertion holds for all n. O

Proof of Theorem 0.3. (i) This is proved in Proposition 5.1(ii).

(ii) By Proposition 7.1(i), H°(X, G;»), = 0 for all n. By Proposition 6.1(v) and
Corollary 5.6, H 3(W,ZDwrs = 0. The assertion now follows from part (i) and
Proposition 2.3(i).

(iii) The assertion follows from Corollaries 7.2 and 6.3. O

Proof of Theorem 0.4. (i)If H3(W,Z;)iors # 0,then H(X, Gjn) =~ H3(W, Z))[1"]
for all n. This is a cyclic group by Proposition 6.5.

(i) If S, U S/ # @, then Assumption 0.1 implies that £ and E’ do not have the
same places of bad reduction and thus are not isogenous. Now Corollaries 6.4 and
7.2 imply that H3(W, Z;)ors = 0.

(iii) The hypothesis J(E) ¢ k implies that S # . Since S # S’, E is not isoge-
nous to E’. The assertion then follows from Proposition 6.5 and Corollary 7.2. [

8. A First Example

Define 2/ := [] I£char (k) Z1- We begin this section with an easily constructed desin-
gularized fiber product W for which H 3(W, Z iors # 0.
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Suppose that char(k) # 2 and that the genus of X is at least 1. Suppose that
.Y — Xissemi-stable. Letrr’: Y’ — X be obtained from 7 by a quadratic twist
with respect to a nontrivial unramified degree-2 cover p: X —> X.Leto: W —
W =Y xx Y’ be the blowup along Wy,

8.1. PROPOSITION. H3(W, 7/ )ors =~ Z/2.

Proof. First we show that E and E’ are not isogenous. The Galois representations
E[l] and E’[I] are related by tensoring with x Id, where x: G — {£l1} is the
character of the degree-2 cover of X. For all except finitely many odd primes /, the
image of the Galois representation G — Aut(E[/]) is isomorphic to SL,(Z/1).
Indeed, if this were not the case then X would admit morphisms to an infinite
tower of modular curves of various level / structures of unbounded genus, which
is impossible. For odd primes /, a surjective representation « : G — SL,(Z/1) is
not isomorphic to x Id ® « because the kernels are not equal. It follows that £ and
E’ are not isogenous.

Since quadratic twisting does not effect the 2-torsion, we may identify the Galois
modules E[2] and E’[2]. The Weil pairing composed with the isomorphism 1, >~
Z/2 gives a bilinear form

ERIQE[2] > Z/2, a®br> a-b.
Define an isomorphism of Galois modules,
E[2] ® E[2] — Hom(E[2],E[2]), a®b > [c+> (a-c)b].

Write 6 for the element of the left-hand side that maps to Id. For any place of bad
reduction, s € S = SN S = §’, let e € E[2]y, be a basis. Extend to a basis e, f
of E[2] such thate - f = 1. Then

0=e®f— fQecE[2]os ® E[2] + E[2] ® E[2]os.

Because Id (and hence 0) is G-invariant, H3(W, Z»)[2] # 0 by Theorem 0.3(iii).
By Theorem 0.4 (i), H*(W, Z,)[2] ~ Z/2.

Define W := W xy X. Write v: W — W for the projection. Since the generic
elliptic curves E and E’ become isogenous over k()A( ), by Theorem 0.3(ii) we have
H 3(W, 7 )iors = 0. The proposition follows from the projection formula applied
toany O € H3 (W, 2 )rors:

20 = v (1) - 9 = v (1 - V(D) = v (V*(1) - V(D))
=1 v,0*) = v (¥ =0. O

8.2. REMARK. The preceding example is exceptional in two respects. First, the
torsion disappears after base change (H3(W, 2 ors = Z /2 but H 3(‘717, 2 ors =
0), which by Lemma 6.6 and Corollary 7.2 can occur only when E becomes isoge-
nous to E’ after base change. Second, if one admits the additional hypothesis that
all singular fibers of v have type I, then one can show H*(W,Z,)[2] ~ Z/2 di-
rectly from the spectral sequence of Lemma4.3. The idea is to show h*(W, Z/2) =
h (W, Z/1) + 1 for odd primes [ # char(k) and then to apply Lemma 2.2(iii) and
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Proposition 4.1. To verify the equality, consider each term E2Y( f) with p + ¢ =
4. Since all singular fibers are of type Ij, EX(f) = 0 for all /, which implies
that EY*(f) = E2*(f). By Lemma 4.2(v), rank (E{*(f)) is independent of /. By
Lemmas 4.2(iv) and 3.2 and Proposition 3.4, Eg3 (f) = 0 for all /. Hence the dif-
ferential @3 is zero and E3*(f) = E22(f) for alll. But E3? >~ (Z/1)? for odd .
When [ = 2, we have E3* >~ R, @ (Z/2)* for R, =~ 7,/2. Finally,

EP =h'(X,R*.Z/1) = h"(X,R'%.Z/1) + h' (X, R'w.Z./1)
= —e(R'n,Z/1) — e(R'7.Z/1)
is independent of / by Lemma 3.3 and [Mi, V.2.12].

9. Desingularized Fiber Products with Prescribed Torsion

The purpose of this section is to construct, for any given m € N not divisible by
char(k), a desingularized fiber product W with H3(W, @)wrs ~ 7 /m. The case
m = 1 follows from Theorem 0.3(ii) or from Theorem 0.4(ii) or (iii); the case
m = 2 follows from Proposition 8.1. Further examples with m = 2 (and 3) may
be found in [ , Sec. 7]. These examples have the interesting properties that Y
and Y’ are rational elliptic surfaces and S = SN S’ # S

Assume henceforth that m > 2 and that the Galois representations E[m] and
E’[m] are both trivial. This assumption is not particularly restrictive because
Lemma 6.6 and Corollary 7.2 indicate that torsion is seldom annihilated by base-
changing to a finite cover, X — X. It allows us to make use of the theory of
moduli of generalized elliptic curves with full level m structure, which we now
briefly review (referring to [ DR] for details).

A full level m structure on a generalized elliptic curve consists of a basis of the
m-torsion sections. There is a fine moduli space for generalized elliptic curves
with full level m structure. This is a smooth projective curve over k. The group
GL,(Z/m), which operates on the level m structures, operates on this moduli
space. The quotient is the J-line, X(1). The subgroup SL,(Z/m) is the stabilizer
of each connected component. The ¢ (m) connected components are distinguished
by the value of the Weil pairing on the chosen basis. The cusps parameterize iso-
morphism classes of full level m structures on an m-gon of rational curves.

Consider now a smooth, irreducible, projective curve X and two elliptic curves E
and E’ over the generic point, Spec(K) C X, such that the Galois actions on E [m]
and E’[m] are trivial. Fixing bases of these Z/m-modules amounts to defining
morphisms from Spec(K) (or, equivalently, from X) to the moduli space of gen-
eralized elliptic curves with full level m structure. Write

H:= (h,h): X - X(m) x X(m),

where X (m) (resp. X(m)") denotes the connected component of the moduli scheme
that contains the image of & (resp. #"). The universal elliptic curves over the generic
points are denoted E,, and E/,, so that E,, pulls back via & to E and E;, via h’ to
E’. The level m structures give bases e, f € E,,[m] >~ E[m]and ¢’, f' € E, [m] =
E'[m].
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Suppose that an element of order m, 6 € E,,[m] ® E,,[m], has been fixed. In
order to construct a desingularized fiber product W with H3(W, Z’)tm of order
divisible by m, we choose X, i, and i’ such that E and E’ are not isogenous and 6
satisfies all the conditions of Definition 0.2. How this is done depends on whether
or not 6 is a pure tensor. In this section we assume 0 = ¢ ® ¢

Write £ C X(m) and E' C X(m)' for the cusps. Fix one cusp & € & (resp.
& C E’)suchthate € E,[m]os (resp. e’ € E;, [m]o,¢). The subgroup E,,[m]os C
E,,[m] is independent of the choice of inertia group involved in its definition be-
cause the Galois action is trivial (cf. Section 1.3 and Remark 2.6). Define the
following divisors on X(m) x X(m)":

Dg g =& x X(m)' + X(m) x &,
D; = (8 — &) x X(m)'+ X(m) x (' - §').

Write X C X(m) x X(m)' for the image of H.

9.1. PROPOSITION. Suppose that

() X N({E) x X(m)) Z (£} x &,

(i) X N(X(m) x {§'}) ¢ E x {¢§'}, and
(iii) X N Dé e C Dg e N DS/ e
Then H3(W, 2 )tors CONtains a subgroup isomorphic to Z./m.

Proof. By (i) we have S ¢ §’, and it follows that E and E’ are not isogenous.
Hypothesis (iii) implies

S=h"(®)=h"'®UH)T'E)NS") and

=) E)=m)TEYUhTIENS.
This implies that & = e ® ¢’ satisfies the conditions of Definition 0.2 for each I" |m.
The conditions imposed by Proposition 9.1 on the curve X C X(m) x X(m)' arEe]

extremely restrictive. The following variant of Bertini’s theorem will be helpful
in meeting these constraints.

9.2. LEMMA. Let L be an ample invertible sheaf on a smooth projective sur-
face Z. Let L C HYZ, L) be a linear subspace. Fori €{0,1,2}, let Z; be the set
of closed points z € Z for which the kernel of the restriction map

L—L®0z./my,

has codimension i. If diim(Z;) < i — 1 (dim(¥) = —1 by convention), then the
Zariski open subset of nonsingular irreducible curves in the linear system P(L) is
nonempty.

Proof. Consider the incidence correspondence,
I ={(z,H)eZ xP(L) : z is a singular point of H},
and the two projections p: I — Zandg: I — P(L). Forz € Z;,
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codim]p(L)(p_1 (2)) =1i.
Thus

dim(/) = max{dim(P(L)) — i +dim(Z;) : i €{0,1,2}} < dim(P(L)) — 1

and g(I) C P(L) is a proper closed subset. Any point in P(L) — ¢g(/) gives a
nonsingular curve, which is irreducible because it is ample [H, I11.7.9.1]. O

9.3. PROPOSITION. There exist smooth irreducible curves X C X(m) x X(m)
that satisfy the hypotheses of Proposition 9.1.

Proof. Choose integers a,b > |E| = |E’| such that the divisor
0:=a(€ x X(m)') +b(X(m) x &)+ Dz er — D} .
is very ample. Define
Dee = (a+ D(E x X(m)') + (b + D(X(m) x &),

andlet L ¢ Ho(X(m) x X(m)’, O(Dg ¢)) denote the subspace corresponding to
the linear system P(L) generated by D; & and Dé’é, + 0’ as 0’ varies in [0]. Let
P(L)° denote the Zariski open subset of divisors in P(L) that correspond to re-
duced, irreducible, nonsingular curves.

9.4. LEMMA. (i) The reduced base locus of P(L) is Dg ¢ N DE,,E’ =(E—-§&) x
{E'U{E} x (E'—¢&").
(ii) The locus Z, defined in Lemma 9.2 is contained in DE,,E"
(iii) The locus Z defined in Lemma 9.2 is empty.
(iv) The locus Z, defined in Lemma 9.2 is contained in E x E'.
(v) Foreachv € E — {&}, v € B — {¢’}, and C € P(L)°, we have
C - ({v} x X(m)) = (b+ 1)(v,&") and C - (X(m) x {v'}) = (a + 1)(§, V).
(vi) There exists an X € P(L)° such that X N (X(m) x {§'}) ¢ B x {&'} and
XN {& x X(m)') ¢ (&} x E".

Proof. (i) Since |0] is base point free, the reduced base locus is Dg ¢ N Dé,é’ =
Dg”g/ N Dé,é"

(ii) The condition that a divisor in |d| must contain a given point z € X(m) X
X (m)" and be singular there is a codimension-3 condition, since 0 is very ample.
Thus z ¢ D , implies z ¢ Z>.

(iii) For each point z in the base locus, there is a divisor of the form Déy gt 0’
that is nonsingular at z.

(iv) Through a nonsingular point z € Dé’y ¢ thereis adivisor of the form Dé, g T o
that is nonsingular at z, so z ¢ Z;.

(v) Since C is irreducible, it is not in the linear subsystem Dé,é, + |0|. Thus the
Cartier divisors C and D¢ ¢ have equal restrictions to the curve {v} x X(m)’ (resp.
X(m) x {v'})—namely, the point (v,&’) (resp. (§,v’)) with multiplicity b + 1
(resp.a + 1).

(vi) For a general 0’ C ||, the divisor Dé,é“’ + 0’ meets X(m) x {&'} transversely
ata + 1 > | E| distinct points and meets {£} x X(m)' transversely atb +1 > |E'|
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distinct points. Since these conditions are open in P(L) and hence also in P(L)°,
the assertion follows. ]

We may now complete the proof of Proposition 9.3. By Lemmas 9.4(ii)—(iv), the
linear subspace L satisfies the hypotheses of Lemma 9.2. Thus the Zariski open
subset P(L)° C P(L) is not empty. By Lemma 9.4(v), a general X e P(L)° satis-
fies Proposition 9.1(iii); by Lemma 9.4 (vi), it satisfies Propositions 9.1(i) and (ii).

O
9.5. THEOREM. Given m not divisible by char(k), there exists a desingularized
fiber product W with H3(W, 7 Yors = Z/m. Furthermore, we may arrange S #
SNS #5.

Proof. Forthe casem = 2, see [ ,Sec.7]. Assume m > 2. Choose a and b as
in the proof of Proposition 9.3 and satisfying the additional condition that m, a +1,
and b + 1 are pairwise coprime. Let X be as in Proposition 9.3. By the proof of
Lemma 9.4(vi), we may assume that X meets {£} x X(m) and X(m) x {£} trans-
versely. Let H: X — X be an isomorphism, and let W be the desingularized fiber
product constructed from H at the beginning of this section. By Proposition 9.1,
H3(W, 7 )ors contains a subgroup isomorphic to Z/m.

Fix a prime [ # char(k). Let n > 0 be maximal so that ["|m. It suffices to
show that H*(W,Z)[1"*'] ¢ H3(W,Z;)[I"]. This is the case if the Galois rep-
resentation on E[/"T']/E[1"] is irreducible. Indeed, if H3(W, Z;)[{"*'] contains
an element of order /"*!, then Homg (E[I"*'], E’[I"*']) contains an element of
order /"*! by Theorem 0.3(iii) and so Hom g (E[["*']/E[I"], E'[I"*"]/E'[I"]) #
0. Because the first representation is irreducible, the second is also and the two are
isomorphic. This contradicts the fact that, at points of s € S — S”, the [ "+1_torsion
in Y’ is unramified (since Y’ has good reduction) but the /"*'-torsion in Y is rami-
fied (since Y has type-I,, reduction and [+ tm).

It remains to rule out the possibility that both Galois representations E[/"!]/
E[I"]and E’[I"*']/E'[1"] are reducible. If they were, then E[/"*'] and E'[I"*]
would admit G-stable cyclic subgroups of order /"*! because G acts trivially on
the /"-torsion. The theory of coarse moduli schemes would then give factoriza-
tions of the J-maps for w and n/, J,J': X — X(1) ~ P!, through the modu-
lar curve Xo(I"*!). Since the canonical map Xo(I"*!) — X(1) has ramification
index {"t! at certain cusps, the tame contribution to the ramification index of J
at some cusp would be divisible by /"*! and the same would also hold for J'. To
see that both conditions cannot hold simultaneously, note that the J-map associ-
ated to the universal elliptic curve E,, is (tamely) ramified with index m at each
cusp. By the transversality hypothesis, the ramification index of J at any point
in X N {&} x X(m) (resp., of J' at any point in X N (X(m) x {£})) is also m. At
any point in X N ({8 — &} x X(m)) (resp., in X N (X(m) x {E — &})), the tame
contribution to the ramification index of J divides (b + 1)m (resp., of J' divides
(a + 1)m) according to Lemma 9.4(v). Since /" exactly divides m and since m,
a + 1, and b + 1 are pairwise coprime, it follows that either 1"+! does not divide
the tame contribution to the ramification index of J over any cusp or that it does
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not divide the tame contribution to the ramification index of J’ over any cusp—a
contradiction. O

9.6. REMARK. It is not possible to use the methods of this section to construct
desingularized fiber products W with |H3(W )| that are increasing without
bound while the genus of the base curve remains bounded. Indeed, the assump-
tion 0 = e ® ¢’ implies that E and E’ have cyclic order-m subgroups defined over
K. This implies genus(X) > genus(Xo(m)) > am + b forsomea > Oand b € R
[ ,3.9].

10. A Second Class of Examples with Large Torsion
The goal of this section is to prove the following statement.

10.1. THEOREM. Given m € N such thzat char(k) { m, there exists a desingular-
ized fiber product W such that H3>(W,Z/)[m] ~ Z/m and S = §'.

The case m = 1 (resp. m = 2) was treated in Theorem 0.3(ii) (resp. Proposi-
tion 8.1), so we assume m > 2. As in Section 9, we fix an irreducible compo-
nent X (m) of the moduli of generalized elliptic curves with full level m structure;
we write E,, for the generic fiber of the universal generalized elliptic curve and
E C X(m) for the cusps. Let

0 € E,[m]® E,[m] — Hom(E,,[m], E,,[m])

map to the identity element. This choice is, in a sense, the opposite of that made in
the previous section. Indeed, when m is prime there are two types of nonzero ele-
ments up to change of bases: pure tensors (rank-1 homomorphisms) and nonpure
tensors (invertible homomorphisms).

To prove the theorem, it suffices to establish the existence of a smooth, irre-
ducible, projective curve X and a morphism H = (h,h'): X — X(m) x X(m)
such that the pullback E of E,, via h is not isogenous to the pullback E’ of E,, via
h’ and such that

0 €E,mQ Eu[m] = E[m]® E'[m]

satisfies the conditions of Definition 0.2. Indeed, Definitions 0.2(i) and (ii) and
the assumption that 6 corresponds to an invertible homomorphism together imply
S=9"

If X = H(X) is a Hecke correspondence then E and E’ are isogenous, which
implies that the conditions of Definition 0.2 are satisfied (cf. Proposition 7.1(i)).
The idea of the proof is to realize X by deforming (a multiple of ) a Hecke corre-
spondence while keeping the cusps fixed. Thus the isogeny is destroyed while the
conditions of Definition 0.2 are preserved.

To prepare for the proof of Theorem 10.1, we recall general facts about Hecke
correspondences. Let n € N be prime to char(k). The modular curve Xo(n) is a
coarse moduli space for pairs of elliptic curves related by a cyclic degree-n isogeny.
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Although there is no pair of universal elliptic curves, there is nonetheless a corre-
sponding pair of J-invariants:

(Ju, J)): Xo(n) — X(1) x X(1) =~ P! x P,

Write T, for the image of this map.

Form > 2 and n = 1 module m and prime to char(k) we construct a Hecke cor-
respondence, 7T, C X(m) x X(m), as follows. Begin with the normalization X,
of X(m) xxay Xo(n). Away from the cusps, X,, is a fine moduli space for elliptic
curves with a cyclic subgroup of order n and a full level m structure for which the
Weil pairing is a prescribed mth root of unity. If A is such an elliptic curve, then
taking the quotient by the distinguished cyclic subgroup gives an elliptic curve A’
that inherits a level m structure from A. Since n = 1 mod m, the Weil pairing gives
the same mth root of unity [Sil, 111.8.2]. Now associating to A the pair (A, A’)
gives a morphism, X,, — X(m) x X(m), whose image is the Hecke correspon-
dence T,,.

Define the divisor

D=ExX(m)+ X(m) x EC X(m) x X(m),
andset [, =T, N D.

10.2. PROPOSITION. Suppose n = 1 mod m and char (k) t n. Then:
(i) X, is irreducible;
(ii) T, is invariant under the involution of X(m) x X(m) that interchanges the
factors; and
(i) I, C E x E.
Assume henceforth that n is prime.
(iv) If xe X(m), then T, - (x x X(m)) =n+1=T, - (X(m) x x).
(V) Each eigenvalue o of the endomorphism of H'(X(m),Q;) induced by the

correspondence T, is an algebraic integer that satisfies |o| < 2./n under
any complex embedding.

Sketch of the proof. (i) The ring k(X,,) of rational functions is a field because the
extensions k(Xo(n)) and k(X (m)) of k(X (1)) are linearly disjoint.

(ii) Suppose that the cyclic degree-n isogeny, ¢: A — A, represents a point
(A, A") € T,. Thus the level m structure on A’ comes from the level m structure
on A. Now the dual isogeny, qu A" — A, maps the level m structure on A’ to the
original level m structure on A because é o¢ =nldand n = 1 modulo m. Thus
(A, A) eT,.

(iii) T, N X(m) x E C E x E, since the quotient of an elliptic curve by a finite
subgroup is again an elliptic curve. Now apply (ii).

(iv) When n is prime there are n + 1 distinct order-n subgroups of A[n]. Gener-
ally the quotient curves are pairwise nonisomorphic.

(v) This follows from Weil’s theorem on the zeta function of a curve over a finite
field and the Eichler—Shimura congruence relation. The latter is a consequence of
the degeneration of X (n) into two components at the prime 7, one of which may
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be viewed as the graph of Frobenius and the other as the graph of Verschiebung
[DR,V; ,9.5.1]. O

Let X be a smooth, irreducible, projective curve and let H = (h,h'): X —
X(m) x X(m) be a morphism. Define the sheaf G,, := [[G;» on X, where the
product is taken over the maximal prime powers that divide m.

10.3. LEMMA. Letn = 1 mod m be prime to char (k). Suppose that the image of
H, X C X(m) x X(m), is a curve satisfying:

(i) XND C I,; and

(ii) the pullback E of E,, via h is not isogenous to the pullback E’ of E,, via h'.
Then the desingularized fiber product W constructed from E and E’ satisfies

a) S=5' and
(by H3(W,Z)[m] =~ Z/m.

Proof. (a) S =h~"(8) = (W) (E) = §'because XN D C E x E.

(b) The identifications E,,[m] >~ E[m] and E,,[m] >~ E’[m] induced by h and
h' give, for s € §”, the identifications E, [m]ons) =~ Elmlos and E,, [m]op ) =
E’'[m]os. Since S = S’ = §”, it follows (from Theorem 0.3, Lemma 2.4(ii), and
Corollary 6.3) that there is an isomorphism

HYW,Z))[m] ~ 9 := (") Enlmlons) ® Enlm] + Enlm] ® Enlmlon .-
ses”

By (i), this group contains the subgroup

0:= m En[m]os ® Enlm] + Eplm] ® Eyp[mlog C En[m] ® Ep[m],
(§,8)ely

which is isomorphic to H O(X,, ém). Here Qm is constructed from the product of
the pair of universal elliptic curves over the generic point of X, exactly as G,, is
constructed from the E x E’. By Proposition 7.1(i), ® >~ Z/m. Since ¥ is cyclic
by Theorem 0.4(i), we have ® = ¥. O

The next result is a tool for constructing curves X C X(m) x X(m) that satisfy
the hypotheses of Lemma 10.3.

10.4. LEMMA. Let B,C C Z be reduced curves on a smooth, irreducible, pro-
jective surface. Assume that B and C intersect properly. If C - C > 0 then, for
all sufficiently large j, the subset of divisors d € | jC| that satisfydN B C CN B
has positive dimension.

Proof. Write v: B — B for the normalization and consider the restriction map
ri HY(Z,02(jC)) — H(B,0z(jC)|p) — H(Bv*(Oz(jC)l5)).

By the Riemann—Roch theorem, the dimension of the term on the right grows
linearly with j while the dimension of the term on the left grows quadratically.
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Lets; € H%(Z,0z(jC)) have divisor jC and define L; := Span{r'(r(s;))} C
H%Z,0,(jC)). The subset |L;|° C |L;| of divisors that do not contain a compo-
nentof Bisopen. Sinces; € |L;|° thissubsetis nonempty. Forlarge j,dim(L;) > 1
and so dim(|L;|°) > 0. Ford e |[L;|°,dN B =CNB. O

In order to apply Lemma 10.4 when C = T, for certain n, we prove the following
result.

10.5. LEmMA. For sufficiently large primesn, T, - T, > O.

Proof. The Lefschetz fixed point formula [, 1.3.6(c)] applied to a correspon-
dence C C X(m) x X(m) gives

cT.c= Z(_D"Tr((c o C)lyi),

i>0

where C7 is the image of C under switching factors in X(m) x X(m). Take C =
T,. By Proposition 10.2(ii), TnT = T,. According to Proposition 10.2(iv), T, acts
on H° and on H? via multiplication by n + 1. Thus

T, - T, =2(n+ 1)2 = Tr((T, o T,)| ).

By Proposition 10.2(v), | Tr((T,, o T,)) | ;)| < 4nh'(X(m),Q;). By Dirichlet’s the-
orem on primes in arithmetic progression, there are infinitely many primes n with
n = 1 mod m. The lemma follows. U

10.6. LEMMA. There are only finitely many irreducible curves C C X(m) x X (m)
of bounded degree with respect to the product polarization such that the pullbacks
of E,, to the generic point of C via the two projections are isogenous.

Proof. Suppose that the two pullbacks are isogenous over the generic point of
C. Write m'n’ for the minimal degree of an isogeny with cyclic kernel, where
m'|m and ged(m,n’) = 1. Now the pullback of E,, to C acquires a cyclic sub-
group of order n’ defined over C. But the image of the Galois representation
Gal(IZm/Km) — Aut(E,,[n'])/Aut(E,,), where Spec(K,,) € X(m) is the generic
point, is isomorphic to SL,(Z/n’)/(£Id). Thus the degree of C over X(m) via
the first projection is at least as large as the index of the stabilizer of a subgroup
Z/n' C (Z/n")2. Since there are only finitely many n’ for which this index is below
a fixed value, the lemma follows. O

Proof of Theorem 10.1. Recall that we may assume m > 2. Choose a sufficiently
large prime n such that n = 1 modm, n # char(k), and T, - T, > 0. Apply
Lemmal0.4 with B = D, C = T, and j sufficiently large such thatdim(|L;|) > 0.
Since the base field is algebraically closed, |L;|° is an infinite set. For each d €
|L;|° wehaved N D C T, N D = I,,. Choose d so that it contains an irreducible
component X that satisfies Lemma 10.3(ii); this is possible by Lemma 10.6. Thus
X satisfies the hypotheses of Lemma 10.3, so Theorem 10.1 follows. UJ



108 CHAD SCHOEN

11. A Cycle Class Map to the Torsion Subgroup
of Cohomology

The purpose of this section is to show that degree-4 torsion cohomology classes
on desingularized fiber products are cohomology classes of algebraic cycles. To-
ward this end we introduce the following notation pertaining to a closed point
xeX—(SUS):

Yy i=n"'(x), Y :=@)\(x),
Wy = fx) ~ Yy x Y., Lot Wy > W.

Write e, € Y, and e € Y, for the identity elements in the elliptic curves. Let
Z*(W) denote the group of codimension-2 algebraic cycles on W. Define

Div(Wy)o := {z: € Div(W,) : 7, - (¥Yy X e;) =0=12zy- (e X YX/)},
ZE (W) = Image[ P Dpivw.o A2 ZZ(W)].
xeX—(SUS")

By Theorem 0.4(ii), we may (and will) assume that both ¥ and Y’ are semi-stable.

11.1. THEOREM. Assume that E is not isogenous to E '. Then the image of the
cycle class map cl: Z* (W) — H*(W,Z'(2)) is H*(W, Z'(2))tors.-

Proof. 1t suffices to show for each prime ! # char(k) that the image of the cycle
classmap cl: Z2(W)g — H*(W,Z;(2)) is H*(W, Z;(2))1ors-
The image of the cohomology class of z, € Div(W, ) under the composition.
Div(W)o — H*(Wy, Zi(1)) > H'(Yy, Z)) ® H'(Y[, Z)(1)
=~ HX(X, juj* (R'm. 2, ® R'7,Z;)(2))
— H(X, j, j*(R'm,Z, ® R'w,Z)(2) &> H W, Z,(2)) (11.2)

is torsion, because the second-to-last group in the sequence is torsion. Indeed,
Poincaré duality [ Mi, V.2.2c] gives

H*(X, j. j*(R'7.Q; ® R'7,Q;(2)) = H(X, j. j*(R'7.Q; ® R'w,Q;(1))",

and the vector space on the right is zero by the isogeny theorem argument in the
proof of Proposition 7.1(ii).
Consider the cup product pairing

HX(W,Z/1(1)) ® H*(W,Z;(2)iors — HOW,Z/1(3)) ~ Z/L. (11.3)

The left-hand factor may be replaced by H°(X,G,)(1), since this is isomorphic
to the quotient of H*(W, Z/1(1)) by the subgroup H*(W, Z;(1)) ® Z/I, which is
the annihilator of H*(W, Z;(2))rs (cf. Lemma 2.2(i) and Corollary 7.2). Fix a
generator T € H(X, G))(1).
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11.4. LEMMA. The image of 7, in H*(W, Z;(2))ors under the map (11.2) is a gen-
eratorif T U[z,] # 0.

Proof. Since H*(W,Z;(2))1ors iS cyclic, it suffices to show that z, is not divisible
by [. UJ

For computational purposes it is convenient to replace (11.3) with
H(X.G)(1) ® H*(X, ju " (R'm.Zy ® R'7[Z)(2))
L HA X, R*.72/1(3)) ~ 7.
With the help of the commutative diagram

H(X,Gi(1)) ® HX(X, ju j*(R'm. 7 ® R'7[Z))(2)) — H}(X,R*f.Z/I(3))

l u u

H'(Y,Z/H @ H'(Y,Z/D() ®  H'(Ye,Z) ® H' (Y, Z)(1) —— H*(f7'(x),Z/1(2))

Tx ® [Zx] — Tx U [Zx]s

in which 7, denotes the stalk of the section 7 at x, the computation is reduced to
an ordinary cup product in the cohomology of the fiber at x.

Observe that if the elliptic curves Y, and Y are not isogenous then the cycle
class map composed with projection on the middle Kiinneth component,

Div(Y, x ¥!) — H>(Yy x Y., Z;(1)) 2> H'(Y,,Z)) @ H' (Y., Z)(1),  (11.5)

is zero. If the two curves are isogenous, then there is an isogeny with cyclic ker-
nel of some order n. This situation may be expressed in terms of the J-invariants
of the elliptic curves E and E’: J,J': X — X(1) >~ P'. Identify A! with the
complement of the cusp in X(1). Recall that the nth modular polynomial defines
a curve T, C A' x A that contains the point (j, j') precisely when there is a
cyclic degree-n isogeny between an elliptic curve with J-invariant j and one with
J-invariant j' [L, Sec. 5.2]. Thus the map (11.5) has nonzero image exactly when
(J(x), J'(x)) € T, for some n.

Choose a finite separable field extension K C K such that Gal(K/ K ) acts triv-
ially on E[/] and E’[[]. Corresponding to the field extension is a morphism of
smooth projective curves, p: X — X. Fix full level [ structures on E [[1and E'[I]
for which the Weil pairing gives the same value, ¢ € u; C k*. The level structures
give nonconstant morphisms 4, i’ X > X (1), where X(1) is the irreducible com-
ponent of the moduli of elliptic curves with full level / structure for which the Weil
pairing takes the value ¢. Write E; for the generic fiber of the universal generalized
elliptic curve over X(/). For primes n with n = 1 modulo / and n # char(k), we
have as in Section 10 the Hecke correspondence 7,, C X(/) x X (/). The pullback
of E; to the generic point Spec(K,,) € T, by projection on the first (resp. second)
factor will be denoted E; k, (resp. E; K”). There is a canonical isogeny E; g, —
E| i . Because the isogeny has cyclic kernel, the middle Kiinneth component of
the cohomology class of its graph,
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[z € H'(E, ¢,.Z/1) ® H'(E] ; .Z,/1)(1) ~ Hom(E,[1], E][1]).

is nonzero. By the triviality of the Galois action, E;[!] (resp. E[[!]) may be thought
of as a constant sheaf over X(/) x X (/) pulled back from the projection to the first
(resp. second) factor. Via & (resp. h’), E;[I] and E[!] (resp. E/[!] and E'[I]) are
identified. Thus 7 € H%(X,G)(1) C HO()A(, G (1) and [z,] may be viewed as
elements in the same group, E[/] ® E’[I]. The cup product in the preceding di-
agram corresponds to the nondegenerate bilinear form on E[/] ® E’[l] given by
the Weil pairing on each factor. Since n = 1 mod [, the element [z,] is identified
with an isomorphism under the identification E[/] ® E'[l] >~ Hom(E[/], E'[I]).
Consequently, [z,] € E[I] ® E’[l] is not a pure tensor. Thus the orthogonal com-
plement of the orbit,

{1 ®@)lz]: geSL2(Z/D)} C ENII® E'[1],

is zero. In particular, there exists a g € SL,(Z/I) such that t U (1 ® g)[z,] # 0.
Write D C X(I) x X(I) for the locus where at least one coordinate is a cusp.

11.6. ProPOSITION. Let C C X(I) x X(I) be an irreducible curve whose sup-
port is not contained in D. Then, for all sufficiently large primes n satisfying n =
1 mod [ and for any g € SL,(Z/1), the intersection C N (1 x g)T,, is not contained
in D.

Proof of Theorem 11.1 (assuming Proposition 11.6). Write X c X(1) x X({I) for
the image of X under H = (h,h"). Choose n prime (n = 1 mod [, n # char(k))
such that, for any g € SL,(Z/I), there is some x € X N (1 x g)T,, that is not con-
tained in D. Choose g so that T U (1 ® g)[z,] # 0. The universal isogeny over
T, gives an isogeny on the fibers, Yz — Y/. We may identify the middle Kiinneth
component of the cycle class of this isogeny, [zz], with (1 ® g)[z,]. It follows
that, for any x € p(H (X)) C X, there is an element z, € Divy(W,) such that

7. Ulz,] #0€ HX(X,R*f.Z/I(3)) ~ H*(X,R*f.Z/1(3)) ~ H(W,Z/I(3)).
By Lemma 11.4, [z, ] generates the cyclic group HYW,Z1(2)tors- O
To prove the proposition, we exploit fundamental properties of the (Q-subalgebra
‘H C End(Jac(X(!)) ® Q generated by the action of the correspondences 7}, for n
prime with n = 1 mod ! and n # char(k).

11.7. PROPOSITION.

(i) H is commutative.

(i1) H is semi-simple.

Proof. (1) [ , Sec. 5.2].
(ii) This follows from Proposition 10.2(ii) and the positive definiteness of the
form

End(Jac(X(1)) x End(Jac(X(1)) => Z, (T,U)+> Te(T o UT),

where U — UT corresponds to the Rosati involution [ ,5.5.4; , Sec. 21].
O
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Write E C X(I) for the set of cusps, and define the sum of the local intersection
multiplicities at the cusps as

k(@)= Y (C-(IxT)ee)

(£,')eExE

11.8. PROPOSITION. Let n be a prime number withn = 1 mod ! andn # char(k).

(i) The sequence {k,(g)}, is bounded independently of g € SLo(Z/1).
(ii) Forlargen, (C - (1 x g)T,) > n/2.

Observe that Proposition 11.6 follows from Proposition 11.8 because
UIxgT,NDC(1xgT,NE X E.

Thus, for large n, the local contribution to the global intersection number
(C - (1 x g)T,) from points contained in D is constant; hence the two curves
must also meet outside of D.

Proof of Proposition 11.8. (i) Locally near the cusp (00, 00) € P! x P!, the curve T,
consists of two smooth branches meeting transversely. One branch is tangent to
{00} x P! with multiplicity # while the other is tangent to P! x {oo} with multiplic-
ity n. This is because T, is the image of the map X((n) L Toum) X(1) x X(1),
where w, is the Atkin—Lehner involution. At one cusp of Xo(n), J is étale; at
the other cusp, J has ramification index n. The Atkin—Lehner involution inter-
changes these two cusps. Thus a local analytic equation for T, at the cusp is
(t—u™(" —u) =0.

Locally at (£,£') € E x &, the map X(I) x X(I) — P! x P! given by the
J-function on each factor is a quotient map for the action of Z /I x Z/I. This gives
the local analytic equation for the inverse image of T, = Ug€SL2(Z/l)(1 x )T,

-1
(s' = v")(s" =) = Jts = ¢jvs" = g,
i=0

which consists of 2/ nonsingular branches. So at a cusp that lies on (1 x g)7},,
the curve is either locally smooth and tangent to a component of D to order n or
it consists of two smooth components meeting transversely, one tangent to one
order-n component of D and the other tangent to the other order-n component
of D. Therefore, to compute the local intersection multiplicity (C - (1 x g)7T,,) ¢, &)
for n sufficiently large, one need only compute the local intersection multiplici-
ties of C with the components of D at (§,§"). This is independent of n and so the
result follows.

(ii) To estimate the global intersection number, C - (1 x g)T,, = (1 x g)~'Cc-T,,
set C' = (1 x g)~'C; then use Proposition 10.2(ii) and the Lefschetz fixed point
formula [ K, 1.3.6¢] to obtain

2

c'-T, = Z(—l)i Te(C'o Tl wicxay)-
i=0
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By Proposition 10.2(iv), T}, acts on both H°(X (1)) and H?*(X(l)) via multiplica-
tion by n + 1. The correspondence C’ acts on H O(x(1)) via multiplication by the
scalar C’- (X (1) x x) and on H*(X(l)) via multiplication by C’- (x x X(I)). Thus

C/ . Tn >n+ 1— TI'(C, e} Tn'Hl(X(/)))'

Since H is a commutative semi-simple algebra, we may choose a basis for
H'(X(1)) that simultaneously diagonalizes the action of all 7,. By Proposition
10.2(v), the absolute value of each diagonal entry of 7, is bounded by 2./n. Thus
the trace is bounded by 20N (X (1)) c+/n, where ¢ is the maximal absolute value of a
diagonal element in the matrix representing the action of C’. By Dirichlet’s theo-
rem, there are infinitely many primes n with n = 1 modulo /. Thus, for sufficiently
large n, C'- T, > n/2. O

11.9. REMARK. By Theorem 11.1, H (W, Z/(Z))mrs is contained in the image of
the cycle class map. However, the images of the cycle class maps to H*(W, Q;(2))
and H%(W, Q;(1)) are not generally known because the Tate conjecture for ellip-
tic surfaces is an open problem.

12. Betti Numbers

In the process of computing the torsion in the cohomology of W, much of the work
needed to compute the Betti numbers has been done. Since this information is
often useful (e.g., for investigating modularity of Galois representations; cf. [M,
Chap. 2]), the results are recorded here. Because of its relevance, the cohomology
of Y is given as well.

Let 7: Y — X be an elliptic surface as in Section 3. Let «, denote the wild
conductor of R'w,Z /I at x € X [Mi, V.2.9], which is independent of / # char (k).
We say that 7 is tame if o, = 0 for all x € |X|y. Let e denote the /-adic Euler
characteristic.

12.1. PROPOSITION.
(1) H*(Y,Z,) is torsion free.
(i) K°(Y,Q)) = 1=h*(Y,Q)) and h'(Y,Q)) =2g = h*(Y,Q)).
(iii) e(Y) = |Sal + X csMs + 2 oy X
(iv) e(Y) = > . x e(m~(x)), with equality if and only if 7 is tame.

Proof. Part (i) was proved in the last paragraph of Section 3, and part (ii) follows
from Proposition 3.1. For (iii), recall that e(Y) is independent of / by the Lef-
schetz fixed point theorem or Proposition 2.1(iv). Choose [ such that E[/]° = 0.
Now H'(X, R'w,Z/I") is a free Z /1" -module by Propositions 3.1(i) and (iii). Its
rank is
WX, R'n,Z)1) = —e(X,R'w,Z)1) = 4g — 4 + |S;u| + 2|Sal + Z o
xeX

by [Mi, V.2.9-12] and the known monodromy at a place of bad reduction [Si2,
10.2a]. Now use Proposition 3.1 to compute the last term in the equation
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2
e(Y.Q) = e(V.Z/1) = ) (=1)'e(X.R'm.Z/l).

i=0

Finally, part (iv) follows from (iii) and the elementary computation of e(7 ~!(x)).
O
Let o/, be the counterpart of a, for 7. Setee = )y oy + o). Define

{ 1 if E and E’ are isogenous over K,

0 otherwise,

12.2. PROPOSITION. Let W be a desingularized fiber product as in Section 5.

(i) B°(W,Q)) =1 =h"(W,Q)) and h"(W, Q) = 2¢ = h>(W,Q)).
(i) B2(W) =h*(W) = e—5+8g+[Sul +1S, 1+ scs_sr Ms+ 2 sesr_sn M+
D sesr2mgmy + 1) + et
(iii) B*(W) =2(6g—4+IS"|+e+[SUSLI+o+d g grms+Y cg_grmy).
(iv) e(W) =4 qomem, =3 e(f(x)).

Proof. Part (i) follows from Lemma 5.4. For (ii), use Lemma 4.2(ii) and the proof
of Lemma 5.4(i) to get

H'(X,R'f,2/1") ~ H'(X,R'n,Z/I") ® H'(X, R'w.Z./1").
By the proof of Proposition 12.1, this is a free Z/I"-module of rank
88 — 8+ [Sul +1S,,| +2[Sal +21S,| +a

provided [ is chosen such that B;» = 0 = B/, in Lemma 5.4. The choice of / does
not affect the Betti number (see Proposition 2.1(iv)). By [S2, 7.3], the stalks of
the subsheaf of R2f,Z/I" supported on S” are free Z/I"-modules and the contri-
bution of this subsheaf, which is a direct summand, to H°(X, R? f«Z/1") has rank
> cesr2mgm} —1). The stalks of the subsheaf supported at S — S” (resp. §'— S”)
are also free Z /1"-modules, and the rank of the contribution to H°(X, R2f.Z/I")
is Y s gr(mg — 1) (resp. 3 o_gs(m} — 1)) by Lemmas 3.2 and 4.2(iii) and
the proof of Proposition 6.1(ii). For large n, the contribution to the rank of the free
part of H(X, R2f,Z/1") from the subsheaf complementary to the subsheaf with
finite support is 2 + ¢ by Propositions 6.1(iii) and 7.1. There are no nontrivial dif-
ferentials in the spectral sequence of Lemma 5.4 that enter in the computation of
H?(W,Z/1"). Taking the rank-1 E3°-term into account and passing to the inverse
limit gives the answer.

(iii) When both 7 and 7’ are semi-stable, this is [S1, 3.1]. That argument may
be modified to allow for additive reduction by subtracting from the right-hand side
of [S1, 3.6] the sum over closed points x € X of the wild conductors. By Assump-
tion 0.1, this sum is 2ec. For each s € S, U S/, the expression in square brackets
in [S1, 3.6] is 4 (again by Assumption 0.1). The remainder of the proof of [SI,
3.1] goes through unchanged. In particular: h?(X, R'f,Q;) = 0; h°(X, R3£.Q))
is computed as in [S1, 3.5]; and (iii) follows.
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(iv) This follows from (i)—(iii) and the easy computation of the Euler charac-
teristics of the fibers. In contrast to Proposition 12.1(iii), the wild conductor does
not appear in the formula. UJ
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