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Introduction

In [L5, p. 747, (b)] there is a vanishing conjecture for an ideal / in a d-dimensional
regular local ring (R, m). (A stronger “CM” conjecture on that page was disproved
by Hyry [Hy, p. 389, Ex. 3.6].) Suppose there is a map f: X — Spec(R) that
factors as a finite sequence of blowups with smooth centers and is such that /Ox
is invertible. Let E be the closed fiber f~!{m}. The conjecture is that

HL(X,(I0x)™) =0 forall i #d.

This statement implies, with £(I) denoting the analytic spread of 7 and ~ de-
noting “adjoint ideal of” (a.k.a. multiplier ideal with exponent 1), that

[ = [ forall n > 0(1) — 1,

which in turn implies a number of “Briancon-Skoda with coefficients” results; see
[LS, pp. 745-746]. The conjectured statement holds true when d = 2, and it was
proved by Cutkosky [Cu] for R essentially of finite type over a field of charac-
teristic O (in which case it is closely related to vanishing theorems in the theory
of multiplier ideals; see [La]). In these two situations, the assumed principaliza-
tion f is known to exist for any 7 # (0).

In this paper we show that vanishing holds for those R-ideals that are finitely
supported—in other words, those for which there is a sequence of blowups (as
before) in which all the centers are closed points.

In addition, we deduce that the adjoint ideal of a finitely supported ideal I is
itself finitely supported, with point basis obtained by subtracting min(d — 1, rg)
componentwise from the point basis (rg) of I. (The terminology is explained in
Sec. 3.)

More consequences of vanishing are scattered throughout Sections 3— 4 For
example, for finitely supported I, Proposition 3.4 generalizes the [ = []7 rela-
tion; furthermore, if / is the integral closure J of a d-generated ideal J—whence
JI4=1 = [4—then Proposition 4.2 gives that JI9=2 = [4-1 N J # I4-1 (unless
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I =R)andthat J: [ = Jd=1 +J = [ + J. Moreover, for 1 <t < d we have
JJt-t=Jtif and only if 1 > d(1 — 1/ord(J)).

1. Reformulation of Vanishing

Let K be a field. We denote by Greek letters «, B, y, ... regular local rings of di-
mension > 2 and with fraction field K; we refer to such objects as “points”.

From now on o will be a d-dimensional point with maximal ideal m,, and
f: X — Spec(a) will be a proper birational map with X regular (i.e., the local
ring Oy, is regular for every x € X).

Let E|, E,, ..., E, be the (d — 1)-dimensional reduced irreducible components
of the closed fiber E := f~'{m,}. The local ring on X of the generic point of E;
is a discrete valuation ring R; whose corresponding valuation we denote by v;.
Because the regular ring « is universally catenary [GD2, (5.6.4)], the residue field
of R; has transcendence degree d — 1 over «/m,. There is then a unique point j;
infinitely near to o such that v; is the order valuation ordg; associated with ;; see
[L2, Sec. 1, pp. 204, 208]. (The first neighborhood of o consists of all points of
the form Oy ., where ¢: Z — Spec(«) is the blowup of m, and z € o Hmg);
a point B is infinitely near to « if there is a finite sequence of points beginning
with o, ending with 8, and such that each member other than « is in the first neigh-
borhood of the preceding member.)

We say that a point 8’ is proximate to another point 8”, and write 8’ > 8”, when
B’ is infinitely near to 8” and the valuation ring of ordg~ is the localization of g’
at a height-1 prime ideal. For each i, j such that 8; > B, let p;; be the height-1
prime ideal in B; such that the localization (8;)y,, is the valuation ring R; of v;.
Using induction on the length of the blowup sequence from B; to §;, one checks
that U[(p,‘j) =1

LeEmMA 1.1.  Let I be a nonzero «-ideal. Then, for eachi =1,2,...,r,

v = Y ().
{jlBj=<pi}

By convention, the sum of the empty family of integers is 0.

Proof. After reindexing, we may assume that 81, B, ..., B, are all the 8; such that

B; < Bi. Then use that for some g;-ideal I; we have IB; = pff(” . ~pi";(”1,-. O

DEeFINITION 1.2. A divisor 25:1 n;E; is full if, for each i, it holds that n; > 0
and that (with the preceding notation)

n;i = Z n;.
{J1Bj=<Bi}

ExampPLEs 1.2.2. (a) For any nonzero «-ideal I, the divisor 2:21 v;(I)E; is full.
(b) Any finite sum of full divisors is full.
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©If D=7} ,nE;isfulland 0 < ¢ € R, then [c¢D]| := ) ,;|cn; ] E; is full.
(As usual, for any p € R, | p] denotes the greatest integer < p.)

CONJECTURE 1.3.  If D =Y '_, n;E; is a full divisor, then
HL(X,0x(D)) =0 forall i #d.

This holds, obviously, wheni < Qori > d.
We assume henceforth that f is a composition

X=X,— X,-1—> -+ — Xo= Spec(a), (1.3.1)

where each X;; — X; (i < n) is the blowup of aregular closed subscheme of X;.

ExampLE 1.3.2. For f as in (1.3.1), the conjecture holds when D = O, in
which case it is usually referred to as (an instance of ) Grauert—Riemenschneider
vanishing.

Indeed, for this to hold, [L4, p. 153, Lemma 4.2] shows it is enough that the natu-
ral derived-category map t: « — RI'(X, Oyx) be an isomorphism; and a straight-
forward induction, using the natural isomorphism RI'(X, Ox) = RI'(Z,RAh,Ox)
associated to a suitable factorization of f as X LNy AN Y, reduces proving that
7 is an isomorphism to the case of a single blowup, where it follows from [GDI,
(2.1.14) and (4.2.1)] (since the fibers of T are single points or projective spaces)
or from [L4, Thms. 4.1 and 5] (since regular local rings are pseudo-rational [LT,
Sec. 4]).

Set U := Spec(a) — {my} and V := f~'U. From Example 1.3.2 one gets a nat-
ural isomorphism Oy => R f,Oy, whence H (V, Oy) = H(U, Oy) for all i. But
H(U, Oy) = a,andfor0 < i < d—1wehave H (U, Oy) = Hi}!(a) = 0. Hence,
for D :=Y"!_ n;E; withn; > 0 (so that Oy (D)|y = Oy and HYOx(D)) = a),
the natural exact sequences

H'"'(X,0x(D)) — H'(V,0y) — HL(X, Ox(D))

Y H(X. Ox (D)) — HI(V.,0y)

show that ¥/ is an isomorphism for 0 < i < d — 1 and that ¥ ¢~ is injective.
Furthermore, if m, Oy is invertible and if we take the harmless liberty of identi-

fying the closed fiber E with the corresponding divisor, so thatm,Ox = Ox(—E),
then by applying l'i)n,, to the exact row of the natural diagram

Ext?"Y (O, Ox (D)) — Ext?~!(Ox, Ox (D)) — Ext*"1(Ox (—nkE), Ox(D))

HY™I(X, Ox (D)) HY"'(X, Ox (D + nkE))

we deduce a natural exact sequence

0 — Hi™\(X, 0x (D) 5> HY™/(X, 0x(D)) — lim H'™ (X, Ox(D + nE)),

where, one verifies, i is the injective map v ¢~! described previously.



576 JoSEPH LIPMAN

Thus for f asin (1.3.1) such that, further, m,Ox = Ox(—FE) is invertible, Con-
jecture 1.3 may be written as follows.

CONJECTURE 14. If D = Y"'_, n;E; is a full divisor then
H(X,0x(D)) =0 for 0<i<d—1.
For all n > 0, the natural map is an injection

HY™(X, Ox (D)) — H" (X, Ox(D + nE)).

2. A Special Case
We prove Conjectures 1.3 and 1.4 in a special case.

THEOREM 2.1.  With a as before, suppose the map f: X — Spec(a) factors as
X=X, — X,y — -+ — Xg=Spec(a) (r>0),

where for 0 < i < r the map X;.1 — X; is the blowup of a closed point of X;.
Then Conjecture 1.4—and thus Conjecture 1.3—holds true.

Proof. We proceed by induction on . We often write H'(—) for H (X, -).

Suppose r = 1, so that (with our preceding notation) £ = E; and D = nE,
n; > 0. For any ¢ > O there is a standard exact sequence with Og(mE) :=
O ® Ox(mE):

0 — Ox(gE) — Ox((¢ + DE) — Op((¢ + DE) — 0.
Here E = P9, the (d — 1)-dimensional projective space over the field a/m,,

and O (E) = Opa-1(—1); hence H (O ((q + 1)E)) = 0 fori < d — 1. Thus, for
0 < i < d — 1, there are natural isomorphisms

H(Ox(¢E)) = H'(Ox((q + DE)),

and since (by Example 1.3.2) H'(Ox) = 0 it follows that H (Ox (n,E)) = 0.
Moreover, for every ¢ the natural map

H"'(Ox(gE)) — H* ' (Ox((qg + DE)) = H" " Y(Ox (¢E + E))

is injective, whence so is H*~1(Ox (n,E)) — H4 Y (Ox(n E + nE)).

Next, whenr > 1,letg: Y — Spec(«) be the composition of » — 1 closed-point
blowups and let 4: X — Y be the blowup of a closed point y € Y. Make the in-
dexing such that E| is the closed fiber of &. With v; asin Sectionland2 <i <,
let E/ be the center of v; on Y. Arrange further that E), ..., E; are all of the E/
that pass through y. Fullness of D = Z;:, n;E; entails n; > ny + - -+ + ny.

Let D' :=nyE5+ -+ +n,E] and let h~'D’ be the divisor

W'D = (na+ - +n)Ei +n2Ey + -+ +n,E,,

so that Ox (h™'D’) = h*Oy (D). Fullness of D’ follows from that of D because,
fori > 1, B; is not proximate to 81. By induction, then, Conjecture 1.4 holds for D’,
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and it follows that Conjecture 1.4 holds also for #~'D’. Indeed, since Rh,Ox =
Oy (cf. Example 1.3.2), the standard projection isomorphism gives

RI'(X,0x(h™'D")) = RT(Y,Rh.(Ox ® h*Oy(D')))
= RT(Y,RA(Ox) ® Oy(D")) = RI'(Y, Oy (D")),

and similarly for the full divisor D’ + nE’, where E’ is the full divisor such that
Oy(—E') = m,Oy (see Example 1.2.2(a)), so h /(D' + nE') = h™'(D') + nE.
As aresult,

H (X,Ox(h™'D") ZH(Y,0y(D') =0 (0<i<d-—1),
and the natural map
HYY(X,0x(h™'D")) — H"Y(X,Ox(h™'D’ + nE))
is isomorphic to the natural injection
HY (Y, 0y (D)) < H*7\(Y, 0y (D’ +nkE")).

It will therefore be enough to show the following lemma.

LEmMMA 2.2. If Conjecture 1.4 holds for a divisor D, :== vE1+n,E,+---+n, E,,
where v > ny + - - - 4 ny, then it holds also for D, ..

Proof. Denote the residue field of y by «(y), so that E; = IP’,f(;)l. For any n > 0,
there is the usual exact sequence )

0 — Ox(D, +nE) — Ox(Dyy1 +nE) — Op, @ Ox(Dyy1 +nE) — 0.
Moreover, with N :=n, +---+ny, —v — 1,
Ok, ® Ox(Dy41 +nE) = Op (N).
To see this, note (with A: E; < X the inclusion) that A*Ox (E1) = Og,(—1); that,
since Ej/ is a regular subscheme of Y passing through y, if 2 < j < s then
X Ox(Ej) = X(h* Oy (E]) ® Ox(—E)) = X(Ox (= E1)) = O, (1);

that if j > s then A*Ox(E;) = Og,; and that, since Oy(E")|y = Oy for some
open U containing y (with E' as before), A*Ox (E) = X*h*Oy (E') = O,.
Since N < 0, it follows in case n = 0 that

H'(Ox(D,)) =H' (Ox(Dyy1)) (0 <i<d-1),

so that H/(Ox (D,)) = 0 implies H (Ox (D,)) = 0. Furthermore, for any n > 0
there is a natural injection H*~!(Ox (D, + nE)) < HYY(Ox(D, 1 +nkE)). We
then have a commutative diagram with exact rows:

0 —— H'(Ox(D,)) ——— H {(Ox(D\41)) —— H* (O, (N))

‘//ul ‘/ﬁﬂrll H

0 — HY(Ox(Dy +nE)) — H* ™ (Ox(Dys1 + nE)) — H™ (O, (N)).
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Hence, if ¥, is injective then so is 1,.1. This completes the proof of Lemma 2.2
and thus of Theorem 2.1. O

REMARK 2.3. With f as in Theorem 2.1 and with E;, 8; as before, set

EI* = Z ordﬁ/(mﬁi)Ej.
{Jj18;DBi}
So if p is the r x r proximity matrix with p; = 1 and with p; = —1if 8; < B;
and p;; = 0 otherwise, then by [L3, p. 301, (4.6)] (whose proof is valid in any
dimension) we have
(E},...,EN' =p (Ei,...,E)", (2.3.1)
where “t” means “transpose”. Then, for any nj,...,n, € Z, premultiplying both
sides of (2.3.1) by (ny,...,n,)p yields
Z( -y )E =" niEs
i=1 118 =B} i=1
Hence, the monoid of full divisors is freely generated by Ef, ..., E.
For example, the relative canonical divisor Ky := (d —=1)(E{' +-- -+ E}) is full.
Note that J; := Ox (—Kj) is the relative Jacobian ideal of f by [LS, pp. 201-202]
and that wy := jf_l = Ox(Kjy) is a canonical dualizing sheaf for f by [LS, p. 206,
(2.3)]. (In fact, since f is a local complete intersection map, wy = f !OSpec(a)')

COROLLARY 2.4.  Under the hypotheses of Theorem 2.1, the following statements
hold for any full divisor D on X.
(i) H(X,Ox(K; — D)) =0 foralli # 0.
(ii) HL(X,Ox(K; — D)) =0 foralli # 1,d.
(iii) HL(X, Ox(K; — D)) = a/H(X, Ox(K; — D)).
(iv) Hé(X, Ox(Ky — D)) is an injective hull of o /m.

Proof. For any invertible Ox-module L, the a-module H(X,L® wy) is Matlis-
dual to H,‘é_’(X, LY [L1, p. 188, Thm.]; so (i) and (ii) follow from Theorem 2.1
by duality (via Conjectures 1.3 and 1.4, respectively). Similarly, (iv) is dual to the
obvious statement that H'(X, Ox (D)) = «. Assertion (iii) results from the natu-
ral exact sequence
0 =HY(X,0x(K; — D)) — HY(X,Ox(K; — D)) — a = H(V,Oy)
— H,(X,O0x(K; — D))

— H'(X,0x(K; — D)) 0. O

3. Finitely Supported Ideals

Recall that an «-ideal [ is finitely supported if there is a map f: X — Spec(w)
that factors as in Theorem 2.1 and such that the Ox-module /Oy is invertible. In
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this situation /Oy = Ox(—D), where (as in Example 1.2.2(a)) D is a full divisor.
(For more on finitely supported ideals, see [CGL; C; Ga; To].

Also, HY(X, IOx) = I, the integral closure of /. With w; = Ox(Ky) as in
Remark 2.3, H(X, Ox(Ky — D)) = HO(X, lwy) is the adjoint ideal f; see [L5,
p- 742, (1.3.1D].

The vanishing conjecture and various consequences hold for finitely supported
ideals (but see Remark 4.1).

CorOLLARY 3.1. If f: X — Spec(a) is as in Theorem 2.1 and if I is an «-ideal
such that T := 1Oy is invertible, then the following statements hold.
(i) HL(X,Z™Y) = HL(X,Z'w;) = 0 forall i # d.
(') HL(X,T) = H(X,Zwy) = 0 foralli # 1,d.
(i) H(X,Zwy) = H(X,Z) =0 forall i # 0.
(i) H(X, T ') =H(X, I =0 foralli #d —1,0.
(iii) H*'(X,Z'wy) is Matlis-dual to Hy(X,T) = /1.
(iv) HY (X, Z7") is Matlis-dual to H}E(X,Ia)f) = a/i.
(v) HYX, T 'wy) = HUX, I = a.
(vi) HE(X,T) = HL(X, Zwy) is an injective hull of o /m,,.

Proof. Since the divisors D and Ky + D are both full, (i) and (ii") follow from
Theorem 2.1 via Conjectures 1.3 and 1.4, respectively. Given the duality mentioned
in the proof of Corollary 2.4, (iii) and (iv) both result from Corollary 2.4 (iii). State-
ment (v) is obviously true. Finally, (ii), (i'), and (vi) result from their respective
dual versions (i), (ii’), and (v). O

ReEMARK 3.2. For the vanishing of H}E (X,Z " andhence of its dual H~! (X, Lwy),
it suffices that f factor as in (1.3.1). Indeed, there exists an exact and locally split

sequence
0—-C—-0y—-TI—0.

As aresult, with (-)* := Home, (-, Ox), we have the exact sequence
0—>7I'=7"—= 0} - C* = 0; (3.2.1)
this gives another exact sequence,
0=HY%X,C*) - HL(X,T)" — HL(X,08) =0,

where the first term vanishes because C* is locally free and the third vanishes by
Example 1.3.2.

Tensoring (3.2.1) with wy (a dualizing sheaf, inverse to the relative Jacobian
ideal) and noting that H~!(X, Ox) and hence its dual H}E(X ,wr) vanish (Exam-
ple 1.3.2), one shows similarly that H,(Z "'w;) and its dual HY~'(X,Z) both
vanish.

The point basis B(I) of a nonzero a-ideal [ is the family of nonnegative integers
(ordg( #)) indexed by the set of all points B infinitely near to o, with I# the trans-
form of I in B (i.e., I? := t~'IB, where t is the gcd of the elements in I8).
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Two nonzero «-ideals have the same point basis iff (if and only if) their inte-
gral closures are the same; see [L2, p. 209, Prop. (1.10)]. The proof in [L.2] shows,
moreover, that if I and J are a-ideals such that ordg(/ Ay < ordg(J £y for all B,
then / O J (here the overbar denotes integral closure).

The ideal 1 is finitely supported iff 7 has finitely many base points—that is, 8
such that ordﬁ(If’) # 0 (see [L2, p. 213, (1.20), p. 215, Remark]). Thus the prod-
uct of two finitely supported ideals is still finitely supported. (It can be shown, for
any a-ideal I and any d-dimensional infinitely-near B, that if 7# is mg-primary
then B is dominated by a Rees valuation of /. Hence [ is finitely supported iff
every base point of / is d-dimensional. More constructively, / is finitely supported
iff IOy is invertible, where X — Spec(«) is obtained by successively blowing up
all the finitely many d-dimensional infinitely—near 8 such that 8 is dominated by
a Rees valuation of /—in which case, with the notation of Remark 2.3, IO0x =
Ox (=X, ords, (1) E}) )

Here is the main result in this section (proved for d = 2 in [LS5, p. 749, (3.1.2)]).

THEOREM 3.3. Let o be a d-dimensional regular local ring (d > 2) and I a
finitely supported o-ideal with point basis B(1) = (rg). Then:

(1) ord, (1) = max(ord,(I) 41— d,0); and

(2) for any B infinitely near to o, I8 = (I)%.

Hence the adjoint ideal I is the unique integrally closed ideal with point basis
(max(rg +1—d,0)). In particular, I is finitely supported.

REMARK 3.3.1.  Apropos of (2), = I__ﬁ > I (see [L2, p. 207, Prop. (1.5)(vi)]);
but equality doesn’t always hold (see [To, Ex. 1.2]).

COROLLARY 3.3.2. For any finitely supported a-ideal I, I = « if and only if
ord, (1) < d.

We also have the following weak subadditivity consequence.
COROLLARY 3.3.3.  For finitely supported a-ideals I and J,
>
Proof. One may check that, for any nonnegative integers r and s,
max(r +1—4d,0) + max(s +1 —d,0) <max(r +s +1—4d,0).

Because “transform” respects products, ordﬁ((ff )8y < ordﬁ((lj)ﬁ) for all .
Hence the conclusion follows. O

Our next corollary (and also Proposition 3.4) lies in the opposite direction.
COROLLARY 3.3.4.  For finitely supported a-ideals I and J,

i >,
where equality holds if and only if ordg(J#) > d — 1 at every base point B of 1.
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Proof. The inclusion is a consequence of 1J : I = J [L5, p. 741, (b) and (d)].

The point basis B(1J) =: (rg) satisfies

rg = ordg(1?) + max(ordg (JP) —d +1,0)
[L2, p. 212, (1.15)], from which it follows that
rg = max(ordg ((1J)?) — d +1,0)
<= either ordg(I”) = 0 or [ords(I#) > 0 and ordg(J#) > d —1]. O

Proof of Theorem 3.3. We begin by proving Corollary 3.3.2.

Any B with I? # B is d-dimensional [L2, p. 214, (1.22)] and so, because « is

regular, the residue field of 8 is finite over that of «; see [GD2, (5.6.4)]. Hence,
by [Hi, p. 217, Lemma 8],

(%) ifordy(I) < d then ordﬁ(lﬁ) < d for any infinitely near 8.

With this in mind, recall from Remark 2.3 that, with f: X — Spec(«) as at the
beginning of this section and with Ky =: ). ¢;E;, we have

i = HO(X, Ia)f) = HO(X, OX ( Z(C‘,‘ — ordﬁi(l))E,))
and
ci= Y ordg(mi™) = Y ordy (I”) ordp, (m;) = ordg, (1),
BiCBi BiChi
the last equality by [L2, pp. 209-210, Lemma (1.11)]. The “if” part of Corol-

lary 3.3.2 results.
Furthermore, if (say) E; corresponds to the valuation ring of ord,, then

ord, (1) > ord, (1) — ¢y = ord, (1) — (d — 1).

In particular, if / = o then ord, (/) < d — 1. This gives the “only if” part of
Corollary 3.3.2.

Now Corollary 3.3.2 and () show that Theorem 3.3 holds if ord, (/) < d. For
the rest, we need the following key fact.

PrOPOSITION 3.4.  Let I and J be finitely supported a-ideals such that, for each
B infinitely near to «, ord,g(Jﬁ) >(d-1) ordﬁ(lﬁ). Then

=1.
Proof. In the proof of Lemma 1.1 applied to the present situation, I; = I%; hence
the condition “ordg (J By>(@d -1 ordg (1 B) for each B may be written as

(vi(J)— > v,-(J)) = (d—1)<vi(1)— > v,-(l)) (l=<is<r. (34D
{J1Bi=<Bi} {j1Bj=<Bi}

This implies that if f: X — Spec(x) is a composite of closed-point blowups such

that /Oy and JOyx are both invertible (such an f exists because 1J is finitely sup-

ported) then, for 0 < k < d — 1, we have I*(JOx)™! = Ox(Dy) with Dy a full

divisor on X.
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Hence, by Corollary 2.4(i),
HY (X, (I0x) Moy =H"(X,0x(Kf — D)) =0 (0 <ik<d—1).

This being so, we see that the case J = I" (n > d — 1) is treated in [L5, Sec. 2.3];
the proof for arbitrary J is essentially the same. (Here, a principalization of / is
given to begin with, so the fact—of which a special case is used in [L5]—that the
~ operation on «-ideals commutes with smooth base change follows from com-
mutativity with H° and with formation of w.) O

CorOLLARY 3.4.2. If J is a finitely supported o-ideal with ord,(J) > d — 1,
then

—

myJ =maf.

Now we can prove Theorem 3.3 by induction on the least number of closed-point
blowups needed to principalize /. Set ord, (/) := a. Since we have already dis-
posed of the case a < d, it will clearly be enough to show that:
(1) ifa>d —1thenordy(/) =a+1—d; and
(2) if g: X; — Spec(w) is the blowup of m := m, and if 8 is the local ring of a
closed point on X;, then ~
18 = ()"

Leth: X = X, — X be as in Theorem 2.1. For any Ox-module L, the natu-
ral map is an isomorphism m#, (L) = h,(mL). (Since the assertion is local on
Xj, one can assume that mQOy, = Oy....) Furthermore, from Remark 2.3 one de-
duces that w;, = wy (mOx)?~!. Hence, with Z; := I(mOy,)74, it follows that

(MOx)* ™ML} i= (mOx)* ™ ho(Tiwp) = (MmOx)* ™ h(Tyws (mOx)*™)
= (mOx)* M h.(To(mOx) ™) = h.(lwy).
Using induction on s > 0, from Corollary 3.4.2 we deduce that
m'l = w'l := H)(X, m'lw;) = H(X), h,(m'Iwp)) = HO(X,, m*h, (Iop)).

The invertible Oy,-module mQOy, is g-ample and ., (Iwy) is coherent, som*h, (Iwy)
is generated by its global sections for all s >> 0. In other words, we have shown that
msh* (Ia)f) = msiOXI

and so ~ _
(MOx,)* I = h,(Ioy) = 10x,.

Since 7, ¢ mOy,, this implies statement (1). Then—since it is straightforward
to check for any z € X; that the stalk (Il) is just (Il) —Ilocalizing at 8 gives (2).
This completes the proof of Theorem 3.3. U

4. Additional Observations

LetJ = (§1,...,84) (d := dim @) be a finitely supported and hence m-primary a-
ideal. Proposmon 4.2(ii) shows, as mentioned in the Introduction, that JJ"—! = =Jn
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for all n > d but that JJs #* ﬁ&r 1 < s < d. Proposition 4.2(i) shows (via
Corollary 3.3.2)tﬁ1t, for_s >0, JJs~1 = Js if and onlyif s > d(1 —1/ord,(J)).
In particular, JJ9-1 = J4,

REMARK 4.1.  Bernd Ulrich informed me of an example of Huneke and Huckaba
[HH, p. 88] in which « can be taken to be the localization at (x, y, z) of the polyno-
mial ring C[x, y,z] (sod = 3), J = (x*, y(y* +z),z2(y* + z%)), and JJ? * J3.
This J cannot, then, be finitely supported. In fact, it has a curve of base points
in the blowup of m,. Moreover, analysis of the proof of Proposition 4.2(i) shows
that, if f: X — Spec(a) is a principalization of J by a sequence of smoothly
centered blowups, then H!(X, JOx) D J3/JJ* # 0. Thus, for instance, Corol-
lary 3.1(ii) does not hold for principalizations of arbitrary m,-primary ideals.

It is well known that, for any ideal I O J, the dual of /I (i.e., Hom,(«/I,&),
where £ is an injective hull of &/m) is (isomorphic to) (J : I)/J. Indeed, by
local duality the dual of /1 = H&a (ae/1) is Ext4(a/1, ), and since the sequence
(&1, ..., &) is regular we have the standard isomorphisms

Ext¥(a/I, o) = Homg (/I a/J) = (J : 1)/ J.

PROPOSITION 4.2.  For the preceding J, set J' .= « for all t < 0. Then, for all
seZ,
(i) J‘/JJY 75=1is dual to Ot/(]d s+ J)and
(i) J5/JJ5= =1 s dual to a/(J94=s + J).
Consequently, since a finite-length module and its dual have the same annihilator,
we have
(iii) JJs1: JS — Jd=s + J and
(iv) JJ5=1: J5 = Jd=s 4 .

A proof is given at the end of the paper.

COROLLARY 4.3. For any s € Z, the following conditions are equivalent.
() JJs— =JnJ. o

(i) JJd=s=1: Jd=s = J . Jd=s,

(iii) JJd s= 1—Jd sNJ.

(iv) JJ5— L S = g S

Proof. Since, clearly, JJT:l cJsn J, therefore Proposition 4.2(ii) makes condi-
tion (i) hold if and only if J5/(J$ N J) is dual to & /(J¢—5 + J )—that is, isomorphic
to (J : J4=9)/J. All these modules have finite length, so the natural isomorphism

TIN5 + )0 +4Y
shows that (i) < (ii).

The proof of (iii) < (iv) is analogous: replace s by d — s and then interchange
" and . The implications (i) = (iv) and (iii) = (ii) are obvious. O

(]Jd s—1 . Jd S)/J
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COROLLARY 4.4. The following statements hold.
(i) JJ2=Jdiny.

(ii) JJa2=JdInJ.

(ili) JJ4-3 = Jd=2n J.

Proof. For s > d — 1, Corollary 4.3(ii) obviously holds and so Corollary 4.4(i)
does also. Similarly, (ii) is a consequence of Corollary 4.3(iv) entailing 4.3(iii)
withs = 1.

As pointed out by Bernd Ulrich, (iii) results similarly from the fact that Corol-
lary 4.3(iii) holds for s = d — 2, a special case of the main result in [It]. O

Proof of Proposition4.2. Let f: X — Spec(«) be a composition of closed-point
blowups such that L := JOy is invertible. Then, for all s € Z, HO(X,L%) = Js
and H(X, L'wy) = J°.

Corollary 3.1(ii) and (ii’) give, for all j > 0,

H(X,L')=0 (i #0),
H(X,L™/)=0 (0<i<d-1.
Arguing as in [LT, p. 112], one finds then that J5/ JJ=is isomorphic to the kernel
of the map

51D D&y
ST

Hd_I(X, Ls—d) Hd_l(X, LJ-H—(I) DD Hd_](X, LS-H—(]) .

d times

Hence J¥/ JJ5=1is dual to the cokernel of the dual map

[CTTREN

HL(X, L™ op) x - x HL(X, L4y S50 gl (X, L9=5)).

d times

Corollary 3.1(i) and (iv) give HL (X, Liws) = o/ J for all J €Z. Accordingly,
one verifies that J%/JJ5~! is dual to the cokernel of the map

o &1y -5 8a) (X/J?:‘Y,

which proves part (i) of the proposition. The proof of (ii) is analogous, except that
one begins by tensoring the complex K (F, o) in [LT, p. 112] with L°w; instead of
with L*. O
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