413

Notre Dame Journal of Formal Logic
Volume XIV, Number 3, July 1973
NDJFAM

A NEW AXIOMATIZATION OF MODAL SYSTEM K1.2

BOLESEAW SOBOCINSKI

In [5], p. 316, system K1.2 is defined as an extension of S4 obtained by
the addition of the axiom

H1 CpLCMpp

to that system, and in [4], pp. 352-355, section 2.5, it has been proved that
in the field of S4 the axiom H1 is inferentially equivalent to its consequence

H2  GCLMpCpLp.

In [2], p. 396, Goldblatt has shown that the same equivalence holds in
the field of system S2. In this note it will be proved that the addition either
of H1 or of H2, as a new axiom, to S2 generates system K1.2.,

Proof: Since it is self-evident that in the field of S2 H1 implies H2, let us
assume system S2 (classically formalized) and formula H2. Then:

Z1 GLpp [s1]
Z2 GLCpqCLpLq [s1°]
Z3 GCCpqrSqr [s2°, BR (Becker Rule), cf. [1], p. 73, 46.1 and 46.2]
Z4  GCGpCHqGpq [s2°, BR]
Z5  GCCMpLqLCpq [s1, cf. [3], p. 156]
Z6 GCLpMqMCpq 1s2°, of. [6], pp. 71-72, Lemma]
Z7  GMCMpLgMLCpq [z5; 82°, BR]
Z8 GCLMCMpLqLMLCpq [Z7; s2°, BR]
79  GLCLpMqLMCpq [Z6; 82°, BR]
Z10 GCMLCLpMgMLMCpq [Z9; s2°, BR]
Z11 GLMLCLpMqLMLMCpq [Z10; s2°, BR]
Z12 LMCMpp [Z9, b/Mp, q/b; Z1, p/MD)
Z13 LMLCLpp [zs, p/Lp, q/p; Z12, p/Lp)
Z14 LMLMCMpp [Z11, p/Mp, q/p; Z13, p/Mp)
Z15 CLMCMppLLMCMpp [H2, p/LMCMpp; Z14]
Z16 LLMCMpp [z15; Z12; 81°, cf. [1], p. 53, 32.221]
Z17 LLMCpLp [Zz16, p/Np; 51°]
Z18 GLLMpGpLp [H2; s2°, BR]
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zZ19
Z20
z21
c10
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CCPLPLCPpLp [z18, p/CpLp; Z17]
CLpLCpLp (23, q/Lp, v/LCpLp; Z19)
CLpCLpLLp [z20; z2, q/Lp; S1°]
CLpLLp (z4, p/Lp, q/LLp, Z21)

Since C10 is the proper axiom of S4 and we have S1, the proof is

complete. Thus, c¢f. [4], p. 355, it is established:
{K1.2} = {s4; H1} = {s4; H2} = {K1; L1} = {K1.1; L1} = {S2; H1} = {82; H2}
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