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BOOLEAN SUBTRACTIVE ALGEBRAS

THOMAS M. HEARNE and CARL G. WAGNER

1 Introduction In a recent paper [2], R. Giiting has investigated structures
(K, -, called colonies, which possess a distinguished element 1 and satisfy
the following axioms:

Kl (@a-b)-c=(a-c¢)-b
K2 1-(1-a)=a
K3 a-a=1-1
K4 a-(a-b)=a-(1-0).

Gliting shows that the study of such structures is equivalent to the study of
Boolean algebras in the sense that every colony (K, -) gives rise to a
Boolean algebra (K, v, A, ') via the definitions @' =1 - a,aab=a - b', and
avb=(a'-b)", and every Boolean algebra (K, v, , ") gives rise to a colony
via the definition a - b=aab'.

In the present paper, we consider structures (S, -) which satisfy

S1 (@a-b-c=(a-¢c)-b
S2 a-(b-a)=a
S3 Va, be S, Ixe S such that x - (a-b)=bandx - (b - a) =a,

and prove that the study of such structures is equivalent to the study of
generalized Boolean algebras. We call such structures Boolean subtractive
algebras since they are subtractive algebras in the sense of Crapo and Rota
([1], 3.7). Alternatively, such structures might be called generalized
colonies since, as we later prove, every colony is a Boolean subtractive
algebra.

As an example of a Boolean subtractive algebra which is not a colony,
we mention the set of all finite subsets of an infinite set, with set difference
as composition. This (infinite) model shows the consistency of our axioms.
There are also many finite models of S1, S2, and S3, all of which are
colonies.

The independence of these axioms is also easily demonstrated. Let S
be any two-element set and let x - y = x for all x, ye S. This composition
shows the independence of S3. If, on the other hand, one sets x - y = y for
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all x, yeS, the resulting composition shows the independence of Sl1.
Finally, let S = {a, b, c} and define -bya-a=a-b=b-b=c-a=c-b=
c-c=c,b-a=a-c=a, and b - ¢ =b. This structure satisfies S1 and
S3, but not S2, sincea - (b -a)=a-a=c +a.

2 Preliminaries Following Stone ([3], p.721),we call a structure (S, v, ) a
generalized Boolean algebra if it satisfies the following axioms:

(i) avb=bva

(ii) ava=a

(iii) 30€ S such that VaeS,av0 =a

(iv) aab=baa

(v) ana=a

(vi) aa(dbac)=(anb)rc

(vii) ana(bve)=(anrbd)vianc)

(viii) Va, be S such that and = a, 3x€ S such that xva = b and xra = 0.

It may be proved from (i)-(viii) that v is also associative and distributes
over A, and that the absorption identities aa(avd) =av(aab)=a hold
([3],p. 725). Thus a generalized Boolean algebra is a distributive lattice and
therefore has the weak cancellation property: (xaa=yaa and xva =
yva)=>x =1y. It follows from this property that the simultaneous equations
of (viii) have a unique solution. We may now prove the following theorem:

Theorem 1. Let (S, v,A) be a genevalized Boolean algebva. Va, be S denote
by b - a the unique solution in S of the simultaneous equations xva =av b
and x na = 0. Then (S, -) is a Boolean subtvactive algebra.

Proof: The existence of a solution toxva =avbd and xaa = 0 follows from
(viii) and the absorption identity aa(avbd) =a. In order to prove that
(@-b)-c=(a-c)-b, it suffices to show that (a - b) -c=a - (bvc) and
then use bvc=cvb. Let x=a -0b, so that xvb=avbdb and xab =0. Let
x=a-b,sothat xvb=avbandxab=0. Lety=x-c, sothatyvec=xvec
and yac=0. Letz=a - (bvc), so thatzv(bvc)=av(bvc)andza(bvc) =
0. Then yv(bve)=(yve)vb=(xve)vb=(xvb)vc=(avbd)vc=av(bvc)=
zv(bvec). Also, yaldbve) = (pa(yve))adve) = (waxve)albve) = (yaxad)v
(yaxac)v(yacad)v(yac)=0=2za(bvc). Hence y =2 by weak cancella-
tion. To prove that a - (b - a) = a, it suffices to observe thatav (b - a) =
(b-a)vaandana(b-a)=(0b-a)ra=0.

Finally, we remark that x =avd is a solution of the simultaneous
equations x - (@ -b)=b and x - (b -a)=a. For bv(@-b)=(a-b)vd =
bva = (bva)va = (bv(a -b))va = (@-b)v(avd), and ba(a- b) =(a- b)a
b=0. Hence (avd) - (@ - b) =b. Similarly, (@avbd) - (b - a) =a.

We call (S, -), as defined in Theorem 1, the Boolean subtractive
algebra associated to the generalized Boolean algebra (S, v, A).

3 A Sequence of Lemmas We now prove a sequence of lemmas which lead
to a theorem complementary to Theorem 1. Throughout this section (S, -)
is a Boolean subtractive algebra, a, b, c, d, x, and y are elements of S, and
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these variables are understood to be universally quantified unless other-
wise indicated. We define a composition A in Sbyaard =a - (a - b).

Lemma 1. arb =baa.

Proof: Let x be any solution of the simultaneous equations x - (@ - ) = b
and x - (b - a) = a of S3. Then

a-(@-b)=(x-(0B-a)-@->b

=(x-(@-b)-(b-a)=b-(b-a). (s1)
Lemma 2. (@ - b) - (b-a)=a - b.
Pyroof: (@a-b)-(b-a)=(@-(b-a)-b=a- 0. (S1); (S2)
Lemma 3.a-a=>b-b>.
Proof: a-a=(a-a)- (((a-a)-(b->)-(a-a)) (S2)
=(a-a)-((@-a)-(a-a)-(b-D0) (81)
=(a-a)-(a-a)-(-D0)). (Lemma 2)

Similarly, b - b = (b-b) - (b -b) - (@ -a)). Hence a - a =b - b by
Lemma 1.

In view of Lemma 3, there is a distinguished element of S (which we
denote by 0) with the property a - @ = 0 for all ae S.

Lemmad4.a-0=aand0-a=0.

Proof: a-0=a- (a-a)=a by S2. By S2 and the preceding line, 0 - a =
0-(a-0)=0.

It follows from Lemma 4 that a structure (S, -) satisfying S1, S2, and
S3 is a subtractive algebra in the sense of Crapo and Rota (i.e., a structure
(S, -) with distinguished element 0 satisfying I. a-a=0 and II. a-0=
0=>a =0), cf. [1], 3.7.

Lemma 5. ana = a.
Proof: arna=a-(a-a)=a-0-=a. (Lemma 4)

Lemma 6. Ifa-b=0b-a, thena = b.

Proof: a=a-(b-a)=a-(a-b)=0b-(-a) (S2); (Lemma 1)

=b-(a-b)=b. (S2)

Lemma 7. Ifx-c=y-candc-x=c -y, thenx =y.

Proof: x ~y=(x-y)-(y-¢c)-(x-y) (82)
=(x-9)-(-&-y)-0 (s1)
=(x-y)-@-c)=K-y)-(x-c) (82)
=x-(x-0)-v (s1)
=(c-(c-x)-y (Lemma 1)
=(c-9)-(c-x)=0. (s1)

Similarly, y - x = 0 and so ¥ = y by Lemma 6.
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Lemma 8. The simultaneous equations x - (@ - b) =b and x - (b - a) = a of
(S3) have a unique solution in S.

Proof: Suppose that x - (@ -b)=y-(a-bd)=bandx-(b-a)=y-(b-a)=
a. Then

(@-0)-x=(x-(b-a)-0)-x

=((x-0)-(b-a)-x (s1)
=((x-b-x-(0-a (s1)
=((x-x)-b)-(b-a)=0. (s1); (Lemma 4)

Similarly, (@ - b) - y =0, and so x = y by Lemma 7.

In view of Lemma 8 we may introduce a composition v in S by letting
a v b be the unique solution of the simultaneous equations x - (¢ - b) = b and
x~-(b-a)=a.

Lemma 9. The following hold:

(i) avb=bva
(ii) ava=a
(iii) avO0=a.

Proof: The first two assertions are clear. The third follows from
a-a-0=a-a=0anda-(0-a)=a-0=a.

Lemma 10. The statements a - b =0,and =a, andavbd = b are all equiva-
lent.

Proof: f a-b=0,thenarb=a-(a@a-b)=a-0=a. If aanb =a, then by
Lemma 1 bra=a,i.e.,b-(b-a)=a. By(S2) b - (a - b) =b. Henceavd =
b. Finally,ifavd =b,thend - (b - @) =a and, by Lemma 1,a - (@ - b) = a.
Hence a-b=(@-(a-b)-b=(@-5b)-(a-0b)=0, by (S1) and Lemma 3.

Lemma 11. (@ - b) - b =a - b.

Proof: (a-b)-b=(a-0b)-(-(a-D>)) (s2)
=a - b. (s2)

Lemma 12. a - (a - (@ - b)) =a - b.

Proof: Letx =av(a - b). Thenx - ((a - b) - a) =a and by (S1) and Lemmas

3and4,x-((@-a)-b8)=x-(0-b)=x=a. Also,x-(@a-(@-0b)) =a-0
andsoa - (a - (a-b)) =a -b.

Lemma 13. (@ad)ac =aa(dac).

Proof: It suffices to prove that ((@rd)ac) - (@ (bac)) =0, for this implies
by Lemma 1 that (ca(baa)) - ((cad)ra) =0 and, hence, that (@A (bac)) -
((@rb)ac) = 0. The desired result then follows by Lemma 6. Now

(@rnd)ac) -(an(dac)) ={and) - ((@ard) -c)) -lan(dac))

=(@anab) - (@arn(drc)) - (@rd) -c) (S1)
=(l@a-@-0)-(@-(@-@®arc)) - (l@ard)-c)
=(l@-@-@-®rc))-(@-b)-ard)-c) (s1)
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={(@a-((ac))-(a-0)-{ard)-c) (Lemma 12)
=((@-(@a-0)-(ac) - (and) -c) (s1)
=((@-(-a)-(0b-(0-c)-{anrd)-c) (Lemma 1)
=((-@0-(-¢)-(0-a)-(ard)-c) (s1)
=((b-c¢)-(b-a))-{ard)-c) (Lemma 12)
=((0-(b-a)-c)-(land) -c) (81)
=((baa) -c)-(@ard) -c)=0. (Lemma 1)

Lemma 14, Ifa - d =0, thena - (a - b) =a - (d - b) for all b.
Proof: By (S2), (@ - b) - (@ - (@ - b)) =a - b. Also,

a-b=(@-(a@-4d)-b (Lemma 4)
=(d-(d-a))-b=(d-0b)-(d-a) (Lemma 1); (S1)

and so

@-2)-(a-@-0b)=(d-0b)-(d-a)-(a-(d-Db)

=(d-b)-(@-(d-b)-(d-a) (s1)
=(d-b)-(d-a) (s2)
=d-(d-a)-0b (s1)
=(@-(a-a)-b (Lemma 1)
=@-0)-b=a-b>b. (Lemma 4)
Furthermore, (@ - (@ - b)) - (@ - b) =a - (@ - b) by Lemma 11, and
(@a-(d-b)-(a-b)=(a-(a-0b)-(d-b) (s1)
=(b-(b-a)-(d-Db (Lemma 1)
=(b-(d-0b)-(b-a) (s1)
=b-(b-a) (s2)
=q - (a-0b). (Lemma 1)

Hence,a - (a - b) =a - (d - b) by Lemma 7.
Lemma 15. (d- ¢)ab = (dad) - (cab).

Proof: Since (d-c¢)-d=(d-d)-c=0-c=0, it follows from Lemma 14
that

(d-c)ab=(d-¢c)-((d-¢c)-b)=(d-c)-(d-Db)

=(d-(d-b)-c=0b-(0b-d)-c (s1); (Lemma 1)
=(b-¢)-(b-ad (s1)
=(b-(0-(0b-¢))-(®-ad (Lemma 12)
=(b-(0b-ad)-(0-(0-0) (81)
=(bad) - (bac)=(dabd) - (cad). (Lemma 1)

Lemma 16. aa (bvc) = (@nd)vianc).

Proof: We have

(@n(dve)) - ((aad) - (anc)) =({(bvc)aa) - ((bra) - (cra)) (Lemma 1)
=((bvc)ra) - ((b - c)ra) (Lemma 15)
=((bve)-(b-c))ra (Lemma 15)

=anr((bve)-(b-c))=anc. (Lemma 1)
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Similarly, (ar(bvc)) - ((arc)-(anrbd)) =arb,and so an(bvc)=(anb)vianc)
by the definition of v.

Lemma 17. If arb =a, then the equations xva=0b and xra =0 admit
x = b - a as a simultaneous solution.

Proof: By Lemmas 11 and 1, wehave b - ((b-a)-a)=b-(b-a)=bra=
arb=a; by S2, b-(a-(b-a))=>b-a. Hence b = (b - a) vb by the defini-
tion of v. Also, (b -a)aa=(bra)-(ara)=(anrd)-(ara)=a-a=0, by
Lemmas 15, 1, 5, and 3.

Lemmas 1, 5, 9, 13, 16, and 17 imply the following theorem.

Theorem 2. Let (S, -) be a Boolean subtractive algebva. For all a, be S,
letanb=a- (a->b)andlet avd be the unique solution of the simultaneous
equations x - (@ - b) =b and x - (b - a) =a. Then (S, v, r) is a genevalized
Boolean algebra.

We call (S, v, ), as defined in the preceding theorem, the generalized
Boolean algebra associated to (S, -). In the next two theorems, we
demonstrate a one-to-one correspondence between generalized Boolean
algebras and Boolean subtractive algebras.

Theorem 3. Let (S, ~) be the Boolean subtractive algebra associated to the
genervalized Boolean algebva (S, v, ») associated to the Boolean subtractive
algebra (S, -). Thena ~b=a - b foralla, beS.

Proof: By the definition of ~, @ ~b is the unique solution in S of the
simultaneous equations xvb =bva and xAb =0. It therefore suffices to
show that a - b is also a solution of these equations. By the definition of a
and Lemma 11, (@ - b)ab=(a -b) - ((@a-b) -b)=(a-0b) - (a->)=0.

We prove that (@ -b)vb=avb=>bva by showing that (I) (avbd) -
((@-b)-by=band (II) (@vd) - (b -(@a-0b)) =a-b: (). By Lemma 11 and
the definition of v, (avd) - ((@ - b) - b) =(avd) - (@ -b) =b. (I) By S2 it
suffices to show that (@vd) -b=a - 5. Now ((avd) -b) - (@-b) = ((avd) -
(@-0b))-b=>b-b=0 by Sl and the definition of v. Also, since a = (av'b) -
(b - a), it follows that a -b=(@avd)-(b-a)-b=(avd)-Dd)-(b-a).
Hence, (@ - b) - ((avd) -d)=(avd)-b)-(-a)-{avd)-b)= (((avd) -
b)-((@avd)-b)-(b-a)=0-(b-a)=0. Thus (@avbd) - b=a - b by Lemma 6.

Theorem 4. Let (S, U, N) be the generalized Boolean algebra associated to
the Boolean subtractive algebva (S, -) associated to the generalized Boolean
algebra (S, v, »). Thenaarb=anbandavb=aUb foralla, beS.

Proof: By definition aNb =a - (@ - b). We provethatard =a - (a - b) by
showing that a A b is a solution of the equations xa(@ - ) =0 and xv (a - b) =
(@ - b)va. First, (@aabd)a(a-b)=anr(da(a->b))=anr0=0. Next, note that
(@ -b)va =a. For ((a-b)va)vdb = ((a-bd)vd)va=(avd)va=avdb, and
((@a-b)va)ab=((a-b)ab)v(aard)=0v(ard)=anrb. Hence (@ -b)va =a
by weak cancellation in (S, v, ). Finally, we have (@arbd)v(a - b)=(av(a -
b)a(bv(a -b) =anrl@avd)=a=(a - db)va, as desired.



BOOLEAN SUBTRACTIVE ALGEBRAS 323

Now a Ub is the unique solution of the equations x - (@ - b) = b and
x - (b -a)=a. To show that avbd also satisfies these equations, note that
avb=(a-b)vb and hence (@avd) - (@ - b) = (@ - b)vbd) - (@ - b). But ((a -
b)vb) -(a-08)=0b, for bv(a-b)=(a-bd)v(l@a->b)vd) and bala - b) =0.
Similarly, (@avb) - (b - a) = a.

We conclude by remarking that the notion of an ideal | in the gen-
eralized Boolean algebra (S, v,r) may be reformulated in subtractive
terminology by

(i) aelanddbeS=>a - bel
and
(ii) aelandx -ael=x¢l.

4 Colonies, Boolean Subtractive Algebras, and Difference Domains We
remarked in the Introduction that every colony (X, -) is a Boolean
subtractive algebra. This may be proved easily by passing to the Boolean
algebra associated to (K, -), for Sl is Kl; and a - (b -a)=an(bra")' =
an(b'va) =a, so S2 holds. Finally a vb is easily shown to be a solution of
the simultaneous equations x - (@ - b)=b and x - (b - @) =a, so that S3
holds. The following theorem gives a simple criterion for a Boolean
subtractive algebra to be a colony.

Theorem 5. A Boolean subtractive algebra (S, -) is a colony if and only if it
contains a distinguished element 1 such thata - 1 =0 for all aeS.

Proof: Necessity. ([2], p. 214, Lemma 4). Sufficiency. K1 is S1. To prove
K2, note that since a -1=0,a-(@-1)=a-0=a. But by Lemma 1,
a-(@-1)=1-(1-a)=a. Alsoa-a=1-1=0, so K3 holds. Finally,
K4 is a special case of Lemma 14.

In conclusion we mention that Giiting [2] has also studied a class of
structures called difference domains (defined by axioms K1, K2, and S2),
and has related their study to that of the class of lattices with Boolean
involution ([2], p. 219). Difference domains represent a generalization of
of colonies in an essentially different direction from that of Boolean
subtractive algebras, for it may easily be shown that the intersection of the
class of difference domains with the class of Boolean subtractive algebras
is precisely the class of colonies.
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