A NOTE ON THE HOMOLOGY GROUPS OF RELATIONS

John Thomas

The purpose of this paper is to give a new proof of Dowker’s theorem that “re-
lated” homology and cohomology theories are isomorphic. In [1], Dowker observed
that a relation between two sets X and Y endows each with the structure of a sim-
plicial complex, and he showed that the homology groups of X and Y derived from
these simplicial structures are isomorphic. The isomorphism constructed by Dow-
ker seems rather complicated, and it is not immediately apparent that it is natural
(as must be verified for Dowker’s main application) that the Cech and Vietoris
homology theories and the Cech and Alexander cohomology theories are isomorphic,
when they are based on the same family of coverings.

In this paper we exhibit an isomorphism that is somewhat simpler, and (granted
a certain amount of algebraic machinery) more clearly natural. Roughly speaking,
we proceed as follows. We consider the category of relation pairs and their maps,
and define three homology functors on this category—the two that Dowker considered,
and a third, which is defined in terms of a certain double complex; and we show that
all three functors are naturally isomorphic.

Here is a brief sketch of the isomorphism between the Cech and Vietoris
homology theories. Consider the category of pairs (X, ) in which X is a topologi-
cal space and o is a cover of X taken from a particular directed family of cover-
ings, say Q(X). The maps (i, ¢): (X, ) — (Y, 8) are pairs in which f is continuous
and ¢ is a function. The relation on X X o is the inclusion relation: x in X and O
in o are related if x € O. Let the homology groups induced by the two simplicial
structures be denoted by 'H(X, o) and 2H(X, o). The maps induced by

(1, ¢): (X, @) = (X, B),

where o refines 8 and ¢ is relation preserving, give inverse systems for each X,
and as Dowker pointed out,

lim inv 'H(X, @) and lim inv 2H(X, &)
@€ (X) aeQ (X)

are the Vietoris and Cech groups, respectively. Since the functors 'H and 2H are
isomorphic, they are still isomorphic when composed with the functor lim inv,
whence the Cech and Vietoris homology theories are isomorphic.

1. DOUBLE COMPLEXES

In this section we recall some of the basic facts about double complexes. Let A
be a principal ideal domain. A double complex K over A consists of a bigraded left
A-module K = Z Kp,q (p, g integers), together with a pair of homogeneous endo-
morphisms
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satisfying
d,;-d; =d,-d, =d,-d, + d,-d, = 0.

For our purposes, r will always be +1 or -1. If r = -1, we shall call it a double
chain complex, if r = +1, a double cochain complex; in the latter case we shall, as is
customary, write the indices of the bigradation as superscripts rather than as sub-
scripts. In the following discussion we shall generally pretend that we are dealing
with chain complexes, letting the reader supply the analogous statements for co-
chain complexes.

A subcomplex L is a bigraded submodule that is stable under the action of d,
and d,, that is,

di(Lp,q) © Lptr,q and  da(lp,g) © Lp qir-

It is easy to verify that XZ(K) = Ker dy and kB(K) =Imdy (k=1, 2) are subcom-
plexes. If L is a subcomplex of K, we may also form the quotient double complex
K/L, bigraded by (K/ L)p,q = Kp,q/Lp,q With endomorphisms d, and d, induced from
K. In particular, ¥H(K) = kZ(K) /k¥B(K) (k = 1, 2) are quotient double complexes.

A map of double complexes is a module homomorphism of bidegree (0, 0) that
commutes with d, and d,. The collection of double complexes and their maps forms
a category, which we denote by . We shall in fact be interested only in a subcate-
gory 4 of vegular double complexes that satisfy the additional conditions

(1) Kp,q=0if p<0 or q <0 (K is properly bigraded),
(2) K, q is a free module for every pair p, q,

1 _ 2 -
(3) Hp’q(K) =0 for q> 0 and Hp,q(K) =0 for p> 0.

Any double complex K has an associated “single” complex (also denoted by K)
that is supplied with the “diagonal” gradation K =2 K,,, with K, = Z Kp,q (p+ q=n)
and the endomorphism d =d; + d;: K, — K, ;. Note that d.-d = 0. We shall filter
this complex in two ways, denoting the resulting filtered complexes by 'K and "K,
respectively. We set

kP) = 2 K, . and kP - T K ..
1’ ]
i<p i<p 7
(For cochain complexes we use the decreasing filtrations 'K(p) = ? KiJ and
- 1P
K = E K1), -
(p) i<p )

With every graded filtered module K with a “differential” endomorphism d such
that d-d = 0 there is associated a sequence of bigraded differential modules

ET = {E ET dr}

pP,q’
P,q

such that d* is homogeneous of bidegree (-r, r - 1) and such that E**! is iso-
morphic to H(ET) as a bigraded module. Such sequences are called spectral se-
quences, and their properties are nicely developed in Chapter 4 of [2]. When (as is
the case here) K is properly bigraded, the sequence E;,q is stationary (that is,
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Ep,q = ErH) for each fixed p, q, for r> N(p, q), so that the spectral sequence
“converges” to a bigraded limit module E°°. A homomorphism f: K — L of graded,
filtered, differential modules, that preserves gradation and filtration, and such that
fd(x) = df(x) for all x, is called admissible. Admissible homomorphisms induce
homomorphisms #(x) . ET(K) — E*(L), of bidegree (0, 0), that preserve identities and
compositions; therefore we can consider a spectral sequence as a sequence of func-
tors on the category of differential filtered graded modules. The structure of the
E2- and E®- terms of the sequence is known : in particular, for the spectral se-

quences 'EY and "E* arising from 'K and "K, we have

1 2 ~ 1 2 n 2 ~ 2 1
EZ, = 'H, ,CHK) and "E = °H (‘H(K),

H(K) = 2 'EY = 2 "E;

pta=n 0% prq=m 70
Assume now that we_are dealing only with regular double chain complexes, and
observe that 'EZ ; = "Eg q = 0 except for q =0, whence 'EZ = 'E . and
"E2 = "E°°, Thus

Ho(K) 2 'H, ((PH®K) = 'EQ , = H, ('HEK) = "EZ,

The isomorphisms are “natural” in the following sense.

Given any regular double chain complex K, we can form regular quotient double
complexes as follows. Let

K _ P K _ s

X5q= Kp,q/Kp,q"O if >0, Y .= p,q/KP,q—O if p> 0,
K _ 2 _2 K _ 1 1

Xp q KP,O/ Bp,o = Hp,o(K)’ Yo,q = Ko,q/ Bo,q = Ho,q(K) .

The important property of these subcomplexes is that they are their own associated
“single” complexes, that is, X, = X with d=d;, and Y =Y with d = d,. The

n,o o,n
projections onto the quotient double complexes induce cham maps

x¥ « Kk - Y¥;
these induce isomorphisms
1 K K K 2 K
Hn’O(X ) = H (X Yy E H (K) H,(Y™) = “Hg (Y,

in view of the fact that the induced maps of the spectral sequence are isomorphisms
on the E2-term.

Given any map f: K — L of regular double complexes, we obtain a commutative
diagram of the associated chain complexes

This in turn yields the commutative diagram
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H_(x¥) << H (K) —=> H_ (Y

lff lf*, lfY

H,(X1) <— Hy(L) —> H(YD)
Further, any short exact sequence of regular double complexes
0 —-—K—-L—->M=-—20

induces a commutative diagram of chain complexes

0 - xK o xbxM_, 9

T 1 1 \
0—- K - L —-— M —0
l ! !

0—-vYE Yl YM o

with exact rows, whence on the homology level we have the commutative diagram

HXM) <& H(M) => H(YM)

R

H(XK) <— HK) —> H(YK)

The preceding remarks apply almost without change to regular double cochain
complexes. The basic difference is that if KP'? is a regular cochain complex, we
define

Xf{’q=0for p>0, YII){’q=0f01‘ p>0,

X§'° = 2zP:° _ 2gPyOo(K) Y%,q = lgoP _ lgoq) |

In this case X and Y are subcomplexes instead of quotient complexes, and we
have injections

X

k — K< Yy

that induce isomorphisms
n = n o n
H (XK) - H'(K) — H (YK).

Thus we have shown

LEMMA 1. The thvee functors on the category of regular double chain { cochain}
complexes that assign to K the graded modules H (X ), Hy (K}, and H*(YK)
{H*(Xy), H¥*(K), and H*(Yy)}, respectively, are natm'ally isomovphic.
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2. THE CATEGORY OF RELATIONS

Let & denote the category whose objects are pairs (S,, S,) consisting of a set
and a subset (possibly empty), and whose maps are functions f: (S,, S,) — (T,, T,)
mapping S, into T, and S, into T,. The cariesian product of two pairs is the pair
(8, xT,, S, xT,), and a velation between (S,, S,) and (T,, T,) is a subpair of the
cartesian product, that is, a pair (R;, R,) such that R, € S; X T; and R, C S, X T,.
If f: (S,, S,) — (S}, S)) and g: (T, T,) — (T}, T}), we have a function

fxg: (S, X T, S, xT,) — (S;X Ty, Sz XT,).
If
(R}, Ry) C (8;x Ty, S; X T3) and  £Xg(Ry, Ry) C (Ry, Ry),

then the restriction of £ X g to (R,, R,) is called a relation map. Note that not all
functions from (R,, R,) to (R}, R})) are relation maps, only those induced by re-
stricting maps of (S, x T,, S, X T,) into (S; X T;, S; X T;). We shall emphasize this
fact by using the notation f X g: (R,, R,;) — (R}, Rj). The collection of relations and
relation maps is a subcategory of &, which we denote by .

With every relation (R,, R,) are associated two abstract simplicial pairs (§,, §,)
and (T,, T,). A p-simplex oP of §; is a set of p + 1 points (sqg, ***, S p) in S, that
are all R,-related to a common t € T,, in other words, such that the pomts
(sg, t), **-, (sp, t) are all in R,. The subcomplex S2 is defined by changing the sub-
script 1 to 2 in the preceding sentence, and T, and T are defined similarly: a q-
simplex of 'I‘1 is a set of q + 1 points of T; such that for some s € S;, the points
(s, tg), ==, (s, t q) arein R; (i=1or i= 2) Observe that any relation map
fxg: (R, Ry) — (Rl, R;) 1nduces a pair of simplicial maps

£:65,8) — 8,8 and g:(F, T, — (T, T).

If K is any s1mp11c1a1 complex, an ordered n-simplex of K is an ordered n-
tuple <v0, ety Vg > of vertices (not necessarily distinct) of K, all of Which lie in a
common simplex of K. An ordered p-simplex oP = (so, . SP> of S and an
ordered g-simplex 79= < tg, *- q> of T; are said to be Rj-related (1 =1 or
i=2) if (sj, tx) € Ry for all ]—0 1, -, p and k=0,1, -+, gq. The set of pairs
(oP, 79) that are Rj-related is denoted by Q Note that 9125’ q is a subset of

1
thq

Let C(R;) be the submodule of Cp(8;) ® Cy(T) generated by ¢P&) 79 for all
(oP, 79) € Szl q We define the endomorphlsms d, and d, as follows:

P
dy(@P® 7Y = %7(-1? & oP® 79,

q . »
d,(0P® 7Y = %)(_1)”%1’@ o'rd,

where o <V0 s ***y Vg > <V0, . e,V > is the ordered simplex with its
i-th entry deleted Th1s is 1eg1t1mate smce 1f oP® 74 is a related pair, then so
are 9 0P 79 and oP® 279 for all i. Since d2=d2=d,d, + d,d, =0, C(R;) is a
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double chain complex. Observe that C(R;) is a subcomplex of C(R,), and define _
C(R,, R,) to be the quotient double complex C(R,)/C(R;). The simplical maps f, g
1nduced by a relat1on map fxg: (R,, R,) — (R,, R,) induce a function from

@ @2 ) (@l & q) that defines a map of double complexes

P:d P.q PqP

(X g)y: (C(Ry), C(RR)) — (C(Ry), C(Ry)).

Let G be an arbitrary A-module. We define

Cp,q(R1, Rz; G) = Cp o(Ry, R) s G,
CP'9(R,, R,; G) = Hom, (Cp,q(Rl, R,), G)

and call these things the double complex of ovdevred chains (or cochains) with co-
efficients in G, of the relation pair (R,, R,). Finally, we define cohomology and
homology modules with coefficients in G to be those of the associated “diagonal”
complex H(R,, R,; G) = H(C(R,, R,; G)), the homomorphisms being induced in the
usual fashion.

THEOREM 2.1. The correspondence we have just described, which associates
with (R,, R,) the chain (ov cochain) complex C(R,, R,; G) and with the velation map
fx g the map (fX g)y, is a covariant (contravariant) Junctor from R to the category
& of vegulay double chain (or cochain) complexes.

Proof. The only statement which is not clear is that C(R,, R,; G) is regular, and
to prove this it suffices to show that C(R,, R,) is regular, since

0®a G = Homp (0, G) = 0.

For i =1, 2, let R{[o®] be the set of 7% related to 0P, and RP[79] the set of o®
related to 79. Observe that
(1) the three statements 7% ¢ RJ[0P], o ¢ RP[79], and (0P, 79 ¢ sz are
equivalent,
(2) R;[oP]= | JRI0P] and R;[ 7] are subcomplexes.
q

Since any chain in C (Rl) can be written in either of the forms = op® Aq and
z BP D7 7;, by grouping the terms containing a particular oP or 79 we see that

Cp,q(B1) = (:L,;Cq(Rl[oP]) = Tchp(Rl[rq]),

whence

1

HP-q(

H, (R)) = E;J)Hq(RI[UP]) and

Rl) = ;21 Hp(Rl[Tq]) .

Now Rl[ap] and Rl['rq] are subcomplexes spanned by a set of vertices every finite
subset of which is a simplex; hence they are cone complexes, and therefore they are
homologically trivial. Thus

1

2I-Ip’q(R1)=0 for q> 0 and R;) =0 for p> 0;

HP:q(
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that is, C (R 1) is regular. The same argument shows that C (R ) is regular,
and C (%{1, Ry) is regular since, if K and L are cone complexes (L € K), then
% =0 for m> 0.

We have seen that a relation pair (R,, R,) is associated with two simplical pairs
S,, S,) and (Tl, T2) Let H(S,, S,) and H(T,, T,) denote the usual homology or co-
homology theories for abstract simplicial complexes.

THEOREM 2.2. There exist natural transformations

P, G,
H*(Sls SZ; G) “« H*(R]_, RZ; G) - H*(T]_, TZ; G) ’

I* J*
H*(Sly SZ; G) - H*(Rl’ RZ; G) — H*(le Tz; G)

that ave isomovphisms of these homology and cohomology theories.

Proof. The proof consists in identifying XX and YX when K = C(R,, R,) and
applying Lemma 1. This gives

Xy = 2Hy o(K) = 2 0" @ Hy(R, [0"], Ry [0™]).
O.Il

HyR 1[0“], R,[0™]) is either free on one generator (denoted by g(on)), in case
R, [on] is empty, or it is 0, in case Rz[0™] is not empty. Since ¢™ € S, if and only
if Ry[on] is not empty, the correspondence o™ — o™ () g(o™) defines a natural iso-
morphism Cp,(S), S2) — Xi. Clearly, the boundary operators correspond, so that
H, (X¥) = H,(81, §2). The “dual” argument shows that H,(YK) is naturally iso-
morphic to H (T, T,).
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