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Cubic Relations between Frequencies of Digits
and Hausdorff Dimension

Luis BARREIRA & CLAUDIA VALLS

1. Introduction

We consider the notion of frequency of digits, which is defined as follows. Given
an integer m > 1, for each x € [0, 1] we denote by 0.x;x; - - - a base-m representa-
tion of x (the representation is unique except for countably many points, and thus
the nonuniqueness does not affect the study of Hausdorff dimension, since count-
able sets have zero Hausdorff dimension). For each k € {0,...,m — 1}, x € [0, 1],
and n € N we set

Tr(x,n) =card{i €{l,...,n} : x; =k}

and

. Tk(x,n)
lim
n—o0 n

Te(x) =

whenever the limit exists. The number 7 (x) is called the frequency of the num-
ber k in the base-m representation of x. Now we consider the set

F.(ag,...,o_1) ={xe€[0,1]: 4 (x) = ay for k =0,...,m — 1},

where «; € [0, 1] for each k and Zzzol oy = 1. Eggleston showed in [11] that this
set has Hausdorff dimension
m—1

dimH Fm(Ot(), .. .,Olmfl) = _logm kzzg O 10g Oy

(with the convention that 0log0 = 0). A related result was obtained earlier by
Besicovitch in [6] when m = 2. The work of Eggleston was further generalized
by Billingsley with a more unified approach (see [7] for details and references).
See also [3] for more recent developments and further references.

In this paper we consider sets defined in terms of nonlinear relations between
the frequencies. Namely, for each ¢ and § we consider the function

Sfes(x) =x+ ex? 4+ 8x3
and the set
Fes = {x€[0,1]: 11(x) = fe,5(to(x))}. (1)

It follows from a general procedure described in [3] that
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dimH FE,B = max dlmH Fm(ao’ fs,s(ao)’a25 . .,C{mfl), (2)

where the maximum is taken over all numbers o, a7, ..., ®,,_1 € [0, 1] such that

m—1

@0 + fos(o) + ) i =1.

i=2
We can always assume from the beginning that o, = --- = «,,—; given the strict
convexity of the function —x logx. Using (2), we can show that the function
(e,8) — dimpg F; s is analytic. In addition, we also obtain decay estimates for the
coefficients By ,— in the power series

l [o.¢] n
dimy Fp 5 = — DO Beniets

logm
0g n=0 k=0

in terms of m (see Theorem 1). The class of perturbations in (1) can be seen as
a model of nonlinear perturbations between frequencies of digits. We certainly
would prefer to consider much more general, or even arbitrary, Taylor series in-
stead of only those in f; s. However, the computations are already so demanding
in this particular case that it must be considered a quite reasonable step toward a
general theory. The main aim of such a theory would be to understand how the
Hausdorff dimension of sets defined in terms of relations between frequencies of
digits varies with the coefficients in the Taylor series (of the functions defining
the relations). A particular case of the present work was already considered in
[S]—namely, setting § = 0, which makes the computations much simpler. In par-
ticular, in [5] we do not need a multivariate version of the Faa di Bruno formula.
A principal advantage of our approach is that we are able to compute explicitly
the coefficients By ,_ up to any order by solving recursively finitely many equa-
tions. Furthermore, the value of the Hausdorff dimension of a given set need not
be guessed a priori. In some works this guess is crucial, since it is necessary to
construct specific auxiliary measures sitting on the set. Our work is based on re-
sults in [3] belonging to the theory of multifractal analysis. These were obtained
combining work in [4; 12; 14]. We refer to the books [2; 13] for details and fur-
ther references on the theory of multifractal analysis. Incidentally, problems of a
nature similar to that of those considered in [3] were addressed in [1; 9; 10].

2. Main Result

Fix an integer m > 2. For each ¢ and §, we consider the set F; s in (1). It follows
from a general procedure described in [3] that

dimy F; 5 = - inf{G; s(o0) : @ €[0,1] and o + f; 5(x) € [0, 1]},

ogm
where

Ga,&(a) =a IOgOl + fa,B(‘x) IOg fe,é(a)
l—a— fa,S(a)

(1~ fus(@) log ———=
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The following is our main result.

THEOREM 1. There is an analytic function

o0

a(e,8) = Z Z i (m)eks"*

n=0 k=0
in some neighborhood U of (0,0) such that
1
dimy F, s = ———G, s(a(e,6)), (£,8) €U.
logm
Moreover, if we set

Ges(@(e,8) =YY Brnr(me s,

n=0 k=0
then there exist constants ¢, > 0 forn > land k =0, ...,n such that
Cn,k
max{|eten—k (M1, | Bt (M)} = —725—

for everym > 2.

Proof. We consider the analytic function J(«, €,8) = Ga” s(a). We have

1- - Je
Gl y(e0) = logar + f/ (@) log fu(@) — (1 + f/y(a)) log +— I3

=loga + (1 + 2ea + 38a?) log[ar(1 + e + Sa?)]

2 1-20 —ea® —8a®
— (24 2ex 4+ 36x”) log

m—2

In particular, J(1/m,0,0) = 0. Furthermore,

(14 2e0 + 380:2)? 2+ 2ea + 3802)?
a+ea?+8a®  —1+2a+ea?+ el

4+ 2(e 4+ 38x) log(a (1 + a(e + da)))

(I —a+a(e+da)))

m—2

4 1
Gls(@)=—+

—2(e + 36a) log

s

and in particular,

2m?

# 0. 3)
This shows that there is an analytic function « (¢, §) with «(0,0) = 1/m such that

G;a(ot(s,S)) = J(a(e,8),6,8) =0

aJ ”
5(1/,71,0, 0) =Gy o(1/m) = Y

for £ and § in some neighborhood of zero.
Now we consider the constants oy, = ok n—i(m). Set

J(e.8) = G| 5(a(e, ).

We note that each derivative D"J (0, 0) depends only on the constants oy, ,—; with
k=0,...,pand p =0,...,n (that is, it can be determined from G, s and these
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numbers). Moreover, the constants can be computed by solving recursively the
equations A
D"J(0,0) =0, n=>0. 4

For simplicity, we write Gé,a(a) = ng.:l Fi(a,¢,8), where

Fi(a,¢e,8) =2logla(m — 2)],

Fa(a,e,8) =log(l + ca + Sa?),

F3(a,e,8) = 2¢ealogla(m — 2)],

Fi(o,€,8) = 38a’ log[a(m — 2)],

Fs5(a,¢e,8) =2¢ealog(l + a(e + da)), (5)

Fs(a,£,8) = 38a?log(l + a(e + 8a)),

Fi(a,e,8) = —2log(l — 2o — sa® — 8a),

Fs(a,e,8) = —2ealog(l — 2a — ea® — Sa?),

Fo(a,e,8) = =38’ log(l — 2a — ea? — 8a).

We first verify that «g o = 1/m is given by the equation

9
J(0,0) =) Fj(e,0,0,0) = 0. (6)
j=1
Since

Fi(@0,0,0,0) = 2log[ag,o(m — 2)], Fg(a0,0,0,0) = —2log(1 — 2a,0),
and Fj(@o,0,0,0) = 0for j =2,3,4,5,6,7,9, it follows from (6) that

2log @o0(m —2) _
1— 2060’()

and thus a0 = 1/m. Now we consider the other coefficients.

LEMMA 1. The equations in (4) determine recursively the constants o ,—i for
n>landk =0,...,n. Moreover, foreachn > 1andk =0, ...,n there exists a
Ck.n—k > 0 (independent of m) such that

2n+1-k

|tk n—k| < Cipic/m for every m > 2. (7)

Proof. We use induction on n. Set I:"j(e, 62 = Fj(a(e,d), s,cSA) for each j. To ob-
tain g 1 and oty o we solve respectively 9. J(0,0) = 0 and 95J(0,0) = 0. We have
9 A

o JdF; oF; oF;

3:.J(0,00 =Y —1(0,0) = —L —L

. J(0,0) ; 7 (0.0 ;(aaa1,0+ -

and
9
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where the partial derivatives of F; are computed at (cg 0,0, 0). Since ag o = 1/m,
we obtain

OF, aF, 1 3F; 2 m—2
—— =2may, —=—, —— = —log{ ——),
de ' e m e m
oFy _ oFs _oFg _ BFr _ 2+4mlayy
de  de e de  m(m—2)
aFg 2 m—2 8F9
=——log| — ), — =0
e m e
at the point (0, 0). Thus
aF; 14 2m2ay g 1
0= —1(0,0) = d =——
; A 0,0) —5 nd ago P
Similarly, R R
aF aF, 1 0F;
=2mag), ——=—, — =0,
06 ’ 96 m2 L)
oFy 9F; 3 -2 oFs  oF;
3 98 mr ® TR T
8ﬁ7 2+4m3a0,1 3ﬁg 813‘9 3 m—2
e = T 5 A o =Y e = __10g )
BE) m2(m —2) a6 a6 m2 2
which yields
9
oF; 14+2m 0.1 1
0= 1(0,0) = , d -
255 00 mm—2)y ¢ TS

This shows that (7) holds forn = 1 and k = 0,1 with Co; = Cy,o = 1/2.

Now we assume that the statement in the lemma holds for n — 1 (including that
we have solved the equations in (4) to obtain the constants o ,—x), and we prove
it for n. We first recall a multivariate version of the Faa di Bruno formula (see [8,
Cor. 2.10]). Given a differentiable function f: R — R, the nth derivatives of the
composition g = f o @ are given by

W > 1% Y (i asas) &

Sl Y f ( _ ) —®

8818; s=1 pg(j,r) i=1 11'112 881171881112 kl'
where

pS(,]’)\') = {(k]""7ks;ll7“"ls)ENX X N(z)v . 0 < ll < < 157

iki =2, i:kili,l =J, ikiliﬂ =n- j},
i=1 i=1 i=1

writing [; = (l;1,0;2), and with the order (aj,a,) < (b1,b2) provided that
ay+ar < by+byora;+a, = by + by witha; < by.
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In what follows we consider separately each term F; in the function G, ;. For
simplicity we shall write
ak-ﬁ-lﬁ},
dekas!’
and analogously for any other functions of (¢, 8).

(D =

Step 1. By (5) we have

PF 21— 1)

da* ot
Since ag,0 = 1/m, using (8) we find that
A 2j!(n— j)!
(Fl)(./»”_])(o, O) — Majynfj + .]‘ (n - ])' Aj’n*j
0,0
=2mjl(n — lajnj+ jl(n— LAy, ®

where
(— 1)}Hr1()L - o i, z)(() 0)
Ajn-j = 22 Z Z l—[ Tl )k
s=1 ps(j,h) i=1 zl 12 i
Using the induction hypothesm and setting I';, = 2(A — 1)!, we obtain

Ci sl ki 1
|Aj ] <ZFAmAZ Z H<m2(li,14l*l’[l,zl)illi,]> k;!

s=1 ps(j,A) i=1

<anxz Z i 2ki i )+ ki =l ki) U ,1112

s=1 ps(j,2)

ki

r Ciii
3PP Py y IE

A=2 s=1 ps(j,1) i=1

Sy e P 10

A=2 s=1 ps(j,2) i=1

for some constant Dy ;, > 0.
Step 2. We set E(z) =log(l + z) and z(¢,8) = e + Sa2. We have
FRW0) = (D k= 1)1

Now we recall that, given differentiable functions f, g: R — R, we have
k

k . .
(fg)(k) — Z(j)f(])g(k D (11)
j=0
Therefore,

21112(0,0) = (e0)""2(0,0) + (8*)"2(0,0)
= La"712(0,0) + L () 27D(0,0)
= hlhl a1, + L) R7Y0,0).
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We have
0" 0 (1
2yUh) _ O 20 _ 97 1) (0 (=10
@)= gen @) —35122(0“ ¢
(1
_ 1 1,00, (11=1,0)
_Z< )aalz (@ -
A %)
Z(h)(lz) 1,1y (h=1,12=r) (12)
and thus
I %)
@) 112(0,0) = 1,! 1! Z Z IR T (13)
=0 r=0

Therefore, using (13) with [, replaced by /; — 1, we obtain

I -1

2120,0) = 11 1 ey —y1, + L ! Z Zal,rall—l,/z—l—r-
=0 r=0

By the induction hypothesis, we have

Cr-11 L Crt e
(U1,12) < 1] 1—LD reli—=lh—1-r
2200 —ll'lz'< St 2 D i 20—

=0 r=0
Wt~
= m2ith)=h DBk

for some constant D55, 1, > 0. Using again the Fad di Bruno formula in (8) with
f = F, and « replaced by z, setting I';, = (A — 1)! yields

|ﬁ2(j’n_j)(0»0)| . Dz s )1
= Xn Y X (s l,.) N

= s=1 pg(j,r) i=1

ZFAZ Z i ki)~ kz,]]l_[ 21,11,2

s=1 ps(j,2)

_ Daju
SRR 0p o KT a9

s=1 ps(j,r) i=l

I A

for some constant D5 ;, > 0.
Step 3. We write 13"3 (¢,8) = eh(e, $) for some function &, and we note that
FA-S(ZIJZ) — llh(ll—l,lz) + 8h(11,12) (15)
for I, > 0 and /; > 1. Clearly, (15) holds for /; = 1. Furthermore,

ai[(ll _ 1)h(11—2112) + 8h(11—1,12)] — llh(ll—l,lz) _’_gh(ZlyZZ),
&
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and it follows by induction on /; that (15) holds. By (11) we thus have

F{"00,00 = jhU™7(0,0) = jeF)Y™"=(0,0)

an=i j—1 A (i—1=1,0
— 7 | J ,0)
Jasn,j 12(;( | )l-az,oFl (0,0)
=J! Oaanf TG 1=
-1 n—j . F’\(j—l—l,n—j—r)o 0
:]' Z n= J r!otlr ! " ( )
TG -1 D)
=0 r=0
_-v(n—')v]]n]a F(j”njr)( 9 (16)
ST L L G T D -t

It follows from (9), and (10), and the induction hypothesis that

Al i) .
Fl] e 0,0 < D37j—l—l,n—j—r < Cl,r
G=1=D1(n—j—r)| = m2a-l-r=D—j+1+1° o = 2D +1-17

where

D3 i —in—j—r = D1 j1-tn—j—r +2C;_1—pn—j—r > 0.

By (16) we finally get

~(j,n—j) j—ln—j ~ . .
|F57"77(0,0)] - 4 an D3 j1-in—j—rCrr _ j'(n—'D3

- - 17
Jjln—j m2n—J m2n=i (7

=0 r=0

for some constant D3 ; , > 0.

Step 4. We write ﬁ4 (¢,8) = 8h(e, ). In a similar manner to that in (15) we can
show that

134(11,12) — lzh(ll,lz—l) + Sh(lhb) (18)
for/; > 0 and [, > 1. By (11) we thus obtain

EZ(0,0) = (n = HRY"I70(0,0) = (n = j)BeF) U700, 0)
j n—j—1

N n—j—1 7 0,n—j—1-
=30 =)o Z( { )l! (@) ODEC" 71700, ).
=0

In a similar manner to that in (12) we get
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E"0(0,0)

n Tl L) (On j—1-1,0)
—3(n— ! 97 (01 1= )0,0
(n = J) Z;Z%g(a M—]—LJM( )
et Lo A (—s,n—j—1-1)
=3 — j)! ( )(a(on O.1=nyG, of 0,0)
1=0 =0 s=0 (n—j—1-=0D!

n—j—l1

J
=3jtn— ! Y.

J s ﬁv(j*&"*j*lfl)(o O)

=0 r=0 s=0 1=

It follows from (9), (10), and the induction hypothesis that

A Gmsin— j—1—1) -
B (0,0) - Dy jsn—j-1-1
(J — ! (n —j— 1-D!' — m2(n—1=l=s)—j+s

and
Cr,rcs—t,l—r

. < —_—
|at,r| |asft,lfr| = 2GtD+2—s >

where
Dy jsn—j1-1=D1jsnj1-1+2C;j 5 n_j_1-1 > 0.

By equation (19) we finally get

B P00 &

J
4 [}
— <3
eI 2

l J ~
Z Z D4,jfs,nfjflflct,rcsft,lfr
. m2n—Jj

for some constant Dy ;, > 0.
Step 5. We write ﬁs (e,8) = eh(e,d). Proceeding as in (15), we obtain
ES70(0,0) = jhUT0(0,0) = j(2aFa) U 0(0,0).

Also, in a similar manner to that in (16) we have

F(/ n— J)(O 0) j—1 Vi 213*2(.f—1—l;"—j—r)(0’ O)
O r— . .
=t T ST G === j =)

It follows from (14) and the induction hypothesis that
2EY7170 1700, 0)
(j—1=Dln—j—n!
Finally, by (21) we get

2Ds i i—in—j—r o] < Cir
= 2n—l—r—D—j+141’ Ll =

1
1 ’
ZZ L S G S = j— 1= D

587

19)

(20)

e2y)

m2U+n+1=1"
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[F00,001 N 2Ds i jrCrr jl(n— j)! Ds

< - = - 22
jtn=pt === m2n=J m2n=J @2)
for some constant Ds ; , > 0.
Step 6. We write I%(e, 8) = 8h(e, §). Proceeding as in (18), we have
EF"00,0) = (n = j)h =70, 0)
=3(n = NE@*F)Y"70(0,0).
Also, in the same manner as in (19) we obtain
Eg"(0,0)
jtn—p!
n—j—1 1 j s A (j—s,n—j—1—1)
F, (0,0)
=3 O rs—r1—r . . (23)
It follows from (14) and the induction hypothesis that
~(j—s,n—j—1-1
F2(j ! )(07 0) < D2,j7s,n7j7171
(=) (n—j—1=0D!" m2n-l=l=s)=j+s
and
< Ct,rCs—t,l—r
|at,r| : Ias—t,l—rl = 2(s+Dh+2-s .
By equation (23) we thus get
r(jsn—J) n—j—1 1 i s
|Fﬁj ! (0, 0)| < 3 i Z i DZ,j—s,n—j—l—lel,rCs—t,l—r
Jin =t =0 r=0 s=0 r=0 m2J
D6 Jjyn
m2n—j (24)

for some constant Dg ; , > 0.
Step 7. We set Fi(z) = —log z and
2(6,8) =1 =20 — sa? — 80’
where o = a/(e, §). We have

~ (1) 1 m
F (1_2‘10’0):_1 2000 m—2
— 0,0 _

and for A > 2,

S0y _(=DMo—-D! (=D —D!m?
F7 (1 2050,(]) = (1 _ 20[0,0))» - (m _ 2))L

Moreover, we have
21012(0,0) = —2a"12(0,0) — (ea?)"12(0,0) — (3 "2(0,0)
= =20 Ll oy, g, — L@ H2(0,0) — () W7D,
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Proceeding as in (12), we obtain

(053)(1"12)
I N
_ - 0 — 7 1 (1,00, 2y (h1—1,0)
= 5n @) = ,2(;<l>a @
I &)
ZZ( )(lsz)a(l,s)(aZ)(lll,lzr)
=0 r=0

I Iy Lh—=Illh-r
- 22< )( )(lls—l><12t—”)a<11,r>a<s,r>a<11—1—s,12—r—t>

[=0 r=0 s=0 =0

and hence
I lr L—=lIl—r
kNN
@) 20,00 =LY Y Y w0y e
=0 r=0 s=0 r=0
This implies that
(I1,12) h—1 I
z'"12)(0,0)
TR D DO DL RN
=0 r=0

L Lh—-14-11—1-r

- Z Z Z Z Qp Qs 1 O —]—5 Iy —1—r—t- (25)
t=0

=0 r=0 s=0
Using the Faa di Bruno formula (8) and the induction hypothesis, we obtain
EY"900,0)

= —m(—zﬂ(n — Ny —jln—= !

j—=1n—j
E O rQj1—In—j—r —]'(I’l _.])|
=0 r=0
j n—=l—j j—l n—1—j—r
Oll,r‘xx,totjls,n1jrt> + Cj,nfj
=0 r=0 s=0 t=0
2mj!l(n — j)!
= i+ Bini +Cin (26)
m—2 Jon—j jn—j Jjon—j»
where
. j—ln—j
2mj! (n — j)!
Bj,n—] m ) E AL rlj1—ln—j—r
=0 r=0
. . j n—1— I n—1—j—r
+2m;!(n—1)!2’: 1z I
_— O r st Qj—]—s,n—1—j—r—t
m—2 / /

1=0 r=0 s=0 t=0
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and
. . =D = D'm* Zdinli) Nk
Cin—j =J!(n—J)!§—(m_ Z (Z l:[( T k_,‘

By the induction hypothesis we have

2mj! (n — j)! 1

Bi,_il < -
|Jv” J|— m_2 m2n+l—j
1 n—j
( E lr j—1-ln—j—r
=0 r=0

n—l—j j—Il n—1—j—r

J
+Z Clr AIC]lAnljrt>

Jj=
=0 r=0 s=0 t=0

Furthermore, since m > 3,

1

m__ <3 27)

m—2 1-2/m

and hence
1 n—j
61 (n = NI
1Bjn—jl = —— = T Z CrrCjt=t,n—j—r
=0 r=0

J J j
+ Z Cl,rC.v,lcj—l—x,n—l—j—r—t)

JHn = DDy jn—j
- m2ntl—=j

for some constant 157711.’17/,,’2 > 0. In a similar manner, using the induction hypoth-
esis and (25) we obtain

Z(li,l,li,z)(o’ 0) - 1
Liq!;o! = m2Uiti)+1=1in
lin—=1 lio

x (2 + Z ZCI,rCI,-,.—l—z,z,-,z—r
=0 r=0

r=0 s=0 =0

lig lip=11i1=11j2—1=r
+ E E E Cl,rcs,lCl;yl—l—s,liyz—l—r—t>
=0

D7,li,1,li,2
m2Uintlio)+1=liy

for some constant D7, linlia > 0. Therefore, using (27) we have
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|Cjn j| “ d [)7,1;,1,1,'.2 i 1
!(n ])' - 23 (* = D! Z Z 1_[ m2Uii+io)+1=1iy k_l'

s=1 ps(j,Ar) i=1

< ,23 -y ¥ [ ”"“

s=1 ps(j,2) i=1

%
D71n J
m2n+2—j

> 0. Hence

JH(n—=PDID7
m2n+l—j

*
for some constant D7 in—j

|Bj,nfj + Cj,nfjl =< 5 (28)

whereD7jnj_D7jnj+D > 0.

7,j,n—j
Step 8. We write Fg(s, 8) = eh(g, §). Proceeding as in (15), we get
F9(0,0) = jhU=170(0,0) = j(aFy)U=9(0,0)
Then, in a similar manner to that in (16), we have

F(]” j)(o O) j—1 n—j F(/ I-l,n—j— r)(o 0)
Tt =pr MG =T=DN =T @
n=pn == J n—j-—r
It follows from (26), (28), and the induction hypothesis that
F’\7(j—l—l,n—j—r)(0, 0)
(—1=Dln—j =7
where

Dg i 1-in—j—r Ci,
N T I A ler,r| = 20+ +1-1°
m J m

Ds j—i—tn—jor = D7 jo1tn—jor + 6Cj_1—pnej—r
(here we have used that m > 3). Then by (29) we finally get

i N
|F™" (0,0 timww+@_ymm 0)
jl(n— ! m2ntl—j T om2ntl—j

=0 r=0

for some constant Dg ; , > 0.
Step 9. Finally we write ﬁg(e, 8) = 8h(e, §). Proceeding as in (18), we get
FS7"(0,0) = (n — jHh"=7D(0,0)
= = D@ 0,0).
Then, in a similar manner as in (19), we have

n—j—1 1 Jj s ﬁ;j—S,"—j—l—l)(O 0)
2 ZZ L S G T = j—1- D

=0 r=0 s=0 ¢
(31

Ey7"(0,0)
Jtn— !

3
2
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It follows from (26), (28), and the induction hypothesis that

s f—11 -
F72m 171000, 0) - Dg j_sn—j-1-1
G- j —1—Dl| = m2e——l=+=+s

and
Ct,rcsft,lfr

. <
lee,r | - fots—r1—r| = m2G+D+2—s "

Then by (31) we get

|F9.(‘]’n_])(0.s (‘))| < é XJ: i i : BS,j—s,n—j—zlillct',rCx—t,l—r
— n+l1—
jtin=mn! 2 =0 r=0 s=0 r=0 m !
Do j»
= i (32)

for some constant Do ; , > 0.
Now we observe that, given (9) and (26), the identity JU-7~(0,0) = 0 s equiv-
alent to
2j1(n = j)lm(m —1)
B m—72

Ui = Ajn—j + Bin—j + Cinj — F;"77(0,0)
—FUmD0,0) — FU(0,0)
— F7"0(0,0) — E77(0,0)
— F7"000,0) — ES7"0(0,0). (33)

In particular, the constant «; ,_ ; is determined by (33) (after determining o ;—;
fork =1,...,n—1land ! = 0,...,k). By (10), (14), (17), (20), (22), (24), (28),
(30), and (32) we obtain

; ; <—
|C¥j,nfj| = (n— 1)m2”+2 F ZD[ Jj.n

Cjn—j
S i m2n+2 J ZDljn - m2n+l-j
with Cj ,—; = Z?:l D; j . This completes the proof of Lemma 1. 0

LEMMA 2. For every sufficiently small € and 8, the function G, s attains its min-
imum at o = a(g, ).

Proof. By construction we have G;y s(a(e,8)) = 0. To complete the proof it is
enough to show that G/ ;(«(e,8)) > 0 for every sufficiently small & and §. For
this it is enough to note that, by (3),

2m?

Go,0(@(0,0)) = P

since by continuity this implies the desired statement. UJ

> 0,
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LeEmMMA 3. Foreachn > landk =0, ...,n, there exists a Dy, > 0 (independent
of m) such that | By n—r(m)| < Dk,n/mz’”l_k for everym > 2.

Proof. By (8) and (11), for the functions f(z) = zlogz and z = z(¢,§) and for
eachn >1and j =0,...,n, we obtain

n— J
f(j’”_j)((),()): n—i Z( ) «, 0)(10gz)(/ 10)(0 0)

=0
n—

Jj .
10

r=0

S

Il
-

(J-=-D'(n—j—n) (j—l,n—j—r) )
x ( 00 z (0,0) + h(m);—10—jr ).
where o
h(m)j_jnjr =G =D —j—=0h(m)j_1nj,
with

n—Il—r n—Il—r 8li'l+li‘2Z ki 1
h(m);1n—j—r = Z PUADDEDY H( Iial ;! 381,-,1331f,2> ki!

s=1 pg(j—1,2) i=1
and T = (=D " 1(x — D1
Now we write G, s(a) = 3_»_, Gi(a, &, ), where

Gi(a,¢,8) =aloga,
Gala,e,8) = (o + ea® + 8a®) log(a + sa® + 8ad),
1 —2a —ea?—8a’
m—2 '

Gs(a,6,8) = (1 —2a — ea® — 8a®) 1og<
We also set éj(s, 8) = Gj(a(e,d),¢,8) for each j.
Step 1. For G| we set z(g,8) = a(e,8). We have z(0,0) = o990 = 1/m and
121220,0)] = |1 gy 1| < 1! Cyy gy P FEDHN,
Therefore,

jo, N n—i .
) J n—j Cir . .
G (0,0)] < 2(1) Z( ; )l!r! iU =D = = )1

=0 r=0

C',[’n, j—r A
X <m# + hl(m)j—l,n—j—r>

m2n—l=r)+1=j+I

/ Clr j—=l,n—j—r
<]'(”_])‘ZZ m2n+l—j

=0 r=0

J —J
+jl(n— j)! ZZ ZMH (M) pne s
=0

=0 r
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with

n—Il—r n—Il—r ki

A 11,1,‘2
h(m)j—in—j-r = Z I |m* Z Z Hm(Zk Ui+l Thi =Lk k)

s=1 ps(j—1,2) i=1

n—Il—r A n—Il—r
S S Sl | T8
- m2n—Il=r)+r—j+l
A=2 s=1 ps(j—=1,2) i=1
n—Il—r n—Il—r

sz(n I—r—j+1 ZIF” Z Z 1—[ Chlitin

s=1 ps(j—=L2) i=1
Dy j—in—j-r
m2n—l—r—j+l

(see (10)). This implies that

Ainei JH(n— !
|G§Jv J)(0’0)| WZZC[,(CJ ta—j—r + D1 j—tn—j—r)
=0 r=0

_j!(n_j)!El,j,n—j 34
- m2n+17j ( )

I/\

for some constant Ey j ,—; > 0.
Step 2. For G, we set
2(8,8) = a(e,8) + ca(e, §)* + da(e, 8)°.

We again have z(0,0) = a0 = 1/m. Proceeding as in Step 7 of the proof of
Lemma 1 (see (25)), we obtain

L—1 I

(l1,12)
Z (0,0)
| <o 20 a1

015!

1h2 1=0 r=0
I da=1 =1 la—1—
E E E al,ras,tallflfs,lzflfrft|
=0 r—0 s=0 1=0

-1
< C11712 chlrcll 1-1l—r
- m2(11+12)+1 I m2(11+12)+1 1
=0 r=0
L L—14L-11-1
0

+ZZ Zrclr CsiCrimi—s,-1-r—t

2(h+1)+1-10
=0 r=0 s= t=0 m

_ Fa,1
T o2 +1-1

for some constant F; ;, ;, > 0. Therefore,
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J N i . I
o _ F
(Jsn—J) J n—j 2,0,r . .
169" 00,0)] <> :(;)E j( ; )zm U Dl = =)

=0 r=0

B
,ji—=lLin—j—r ~
8 (’"m +ha(m)j g j-r

J —J r
. . BB jnejer
<jtn—=pry
- m2nt+l—j
=0 r=0

Jj n—
. . 2 Lr
+]‘(n_]) E E 2(l+r)+l th(m)j—l,n—j—r’
=0 r=0

with
n—Il—r n—Il—r Ak:
~ 2 linlin
ho(m)i—jpei—y < E T, |m* E E 1_[ L
2(M)jtn—jr = T m ki) =Tk k|
s=1 ps(j—1,2) i=I
n—Il—r A n—Il—r
< [Ty |m Z Z 1—[ 21,11,2
- m2(n—l—r)+k—j+l
r=2 s=1 ps(j—1,2) i=I
n—Il—r n—Il—r

S o IIADIDS 1—[ ulz,z

s=1 ps(j—1,2) i=l
Fajin—jr
m2(n—l—r)—j+l

for some constant f ;j_; ,—j—, > 0. This implies that

i jln— < .
Grn—1J) J
|sz J(O7O)|§WZX(;X(;F2,IJ(F2/M1/r+FZJlnjr)
"(n— ) Ey ip_i
_ I ZJ) 2pn (35)
m n+l—j
for some constant £ j ,—; > 0.
Step 3. Finally, for G3, since
" 1 1 —2a(e,d) —sa(e,8)? — Sa(e,d)?
- - 1o
degsn—i g m—2
9" 2 3
= mlog[l—hx(s,&) —ea(e,8)” —dal(e,8)’],
we can set

2(6,8) =1—=2a(s,8) — eale, 8)* — da(e, ).

Then z(0,0) =1 — 20 o = (m — 2)/m and, proceeding as for G, we obtain
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(11,12)(0 0) L=l I
| = 2len, 12|+ZZ|0lerlll y—
L 1=0 r=0

L Lh—104L=11—1-r

+§ E E E o, Ot 1Ot g —g 1 —1—r—1

=0 r=0 s=0 =0
LEYRE
- m2(l|+12)+1—l1

for some constant F3;,;, > 0. Therefore, since 1/(m — 2)* < 1 for m > 3, for
any A > 1 we have

RN . ;
s . _ F
(=) J n—j 3, . )
IG5""77(0,0)] < E (l) E ( - >l!r!m(1_m(ﬂ_1_r)g

=0 r=0

m 3 jin—j-r A
x (m ) m2(nflfr)+17j+l +h3(m)j—tn—j-r

F3 ! rF2,jfl,nfj7r
<J'(”‘J)'ZZ m2ntl—j

=0 r=0

! 3,l,r
+J‘(”—J)‘ZZ 20 n+1-1 hs (m)j 1.0
=0 r=0
with

hZ(m)jfl,nfjfr

n—Il—r n—Il—r Akz
<Y Y T amms
= * 2)x GTR S RvTY k!

r=2 s=1 ps(j—=LAr) i=1

n—Il—r n—Il—r K
B S Sl S | T
- m2(n—l=r)+i—j+l

r=2 s=1 ps(j—=11) i=1

n—Il—r ”
F3lea12

n—Il—r K
Zmz(nlr)yrzzl*'z Z l_[

s=1 ps(j—1,2) i=1
F3jtn—j-r
mZ(n—l—r)—j+l

for some constant F3 ;_; ,—j—, > 0. This implies that

. . Jj n—j
AGin—j jl(n—j! A ~
1GY" 0,00 = =33 F310(Fs jopnmjor + Fsjmtnjr)

2n+1—
m= ! =0 r=0
_j!(n_j)!Elj,n—j 36
- m2ntl—j ( )

for some constant E3 ; ,—; > 0.
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Now we observe that, forn > 1and j =0, ...,n, we have

n

U (n — j)! deigsn—i

3
1 AGn—))
= 36"0,0),
Jjton =i

and by (34), (35), and (36) we obtain

Bjn—j(m) = Ge(a(€))le,8)=0,0)

1
|Bjn—j(m)| < W(El,j,n—z + E3 jn—1+ E3 jn-1).
This establishes the desired estimate, proving Lemma 3.

The statement of Theorem 1 follows readily from Lemmas 1-3.

3. Further Results
Our approach also allows to compute the Taylor coefficients explicitly.

ProrosiTION 1.  We have

1 6+m ,
)= — ———— —35
(&%) m 2m28 2m3 + 4m4 ¢
8+m 10+m , 3
P €8 + Ao 3+ O(ll(e, )"

and
Ge,s(a(e,9))

dimH Fg’,; = — logm

I T T
-\t —+ = &)
2m3 logm m  m?
Proof. We know from the proof of Theorem 1 that

a0 =1/m, aj9=—1/2m?, and «o;=—1/Qm’).

597

37

(38)

To determine additional coefficients we use (33). For example: to compute «> o
we solve 92J/9¢%(0,0) = 0; to compute ;| we solve 32J/9£38(0,0) = 0; and,

finally, to compute g » we solve 327/852(0,0) = 0.
It follows from (38) that

O°F, (0,0) L 1 0%k, (0,0) 2
,0) = —— + 2may o, —(0,0) = ——,
g2 2m? 2,0 d¢e? m?
82163(0 0) 2 (1 £ 10g( ™2 82ﬁ“(o 0)=0
’ = - o - > > =Y,
d¢e? m? £ m dg?
92F; 4 9% 92F; 4(—1+ m3ay )
—20,0) = —, —(0,00=0, —(0,0)= ——
dg? ©.0) m2’  9g2 ©.0) 0s2 ©.9) m2(m —2)
3213"8 (0 0) 2 1 m—72 82ﬁ9 (O 0) 0
—(0,0) == 1o , ,0) = 0.
de? m?2 & dge?
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Thus,

J
(09 0) = 4m2 — 2m3 and azy() = W

? 02F 6 +m —4m*ay 6+m
e
j=1

Furthermore,

0, (0,0) L 0°F (0,0) >
> = T3 3 m > [ _ac WU = T T =
9690 2m3 RULFPEY 2m3

32F;

(0,0) V(1 10g(™=2
5 - — (0] _— s
9605 m’ 8\

02F, 3 -2 92F. 2
40,00 = ———(3+610g( Z—=1)). 20,0) = —,
m m3

0£06 2m3 €06

92F 3 92k —5+4m*a
0,00= =, —10,0=— "
3c98 m3 3c08 m3(m — 2)

azﬁg(oo) U oaf ™2 aF, 0.0) 3 a2
—(0,0) = — log| — |, ,0) = — log{ —— ).
9805 m B\ T 9£00 ms OB\ T2

9 2T 5
0°F; 8+ m —4m’ay 8+m
0= J 0,0 " d = .
Z 3888( ) 4m3 —2m* and 11 4ms

azﬁl( ) 1 s 32F, 0.0 3
Th o s - < mo b o on ) = T

2m* 02 982 m#
92F; 32F,

1 —2
0,00 = —— (3 + 6log( 2—2)),
082 m* m

an(O 0) —0 82F6(0 0)— 6 32ﬁ7 (0 0)_ —6+4m5a0,2
382" " 882 T mA 882 T mA(m —2)

azﬁg 8FA‘9 6 (m —2)

952 (O, O) = O, W(O’ O) = W log

m2
Thus,

A

9 2 6
8F] 10+m—4ma02 10+m
0= 0,0) = 2 and -
; aeas V) Amt —oms G 0= T

This establishes (37).
To find the Taylor series of (¢, ) — dimy F; s, we first note that

logm logm (m —2)logm

G1(0,0) = — . G2(0,0) = — . G3(0,0) =

and thus By o(m) = —logm. By (38), we have



Cubic Relations between Frequencies of Digits and Hausdorff Dimension

8@1 . 1 —logm 3@2 _ 1—logm 8@3 —0

de 2m2 e 2m?® T e
and thus 3

G,
= —(0,0) =0.
Br.o(m) ; 5. (0,0)

In a similar manner, we have

061 _ _1—logm 3G, _1—logm 8Gs _

s 2m3 088 2m3 T a8
and 3 A

ilef
Boa(m) =) —>(0,0) =0.

j=1

Now we consider the terms of second order. Since

PG L 43— (64 m)logm)
= — m — m m),
g2 4m# g
26, _ 1 (6 — 6m + (6 — Tm) logm)
= —0Om — /m)logm),
0g? 4m# g
32G;  3(m—2)
P = py (1 —logm),
we obtain 3 aaA
1 < 326G 1
= — —_— 0,0 = = .
B2.o(m) 2; 5 0.0 =
Similarly,
PG _ L 44— 8+ mylogm)
= — m — m)logm),
9ed8  4m> g
E ! (8 — 8m + (8 — 9m) logm)
= — —om —Ym)logm),
9ed8  4mS g
32G;  2(m—2)
= 1—1
9205 s logm)
and thus 3 anA
32G; 1
fd - 0,0 = —F.
Bra(m) ;8885< )=
Finally, since
P61 _ L omt %) (10 4-m)logm)
= — m — m)logm),
982 4mbo g
932G, 1
552 = —m(lo(m — 1)+ (10 — 11m) logm),

92Gs _ S(m—2)

992 e (1~ logm).

599
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we obtain \ R
1 & 9%G; 1
== —(0,0) = —.
Boa(m) = 5 ; 557 0.0 =
This completes the proof of the proposition. UJ

Now, as an illustration, we consider the function

Sfes,u(x) =x + ex? 4+ 8x3 + ,ux4
and the set
Fes,u = {x €[0,1] : Ti(x) = fe 5, (To(x))}.

In a similar manner to that as before, we have

1
dimy Fp 5, = _logm inf{G; s ,() : @ €[0,1] and o + f; 5 () € [0, 1]},

where

G&‘,(S,M(a) = IOgQ’ + fE,B,p.(a) IOg fs,ts,u.(a)
I —o— fos5 ()
+ (= o = fopule) log —————2—.
One can also look for an analytic function

n n—l

oo
(e 8, p) =D > > skt (m)etsu" !

n=0 1=0 k=0
in a neighborhood of (0, 0) such that

) 1
dimy Fy 5, = —@Gg,s,ﬂ(a(e,b‘,u))-

We compute the Taylor coefficients assuming that the existence of such an analytic
function has already been established.

ProrosITION 2.  We have

a(eﬁu)zl—Le—LS— ! M+6+m82+8+m88
o m  2m? 2m3 2m4 4m4 4mS
104+ m 0+m _, 12+m 4+m ,
ams M + 4mb ot 4m’ o+ 4m8
+ 0,8, 1) (39)

and
dimy F, s =1— ;<€2 + lea + Lsu + LSZ + L(S/L + L/Lz>

’ 2m3logm m m? m? m?3 m*

+O(l(e, 8. w11
Proof. We consider the analytic function

J(e.8.10) = Gl g, ((e.8, 1)),
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which must be identically zero. We have
G, 5 (@) = log(a(m —2))
+ log(a + ca? +8a’ + nat)(1 + 2ea + 38a® + 4pa’)
—log(l — 20 — ga® — 8a® — pa*)(2 + 2ea + 38a% + 48a°);

in particular, J(1/m,0,0) = 0. This shows that «q,0,0(mm) = 1/m. For the terms
of first order, we note that

aJ 1+ 2m’a m
¥ 0.0.0) = 1,0,0(m)
e m—2
and hence a; o,0(m) = —1/(2m2). In a similar manner, since
aJ 1+ 2ma m
9 0.0,0) = 1T 2m @0r0(m)
06 m(m — 2)
aJ 1+ 2mia m
9 0.0.0) = 0,0,1(m)
o m2(m — 2)
we obtain a1, 0(m) = —1/2m?) and a1 (m) = —1/(2m*).
For the terms of second order, since
927 —6—m+4m*a m
55(0.0,0) = 200,
de 2m2(m —2)
9%J —8 —m+4mia m
0.0.0) = 1,1,0( )’
0edé 2m*(m — 2)
927 —10 — m + 4mba m
0.0.0) — 1,0,1( )’
dedu 2m3(m — 2)
927 —10 — m + 4ma m
97 0.0.0) = 0,2,0( )’
aé 2m3(m —2)
92J —12—m+4ma m
(0,0,0) = UL
930 2mb(m — 2)
92J —14 —m+4mBa m
9 0.0.0) = 0,0,2(m)
o 2mé(m — 2)
we obtain
6+m 8+m 10+m
02,0,0(m) = At a,1,0(m) = s ay,0,1(m) = 6
(m) 10+m (m) 12+m (m) 144+m
o m=—— « m)=——, « m) = .
0,2,0 o 0,1,1 o 0,0,2 o

This establishes (39). Finally, to obtain the last formula, we note that for the
function
G(e, 8, ) = Ge s u(a(e, 68, 1))
we have G(0,0,0) = —logm,
G G

oG
—(0,0,0) = —(0,0,0) = —(0,0,0) =0,
Pl )= 75 ¢ ) BM( )
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and 5
3’G 1 -G
—(0,0,0) = — 0,0,0) = —
2 ( )= m3’ R ( )
8 G 1 3%G 1
0,0,0) = —,
0ed 2m5’ 962 902 ¢ )= m?
02 G 1 %G 1
,0,0) = —, (0 0,0) = —
080u 2mo m’
This completes the proof of Proposition 2. O
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