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Dynamics of Quadratic Polynomial
Mappings of C?

VINCENT GUEDIJ

Introduction

A remarkable feature of one-dimensional complex dynamics is the prominent role
played by the “quadratic family” P.(z) = z? + c. The latter has revealed an ex-
citing source of study and inspiration for the study of general rational mappings
f: P! — P! as well as for more general dynamical systems [L]. Our purpose
here is to introduce several quadratic families of polynomial self-mappings of C?
that we hope will be the complex two-dimensional counterpart to the celebrated
quadratic family.

We partially classify quadratic polynomial endomorphisms of C? (see Section 2)
using some numerical invariants (dynamical degrees A;(f),d,(f) and dynamical
Lojasiewicz exponent DL . (f)), which we define in Section 1. We then use this
classification to test two related questions.

QUESTION 1. Does there exist a unique invariant probability measure of maximal
entropy?

QUESTION 2. Does there exist an algebraically stable compactification?

Simple examples show that there may be infinitely many invariant probability
measures of maximal entropy when d;(f) = A(f). When d,(f) > A(f), itis
proved in [Gu2] that the Russakovskii—Shiffman measure jf is the unique mea-
sure of maximal entropy. We push further the study of 1r, when f is quadratic,
by showing that it is compactly supported in C? (Section 4). Moreover, every
plurisubharmonic function is in Ll(u_f) (Section 5) and the “exceptional set” is
algebraic (Section 6).

When d,(f) < A1(f), one also expects the existence of a unique measure of
maximal entropy (this is the case when f is a complex Hénon mapping [BLS1]). If
f is algebraically stable on some smooth compactification of C2, then one can con-
struct invariant currents 74, 7_ such that f*Ty = A (f)T+ and f,.T_ = A (f)T-
(see [Gul]). It is usually difficult to define the invariant measure py = T, A T_.
However, this can be done when f is polynomial in CZ2, since T, admits continu-
ous potentials off a finite set of points. We briefly discuss Question 1 for quadratic
mappings with d;(f) < A1(f) in Section 3; the answer is positive for an open set
of parameters but unknown in general.
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1. Numerical Invariants

1.1. Algebraic Stability

Let f: C?> — C? be a polynomial mapping. We always assume f is dominating,
that is, the Jacobian Jf of f does not vanish identically. Let us denote by d,(f)
the topological degree of f (i.e., the number of preimages of a generic point) and
by 8;(f) its algebraic degree (i.e., the degree of the preimage of a generic line
in C?). If f = (P, Q) in coordinates, then §;(f) = max(deg P,deg Q). Clearly
d, behaves well both under iteration (d,(f’) = [d,;(f)]’) and under conjugacy
d,(f) = d,(®7' o f o ®)). Concerning 8;, we also have the straightforward
inequality

81(f o g) < 8i1(f)-81(g); ()

however, equality fails in general. Nevertheless, (*) shows that the sequence
(81(f7)) is submultiplicative, so we can define

M(f) == Hm[8,(f)H1Y =: first dynamical degree of f.

It follows again from (x) that 1;(f) is invariant under conjugacy.

In order to compute A;(f), one needs to compute §;( /) forall j > 1. Although
this can be achieved “by hand” in some simple situations, there is a subtler
way of computing A;( f) that, moreover, yields interesting information about the
dynamics. Let X = C? U Y4 be a smooth compactification of C?, where Y5, de-
notes the divisor at infinity. We still denote by f the meromorphic extension of f
to X and let Iy C Y, be the indeterminacy set of f, that is, the finite number of
points at which f is not holomorphic.

DEFINITION 1.1.  We say f is algebraically stable in X if, for every curve C of X
and every j > 1, f/(C\ I i) & Iy, where I denotes the indeterminacy set of f J,

It is known [PSch] that every smooth compactification of C? is a projective alge-
braic surface X = C? U Y,,, where the divisor at infinity Yoo = C; U --- U C;
consists of a finite number of rational curves Ci, ..., Cy. Since we are dealing with
polynomial mappings, it follows that f(C?) C C? and that the indeterminacy set
I is located inside Y. Hence, the only curves that can be contracted to a point
of indeterminacy are the C;. The condition of algebraic stability is thus quite easy
to check here.

QuEsTION 1.2, Let f: C* — C? be a polynomial dominating mapping. Can one
always find a smooth compactification of C? on which f becomes algebraically
stable?

We will see in what follows that the answer is positive when §;( f) = 2. The answer
is negative in general for rational mappings [F]. The point is thatif f: X — X is
algebraically stable in X, then A;( f) equals the spectral radius of the linear action
induced by pull-back by f on the cohomology vector space H"! (X, R). Moreover,
this is is the starting point for the construction of invariant currents (see [Gul]).
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1.2. Dynamical Lojasiewicz Exponent

A general principle is that the behavior of f at infinity governs its dynamics at
bounded distance. Recall that the Lojasiewicz exponent L, ( f) of f at infinity is
defined by

Loo(f) =sup{veR [I(C,R) >0, [m|| = R = || f(m)]| = Cllm]|"}.

It is known that L () is always a rational number (possibly —oo) which is pos-
itive if and only if f is proper. Moreover, there are explicit formulas that yield
L (f) by simple computation [CK].

LemMa 1.3, Let f,g: C* — C? be polynomial dominating mappings. Then:
(1) Loo(f) < 81(f) with equality ifand only if f extends holomorphically to P?;
(i) Loo(f 0 8) < 81(f) - Loo(g) if g is proper; and
(iii) Loo(f) - Loo(8) < Loo(f ©g) if g is proper.
Proof. Let us denote by  the Fubini-Study Kihler form on P2,
(i) Setd = §;(f). Then f = (P, Q), where P, Q are polynomials such that
d = max(deg P, deg Q), so there exists a C; > 0 such that
lm| =1 = [ f(m)] < Cillm]|*.

This yields Lo (f) < d.
Assume || f(m)|| > C|m|¢ for ||m| > R. It then follows from Taylor’s lemma
(see Lemma 1.5) that

di(f) =/ fH@? zdf ffrorw=d*= [ (H)* .
(C2 CZ ]pz

Hence the meromorphic extension f of f to P2 has no point of indeterminacy; that

is, f extends holomorphically to P2. Conversely, if f is holomorphic on P2 then

f has nondegenerate homogeneous components of degree d and so L. (f) =d.
(ii) Set again d = 6;(f). Then there exists a C; > 0 such that

lgtm)l =1 = [l f o g(m)|| < Cillg(m)|*.
When g is proper this reads, for every R > 1 large enough,
Im| = R = |If o gm)| < Cillg(m)||.

The desired inequality follows.

(iii) Assume || f(m)|| = Ci|lm||” for [lm| > R;. When g is proper we may de-
duce || fog(m)|| = Callg(m)||” for |m|| = R,. This yields Loo(f0g) = vLoo(8),
hence Loo(f ©8) > Loo(f) - Loo(8). U

If f is not proper, then (ii) and (iii) of Lemma 1.1 are false, as simple exam-
ples show. The lemma shows that the sequence (L o (f/)) jeN 1s supmultiplicative
when f is proper.

DEFINITION 1.4, Let f: C? — C? be a proper polynomial mapping. Then the
dynamical Lojasiewicz exponent of f at infinity is

DL oo (f) := lim[ Lo (f9)]'.



630 VINCENT GUEDIJ

Let us recall the following useful lemma [T].

LEMMA 1.5. Let S be a positive closed current of bidegree (1,1) on P2, and
let u be a locally bounded plurisubharmonic function in C%. Assume u(m) >
vlog™||m| + C on the support of S for some C,v > 0. Then

/ SAdd“uzv/ SAw.
C? Cc?

The proof is an integration-by-parts argument (see [Gul, Prop. 4.3]).

PROPOSITION 1.6.  Let f: C2 — C? be a proper polynomial mapping. Then the
following statements hold.

(1) Lo (f) is invariant under affine conjugacy, and DL o () is invariant under
polynomial conjugacy.
(ii) 0 < Loo(f) < DLoo(f) < 21(f) < 81(S).
(iii) Loo(f) =di(f)/81(f), s0 DLoo(f) < di(f)/21(f).

ReEMARK 1.7.  All these inequalities are strict in general. Note that if DL (f) >
1 then infinity is an “attracting” set for f: there exist a neighborhood V of in-
finity in C2 and an [ > 1 such that f!V C V and Njso f/(V) = @. Hence
every point a € Bt(c0) := J,-o f (V) escapes to infinity in forward time,
so the nonwandering set of f is included in the compact set K+ := {p € C? |
(f™(P))n=0 is bounded} = C? \ BF(c0).

Proof of Proposition 1.6. Everything follows immediately from Lemma 1.3 ex-
cept for part (iii). Assume || f(m)| > C|m|" for |m| > R, where C,v, R > 0.
It follows from two applications of Lemma 1.5 that

d.(f) =/ ffo A ffo> v/ fFo Aw=v8(f).
c? c?
Therefore d;(f) > 61(f)Loo(f) and, by iteration, d;(f) > A(f)DL(f). U

ExampLEs 1.8. (1) Consider f(z,w) = (P(w), Q(z) + R(w)), where P, O, R
are polynomials of degree p,q,d respectively, with d > max(p,q). We obtain
M(f) = 81(f) =d and di(f) = pq as well as Loo(f) = DLoo(f) = pq/d =

di())/ M ().
(2) Consider f(z,w) = (w,z> + aw + ¢), where (a, b) € C2. Observe that the
second iterate f? extends holomorphically to P2, so

d(f) =2, M(F)=v2<2=8/(f), Lo(f)=1<~2=DLx(f).

See [GN] for a detailed study of this mapping.

(3) Let f be a polynomial automorphism of C2. It is known [FrM] that f is con-
jugate to either an elementary automorphism or a composition of complex Hénon
mappings. In the elementary case we have d,(f) = A1(f) = l and DL (f) =
Loo(f) =1/d. In the Hénon case d,(f) = 1l and A;(f) = d, so DL (f) < 1/d.
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On the other hand, L (f) > 1/d, as follows from Lemma 1.3(ii) applied to f and
£ 7L Therefore, Loo(f) = DLoo(f) = 1/d.

2. Classification of Quadratic Polynomial Mappings of C>

In this section we classify up to conjugacy the quadratic dominating polynomial
self-mappings of C? according to their dynamical degrees. For our purposes, the
precise nature of the normal form is not important: the essential point will be to
determine their numerical invariants and behavior at infinity. This section is de-
voted to a proof of the following result.

THEOREM 2.1. Let f: C? — C? be a dominating polynomial mapping with
81(f) = 2. Then f is conjugate, by a linear affine automorphism of C2, to one of
the following families.

D di(f) <)

(LD fzw) = (w+c,zw +¢),
where ¢, c’ € C. In this case, d,(f) = 1 and 1 (f) = (1 + \/g)/Z.
(1.2) f(z,w) = (w+ c,w[w — az] + bz + '),

where a, b, c,c’ € C with (a,b) # (0,0). Here d,(f) = 1 and 1 (f) = 2.
(2) di(f) =r(f)

2.1 di(f) =2(f) =1

@ f(z,w) = (az+c,z>+bw+ '), where a,b,c,c’ € C with

ab # 0.

(b) f(z,w) = (az+c,zw + '), where a,c,c’ € C witha # 0.
(2.2) di(f) =nM(f) =2

(@) f(z,w) = (P(z), Q(z,w)), where deg P = deg Q = 2 and

deg, O = 1.
(b) f(z,w) = (P(2), Q(z,w)), where deg P = 1and deg Q =2 =
deg, O.

©) f(z,w) = (w, Q(z,w)), where deg, Q = deg,, Q = deg Q = 2.
(d) f(z,w) = (zw + c¢,z[z +aw] + bz + '), where a,b,c,c’ € C.
(3) di(f) > M(f)

3.0 fzw) = w,2* +aw +¢),
where a,c € C. Here, d,(f) = 2 and \(f) = v/2 = DL (f).
(3.2) fz,w) = (aw + ¢, z[z — w]+¢),

where a,c,c’ € C,a # 0. Inthis case, d,(f) =2, \(f) =
(14 +/5)/2, and DL (f) = 1.

(3.3) fz,w) = (az*> + bz + ¢+ w, z[w + az] + ¢),

where a,b,c,c’,a € C,a # 0. Here d,(f) = 3, \(f) =2, and
DL (f) > 1.
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34 f(z,w) = (zw + ¢, z[z + aw] + bz + ¢’ + aw),
where a,b,c,c’,a € Cwitha # 0. Here d,(f) = 3 and »(f) = 2, but
DLo(f) = 1.

(3.5) f(z,w) = (P(z,w) + Li(z,w), O(z,w) + La(z,w)),

where P, Q are homogeneous polynomials of degree 2 with P A Q =1
and L1, L, are polynomials of degree < 1. Here we have d,(f) = 4 and
M(f) =2 = DL(f).

REMARK 2.2. In the sequel we shall focus on quadratic mappings with d,(f) #
A1(f). For the remaining six families, observe that families 2.1a, 2.1b, 2.2a, and
2.2b are skew products whose dynamics are rather one-dimensional. The remain-
ing two families 2.2¢ and 2.2d may display more intricate dynamical behavior. A
special case of 2.2.d arises in the study of density of states of self-similar diffusion
on the interval [0,1] [Sa].

Proof of Theorem 2.1. This is a case-by-case analysis.

We firstdecompose f(z,w) = (P(z,w)+L(z,w); O(z,w)+L,(z,w)), where
P, Q are homogeneous polynomials of degree 2 and L4, L, are polynomials of
degree < 1. When P A Q =1, f extends holomorphically to P2 and we obtain
the family 3.5. Hence we need only consider the cases P = 0 or P = AP and
0 = AQ with A, P, O homogeneous of degree 1 and P A O = 1. Indeed, the re-
maining cases Q = 0 and P = AQ are both conjugate to the case P = 0 by
(z,w) — (w, z) and (z,w) — (z + Aw,w), respectively.

Case 1: P =0. We get f(z,w) = (a¢z+ pw +c¢, Q(z,w) + La(z,w)). If B =
0 then f is a skew product, and a further case-by-case analysis yields the families
2.1a, 2.1b and 2.2b. So let us assume S # 0. Conjugating by (z,w) — (z,w/B)
yields 8 = 1. Conjugating further by (z,w) = (z,w —az —c) yieldsa = ¢ =0,
hence f(z,w) = (w, Q(z,w) + L2(z,w)).

Subcase A: deg, Q = 0. Since f is dominating, it follows that deg, L, = 1 and
that Q = Q(w) is a degree-2 polynomial. In this case, f is a quadratic Hénon
mapping—that is, a mapping in the family 1.2 with a = 0 (see [FrM] for a precise
normal form).

Subcase B: deg, O = 1. Then d,(f) = 1; that is, f is a birational mapping.
However, its inverse is not polynomial in C2.

If deg,, O = 2 then we may conjugate by (z,w) > (z, Aw) to obtain

fz,w) = (w,wlw —az]l + bz +b'w+c') with a #0.

Further conjugacy by a translation yields the remaining cases of the family 1.2.
Observe that f is then algebraically stable in P2, so A;(f) = 8;(f) = 2.
If deg,, O = 1 then conjugating by (z,w) > (Az, Aw) yields
fz,w) = (w,zw + bz + b'w + ¢').

We can further conjugate by a translation to derive the normal form of the fam-
ily 1.1. Observe that f is then algebraically stable in P! x P!, so that A;(f) is the
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spectral radius of the matrix [(]) %] of the degrees of f in P! x P!. Thatis, A;(f) =
(1++/5)/2 [FGu].

Subcase C: deg, Q = 2. Then d,(f) = 2.

If deg,, Q = 2, then f is algebraically stable in P? and so A(f) = 8,(f) = 2.
Thus we obtain the family 2.2c.

If deg,, O = 0, then conjugating by (z,w) +— (Az + ¢, Aw + ¢/X) yields the
family 3.1. These mappings f have the property that the second iterate f? is still
quadratic and admits a holomorphic extension to P2 (i.e., f2 belongs to the family
3.5). The assertion on the dynamical invariants easily follows.

If deg,, O = 1, then conjugating by (z,w) +> (Az, pw) yields

fz,w) = (aw, z[z — w] + oz + pw + ).

We can further conjugate by a translation to reach the normal form of the family
3.2. Using bihomogeneous coordinates as in [Gul], one can check that these map-
pings admit an algebraically stable extension to P? blown up at the point [0 : 1 : 0],
with A1(f) = (14 +/5)/2. We will check in Lemma 2.5 that DL (f) = 1.

Case 2: P = AP and Q = AQ. Observe that f is algebraically stable in P2,
so A (f) = 81(f) = 2. We can write A(z,w) = az + Pfw with («, 8) # (0,0).
Conjugating by (z,w) — (w, z) if necessary, we can assume « = 1. Further con-
jugacy by (z,w) — (z — B,w) yields 8 = 0.

Similarly, we decompose P(z,w) = az + bw and O(z,w) = a’z + b'w with
(a,b) # (0,0) # (a’,b") and [a : b] # [a’ : b']in PL.

Subcase A: b = 0. In this case, ab’ # 0. Conjugating by (z,w) +— (z/b’,w)
yields b" = 1 and so

f(z,w) = (R(2) + Bw, z[w + az] + 8z + sw + ¢'),

where R is a degree-2 polynomial. Either 8 = 0, in which case f is a skew prod-
uct of type 2.2a, or we can assume 8 = | after conjugating by (z,w) — (z,w/B).
A further conjugacy by a translation yields the normal form of the family 3.3. One
easily checks that d,(f) = 3 in this case. The dynamical Lojasiewicz exponent at
infinity will be estimated in Lemma 2.4.

Subcase B: b # 0. Conjugating by (z,w) +— (z,w/b —aw/b) yieldsa = 0 and
b = 1. Thus,

f(z,w) = (zw +az+ pw +c,zla’z + b'w] + 8z + ¢’ +aw) with a’ # 0.

Further conjugacy by a translation and (z,w) (z/«/?,w) yieldsa = 8 =0
and a’ = 1. If a # 0 then we have the normal form of the family 3.4. One easily
checks that d,(f) = 3 in this case, and the exponent DL »,( f) will be considered
in Lemma 2.6. Finally, if a = 0 then d,(f) = 2 and f belongs to the family 2.2d.
This ends the proof of the classification. O

LEMMA 2.3.  Consider f: (z,w) € C? > (P(z)+w, z[w+az]+c') € C% where
P is a polynomial of degree 2 and a,c’ € C. Then Loo(f) = 1 and Loo(f?) =
3/2,50 DLoo(f) > 1.
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Proof. We leave it to the reader to check that L, (f) = 1. Fix (z,w) € C? such
that max(|z], lw|]) = R > 1, and set (z,w’') = f(z,w) and (z",w"”) = f(z/,w’).
If |z| = max(|z], |lw|) = R then |z'| > |z]*> = R? and |w’| < R% s0 |z"| = R*.

We assume now that |w| = max(|z|, |w|) = R. We have one of the following
four possible cases.

Case 1: Cilw|"? < |z| < &lw|, where C; (resp. €;) is a fixed large (resp.
small) constant. Then |z'| > |z]*> > R% |w’| > |zw| > R¥? and |7/| < 2] <
e1lzw| < gf|w’|. Therefore,

lw'l 2 12llw'| Z R

Case 2: |z| > &|w|. In this case, |z'| > |z|> = R? while |w’| < |z]|lw] < R?,
so 7| > R*.

Case 3: C; Y |lw|"? < |z| < Ci|w|"% Then |w'| > |zw| > R¥? while |z/| < R,
so|w”| > |z/w’| > R¥?if |z/| > 1. Now, if |z/| < 1then |z"| > |w'| > RY>.

Case4: |z| < C'\w|"% Here |z'| 2 |w| = Rand |w’| < |zw| < RY2 There-
fore, [z 2 |2'|* 2 R

Altogether this shows Loo(f?) = 3/2. On the other hand, if (z,w) € C? is
such that P(z) + w = O and |lw| = R > |z| > 1, then w” = ¢ and |Z"| =
|P(0) + ¢’ + z[lw + az]| < [zw] < RY% 50 Loo(f?) = 3/2. o

LEMMA 2.4.  Consider f: (z,w) € C? — (aw + ¢, z[z — w] + ¢) € C%, where
a,c,c' € Cwitha # 0. Then Loo(f7) =1 forall j, so DLy(f) = 1.

Proof. 1tis straightforward to check that L ,(f) = 1. Observe that f(w+a,w) =
(aw + ¢,aw + a® + ¢") and hence
fHw +a,w) = (@*w + cz,alc — ¢’ —a*lw + ¢})
for some constants ¢y, c5. This shows Lo (f ) =1. Continuing in this fashion,
fz(w +a+e/w,w)

= (@*w + ¢y + O(l/w),alc — ¢’ — a* — e;lw + c5 + O(1/w)),

and so by choosing &; = ¢ — ¢/ — a* + a we obtain
f3(w +a+e/w,w) = (a3w +c3+ O(l/w),azozw —i—cg + 0 /w))

for some constant « that depends on the next-order term in O(1/w). This shows
that £3 grows linearly on the curve {zw = w? + a + &;} when |w| is large; hence
Loo(f 3) = 1. Moreover, we can choose the next-order term in O(1 /w) so that
a = a. We leave it to the reader to check that there exist constants ¢;, ¢;, c]f such
that, for all N > 2,

N-2
..
fN<w ta+ Y. w—'Jw) = (a"w + cy + 0(1/w),a"w + cj + O(1/w)).
j=1

This yields Lo (fY) = 1 for all N and hence DL (f) = 1.
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Note that we have ¢; = 0 when ¢ — ¢’ = a® +a. In this case the line L = {z =
w + a} is invariant and f|;(z,w) = (az + ¢ — a’ aw + ¢ — a?). In particular:
ifc =a% ¢ = —a,and aV¥ =1, then V|, = Id; and so L is a curve of peri-
odic points. UJ

LEMMA 2.5.  Consider f: (z,w) € C* — (zw, z[z +aw]+ bz + ¢’ +aw) € C?,
where a,b,c’,a € Cwitha # 0. Then Lo (f’) =1 forall j, so DLoo(f) = 1.

Proof. Simple estimates yield L, (f) = 1. Observe that f(0,w) = (0,aw + ¢’)
and so the line L = (z = 0) is invariant and f| is linear. This shows L. (f/) =
1for all j > 1, hence DL (f) = 1. Note, moreover, that L is a line of periodic
points when ¢’ = 0 and a = 1. O

3. Birational Quadratic Mappings of C2

In this section we consider the families 1.1 and 1.2. Since d,(f) = 1, these fami-
lies admit an inverse mapping f ~! that is rational. There has been intensive work
on these birational mappings (see references in [DF]). It is difficult in general to
analyze the dynamics near the points of indeterminacy. We show that this can be
done here at least for open subsets of the parameters.

3.1. Family 1.1

It is convenient to consider the meromorphic extension of f(z,w) = (w + ¢,
zw 4 ¢’) to P! x P!, in bihomogeneous coordinates:
f:P'x P! - P! x P!;
[zo : 213 wo : wi]l = [wo : wy + cwo; Zowo : z1wy + c'Zowo].

It should be understood that C? coincides with the chart (zo = wo = 1) and
that “infinity” consists of the two lines (zop = 0) = (z = o00) and (wg = 0) =
(w = 00). Observe that f has two points of indeterminacy, m = (00,0) and
m’ = (0, 00), and contracts the line (wy = 0) to the superattractive fixed point
goo = (00, 00) while sending (z¢ = 0) to the line (wy = 0). This shows that f is
algebraically stable in P! x P! with A,(f) = (1 + «/3)/2 (see [FGu] for further
details). Observe also that

If2 = {m,m/,m//} = Ifn Vn > 2,

where m” = (0o, —c) is sent by f to the point m’ = (0, 00). The inverse map-

ping f(z,w) = ( % — c) is rational in C2. One easily checks that I =
{goo»q~}, where g~ = (c,¢’) € C2, and that
Iy ={qoo, f1(g7). 0= j =n—1}.
It is therefore important to gain control of the orbit of g~. Note that
frmy=m, fmy=m", f7m") =m',

so {m’,m"} is a 2-cycle for f~! to which m is strictly preperiodic (if ¢ # 0).
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LEMMA 3.1.  The 2-cycle {m',m"} is f ~'-attracting if and only if |c| < 1.
Proof. A simple computation shows Df ~2(m’) has eigenvalues 0 and —c. O

LeEMMA 3.2.  Assume |c|,|c'| < 1073, Let py denote the fixed point of f that is
closest to (0,0). Then p is attracting and q~ belongs to the basin of py.

REMARK 3.3.  For such parameters, f can be considered as a small perturbation
of the case ¢ = ¢’ = 0, which is the complexification of the Anosov diffeomor-
phism (z,w) — (w, zw) on the real torus {|z| = |w| = 1}.

Proof of Lemma 3.2. Solving f(z,w) = (z,w) yields two fixed points po = (¢, —¢)
and p; = (14+c¢—a,1—a), where ¢ istherootof X2 — (1+¢)X + (c+¢') =0
with smallest modulus. The differential of f at py is
0 a—c
D =

f (po) [ | o :|
SO po is an attractive fixed point if |c|, |¢’| are small enough. Let us make a local
change of coordinates to bring back pg to (0,0). Consider

g, y) = fle+x,a—c+y) —(x,a —c) = (y,xy +ay + (@ —c)x).

In these new coordinates, g~ = (¢ — «, ¢’ + ¢ — «); hence g~ belongs to the basin
of (0,0) = py if |c|, |¢’| are small enough. It is then straightforward to check that
lel, |¢’] < 1073 is sufficient. O

LEMMA 3.4.  Assume that |c| < 1and |c'| > 4/(1 — |c|). Then g~ = (¢, c’) be-
longs to the basin of the superattractive fixed point go, = (00, 00).

Proof. 1Tt is more comfortable to work in a local chart near g,. Using bihomo-
geneous coordinates, we work in the chart (z; = w; = 1). In this chart, f defines
a mapping

g(x y): L L
’ I+cy’ 14cxy

and g, has coordinates (0,0). We have

2 xy xy?
g (xy) = / ’ ’ / / 2 )
1+ (c+cHxy 1+cy+cxy+ (¢’ +cc’)xy

Consider
1
Q:={(x,y)eC? < —and |xy| < ——— .
% y) [ 1yl 1 lxyl Mc+dd
We claim Q is g2-invariant and g2 is contracting in €2, so € is part of the basin

of attraction of g.,. Indeed, let (x,y) € Q and set (x’,y’) = g?(x,y). Then
14 (¢ +c¢")xy| > 3/4 and so |x'| < 4|xy|/3 < |x|/3. Moreover,

1
leyl < Iyl < T
|c'xy| < el < 1 (since |c'| > 4 > 4|c]),
4|c + ¢’| 3

'+ my?] < 2yl <~ <D L
2 4c+c| 6
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thus [14cy+c'xy+(c’+cc’)xy?| > 1/4. This yields |y'| < 4|xy?| < |y|/|lc+c'| <
Iyl/3.

Now consider ' = Q N C2 In our original coordinates (z,w), we thus get a
portion of the basin (in C?) of the superattractive fixed point s,

Q' ={(z,w)eC? | |w| > 1/4 and |zw| > 4|c + ¢'|}.

We claim that g~ = (c, ¢’) belongs to f~'(Q’) under our assumptions. Indeed,
flg7) = (' + ¢,cc’ + ¢’) and we know that |cc” + ¢'| > |¢/|(1 — |¢]) > 4 and
lcc’ 4+ ¢'||c 4+ ¢'| > 4|c + ¢’|. This shows that f(¢~), and hence g, belongs to
the basin of . O

3.2. Family 1.2

We now turn to mappings of family 1.2. When a # 2, we can further conjugate by
a translation and suppose that ¢ = 0. In order to simplify the exposition we will
thus consider the family of three parameters.

fz,w) = (w,wlw —az]+ bz + '),

where a, b, ¢’ € C with (a, b) # (0,0). We consider their meromorphic extension
to P2 = C>U (¢ = 0), where (+ = 0) denotes the line at infinity. In homogeneous
coordinates,

flz:w:t]=[wt: w(w —az) + bzt +c't? : %]

Hence Iy = {m,m'} = Iy» foralln > 1, where m = [1 : 0 : 0] and m’' =
[1:a :0]and where f((t = 0)\ If) = g := [0 : 1 : 0] is a superattractive
fixed point for f. Thus f is algebraically stable in P? and A;(f) = &§;(f) = 2.
The inverse mapping f ~' is merely rational in C?> when a # 0, and f ~!(z,w) =
(lw — z2 — ¢’1/[b — azl,z). We therefore obtain Ii-1 = {ge0,q ™}, where ¢~ =
(b/a,b?*/a®) € C? except when a = 0, in which case ¢~ = ¢, and then f is a
quadratic Hénon mapping. As a result,

Irn =g fg7). 0 j=n—1) Vnzl
Observe that f~'(m) =m’ = f~'(m’).
LEMMA 3.5.  The point m’ is attracting for f " if and only if |a| < 1.

If |lal < 1 and 4|a| < |b|, then q~ belongs to the basin of attraction of the
point ¢uo.

Proof. A simple computation shows that Df ~!(m’) has eigenvalues 0 and a.
Assume |a| < 1 and 4|a| < |b|. We work in the chart (w = 1) 3 g. Setx =
z/w,y =t/w, and

2
y y

,y) = 1yl = ) .

g(xny) = flx vl <1—ax+bxy+c’y21—ax+bxy+c/y2>

We set Q@ = {(x,y) € C? | |x] < 1/4 and |y| < max(1/|b|,1/|c|,1/16)}. Let
(x,y) € Q2 and set (x/,y") = g(x, y). Our assumption yields

Il —ax + bxy + ¢'y?| > 1/4;
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therefore,
Ix'| <4]y] <1/4 and |y'| <4|y]* < |yl/4

This shows that €2 is g-invariant and that g” uniformly converges to go. = (0, 0)
on . Coming back to the canonical chart C> = (¢t = 1), we now have that

Q' =QNC* ={(z,w) €C* | 4]z < |w]| and |w| > min(|b], |4c|,16)}

is part of the basin of attraction of the point g.,. It remains to check that g~ =
(b/a,b?*/a®) € ', but this readily follows from our assumptions |b| > 4|a|
and |a| < 1. O

3.3. Ergodic Properties

We mention here some basic questions about ergodic properties of these two fami-
lies. Let f be one of these mappings. Since f is algebraically stable in X (P! x P!
or P?), there are two well-defined Green currents T, and 7_ such that (f¥)* T, =
A (f)Tx. The current T, has continuous potentials in X \ I2,s0 uy := T4 AT_is
a well-defined invariant probability measure (if 7'y, 7_ are properly normalized)
that is mixing [FGu] and hyperbolic [BD].

When |¢| < lin the family 1.1 (resp., |a| < 1inthe family 1.2), then s has max-
imal entropy of log A;(f) [Gul]. If we further assume that g~ belongs to the basin
of attraction of some attractive fixed point (see Lemmas 3.2, 3.4, and 3.5), then f
is a biholomorphism in a neighborhood of Supp 7. In this case one can copy the
work of Bedford, Lyubich, and Smillie [BLS1; BLS2] on complex Hénon map-
pings to obtain that 1 is the unique measure of maximal entropy and that periodic
saddle points are equidistributed with respect to . It seems that the latter still
holds only if we assume |c| < 1 (resp., |a] < 1). However, it would be interesting
to understand the kind of bifurcation that may occur when, for example, c is fixed,
lc|] < 1, and/or |¢'| varies (see Lemmas 3.2 and 3.4): Can ¢~ belong to Supp p?

Finally we raise the following question.

QUESTION. Does s always have maximal entropy = log A;(f)?

4. Behavior at Infinity When d; > A4

Let f: C?> — C? be a dominating polynomial mapping with d; > A;(f). Russa-
kovskii and Shiffman [RSh] have proved that the sequences of probability mea-
sures d,; " (f")*© converge toward the same limit measure jy. Here ® denotes
any smooth probability measure in C2. Our goal is to prove that 1, has com-
pact support in C? when f is quadratic. Note that this is obvious when infinity is
f-attracting and in particular when DL, (f) > 1 (i.e., for mappings in the fam-
ilies 3.1, 3.3, and 3.5). For the two remaining classes, we will show that infinity
is indeed attracting for an open set of parameters and that it is attracting “on the
average” for remaining values of the parameters.

4.1. A Criterion of Compactness

The following proposition was inspired by a result of Douady [Do] that concerns
the Newton method for solving quadratic equations in C2.
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PROPOSITION 4.1.  Let f: C> — C? be a proper polynomial mapping such that
d,(f) > M(f). Let g; denote the inverse branches of f, and assume
log*llgi(p)ll < ailog®llpl +C VpeC?
where C,a; > 0 and Z?’:(lf) a; <d(f).

Then the Russakovskii—Shiffman measure |1y has compact support in C2.

Proof. Fix p such that dfl > a; < p < land Ry > 0 large enough. Let v be a
probability measure in C? such that

H,(r) := v(log™||pll > r) < Co(l/r) for r = Ry. (%)
Set v, :=d;"(f")*(v). We claim that
H,,(r) := vy,(log*|Ipll > r) < p"Co(1/r) for r > Ry.

This clearly implies the proposition, since every smooth probability measure v
with support in the ball of radius e® satisfies (x*) and v, — 1y, so us will be
supported on the ball of radius e®©.

Let h;(r) := H(g,),(r). Observe that

r—=C
log*llgi(p)ll > r = log*llpll > o

so h;(r) < H,((r — C)/a;). We may thus deduce that

ro_ Co
r—C_pr

d; d;
1 Co 1
H,(r)=—) h(r) < —— i
0= ; =g e
if r > Ry for R large enough. A straighforward induction yields the claim. [J

REMARK 4.2. One may expect that the Russakovskii—Shiffman measure is al-
ways compactly supported in C> when f is proper. Here is a heuristic argument
to support this conjecture. Let o; denote the mass of (g;)*w in C2. Passing to an
iterate we may assume 8;(f) < d,(f), so

S = Z/Cz(g,»)*a) A= /C foo Ao =81(F) < di(f).

On the other hand, it is well known from pluripotential theory that the mass of
(gi)*w precisely controls the growth of log™| gl
It should be noted that examples of polynomial mappings of C? with noncom-
pactly supported Russakovskii—Shiffman measure are given in [FGu], but these
are nonproper mappings.
4.2. Family 3.2

We consider here mappings

f(z,w) = (@aw +¢,z[z —w] +¢'), where a # 0.

LEmMMA 4.3. If |a| > 1 then infinity is f-attracting.
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Proof. Assume |a| = 1+ 2t,¢t > 0. Set V, = {(z,w) € C? | max(|z|,|w|) >
1/e}. The lemma will follow from the existence of ¢y > 0 such that
0<e<ey = f(Ve) C Vyarn-
Fix (z,w) € V, and set (z/,w’) = f(z,w). If lw| = max(|z|, jw]) > &7, then

14 3t/2
12| = law +¢| > (1 +20)|w| — || S 14302 if 0<e<e
&

So assume |z| = max(|z|,|w|) > &~'. Either |z — w| > 1 4+ 2¢ and so |w’| >
A+20)|z] —|c'| > A+1)/e for0 < & < g; or |z — w| < 1+ 2¢, in which case
lw| > (14+1)/(143t/2)e " yields |z/| > (1+1)/e for 0 < & < £3. We obtain the
desired inclusion by choosing ¢p = min(ey, €3, €3). O

We now consider the remaining cases 0 < |a| < 1. Recall that d,(f) = 2. Since
f is proper, there are two well-defined inverse branches of f in C2, which we de-
note by g%+, g, ordered so that if g*(x, y) = (z*, w*) then |zF| > |z7|.

LEMMA 4.4. There exists a C > 0 such that, for all (x,y) € C?,
log*llg™ o g*(x, Il < log*ll(x, »)Il + C,
log*llg™ o g7 (x, Ml < 3log"ll(x, Ml + C,
log*llg™ o g (x, Il < 5 log*ll(x, Il + C,
log*llg™ o g~ (x, )l < log"ll(x, )l + C.

Therefore, s has compact support in c

Proof. Fix (x,y) € C2 The two preimages of (x,y) satisfy w = (x — ¢)/a

and 2> — (x — 0)z/a + (¢’ —y) = 0. From |z*z7| = |¢' — y| we get |z7| <
l¢’—y|"% hence | 77| < Cymax(]y|"/%1). Since |zT 42| = |x —c|/|al, it follows
that |z*| < C; max(|x|,|y|"/%1). Finally, |[w*| = |x — ¢|/|a| < C3max(|x],1).

Iterating these inequalities yields the lemma.

It follows from Proposition 4.1 that i, has compact support in C, since here
Yoo =9/4 <4 =d,(f?). O
4.3. Family 3.4

We consider here mappings of the form
fz,w) = (zw + ¢, z[z + aw] + bz + ¢’ + aw), where a # 0.

LeEmMA 4.5. If |a| > 1 then infinity is f-attracting.

Proof. Definet > 0by |a| =14 3¢ and fix A > 0 small enough so that |¢A| < ¢.
For technical reasons we first conjugate f by (z,w) — (Az,w). Thus we will
show that infinity is attracting for g, where

g(z,w) = (zw + ¢1, z[A%z + @Aw] + arz + 3 + aw).
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Set V, := {(z,w) € C? | max(|z|, |w|) > 1/g}. It is clearly sufficient to show
the existence of &9 > 0 such that g(V;) C V;/u4s for 0 < & < gg. Pick (z,w) €
V. and set (z,w’) = g(z,w).

Assume first that |z] = max(|z|,|w|]) > 1/e. Then |z/| > |w||z] — |c1] >
A+ 1)/eif lw| > 142t and 0 < ¢ < €. Now, if |[w| < 1+ 2¢ then |w'| >
21z1%/2 > (1+1)/e for0 < & < &2,50 (z’,w’) € Vija4) in both cases.

Assume now |w| = max(|z|, |w|) > 1/e. Then |z'| > (1+1)/eif |z] > 1421
and 0 < ¢ < e3. Now, if |z| < 1+ 2¢, we obtain

141
lw’| > (la| — leAD|w| — C > A +28)|w| — C > % if 0<e<ey.

The desired inclusion follows with ¢y = min(ey, &5, €3, £4). O
We now consider the case 0 < |a| < 1.

LEMMA 4.6. Let f be as before. Denote by g1, g2, g3 the three inverse branches
of f ordered so that, if gi(x,y) = (z;,w;), then |z1| < |z2] < |z3|. Then there
exists a C > 0 such that, for all (x,y) € C*:

log™llg1(x, M)l < log™ll(x, Il + C,

log*llg2(x, Wl < 5 log™[|(x, )| + C,

log*lga(x, I < 5 log*||(x, )l + C.
Therefore, y has compact support in c
Proof. We fix Ry = Ry(a,b,c,c’,a) > 1. In order to simplify notation, we will
denote by < an inequality < that holds true up to a constant that depends only
on the parameters a, b, ¢, ¢/, «. Without loss of generality we may assume (x, y) €
C? are such that max(|x|, |y]) > Ro.

Let (z;,w;), 1 < i < 3, be the solutions of f(z,w) = (x,y) ordered so that
|z3] = |z2| = |z1|. Observe that zw = x — c¢; hence

P Hb+la(x—c)+c —ylz+alx —c) =0=(z—21)(z — 22)(z — 23).

From |z,2223| = |a(x — ¢)] it follows that
|21l < la(x =)' < |z3]. M
Assume |x| > Ry. Then, for Ry chosen large enough, using |z; + z2 + z3| = |b|
yields
slatx =0l < |zl @

Indeed, otherwise |z1] < |z2| < |a(x — ¢)|"/%/2 yields |z3| > 4]a(x — ¢)|"/? and
hence |b| = |z1 4+ 22 + z3| = 3]a(x — ¢)|"/3, contradicting | x| > Ry. From w; =
(x — ¢)/z; we infer that
|x — c| 2/3
<—<ma 31 3
lws| < aG = O S x(|x]7%,1) (3)
and

e ek (x50, )

wy| <2—m———
N PTrs VERS
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We now give a bound from above for |w;|. Recall that z; + o(x — ¢) + bz +
¢’ 4+ aw; = y. Thus

1
lwi| < m(lyl +la(x — o)l + ||+ bzl + 1z1*) S max(|(x, »)I, 1), (5)

where the last inequality follows from (1). Note finally that z3 is one of the solu-

tions of z2 4+ bz + [¢ + aw3 — y + a(x — ¢)] = 0. As aresult, |z3| < max(|b],
l¢’ +aws — y + a(x — ¢)|/?). Together with (3) this yields

|22] < |23l < max(||(x, )| 1). (6)

This gives the lemma when |x| > R, so assume now that |y| > Ry > |x|.
Without loss of generality we may actually assume |y| > R(z) > Ro > |x|. There
only remains to show |z,| > %la(x —¢)|/3. Assume the contrary; then

Iy~ la(x =) +¢' =yl = 2122 + 2123 + 2223] S [y|/2H1°

by (6), a contradiction.
Using the notation of Proposition 4.1, we have > o; = 7/3 < 3 = d,(f) and
hence 11y has compact support in C2 U

5. The Russakovskii—-Shiffman Measure

Let f: C*> — C? be a dominating polynomial mapping such that d, > A;(f).
Following [Gu2] we give in this section an elementary construction of the
Russakovskii—Shiffman measure 1. When infinity is f-attracting, we then show
that every plurisubharmonic function is in L'(us). This is stronger than the gen-
eral result proved in [Gul] that every quasi-plurisubharmonic function on P? is
in L'(py).

CONSTRUCTION OF jis. Leta € C? be a noncritical value of f and let © be a
smooth probability measure supported near a. Then d,”'f*® is again a smooth
probability measure with compact support in C2. Thus ® and d £ *® are coho-
mologous when viewed as global smooth forms of maximal bidegree on P2. Hence
there exists a smooth form 7 of bidegree (1, 1) on P2 such that

dlf*@=®+ddCT. )

Adding some multiple of the Fubini—Study form w, we can further assume that
0 < T < Cw for some constant C > 0. Pulling back () by f” yields

1
df

n—1
. 1 ,
(f"*® =0 +dd°T,, where T, = z; E(ff)*(T). (1)
j= t

The sequence (7,,) is an increasing sequence of positive currents of bidegree (1,1)
on P? such that

n—1
| B
0T, =€) ().
j=0 "t
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The latter series is convergent, since (f/)*w has mass §;(f/) < [A1(f) + €}/ for
Jj = Jje and ¢ > 0 small enough that d,(f) > A,(f) + €. Therefore, 7, converges
toward some positive current T,. This yields

1
d—ﬂ(f")*@ =0 +ddT, » uy =0 +ddT.
t
Observe that, if ®’ is any other smooth probability measure, then ® = ® +dd*“S
for some smooth (1, 1)-form S on P2 so

1 1 1
n *@/ — n *@ ddc n *S
a " 2 (f"'e+ <_dz” " ) — Wy
because [|(f")*S|| = 8;1(f") = o(d}'). In particular dt_”(f”)"‘a)2 — .

REMARK 5.1.  Assume that infinity is an attracting set for f in the following sense:
there exists a neighborhood V of infinity in C? such that =1 f J(V) = @. In this
case we get C2 = K+ U B*(00), where K = {a € C? | (f"(a))n>0 is bounded}
is a compact subset of C? and B*(occ) denotes the basin of attraction of infinity,
Bt (00) = U,~¢ f (V). The measure ps is supported on the compact set 9K *
in this case. Infinity is always an attracting set for f when DL, (f) > 1, but it
may also be attracting when DL o (f) = 1 as shown in Section 4.

An alternative construction of j1, was given in [Gul] under the more restrictive
assumption that DL o (f) = d;(f)/ 1 (f).

THEOREM 5.2. Let f: C* — C? be a dominating polynomial mapping such that
d:(f) > A(f). Assume that (a) juy has compact support and (b) either infin-
ity is f-attracting or d,(f) > *(f)*?. Then every plurisubharmonic function is
in L'( 1)

Proof. Let B be a ball in C? containing Supp wr and let ¢ be a plurisubharmonic
function near B. Without loss of generality, ¢ < 0 on B. Let x > 0 be a test func-
tion in B such that x = 1 near B; and Supp uy C By CC B. Then

05/(_‘P)d,uf=/(_¢)®+/(_¢)ddC(XToo)~
B B B

Because ® is smooth, we need only derive an upper bound on the second integral,
which by Stokes’s theorem reads

I = _/XToo Addp +/ edd (xToe) =1'+1".
B B\ B

Note that I’ < 0 because ¢ is plurisubharmonic, so we only need to obtain an upper
bound on I”. Observe that dd“(xToo) = ddx N Too +2dx AN dToo + xdd Teo.
Since uy = 01in B \ By, it follows that xdd“ 7o, = —x® is smoothin B \ B;. It
is therefore sufficient to get control of

L =/ pdx Nd“Tse and I =/ eddyx N Too.
B\B B\Bi

Since 7 is positive, we have
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1= s [ coonTe=a Y [ - w)w/\—(f’)*

jz0

Because d; > Ai(f), we have d’ > 81(f ) for [ large enough. We assume for
simplicity that I = 1 and set d = §;(f) < d,(f). Now (f/)*w = d’ ddCG+
C?, where G]Jr is locally uniformly bounded in C2. It thus follows from Chern—
Levine—Nirenberg inequalities (see [Si]) that

d J
[1I2] < Calloll Ly, Z(d_> < 400,
jz0 N
where Bj is a slightly larger ball than B.
It remains to gain control of I;. We decompose 7 = Y. T;; dz; A dZ; in C2,
where the 7;; are smooth functions. By the Cauchy—Schwarz inequality,

f (—g)dx A (f”)*d"T‘
B\B

(=) dx A (f")"(d“Tij Adzi Adzj)
B

1/2

=2

f (—@)ydx ndx A (f")"(dzi AdZj)
B\B

1/2

. / (—@) (S (dTiy ATy A dzi AdZ))
B\Bi

1/2 1/2
§C3[ / (—w)w/\(f”)*w] [ / (—cp)(f”)*wz} .
B\B B\ B,

When infinity is f-attracting, we can assume that B \ B is a relatively com-
pact subset of the basin of attraction of infinity. Therefore % log[1 + || F*II’] =
log|| f"|| + u,, where u,, is uniformly bounded on B \ B;. Thus (f")*(w?) =
(dd€u,)? + 2dd°log| || A ddu, yields (again by Chern—Levine—Nirenberg
inequalities)

0= [ oot s ci
B\B,

for some constant C4 independent of n. On the other hand, (f")*w = d" dd"Gj
with G;© uniformly bounded on B \ Bj. This shows

/ (—g)dx A (fY T < Csd™
B\B

Therefore, |I;| < Cs ijo(d/dt)f < 400.
When infinity is not f-attracting, we can still get an upper bound

0 < / (—o) (S0 < Cad™,
B\ B

s0 |1 = Cs 32 g(@d2/d))] < +o0if di(f) > (Y2, O
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REMARK 5.3. The main ergodic properties of 1, are established in [Gu2]. It is
mixing with positive Lyapunov exponents; repelling periodic points are equidis-
tributed with respect to y; and uy is the unique measure of maximal entropy

huf(f) = htop(f) = logdt(f)

6. Algebraicity of &

Let f: C?> — C? be a dominating polynomial mapping such that d, > A;(f).
Russakovskii and Shiffman [RSh] have demonstrated the existence of a pluripolar
set & C C? such that
1
df
Here ¢, denotes the Dirac mass at point a. Following Briend and Duval [BrDu],
we show here that & is actually algebraic when f is quadratic.

We denote by deg,, f the local topological degree of f at p, that is, the number
of points in f ~!(g) that are close to p when g is close to f(p). Hence deg,, f > 1
if and only if p belongs to the critical set Cy of f. For an irreducible algebraic
curve A of C% we set degy f = minycs deg, f = deg, f for a generic point
p€A. When A = | A; is not irreducible, we set deg, f = max; deg,, f.

(fn)*ga — Uf Ya e (Cz \ c‘:f.

LEMMA 6.1. Let f,g be two proper polynomial self-mappings of C2. Then the
following statements hold.

(1) deg,(f o g) =deg, g-degg(p) f, hence dega(f o g) = degy g - degg(a) f.

(2) dege,. (f o g) < degc, g - degc, f.

(3) 1 =deg, f =di(f).

(4) 1 <dega f <degc, f <&i(f).

(5) Assume d,(f) > 81(f); if degyipy f = di(f) forall j = 0, then p is peri-
odic and the corresponding cycle is totally invariant.

Proof. Assertion (1) is a straightforward consequence of the definition. We refer
the interested reader to [GrH, Chs. 5.1 & 5.2] for further details on local topolog-
ical degree. The chain rule yields Cy., = C, U g7(Cy). Therefore,

degc,. (f o g) = max(dege,(f © g),deg,-1cp(f © 8))
= max(degc, & - dege(c,) f,deg,-1c)) & - dege, f)
< degc, g - degc, f.
Assertion (3) is clear and (4) follows easily from Bezout’s theorem (see [BrDu]).
It follows from (4) that the set E = {p € C? | deg, f = d;(f)} is finite when
d,(f) > 81(f). Soif degyi(,y f = di(f) forall j > O then p is preperiodic to a
cycle in E. To simplify we assume f"(p) = g withg = f(q) € E. Now f~'(q)
contains g with multiplicity d;, so f*e, = d,&, and hence ¢ is totally invariant.
This shows that p = ¢, so p is periodic and the corresponding cycle is totally
invariant. O

Note in particular that deg¢ o f J is submultiplicative. We can therefore define the
asymptotic critical degree 7(f) of f by
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T(f) = lim (degc, f)'".
Jj—+0o0

Observe that 7(f) > 1 implies strong recurrence of the critical set, so 7(f) = 1
“generically”. This motivates the following proposition, which is a weak version
of a result in [BrDu] on holomorphic endomorphisms.

PROPOSITION 6.2. Let f: C* — C? be a proper polynomial mapping, and as-
sume that ()T (f) < d,(f). Then the exceptional set £, if nonempty, is finite
and consists of totally invariant cycles.

Proof. Replacing f by f! if necessary, we can assume &;(f) dege, f < di(f).
Set E = {peC?| deg, f = d;(f)}. It follows from Lemma 6.1(4) that E is a
finite set. Passing to an iterate if necessary, we can further assume F is totally in-
variant by using Lemma 6.1(5). We claim then £; = E. It is sufficient to prove
tn,p(Cr) — Oforall p ¢ E, where i, , =d; "(f")*s,.

Set F = {peC?|deg, f > degc, f}. Then F \ E consists of finitely many
points with degree < d, —1. Let p < 1 be close to 1 (to be chosen later) and fix p €
C?\ E. Since E is totally invariant, f ~*(p) N E = @ for all n. Hence M, p(F) =
pnp(F\ E) < £F(d, — 1)"/d?. Similarly,

np dz -1 n(l—p)
Pnp(FUFTIEYU-U f(F) <Y pnejp(F\ E) < c( y ) .
j=0 !

Following [BrDu], we now count the number of points in f~"(p) N Cy. It fol-
lows from Bezout’s theorem that there are no more than §;(f") points (ignoring
multiplicities). Points in f™"(p) NCr \ F U FNF)U-.-U f~(F) have mul-
tiplicity bounded from above by (degc, )" (d; — 1)"0=/)_ Therefore,

(dege, f)"(d, — )"~

/‘Ln,p(c_f) f:U«n,p(FU"’Uf_np(F))+81(fn) 4"

_ n(l—p) § d n
S C<dt 1) N < 1(f) pegcf> ‘
d d

Choosing p < 1 close enough to 1 yields 1, ,(Cs) — 0,50 p, , — Wy ]

We now check that the condition A(f)7(f) < d,(f) is satisfied for quadratic
families.

LEmMMA 6.3.

(1) Let f be a mapping from family 3.1. Then degcf4 f4=2.
(2) Let f be a mapping from family 3.2. Then degcf5 =2
(3) Let f be a mapping from family 3.3. Then degcfz fr=2.
(4) Let f be a mapping from family 3.4. Then degcfz =2
So in all cases, \()T(f) < d,(f).

REMARK 6.4. Mappings from family 3.5 extend as holomorphic endomorphisms
of P2. Tt follows from [BrDu] that &r is algebraic in this case. The condition
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M(O)T(f) < di(f) is not necessarily satisfied, and the set £ may well be infi-
nite. In the latter case, f (or f2) is conjugate to (z,w) > (z¢, Q(z,w)) and so
(z=0) C gf.

Proof of Lemma 6.3. (1) Consider f(z,w) = (w,z> + aw + ¢’). Then Cr =
(z =0) and degcf = 2 = §1(f). One easily checks that f(Cf'),fz(C_f'),f3(Cf)
and f ’1(Cf), f ’Z(Cf), f3 (Cy) are all different from Cr. Hence it follows from
Lemma 6.1 that degc,, f4=2,while §;(f*) =4andd,(f*) = 16.

Observe that E = {p € C? | deg,, f*> =4 = d,(f?)} is empty except when a =
0. If a = 0, then E = {(0, 0)} is totally invariant only when ¢’ = 0. Thus & = ¢
except when a = ¢’ = 0, in which case £ = {(0,0)}.

(2) Consider f(z,w) = (aw + ¢,z[z — w] + ¢’) with a # 0. The critical set is
Cr = {w = 2z}. By induction, we easily get that

FICp) = {(Aj(0), Bj(§) eC* | ¢ eC?),

where A; and B; are polynomials of degree deg A; = d;_; and deg B; = d; (resp.)
with dj1» = dj41 + d;. This shows that f/(Cs) # Cy forall j > 1. Similarly,

£y = {wi 2%z — w)¥ = Rj(z,w)},

where R; is a polynomial of degree deg R; < 2d;+d;_;. Asaresult, f ~/(Cs) # Cs
for j > 1. In particular we have 8;(f°) - degc,s =132 <32 =d,(f).

(3) Consider f(z,w) = (az*> + bz + ¢ + w, z[w + az] + ¢’) with a # 0. The
critical set Cy = {w = 2az* + (b — 2a)z} is irreducible. We obtain f~(Cy) =
{wd—2)= (e —a)z>—bz+c' —c} # Cr and

fCp) =1{(Bag* + (2b —2a)¢,2as* + (b —a)* + ) e C* | £ € C} # Cf.

Therefore, degcf2 f2 = 2 and hence 81(f2) . degcf2 f2 =8<9= d,(fz).

(4) Consider f(z,w) = (zw + ¢, z[z + aw] + bz + ¢’ + aw) with a # 0. The
critical set C; = {aw = 2z? + bz} is irreducible, and straightforward computa-
tions yield f(Cr) # Cr # F71Cy), so degcf2 f2=2. UJ

REMARK 6.5. It is perhaps worth mentioning that pull-backs of Dirac masses
are not everywhere well-defined when f is not proper. Consider, for example,
flz,w) = (P(z),zw?), where P is a polynomial of degree deg P = d > 3.
Then d,(f) = 2d > d = A (f). The line (z = 0) is contracted to the point
a = (P(0),0), so pull-backs of Dirac masses at points f/(a) by f" are not well-
defined. This shows that the orbit of point a must be included in the exceptional
set £; hence we cannot expect the latter to be algebraic in general.
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