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INCOMPLETE MODELS

JOHN GRANT

Given a relational structure 9 and an atomic sentence y in L(4),
(*) either Y=y or U=~y.

In this paper we consider structures for which (*) does not hold. We
may think of these structures as relational structures about which we do
not have complete information. It would be possible to set up a 3-valued
logic such that if |[ylly#1 (ie., not A=y) and [[Y[ly#0 (ie., not
A=~y), then [[Ylly = 4. Truth-values could then be defined for all the
sentences of .L(A) if the truth-tables are given for the connectives and
quantifiers. A general situation, where the set of truth-values is a compact
Hausdorff space, was investigated in [2].

We also set up a 3-valued logic such that for every sentence of .L(A4)
either |[y|ly =1 or ||¢lly = Zor [lylly = 0. Since we do not have complete
information about our structures we say that %Y=y only if ¢ holds in every
relational structure that we obtain from % by arbitrarily assigning the
truth-values 0 or 1 to the atomic sentences of .L(A) whose actual truth-
value is 3. In this case some of the connectives are no longer truth-
functional. For example, in any structure % if ||y|]y = then |[~ylly = 3,

Hyvylly = 3out [y v~ylly=1.

1 Notations and Terminology If p = (my),. with at least one n, > 0, then
is a type. If y, and u, are types, iy = (Moocsy, o = (”é>9<§2, then p,*p, =
(n4)o<s e, Where ny = myfor 6 < & and n; o= n5. The appropriate language
for y is L, and what we call a formula of pu is a formula of .(,; ¥, X stand
for formulas. We also use a, 8, y, 6, k for cardinals, and m, »n, ¥ for
natural numbers. Subscripts and superscripts may be omitted or inserted
for clarity of notation.

A relational structure of type y is % = 4, R}’,‘, c ey Rg‘, - .)5<§ where
each R?} is an my-ary relation on A, i.e., if n, = 0 then R, = ¢, where 03‘ = ay,
an element of A; and if n, > 0 then

{for every n,-tuple, {a, . . ., ane), of A, either}

*
) UERy(ay, . . ., ay) or U= ~Ry(ay, . . ., ay)
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If (*) does not hold for R, we call it an incomplete relation (on A).
Then if at least one R, is incomplete we call % an incomplete structure.
Note that if R, is an incomplete relation it has all the other properties of a
relation except for (*).

Although we rely mostly on [1] for our notations and terminology, we
use the same notation for various notions concerning relational structures
and incomplete structures. Unless otherwise specified % and 8 are infinite
incomplete structures of type u and T is a theory (set of sentences) of p.
Elements of the domain of ¥, A, are denoted by @ and we assume that A can
be well ordered as a = (a,).<|4|. Then the type of (¥, @) is u. The cardinal
of a set Sis [S| and [ul|is [£].

We write ||R(ay, . . ., a)llyq=1if Y=R(ay, . . ., a), || R(ay, . . ., @) lly=
0 if Y=~R(@, ..., a,) and ||R(a,, ..., a)lly=% otherwise. U is a
completion of ¥ and when we say for every 9 we mean for every completion
of ¥.

2 Definitions and Examples In this section we propose a number of
model-theoretic definitions for incomplete structures.

1) % is a completion of % if a), b), and c) hold:

a) 9 and 9 have the same type u and the same domain 4;
b) o is a relational structure;

c) For every n-ary relation R, n > 0, and n-tug}e @y, ...,an of A, if
U=R(ay, . . ., an) (resp. Y=~R(ay, . . ., a,) then Y=R(a,, . . ., a,) (resp.
A= ~R(@,, . . ., an).

Note that the number of completions is always a power of 2.

2) 9 ~ B if there is a bijective map f: A — B such that for every relation
R, if R is n-ary for n > 0, then |[R(a,, . . ., a)lly = lIR(f@)), . . ., fla) g,
and if » = 0 then fla) = b.

3) 9 C B if for every ¥ there is a 8 such that ¥ € B. Such a pair, % and B,
is then called a pair of corresponding completions of % and 8.

4_) % < B if Y C B and for every pair of corresponding completions 9 and 35,
A< B.

5) U=y if for every %, Y=y . In this case ¥ is said to be an incomplete
model of y. If YFY for every Y e Z then U is said to be an incomplete
model of Z. Th(¥) = {y |u=y}.

6) U = B if for every sentence { of L, U=y iff B=.

7) €* is an incompletion of the relational structure € if € is a completion
of B*.

8) ¥ is R-incomplete if R is an incomplete relation on A. A is k-
incomplete if there are k completions of . If « is finite we say that 9 is
finitely incomplete.

9) U is totally incomplete if for every m-ary R for » >0 and every
n-tuple, {a,, . . ., @, ||R@,, . .., an)ll = 3.

10) A chain of incomplete structures, (%;).., is an elementary chain if
A, <Y, whenever § < '
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Note that an algebraic theory, i.e., where every relation is a function,
cannot have any incomplete models.

Given a theory X in type u we can obtain a theory X' in a type u' such
that © C 2/, u' = pu*u and Z' possesses no incomplete models although =
and Z' are in a sense equivalent. Just let

=2 U{cs = Golng = 0FU{(Vxy, . ., Hy) (Rolxy, « . o, %)
<> Ry o(%1, - oy %)) 15 > 0}

Conversely, given any consistent theory Z in type u if we let ' be Z in
type u', where u' = pu*(1), then Z' has at least one incomplete model.

For every cardinal k there is a theory Z« in type u. with « incomplete
models of power k. Namely, let u, = (#,)s. Where no=1 and np =0 for
0< 6< k, and let Z, = {(3'%) Ro(x)} U {co # co [0 < 0 < 6" < k}.

Note also that if 9 is totally incomplete then %=y iff ¢ is valid in |A].
In particular, any two totally incomplete infinite structures of the same
type are elementarily equivalent. Thus the valid sentences for incomplete
structures are the same as the valid sentences for relational structures.

Next we have 2 examples.

1) Let pu=(1) and Z = {(3"x) Ry(x), (3°"¥)~Ry(x)|new}. = is a complete
theory since it is w-categorical; it has w incomplete models of power w and
every model of Z has infinitely many incompletions.

2) Let p = (ng)oc,Where 1y = 1,7, = 0 for 0 < 6 < w, and Z = {Ry(c,) | m odd} U
{~Ry(cn) | m even}. Then the canonical model of = has no incompletions but
any other model of Z possesses at least one incompletion.

Some results of model theory concerning elementary extensions and
elementary equivalence remain true for incomplete models. For example:

1) If A < B then (A, @) = (B, a).

2) (4,a) =(B,a) and Y C B do not imply U< B. Just let y =(1), A = an
infinite set, B = A U {c} where c{ A, both 9 and B totally incomplete.

3) fUA<C, B<EC, and Y C B, then U< B.

4) The union of an elementary chain of incomplete structures is an
elementary extension of each element of the chain.

3 Analogs of the Lowenheim-Skolem Theorems First we prove an analog
of the downward Lowenheim-Skolem theorem by introducing Skolem func-
tions ([4], page 112) for incomplete structures. Let us fix a cardinal « (for
the number of completions) and then instead of introducing 1 new #n-ary
function symbol f¢, for each formula y of n + 1 free variables, let us add «
distinct new n-ary function symbols ( le)KK to L to form L*. Then we
define the languages ., and L« by induction as follows: L= L, Lyi1 =

(L£,)", and Lk = U Ly for new. Let pk be the type appropriate for L.
The f;, are called Skolem functions. For each Skolem function fj there is a
defining sentence Sy:

(Vxl, L] xn) [(axo)lp(xo, xl’ o s 0y xn) __)d/(fx/l;(xly ey xn)’ xb e ey xn)]
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A k-incomplete structure ¥k of type uk is a Skolem structure if there is a
well ordering of the completions of A, (%)<« such that 9, =S for every
t < k and every formula ¢ of » + 1 free variables in L.

Now observe the following:

1) pk|=max{lpl, w, &}

2) Every x-incomplete structure % of type p can be expanded to a
k-incomplete Skolem structure ¥« of type pk such that if { is a sentence of
L then A=Y iff UkE=y.

3) If %k C Bk and for each ¢ < k ¥, C B,, then Ak < Bk.

4) We say that an element ¢ in ¥ is incomplete if there is an n-ary relation
R in p and an n-tuple, {a,, . . ., a,), such that ||R@,, ..., a,)|l= $anda = a;
for some 2, 1 <i sn. We let Ey be the set of incomplete elements of A.
Note that if Z C Ax then there is a smallest k-incomplete substructure
of %k, denoted by &(Z, ¥x), which contains Z UE. &(Z, Uk)< ¥k and
[S(Z, UK) | < max(x, |Z], |ukl).

Now we can prove our

Theorem 1 If U is xk-incomplete, k < B, B infinite, and |u| < B < |A| then A
has a k-incomplete elementary substructuve of cardinal B.

Proof: Obtain Yk from % as in 2) above. Let Z C A, |Z]|= 8. By 4) above
&(Z, k) [ p is an elementary substructure of U of cardinal B.

Corollary If |ul <B < |A| then % has an elementary substructure of
cardinal B.

The compactness theorem is a basic result in model theory. However
the analog of the compactness theorem does not hold for incomplete
models. We may obtain a counterexample as follows:

Let p = (#9)s<, where n,= 1 for each 6 < w; 0o: (%) Ro(%), 0;: (VX)(R;_,(x) <=
R;(x)) a (3%) R;,y(x) for i = 1; T ={0;};c,. Now every finite subset of = has
an incomplete model but Z has no incomplete models. Actually in this case
every finite subset of £ has an incomplete model even if the type is
restricted to the relations which appear in that finite set.

Observe that we may define ultraproducts of incomplete structures as
follows:

MA,/F ={f/F| fe 1A;} and if R is an n-ary relation then |[R(f,/F, .. .,
f"/F)”ﬂ‘ll,'/F: v iff {ie ” ”R(fl(l); ey fn(’))”su,: U}G F.

We write U '/ F for an ultrapower. Now we list some results concerning
ultrapowers.

1) If % is R-incomplete then so is %'/F.

2) If Y is a-incomplete then .21'/F is B-incomplete for some 8 = a. If ais
finite then a = 3.

3) If ¥ is n-incomplete then % < UA'/F.
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Let us now consider the proof of the compactness theorem using
ultraproducts ([1], page 102). This proof does not carry over to incomplete
models because an ultraproduct of incomplete structures need not be
incomplete. Note that II%,/F is incomplete iff there is a Ke¢F and a
relation R in p such that if 2 e K then 9 is R-incomplete. In particular if
each %, is R-incomplete for some specific R then II%,/F is incomplete.
This enables us to prove various results for incomplete models whose
proofs in ordinary model theory use the compactness theorem. Note also
that the analog of the compactness theorem holds for incomplete models
if Jpl <w.

To illustrate the remarks above we now prove an analog of the upward
Lowenheim-Skolem theorem as our

Theorem 2 If Y is n-incomplete and B = max(|Al, min(|ul, |Al?)) then %
has an n-incomplete elementary extension of power B.

Proof: Case 1. |ul<|Al|”. Let u'= (#)s,; where 7, = n, for 6 < ¢ and
7,=0 for £ <0< &+B. Let 5= Th(M) U{c, #co £ <6< 6"< ¢+8} By
the remarks above ~ has an incomplete model 8 in ' such that 81y is an
ultrapower of % and it is n-incomplete. Since |B tul = B and %< Blu we
may apply Theorem 1 to B! pu.

Case 2. |A|“<|ul. Let Y € 4, |Y|=w, and obtain an n-incomplete Skolem
structure %z from %Y. Each term #(x,, ..., x, of un defines a map
t*: Y"— A. We say that £, and £, are equivalent if #¥ = £¥. The number of
equivalence classes is < |Alw. Now let p'= un*(1’9>9<ﬁ where 7, =0 for
6 < B. Let

' = Th(¥n) U {c, # ¢5 lc,, c,, new distinct constants added to pn}tu
{ti(cy, - - ., ca) = tilcy, . . ., ca)|t; and ¢ equivalent, (ci, . . ., ¢,) an n-tuple
of new distinct constants added to un}.

By the remarks above X' has an n-incomplete model B in p’ such that 8u
is an ultrapower of ¥ and it is #-incomplete. Since |B1u|> Band U< B!ty
8(A, B) | u satisfies the conclusion of the theorem.

Corollary If T is a theovy which has an infinite incomplete model then T
has incomplete models in every cavdinal = max(w, |pl).

4 Further Results In this section we state several analogs of results of
model theory for incomplete models. Our proofs are based on the proofs
given in [1] and [4] with modifications using sections 2 and 3.

Some two-cardinal theorems hold for incomplete models. We assume
that R, is a unary relation and then say that ¥ admits (g, B) if =~ has an
incomplete model ¥ such that [A|= o and for every %, |R¥|= 8. We write
(a, By — (y, d) if every theory which admits (@, B) also admits (y, 5).

1) If y = |pl then (a, B) — (y, ). If also B < y < a then (a, B) — (v, B).
2) (@, B — (a’, B) for any y.

3) (@, B) — (@, BY) for any infinite y.

4) (@, B) =~ {y, 8)ifa=y>56=p%nd |u| <a.
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If Yis an infinite ordered set, (Y, <), Y C A, and for every formula ¢
with free variables, say ¢ = ¥(x,, . . ., %,), and for every pair of increasing
sequences ' < ... <y ¥i<...<yiof ¥, U=V}, ..., y)e>W (3, ..., 3D),
then Y is called a set of indiscernibles of Y. We can prove the following
analog of the Ehrenfeucht-Mostowski theorem:

Theorem 3 If % is n-incomplete and Y is an ovdeved set, (Y, <), such that
YNA =@, then % has an n-incomplete elementary extension B such that
Y C Band Y is a set of indiscernibles of 8.

Corollary 1 Every theovy which has an infinite incomplete model possesses
incomplete models with lavge automorphism groups, for example if |p| < w
a countable incomplete model with 2° automorphisms.

Corollary 2 Every theory which has an infinite incomplete model possesses
an incomplete model which can be mapped elementarily onto a proper
submodel.

Next we assume that ¥ is a set of formulas of one free variable x in p.
We say that ¥ realizes ¥ if there is an ae A such that Y=y (a) for every
Y e ¥ and ¥ finitely realizes ¥ if ¥ realizes every finite subset of ¥. We
call 9 a-saturated if whenever ¥ finitely realizes ¥ for |¥|< a then %
realizes ¥. We can now prove

Theorem 4 Suppose that U is n-incomplete, |pu| < a, and |A] < 2° Then
there is an at-satuvated n-incomplete structure B such that |B|= 2" and
A< B.

So far we have considered only the case where . is first-order logic.
However we can also consider infinitary languages. For example a result
analogous to the downward Lowenheim-Skolem theorem for L« ([3], pages
280-282) can be proved for incomplete models. We can also introduce
incomplete continuous models and then prove results analogous to the
Lowenheim-Skolem theorems for continuous models ([2], pages 64-65
and 72).

It was pointed out in section 2 that consistent theories need not have
incomplete models. However it is possible to alter the definitions in such
a way that the notion of models with incomplete information be extended to
this case. This and other applications of incomplete models will be
considered in a forthcoming paper.
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