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On the Restriction Conjecture

LAURA DE CARLI & LoukAs GRAFAKOS

1. Introduction

The restriction conjecture is a challenging open problem in Fourier analysis. De-
noting by

for= [ seoemindas

the Fourier transform of a C§° function on R? and by S l={(xeR?: x| =1}
the unit sphere 1n R, the restriction conjecture (RC henceforth) states that, for
everyl < p < and q > ;} p’, the following inequality holds:

| Fll Lacsa-1, dor)
sup  ————

FeCP(RY) I F”LI’(R")

<C, (1.1

where do(¢) denotes surface measure on S?~! and R* = (0, 00). Here C is a con-
stant that depends only on p, ¢, and d, and p’ is the dual exponent of p, that is,
L=

The conditions on p and ¢ are optimal (see [10]). The RC has been proved in
the case d = 2 by Fefferman and Stein (see [6]) and is still open in higher di-
mensions. When d > 2 only partial results are known; one of these results is the
Stein—Tomas theorem [9; 13], which asserts that the RC holds whenever l <p<
22“:;” and every g > Z—;}p’. See also [10]. When p = 22‘{;1) we have ¢ d+1p =2,
and the exponent g = 2 plays a crucial role as it allows a reduction of (1.1) to the
equivalent “dual” inequality

‘ f F(§)e*™ 4 do(z)
§d—1 L/)/(R")

via a TT* technique. The case ¢ < 2 cannot be handled with the same technique
and requires more delicate work.

When z(dd;;” < p < & we can prove that the ratio in (1.1) is uniformly bounded
on special subspaces of L? (Rd) For example, it is easy to see that (1.1) holds for

every ¢ < 2 and every p < T—H if L”(Rd) is replaced by the Sobolev space

W Po(R?), where py = ;J;l) and 5 > d(d+l)

rem, the latter embeds in L?(R?) for every p <

< CIFlrrm

By the Sobolev embedding theo-
2d

d+1°
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164 LAURA DE CARLI & LOUKAS GRAFAKOS

Another class of functions for which the conjecture is valid is the class of ra-
dial functions. Let x = row, with r = |x| and w € S\ Let F(x) = f(|x|) €
C°(RY). The Fourier transform of F(x) is

A d +oo d ~
) = |:s|*f“/0 F)a_(rIEDrs dr = Fa_, f(ED,

where J, (r) is the usual Bessel function of the first kind (see [11]) and 7—~Laf(p) is
the Hankel-Fourier—Bessel transform of f(r).

To see the validity of the RC for radial functions, we note that the L” (RY) norm
of a radial function F(x) = f(|x|) € C°(R?) is

I FllLrray = 1S9™ 1|n||f(r)r ? ”LP(R+)’

where [S97!| = 271%/ F(%) denotes the measure of the surface of S~!. We also

have ]
( /S dllﬁ(é)l"da(é)>q = Is41)s

and by applying Holder’s inequality we obtain

+00 M
f S Ja_y(ryr2drj,
0 2

( fs G do(&))q =181 £ T | e |77 s e

d-1)1-1
=S 1 fllLocray

d_d-1
2
|r g J%_l(r)| LP(RH)"

Since Jd _(r) is (’)(r 2) when r — +o00 and is O(rz ) when r — 0, we can
easily check that r2~ %" Jd _ne L"(R*) if and only if p < d—H
1 d__d-1
Note that, in this spemal case, |S4 1|<I |

27 is the best con-
stant for the restriction inequality (1.1); that is,

r2

J"’ IHLP(R"')

d

IFllLasaty e e
—_— |S |él r2 pP J%*l(r) ||L”/(R+).

p

F radial ”F”p

We also observe that in this case (1.1) holds for every g < oo.

More generally, let 7, be the subspace of L(S¢~!) spanned by the products of
spherical harmonics of degree m > 0 and radial functions in C§° (RY). If F(x) =
F@ro) =r"f,(r)Y(w) € H,,, where Y is a spherical harmonic, then

F() = F(po) = p" fu(p)Y (o), (1.2)
where
+o0

-~ m =1 d i, -y
fu(p) =i"p~ 2" Fa i) r2 ™" dr = i"Ha ., fu(p).
0

Let n be a nonnegative integer and let s > —1. We denote by P(*) the ultra-

spherical polynomial of degree n and order s. This is defined by

s— %,sf

1
POt) = CyP (1),
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where Pn(a‘ﬂ ) (t) is the usual Jacobi polynomial of degree n on [—1, 1] and C, is
a constant of normalization. We refer the reader to Section 8 for the value of the
constant C;; and for the definition of Jacobi polynomials.

The spherical harmonics have an explicit expression in terms of the Jacobi (or
ultraspherical) polynomials. Indeed, let mg > m; > --- > my_» > 0 be integers
and let

d-3
Yonp)(2) = eximi-2za T sin 2™ B Dcos 2. (13)
k=0

Then every spherical harmonic Y,,(w) of degree m = m(y > 0 can be written as
a finite linear combination of the Y{,,,) (see [5]). This may be proved using a di-
mension comparison with space of the spherical harmonics of degree m that has
dimension

I'(m+d—2)
L(m+1HIrd—-1)

In this paper we consider the following class of functions: products of radial
functions in Cgo(Rd ) and spherical harmonics that, in polar coordinates, can be
expressed as products of factors of the form of (sin z)‘v‘an(‘V)(cos z). We denote
this class of functions by L. It is easy to verify that the space £ is invariant under
the action of the Fourier transform. Moreover, one can easily see that the space

Sa = 2m +d —2)

N
span(L) = {Zr’”"ﬁ(r)Ymi(a)) N >0, fi(re CSO(R+), Y, (w) asin (1.3)}

i=1

is dense in L?(R?) for every p < 2. Therefore, the RC is equivalent to the estimate
N o~

” Z[:l fl (I)Ym, H L4(S4-1)

span(L) ” vazl rmifiYmi ||LP(R‘[)

<, (1.4)

where C depends only on p, ¢, and d (and in particular is independent of N).
This provides a strong motivation for the consideration of the class L.

Our main result, Theorem 1.1, states that RC holds for the space £; that is, (1.4)
is valid when N = 1.

THEOREM 1.1. Letl < p < d+1 and let ¢ = 9=} p'. Then we have

d+1

Fllpogsi-
sup IF Lo <, (1.5)

FeL ||F||Lﬁ(Rd) -

where C depends only on p, q, and d.

The basic strategy in proving Theorem 1.1 is as follows. Let F(x) € L. Since
F@rw) =r"f,(rY(w) and F(¢) is as in (1.2), we have
1E ooty 1w DY llzase,

= . (1.6)
| FllLr(re) Nr™fin ¥ | Lo(rey
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We can therefore reduce matters to estimating the ratios of the radial parts and the
angular parts separately. Our main task is to obtain the appropriate estimates for
these parts. Finally, we show that the combined estimates for

| fn (D]
and
7™ foll Lo R+, rd=1ar) 1Yl Lp(ge-1)

1Y Nl Lasa-1)

yield (1.5).

2. Four Useful Propositions

In what follows we will often denote by C a generic constant that is not necessar-
ily the same at each occurrence. The following results are ingredients of the proof
of Theorem 1.1.

PrOPOSITION 1. Let J,(x) be the usual Bessel function of the first kind with v >
0. Then x*J,(x) € LY(R") if and only if
1 1 1
——<a< - - -, 2.1
q 2 q

11 11 .
and for 7 — ;g Sa<;— 5,f0r 2 < g < 00, and for v sufficiently large we have

X, (0l < A2, (22)
where A depends only on a and q.

PrROPOSITION 2. Lets > j > 0. Then

sup |(sin2)* /P (cos 2)| < (PO (en) 5, 23)
0<z<7%
where P*)(1) = % and
(5 +5) .
m lfl’l s even,
2
Cns = L r (% 4s) 2.4)
r()re
if n is odd.
\/(1 —8)s + (n+ )2
Moreover, A
. . 1/
sup |(sinz)* /PP (cos 7)| < ef<1 + %) Cus. 2.5)
0<z<%

Proposition 2 is a generalization of Theorem 7.33.2 in [12], where the same result
is proved for j = 0 and 0 < s < 1. Note that the inequality (2.3) is sharp in the
case j = s. Indeed, P(r) < P)(1) for every —1 < ¢ < 1 (see (8.7)).
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PropoSITION 3. Letn > 0, and let j < s withs > 0. Then

sup |(1 — 12)2 0= PO(p)]
el < C(s +n)t, (2.6)

1

1 2
(/|390n%1—t%”9dﬁ
0

where C is a constant that depends only on j.

The following proposition is an easy consequence of Proposition 3 and complex
interpolation.

PrROPOSITION 4. Let 2 < r < gq, and let n(x) be an analytic function on
[2, 00) x iR that is bounded on [2, 00] and satisfies n(2) > —%. Then

1

l q
( f | PO (@)1 — 12)9G1@) dl)
0

1

l r
( / PO (1 — 2y G10) d;)
0

where C is a constant that depends only on r, q, and sup,>:|n(x)|.

< C(s +n)> 2.7)

It is worthwhile comparing Proposition 4 with Theorem 3 in the article of Carbery
and Wright [3]. They prove that the following inequality is satisfied for all 0 <
p <qg <o00,all jeNandA > 1, and every polynomial on R of degree at most n:

1 :
/ﬁpan%x—rw*dr
0

1
/ (A —0)""'dr
0

1
1 i YA
<GUHLq+mq‘Amm|@ v
0

where o is independent of the listed parameters and B(a, b) is the Beta function.
If weletg = nq, r = nr, and A = 1, from (2.8) we obtain

1 N N
(/ﬁmomk4w‘d§q50459£%i24(/WmnWL4yldo.
0 (B + 1)} \Jo

It is not difficult to show (see also Lemma 5) that

r

. (2.8

J

1
B(j,ng +1)i 1_1 i_
(B(j,ng + 1) %CF(J.)‘; ;(n+1); :

1
(B(j,nr +1))7
as n — oo with the other parameters fixed. Hence (2.8) is equivalent to
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(/ P91 —1)/~ 1dt>q<CG"F(])" (n+1) (/ P (1—1)7~ ‘dt>

which is weaker than (2.7); moreover, the constant ¢ is not explicit.

3. Proof of Proposition 1

In this section we prove Proposition 1 and also state some facts that we shall need
in the proof of Theorem 1.1. To prove Proposition 1 we make use of the following
precise asymptotics of the Bessel functions for large values of the argument that
J. A. Barcel6 proved in his thesis (see also [2]).

THEOREM B. There exists a universal constant C > 0 such that, for all v > 1

2
and all r > v—i—v?
2 cosd(r)
L) =\ -———F +h®),
T (,-2 _ \)2)1

where y -
0(r) = (r2 — vz)% -V arccos(—) iy
-

and v2 1 :

C(—7 +—> fv+vs <r=<2y,

[NGIER S A
C
— if r>2v.

r

Proof of Proposition 1. The conditions (2.1) on « are necessary because J,(x) =
O(x") when x — 0 and is O(x_%) when x — o0.
By Theorem B we have

||Jv(x)x°‘”1‘q(2v’oo) S C(/ (r(a_%) + r(a—l))q dr)q'
2v

Condition (2.1) on « guarantees that this integral converges. Thus,
_141
170 (X)X || Lagav,00) < CV¥ 274,
which is the required estimate.
. . . 1 .
We use again Theorem B in the interval (v + v3, 2v). We obtain
||Jv(x)xa||L'I(v+ul/3,2v)
L) 2,1 20« _7
= C(“r (r -V ) ¢ ||L!I(v+u1/3,2v) +v ||V (V -V ) ”L‘I(u-&—vl/2 2v)

-1
+ ”ra ”L‘l(erv /3 ZV))

<Cv*ta 7%(”Sa(s -~ 7”Lq(l+v*2/3 2)
+ ”sa(s - 1)_Z||Lq(1+v’2/3,2) + U_%)

1

1
< Cv*taTa,

We are left with estimating the norm of *J,, (r) in the interval (O, v+ v%)
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It is a well-known fact (see e.g. [7]) that there is a constant C > 0 such that,
for all v > 0 and all » > 0, we have |J,(r)| < Cvs. Furthermore, J,(r) is in-

creasing, and |J, (r)| < C V™2 in the interval [0,v— v%]. The latter can be easily
proved using the estimate

e~ V()
Jywx) L ——————, 0=<x <1
1—x%)a/2mv
(see [14, p. 255]) together with
1++1—x2
S (x) =10g<—Jr u )— 1—x2.
X

Therefore,

] (V + v%)a-&-a _ (V - v%)a-‘ra

(ag +1)7

I Jv(x)xa ||Lq(u—v1/3,v+v1/3) <Cv7s

< C]).%(a+$_l)

3

which is better than what we need. Indeed,

’

1 +1 1) < +1 1 >1 1
I O 0O+ ——= &= a>-——
3 q - qg 2 —4 q

as required.

Since |J,(r)| < C =2 forall r <v-— v%, the estimate claimed in Proposition 1
easily follows. UJ

REMARK. Proposition 1 can also be proved as a corollary of [4, Prop. 1].

We now let F(x) = F(rw) = r"f,,(r)Y,,(w) € L, and we recall that ﬁ(;)
F(po) = p" fin(p)Yn(o), where

+00
~ m =N dym
Fu(p) =i"p ™2 [ fu() g, (o)
0

In order to prove (1.1) for a function F' in £, we shall prove that, for every 1 <
p < ;—fl and g > j—;ip’, the ratio

400 d+
f(r)J%_]JHn(r)r2 dr

I FllLase-1a0)  |Jo 1Yo Nl Lacsa—1 gor)

||F||Lp(Rd) (/+°° % 1 Yin |l Lo (g1 do)
d—14+mp ?
Lf(r)Pr dr)
0

is bounded by a constant that depends only on p, g, and d. Then (3.1) will be a
consequence of the following lemmas.

3.1
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LEmMMA l. Letl < p < d+1 and let f(r) € C°(0, +00). Then

400 d+
/0 fm(r)J%_Hm(r)rz "dr

+00 1
( / | ()| Prrd=1Emp dr)
0

LEMMA 2. Let p < q < 2. Let Y,,(w) be a spherical harmonics which, in
polar coordinates, can be expressed as the product of factors of the form of
(sin z)s’an(s)(cos 7) (see Section 2). Then

< om4 D(s-3)+

ﬁ\‘_

(3.2)

Y q a—
1Yol Lacse-1 aor) - Cm(dfz)(ﬁfi)‘ (.3)

1Yo ll Lr(sd-1, dor)

When Lemmas 1 and 2 are proved, then Theorem 1.1 easily follows. Indeed, let
p =< 1 andg = d+11’ By (3.2) and (3.3), the right-hand side of (3.1) is at most

emI (D) a0 4)

and the conditions on p and g guarantee that the exponent of m is here equal to

—j—;}é = —#, which is nonpositive.

Proof of Lemma 1. By Holder’s inequality,

+o0 d+
f(r)J%_ler(r)r2 dr

0
1

e mp+d—1 ’ d_d-l
< ([ 10 ) g ey G
0

By Proposition 1, the L' norm in (3.4) is finite if and only if p < d+1 and is at
i @D )+
most a constant multiple of the quantity m Pl O

The proof of Lemma 2 utilizes Proposition 2 and will be given in Section 7.

4. Some More Lemmas
The proof of Proposition 2 relies on Lemmas 3, 4, and 5.

LEMMA 3. Let 0 < j < s. The relative extrema of (sinz)*~/P*(cos z) in the
interval [0, /2] are increasing whenever

; 1 J=3j2+ P+ jn® —s+2js+2jns + 52 — js?
z <z;, = —arccos - - “.1)
2 jn? — j2 4 2ns + s2)

and are decreasing otherwise. The relative extrema of (sin z)‘YP,f‘Y)(cos z) in the in-
terval [0, /2] are increasing whenever 0 < s < 1 and are decreasing otherwise.
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Proof. Let
JjG=D+s(s =1

Yi(2) = (n+9) 4>+ —
Sin- Z

Since y§ ,(z) = (sinz)*P")(cos z) satisfies the differential equation

u" +Yo()u=0

(see Section 8), it is not difficult to prove that yjsn(z) satisfies the differential
equation

v” +2jv’ cotz + Y(z)v = 0. (4.2)
Let (d )2
_ s 2 LTZyJiVl(Z)
f(2) = ()" + o
Then
/ d | Y A ys (DY (2) — ;jzy,{n(z)w;(z)>
=2—3 : = -

(2 dzy-”"(Z) (y,,,1(z) + wfm

and, by (4.2),
(cot2)(ese 2)* (<Lt (2))°
) = —2 2.
F@ 8(2) (n?2 — j24+2ns + 524+ (j —s)(=1+ j + s)(csc z)2)?’

where

g(2)=j =3/ +s(s =D+ j(l+n”>+2s +2ns — 5%
+j(j* = (n 4 5)») cos(22).

Observe that f(z) is increasing if and only if g(z) < 0. If j = 0 then g(z) =
s(s — 1); therefore, the sequence of the relative extrema of ygle(z) is increasing if
s > 1 and is decreasing if 0 < s < 1.

If j # O then f(z) is increasing if and only if z < z;,, where z; , is defined

asin (4.1). Since f(z) = (yjfn(z))2 at the critical points of yjfn(z), the theorem is
proved. UJ

The next ingredient of our proof is a theorem of Sturm type.

LEMMA 4. Let H(z) be continuous on (z1,22). Suppose that u(z) satisfies
u” + H(z)u = 0 and that H(z) > N > 0 on (21, 22). Then u(z) has a zero
on every subinterval of (z1, z2) of length t/~/N.

Proof. This is an easy consequence of Theorem 1.82.1 in [12] (see also [8]). [J
We will also need the following easy lemma.

LEMMA 5. Let —x <y < oo with x > 0. The function
I'(x)x”

_ —
I'(x+y)
is an increasing function of x.
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Proof. Let f(x) = gf;lxx))

In f(x) =ylnx 4+ In(I'(x)) — In(T'(x + y))

is increasing, that is, its derivative is positive.
We recall that the logarithmic derivative of I'(z) is

r'(z) _1_°° [
Nz) z mZ:<z+m m)

where y is Euler’s constant. Therefore,

To prove that f(x) is increasing we prove that

1 1
x+m x+y+m

Y
(In f(x)) = = n;

The sum above is
o 1 1
< G- =n()
o \X*x+¢ x+y+¢ X
(lnf(x))/zz—ln<1+z)>0
x x

as required. O

An immediate consequence of Lemma 5 is that rrf;f;) < lim,_ f(x) =1 (by

Stirling’s formula), while if x > x¢ then f(x) > f(x¢). Therefore,
F(x+y) < ox? P +y)
I'(x) ['(x0)

4.3)

5. Proof of Proposition 2

Let y;7,(z) = (sin 2)*7/P)(cos z), and let ¢, ; be as defined in (2.4).

In what follows we will assume that n is even, since the proof in the other case
is similar. We first consider the case j = 0. By complex interpolation we can
extend the result to the general case. Indeed, the function y?, (z) depends analyt-
ically on j. If j = s then ||y$ ,lloo = (1) = 520 (see Section 8). If we
prove that [|yg ,llec = ¢n,s, then

_J i
1yialloo < (€)' 75 (PPMD)5,

which is (2.3). We now prove (2.5). From the inequality just displayed it follows
that

PO )? < JAT(H2 4 ) )f
) TS\ mEy (g )

P0G +5)
Lett = “’T” for the sake of simplicity. We prove that

(ﬁmm ) <e<1+5) 5
rOr(s+s)/) ~ s ) '

”y]fn loo < Cn,s(

n,s
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Let
JSST(E + 5)

es(t +5) T3 +s)

gt s) =

We aim to prove that g(z, s) < 1 for every ¢t > % and s > 0.
By Lemma 5, t — g(t, s) is increasing. This can be easily seen if we let x =
s 4+t and s = y. Therefore,
s . r't+s)
~ lim .
e’T(s + 3) =0 (t +5)°T(1)

g(t,s) < J/m

By Stirling’s formula,

ﬂt+s_% =5
re+s (F) _e_s<]+s>

K _1
(t+5)'T@) (t +5)5(1)"2
and thus
C(t+s)
im — =1.
t—oo (t + 8)5T(¢)
Therefore,
sS
t,s) < Jr—mro--—. 5.2
g(t.5) fesr(ﬁg) (5.2)

Let A(s) be the function on the right-hand side of (5.2). We prove that A (s) is de-
creasing and therefore that g(#, s) < h(0) = 1 as required.
It is enough to prove that, for every s > 0, (s + 1) > h(s) or (equivalently)

that ;
his+1) (s + D)*+! 1 1V s+1
= 1 = - + 1
h(s) esS(s+3) e s+ 3
which is easily seen to be true.

To prove Proposition 2 in the case j = 0 we use induction on n. Assume s > 1,
since the case s < 1 is known (see [12]). The case n = 0 is easy to check. In-
deed, Pés)(t) = 1, and the right-hand side of (2.5) is also equal to unity. We now
assume that the result is true for n — 1 and prove that it is also true for n.

Recall that we have set y? (1) = (sin?)*"/P{*(r) and also that (P"(1))" =

2sPn(iJ1rl)(t) (see Section 8). Thus,

<1,

N

(31, (2) = (s — j)(cos ) P (cos 2)(sin 2)* ™'~/ — 25P,* 1V (cos 2) (sin2)* T~/

Therefore, the following equation is satisfied by the critical points of y’, (z):

2s .
Yin(@) = (tan Dy,

When j = 0, it follows that yjfn(z) satisfies

You(2) =2(tan2)y5 1! (2). (5.3)

Let z;, be the point at which yj ,(z) attains its maximum. By Lemma 3, the se-
quence of the relative extrema of y; ,(z) is decreasing and hence z; is the smallest
critical point of y; ,(z) in the interval [0, 7r/2].
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To estimate z; we use Lemma 4. Recall that yé}n(z) satisfies the differential
equation (8.5), with

1
(( )2) > (n+9)*+s(s—1).
By Lemma 4, yo ,(2) has a zero in each interval [e, (s, n) + ¢] for every ¢ > 0,
where we have let £(s, n) = n/\/(n +5)2 4+ s(s — 1). Since yO »(2) vanishes at
z = 0, it follows that dzyo ,(2) vanishes at least once in (0, § + ¢]. Therefore,
zp <& and

Vo(z) = (n+)* +

sin(z}) - z; b4

tan(z)) = < = .
cos(z;) ~ J1—(z8)2  n*—m?—s+2ns +2s2

If ||y8j;ll_l loo < cn—1s+1, then by (5.3) and the preceding estimate we have

27Tcn Ls+1

)| =
V2 =72 —s+2ns + 252
and the right-hand side of this inequality is < ¢, , if

1Y0,nlloc = 1¥0,(25

2ncn—l,s+l

h(n,s) =
CnsVn? — w2 — s+ 2ns + 252

<1

Recalling that n — 1 is odd (since we have assumed that n is even), after easy sim-
plifications we can write

2
hn, s) = o+ 25) LG4
svn2 —s+2nsvn? — 2 —s5+2ns + 2s2

which is easily seen to be at most 1.

6. Proof of Lemma 2

We show that Lemma 2 is a consequence of Proposition 3. The proof of Proposi-
tion 3 will be given in Section 7.

Let Y, be as in Lemma 2. We shall prove (3.3), that is: forevery 1 < p < ¢ <
2 and every d > 2,

Y, - d=2(1_1
Wnlastraor '3 (5-0). (6.1)
1Yol Lr(sd-1, dor)
First of all, observe that it suffices to prove Lemma 2 when g = 2. Indeed, say
1 —(1_1 1_1 _
that .= + , where o = (q 2) / (p ) By the Riesz—Thorin convexity
theorem
”Ym“L‘i(Sd Ldo) = = ”Y ”LI’(Sd lda)”Y ”LZ(S’I L do)?

and if (2.6) holds when g = 2 then

1Yl Lacsa1,d0) < (Cm%z(%_%))l_aIIYmIIstdfl,dg) = ¢t (- é);

that is, it holds for all other ¢ < 2. Then we observe that, in order to prove (6.1)
for g = 2, it suffices to prove
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Wallirserin _ %5 (;-1) 62)

==
S

1Y, ”LZ(S"—l,dU)
where p’ is the dual exponent of p. Indeed, we observe that
2
1Yo 122501,y < 1Yol -1, oy 1 Y ll o1,
by Holder’s inequality. Hence

|| Ym ||L2(Sd—',d(r) < || Ym ”LP/(S‘l_l,da)
1Yo llLresi-taoy ~ 1Ymllz2se-1 a0y
and if (6.2) holds then (6.1) also holds with ¢ = 2. Finally, we can use Riesz—

Thorin convexity theorem once more to reduce the proof of (6.2) to the case p’ =
oo. We shall therefore prove that

”Ym”L”C(S"*],dU) d=2

<Cm'+. 6.3)

1Yo Ml L2541, dory
We now recall that Y,, is as in Lemma 2, that is, as in (1.3). If we use spherical
coordinates, (6.3) can be rewritten as

(mpn+ =21
Sup H‘P Mpe—Mmp4] (COSZkJr])}(81nzk+l)mk+l
Zk+1€[0 ”] k=0

.....

nd% %

(mA+1+ k=1 2 d—2—k
(f / Py (coszk+1)| (8in Zgqp) 21T dzy---dzg-2
0

kO

(mk+1+ )
sup | ks (coszk+1)|(smzk+1)"’”‘

1:[ z2k+1€[0,7]
1

(mini+ 15371 2 d—2—k :
</ |P ks (coszk+1)| (sin zg4p) ™1t dZi41

d—
< CmT

Thus, (6.3) follows if we can prove that, for every 0 < k < d — 3,

(mk+1+ )
SUP | Py imeny © (€08 Zgqep) | (sin Zg )4
2k+1€[0, 7]

(mk+1+ ) 2 d—2—k
(/ | Py S (COSZk+1)| (8in zq ) 1T dzp+1

To simplify notation, we will let z = zxy1, n = mp — Mgy, S = Mpg1 + d‘é‘_ ,
. d=2—k
and j = <5
We also observe that we can integrate over the interval (0, 7/2), since the ultra-
spherical polynomials are either even or odd. With the new formalism, the in-

equality that we shall prove is

IA
A

Cm (6.4)

02—

sup |P)(cos z)|(sinz) ™/
z€[0,7/2]

< Cm?. (6.5)

1

/2 2
< [ | P\ (cos 2)[*(sin 2)** dz)
0
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A change of variables shows that (6.5) is equivalent to (2.6), which will be proved
in the next section.

7. Proof of Proposition 3

As observed at the end of the previous section, (2.6) is equivalent to (6.5). We
therefore direct our attention to the proof of (6.5). We divide the proof of the in-
equality (6.5) into four steps.

Step 1. In what follows we will often denote by /', the ratio on the left-hand
side of (6.5), and we will let || fl, = Il flr0,7/2)-
The L? norm of (sin z)*P*)(cos z) is

_ < 7215 (n 4 2s) )5 o
s =\ + ) (D)2 + 1) '

(see Section 8).
By Proposition 2 and (7.1) we obtain

sup |(sinz)* P (cos z)|?

2j 2
’ N qn,s

Jin /2
/ |(sin 2)*P*)(cos z)|* dz
0

We will assume that n is even, since the proof in the other case is similar. There-

fore,
(m)z _ (90T +5)
ans)  AD(1+2)0(H2 +5)

By Lemma 5,

n -3 L4n -
M§<z+s>2 and F(Z) §<l+n) .
P(5 +s) ~ \2 r(t+5) 2

<i)2 _ 2(n+s)
dns) T mn+1D3(n+2s)7

We thus obtain

. 2 2

I, < 62/<1 n ﬁ) nts) (7.2)
' S/ mw(n+1D2(n+2s)2

=

and consequently

If n < as for some fixed o« > 1, then

2(n+s)

1}, < ¥ +a)¥ sup T T
n=zas g(n +1)2(n + 2s)2

n

One can easily verify that (n 4+ 1)(n + 2s) > (n + /5 )2; therefore,
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- 2(n+s)
s 2j 2j
I]n <e (1 ) n(n+ﬁ)

which is what we shall prove.
In the next step we will show that we can always reduce matters to this case.

< 22001 4 ay?ist,
s

Step 2. In the proof of Lemma 3 we have observed that the following equation
is satisfied by the critical points of y; ():

yin(@) = 7 (tan Dyl
By Lemma 3, the relative extrema of yj,n(z) in the interval [0, r/2] are increasing
whenever

s

=32+ + jn* — s +2js +2jns + 5% — js?
z <2Z;, = Zarccos — 3 3
4 2 Jj(—=j?+n?+2ns+s?)

and are decreasing otherwise.
Therefore, yfn(z) attains its maximum at one of the two critical points that im-
mediately follow or precede z; ,. Let Z be such a point. Then

2s = s+1
Sup yj n(Z) =< . (tanz) Sup yj n— 1(Z)'
z€[0,7/2] —J z€[0,71/2]

In the next steps we will prove that there exists an o > «;, where
4
J2j—1

such that the following inequalities hold whenever j > 5, s > j, andn > as:

Olj:

(@) z =2z,
(b) S%Sjtanz <1

This will be enough to conclude the proof of the theorem. Indeed, from (a) and
(b) it follows that
sup y7,(2) < sup ¥t (2)
0<z=<m/2 0<z<m/2
for every k such that (n —k +1) > a(s + k — 1). If we let k = [“-2*], we have
m—k+1D)>a(s+k—1Dandn —k < a(s +k).
By Step 1,

53k < Ce¥(1+ (s + k)2 < Ce(1+ jH)(s +n),

where C depends only on j, which is what we required.

Step 3. In proving (a) we suppose that z > z} ,, since the other case is trivial.
We recall that Z is the first critical point of y?, (z) in the interval [z} ,, 7/2]. By

Lemma 4, the function y;. *(2) has at least a zero in the interval [z} i O’(S n)—+ z ul
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T

A (n+5)2+s(s—1) '

By Rolle’s theorem, y]fn(z) has at least one critical point in [zj-,n, 20(s,n) + z]{n]
and thus 7 < 20(s,n) + zj‘fn.

We prove that 20(s, n) < zjf , Whenever n > ;s and s > j. Toward this end it
is sufficient to prove that

(do(s,n)? < sin(2z$ )’

(=P Qi+ 2jn = Vs 452 A= DY
- j(n? — j2 4+ 2ns +52)
= 2u(s,n) — (u(s, n))>,

H s s —
and at least two zeroes in [zj‘n, 20(s,n) + zj‘n], where o (s, n) =

where we have let

M(S n) — (2]_])(52—5‘—]2_])
| s =

Thus, we shall prove that
(u(s,m))* = 2u(s,n) + (4o (s,n))* < 0
or (equivalently) that
u(s,n) <1++/1— (4o(s,n))2.

We observe that u(s,n) < u(s,0) < lim,_ o u(0,s) =2 — %, since u(s, n) is
increasing with respect to s and decreasing with respect to n. Thus, we prove that

2—1,5 14++1+ (4o(s, n))?
J

or

[\

dols,m)? < > — —
J J

whenever n > ;s and s > j. But

o ))2 - 1672 - 1672
s,n))° < < ,
(+a)?s? = (1+ )

so the claim readily follows.

Step 4. We now prove (b). We shall prove that there exists an « > «; such
that tan(2z§ ) < L whenever n > as, s > j, and j > % This is equivalent to

s s—J
2z7 ) < arctan(z—S) or to

j,n
] s—7j 1
cos(Zz} ») = cos|arctan = = (7.3)
: 2s | s— i V\?
(+(2s>>

since t — cost is a decreasing function in [0, z/2].
The function on the right-hand side of (7.3) is an increasing function of s, and
its supremum is 2/~/5. Therefore, it is sufficient to prove that
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J=324+ 3+ jn? —s+2js +2jns + s> — js? - 2
J(=j*+n*+2ns +52) V5

Let cos(2z_f-’n)) = A(s,n). It is easy to see that n — A(s, n) is increasing and

hence that A(s, n) > A(s, as). We now prove that, for some a > «o;,

2 =5 +152 =577 =257 + (5= 10j)s + ¥ (a, j)s?

A(s,as) — — = — >0,
J5 5j(j%—s2 —2as? — a?s?)

where Y(a, j) = (—=5+5j +2+/5j — 10aj +4+v/50j — 5a2j +2+/5a?j), when-

evers > j > % But this is easily seen to be satisfied.

cos(2zjyn) =

8. Appendix

We collect here the definitions and identities that we have used throughout this
paper that are related to Jacobi polynomials and Bessel functions. Our main ref-
erence is the classical book of Szeg6 [12], but the formulas listed here can also be
found in many other standard textbooks on special functions (see e.g. [1]).

Let o, B € R. The Jacobi polynomials of degree n and order («, B) are

(=n" <dn>(1 _ x)oHrn(l + x)ﬁJrn. (8.1)

2np! \dx

PP (x)=(1—x)" %1 +x)*

They are a complete orthogonal system in L2([—1, 1], (1 — x)*(1 + x)# dx).

When «a = B, the Jacobi polynomials take the name of ultraspherical (or Gegen-
bauer) polynomials and are denoted by P{*)(x). Here is the customary notation
and normalization:

s

(s) N 57%’ 7% 1
P(t) = C, Py 0, s>-—3. (8.2)

where

;  T(s+3) I'(n+2s)

" T@s) Tn+s+3)
We can easily see that P*)(x) = 1 whenn = 0 and P*)(x) = 2sx whenn = 1.
Furthermore,

PO(—x) = (=1)"P®(x). (8.3)
Observe that P*)(¢) satisfies the differential equation
(1—x>)y" — Qs+ Dxy +n(n+2s)y=0 (8.4)

and that (sin?)*P*)(cos t) satisfies the differential equation

y 5, S(s—1)
u' +(n+s)+ — u=20. (8.5)
(sin z)2
We also recall that d
PO =25P7 () (8.6)

and
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. ; I'(n+2s)
sup |7 ()] = (1) =

e e — i
~1<x<l [(n+DrQ2s)’ ®D

and also that

"2 : A2 BT 42s) )2
_ 2 p(®) 2 _
Gns = <f0 (sin?)*| P (cos1)| dt) = ((n TG0+ 1)) . (8.8
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