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THREE IDENTITIES FOR ORTHOLATTICES

LADISLAV BERAN

In a recent paper [1], B. Sobociniski proved the following theorem:
(A) Any algebraic system
A=(4,u,n,

wheve U and N are two binary opevations and L is a unary opervation defined
on the carrviev set A, is an ovtholattice, if it satisfies the following four
mutually independent postulates:

Bl [abl:a,beA D.aub=bua

B2 [abl:a,beA D.a=an(@uUb)

B3 [ab):a,beA .D.a=auU (bNbdL)

B4 [abcl:a, b, ceA .D. (@aub)uc=(ctndt) nat)t

In the present paper, we improve this result by showing that
Sobocinski’s system of axioms can be replaced by a shorter one. We will
presuppose acquaintance with the principal results of [1]; the reader is also
asked to refer to [1] for definitions and notations not given here. Our result
is as follows:

(a) Any algebrva (A, U, N, L) with two binary operations U, N and one unary
operation L which satisfies the mutually independent axioms

b1 [abcl:a, b,ceA .D.(@ub)uc=(ctnb)tyua
b2 [abl:a,beA D.a=an(aubd)
b3 [abl:a, beA .D.a=au (bnbl)

is an ortholattice.
Proof:

1 It is enough to prove that b1, b2, b3 imply B1, B2, B3, and B4. Now, as
consequences of b1-b3 we have

b4 [al:aeA D.a=ana [62, /b NbL; 3]
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b5 [abl:a,beA .D.a= (oY Ua
[63; 03, a/a U (b NbLY); b1, b/b N 1L, /b NbL; b4, a/(d N oY)
b6 [b]:beA D.bnbt= (B ndHht [83, a/((® N bYYHL; b5, a/b N bt
b7 [abl:a,beAd D.a=@®BndL)Ua [65; b6]
b8 [bcl:b,ceA D.buc=(ctndt)t
(61, a/a nat; b7, a/b, b/a; b3, a/(ct nbL)yL, b/a]
b9 [abc):a, b,ceA .D.aub=(cneH)rndH)tua
[61, c/c Nct; 83, a/a UDB, b/c]
010 [bc]:b, ceA .D.b = ((c Nct)nal)t
(67, b/a, a/b; b9, a/a Nat; b3, a/((c Nty Nnob)yt, b/al

b11 [abl:a, beA D.auUb=>bUa [89; b10]
bi2 [ab]:a, beA D. @bt = @t n G n @HhHhHt  [82, a/at; 88, bjat, ¢ /b]
b13 [al:aecA D.a = @bt [b12, b/a; b8, b/a*t N @Y, c/a; b7, bjat]

b14 [ebcl:a, b, ceA .D. @uUb)uc = (ctndbt) nab)t
[(61;011,a/ctnbL)L, b/a; 08, b/a, c/(ct nbhyt; v13, a/ct nbt]

2 The algebra M2 ([1], p. 143)verifies b1, 3 and falsifies b2; the algebra
M3 ([1],p. 143) verifies 51,62 and falsifies 3. Since the axioms BI-B4 are
mutually independent, we therefore conclude that 51-b3 are also mutually
independent.

This completes the proof (a).
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