227

Notre Dame Journal of Formal Logic
Volume 40, Number 2, Spring 1999

The Principles of Interpretability

MLADEN VUKOVI C

Abstract A generalized Veltman semantics developed by de Jongh is used
to investigate correspondences between several extensions of intepretability
logic IL. Inthis paper we present some new results on independences.

1 Introduction In 1976 Solovay[f] proved arithmetical completeness of modal
systemL, that is, provability logic. After this some logicians considered modal rep-
resentations of other arithmetical properties, for example, interpretabiliycon-
servativity, interpolability, and so on. Modal logics for interpretability were first stud-
ied by Hajek P]landSvejdar[f]. Visser [] introduced the binary modal logid (in-
terpretability logic). The interpretability logid. results from the provability logit

by adding the binary modal operatot.

The arithmetical semantics of interpretability logic is based on the fact that each
sufficiently strong theorys contains arithmetical formulaBr (x) andInt(x, y). For-
mula Pr (x) expresses thatx‘is provable inS” (i.e., a formula with @del number
X is provable inS). Formulalnt(x, y) expresses thatS+ x interpretsS+ y.” An
arithmetical interpretation is a functionfrom modal formulas into arithmetical sen-
tences preserving Boolean connectives and satisfying

(OA)* = Pr("A*7), (A B)* = Int("A*7, T B*).

(" A*" denotes @del number the formul@*). A modal formulaA is valid in Sif

S+ A* for each arithmetical interpretation A modal theoryT is sound with re-
spect toSif all its theorems are valid its. A modal theoryT is sound if theoryT is
sound with respect to all reasonable arithmetical the@id$e theoryT is complete

with respect taSif it proves exactly those formulas that are validSnThe theoryT

is complete if it proves exactly those formulas that are valid in any reasonable arith-
metical theoryS. The soundness diL was already known and amounts to noticing
that all the axioms are valid and the rules of inference preserve validity.
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Svejdar in[f] investigated independence between principles of interpretability.
évejdar did not consider the principl®s My, KM2, andW*. Heused Veltman mod-
els. Some principles have the same characteristic class of Veltman frames. For exam-
ple, the principles andKM1 have the same characteristic classes, but characteristic
classes of generalzed Veltman frames of these principles are different. The proofs of
independence between these principles are relatively complicated by using Veltman
semantics.

Weproved in[B] that the principleM, P, F, W, W*, KM1, KM2, KW1, KW1°
are not provable in systett.Mg. We used the generalized Veltman semantics as de-
fined by de Jongh. Here we consider all correspondences between the principles.

2 The interpretability logic  The languageL ([, ) of the interpretability logic
contains the propositional lettegs, ps...., the logical connectives:, A, v, —,
<, the unary modal operat@i, and the binary modal operatpr. We use_L for
false andT for true. The axioms of the interpretability logit are:

(LO) all tautologies of the propositional calculus
(L1) O(A— B) — (OA— OB)

(L2) OA— OOA

(L3) OOA— A) — OA

(J1) O(A— B) — (A B)

J2) ((A>B) A(B>C)) = (A>C)

(J3) ((A>C)A (B>C)) —> ((AV B)>C)

(J4) (A>B) — (CA— ©OB)

(J5) CAD> A

where & stands for-— and > has the same priority as-. The deduction rules
of IL are modus ponens and necessitation.

Axiom (L1) is a formalization of the deduction theorem. Axiom (L2) is an ex-
pression of the provabIE‘l)—compIeteness of arithmetical theory. Axiom (L3) is a
formalization of Lob’s theorem. Axioms (J1)—(J3) are clear. Axiom (J4) says that
relative interpretability yields relative consistency results. Axiom (J5) is the arithme-
tized completeness theorem: arithmetical theory plus the assertion that a given the-
ory is consistent interprets the given theory. The systeis natural from the modal
point of view, but arithmetically incomplete. For example,does not prove the for-
mulaW; that is,(A> B) — (A> (B AO(—A))), which is valid in every adequate
theory. Various extensions ot are obtained by adding some new axioms. These
new axioms are called the principles of interpretability. From \ﬁ@a{\d 4, and
évejdar, we have the following principles:

M Ar>B— (AAOC)> (BAOC) Montagna’s Principle

P A B— O(A> B) Principle of Persistence
Mo (A B) — (CAALC) > (BAOC))

F (A CA) - O(—A) Feferman’s Principle
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W (A B) —» (A (BAO(—A)))

W*  (A>B)— ((BAOC)> (BAOC AO(=A)))

KM1 (Ap><B)— OA— ©OB)

KM2 (A B)— (O(B— <¢C) — OA— <0))

KWl (A><0T) — (T (—A) Transposition Principle
KW1° ((AAB)><CA) — (A (AA(=B)))

One can naturally pose the question of independence among the quoted principles.
Using Veltman modelsSvejdar proved the following theorem [B][

Theorem 2.1 (évejdar) No other implications among combinations of the formu-
las M, KM1, W, KW1°, KW1, F except M — W A KM1, W — KW1°, KM1 —
KW1°, and KW1° — F A KW1 are provable over IL.

In the following theorem we quote Visser's results (§8§eaind [7]) about correspon-
dences between the interpretability principles.

Theorem 2.2 (Visser) We have: IL(KM1) F KM2, ILM - W A KM1, ILP
W, ILW* = ILWM, ILW £ Mo, ILM - Mo, ILP - Mo.

évejdar in[E] did not investigate the principleB, Mg, KM2, andW*. In this pa-

per we present some new results on independences, that is, we determine all corre-
spondences between the mentioned principles. De Jongh defined generalized Velt-
man models. Using generalized Veltman models we can show our main result. More
precisely, the aim of this paper is to prove the following theorem.

Theorem 2.3 There is no other implication among combinations of the formu-
las M, Mg, KM1, KM2, P, W, W*, KW1°, KW1, F except M — W* A KM1, P —
W*, W* — WA Mg, W — KW1°, KM1 «— KM2, KM1— KW1°, and KW1° —
F A KWL,

By picturing we get
P M
Mo<~—— WH* KM1 «~—— KM2

/

Kw1°

>

W
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Our theorem follows in a series of propositions and corollaries in Sections 5 and 6.

3 Thegeneralized Veltman semantics Now we define the generalized Veltman se-
mantics for the interpretability logic.

Definition 3.1 (de Jongh) An ordered tripléW, R, {S, : w € W}) is called an
| Lset-frame and denoted by if we have

1. (W, R) is anL-frame; that isW is a nonempty set, ang is a transitive and
reverse well-founded relation oA,

2. Everyw € W satisfies
Sy € Wlw] x P(W[wD)\{2},

whereW[w] denotes the sdix : wRx};

3. The relationS, is quasi-reflexive for every € W; that is, wRx implies
XSy {X};

4. The relationS,, is quasi-transitive for everw € W; that is, if xS,Y and
(Vy € Y)(yS, Zy) thenxS, (Uyey Zy);

5. If wRURv, thenuS, {v};

6. If xS,Y and Y C Z C W[w], thenxS, Z.

When presenting alL«-frame by picture, solid arrows indicakRwhile dotted ones
indicateS,,. The relations between nodes (transitivity of the relatym RvRu —
vS,{u}; quasi reflexivity and quasi transitivity @&, ; condition (6) in the definition
of |Ls-frame) will not be indicated by arrows.

Definition 3.2 (de Jongh) Anordered quadrugh, R, {S,, : w € W}, ) is called
the I Ls-model (generalized Veltman model) and denoted\bif we have

1. (W, R {S,:we W)})isan |Lg-frame;
2. I+ is the forcing relation between elementsWfand formulas oflL, which
satisfies the following:

(@ wlFT and w lf L are valid for everyw € W;
(b) I commutes with the Boolean connectives;
(¢) wlFOA ifand only if VX(wRx = XIF A);
(d) wi- A B ifand only if

YVo((wRv & vk A) = IV(©S,V & (¥x e V)(XI- B))).

As usual we shall use the same letiéf for a model and a frame. IV is an
ILset-frame andA is a formula ofIL, we write W = A if and only if w IF A for
all forcing relationst on W and all nodesv of W. For a modal schem@ and an
ILst-frameW, W = Adenotes the fact thd/ = B for an arbitrary instanc® of A.
Analogously, we defin®V = A, if Wis anlLg-model. IfWis anlLg-model V C
W and A aformula, the notatiotV I A means that I- A for anyv € V.

It is easy to check the adequacy of the systémwith respect td Le-models.
In [ we proved the completeness of the systHnwith respect to generalized Velt-
man models. We will not define here regular Veltman models (for example&jee |
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4 Thecharacteristicclasses LetI be a set of modal formulas. We will say that an
ILsgi-frameW = (W, R, {S, : w € W}) is in the characteristic class of generalized
Veltman frames of" if we haveW = T". By Charg(I") we denote the characteristic
class ofl". Analogously, we denote b@har (I") the characteristic class of regular
Veltman frames of the s€&t The characteristic class of a principle of interpretability
is the characteristic class of the set of all instances of the principle.

Verbrugge determined in an unpublished paper the characteristic classes of the
principlesP, M, andKM1. Denote by P) the following property of anLgg-frame:

X3S(1Y & X1 RXoRx3 — (HY/ - Y)(XgS(ZY/).

Then we haveChars (P) = {W : ILs-frameW possesses the propert?)}. By
(KM1) we denote the condition

XS, Y = 3y € Y)(V2)(YRz= X2R2).

Then we hav€harg (KM1) = {W : | Lg-frameW possesses the propertgM1)}.
By (M) we denote the following condition:

X2S.Y = @AY CY)(xS,Y & (Vy € Y)(VZ)(YRz= %2R2)).

Then we have&Charg (M) = {W : |Lg-frameW possesses the propertyl)}.
Let (Mp) be the following condition of a generalized Veltman frame:

X1R%RX3 & X3S, Y = Y’ C Y(x2 S, Y’ & (Vy € Y)(V2)(YRz= %2 R2)).

In [ﬁ] we proved thatCharg(Mp) = {W : |Lgi-frame W possesses the property
(Mo)}.

It is easy to see thdt.W  F. Svejdar provedLF I W. But Svejdar proved
in [5] thatChar (F) = Char (W). Soregular Veltman frames do not distinguish prin-
ciplesF andW. We determined in[[J] the characteristic class of generalized Velt-
man frames of principl€. First, we define some special relations. (&f, R, {S,, :

w € W)}) be anlLg-frame and lew be its element. Witf§, andR,, we denote the
following relations:

1. forg # AC W[w] and B € P(W[w])\{@} is valid
AS,B iff (Yae A)Y(3Be B)(aS,B);
2. forC C P(W[w])\{@} and @ # D C W[w] isvalid
CR,D iff (VCe C)(Yce C)(Ad e D)(cRd).
WehaveChar (F) = {W: relationS, o R, is reverse well-founded for ald € W}.
In [11we proved thatCharsg (F) # Chars(W). We have already mentioned that
Char (M) = Char (KM1) andChargt (M) # Charg (KM1). So we think the gen-

eralized Veltman semantics better distinguishes the principles of interpretability with
respect to the characteristic classes.
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5 ThetheoriesILP, ILMg, ILW*, and IL(KM2) In a series of propositions and
corollaries we determine the correspondences of the theldrigd LMg, ILW*, and
IL(KM2) by the principledM, KM1, W, KW1°, KW1, andF.

Proposition 5.1  Wehave IL(KM2) - KM1.

Proof: Let A andB be arbitrary formulas of the languag&], ). We write an
instance of schemEM2. We substitute the lettd8 in the schemé&M2 by thefor-
mula< B and the lette€ by the formulaB. Then we haveéL(KM2) - (A><B) —
OB — <¢B) —» O(A— ©B)). ThisimpliesIL(KM2) - (A><B) - O(A—
OB). O

Propositiors.1]land Visser’s theorem imply that the principl&$11 and KM2 are
equivalent ovetL. Inthe rest of the paper we do not investigate the prindifiié2.
Especially, when we deal with principles of the second group we mean on the princi-
ples P, W*, and M.

Proposition 5.2 Wehave ILP t/ KM1.

Proof: We define thelLst-frame W which satisfies the conditioP) and at the
same time it does not possess the propéi1). Let

Cc
S
ao———— bod

N
v

O———O0

w

First we prove tha¥V satisfies the conditioP). Becaus€ P) contains the condition
X1 RX; Rx3 we consider only the case wherRbRc andcS,, Y, whereY is a nonempty
subset ofW[w]. Then the se¥ contains the node. So we havecS,Y’ for the set
Y = {c}.

It remains to prove that this-frameW does not satisfy the conditqiKM1).
WehaveaS, V andbRc, butaRcis false. So there is ngte V such thayRzimplies
aRz, forall ze W. O
Visser’s theorem and PropositiBZimply ILP # M. Also by Visser’s theorem we
have ILP - W*. Svejdar’s theorem impliebLP - KW1° A KW1 A F. In [Q] we

proved the following theorem. By this theorem, the correspondences of the system
I LMg with all other principles is completely described.

Theorem 5.3 The principles M, P, F, W, W*, KM1, KM2, KW1, KW1° are not
provablein ILMjg.

Many correspondences between the systevy* and principles of interpretability
follow by means of Visser’s resulL W* = ILWM, andSvejdar’s theorem; that is,

ILW* =W A Mg A KW1° A KWL A F.

In the following propositions and the corollary we prove the independence between
the system LW* and the principle&KM1, M, andP. We use regular Veltman seman-
tics in proofs.
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Proposition 5.4  The principle KM1 is hot provable in the system | LW*,

Proof: We haveChar(KM1) = {W : ¥X(S o R € R)} andChar (W*) = {W :
Vx(Ro Sco RC R)} (seeB)). Let W = {w, a, b, ¢}, W[w] = {a, b, ¢}, W[b] = {c},
andW[a] = W[c] = @. We define the relatiorg, by aS,b. It is easy to check that
we have(W, R, S) € Char (W*)\Char (KM1). O

Corollary 5.5 Wehave ILW* t/ M.

Proof: Visser’s theorem and PropositiBdlimply the assertion of the corollary.
O

Proposition 5.6  The principle P is not provable in the system | LW*.
Proof: We haveChar(P) = {W : YVwVXVyVz(xS,y and wRzRx imply xS;y)}
(see[B]). Let W = {w, a, b, ¢}, W[w] = {a, b, ¢}, W[a] = {b}, andW[b] = W[c] =

@. We define the relatiors,, by bS,c. It is easy to check that we hav®V, R, S) €
Char (W*)\Char (P). O

6 ThetheoriesILM, IL(KM1), ILW, IL(KW1°),IL(KW1),andILF DeJongh
and Veltman in[[] provedILM t/ P. Visser's theorem impliebLM + W*.

Corollary 6.1 Wehave ILW ¥ P, ILW I/ Mg, and LW t/ W*,

Proof: By Propositiors.6land Visser’s theorem we gétW t# P. The remaining
claims follow from Visser’s theorem. O

Corollary 6.2 Let ILS denote the system IL + S, where S is some of principle
KW1°, KW1, and F. Then we have ILSt P, ILSH Mg, and ILSH W*.

Proof: In Svejdar’s theorem we havie W - KW1° A KW1 A F. Hence, using
Corollanyl6.1lthe assertion of corollary follows. a

Proposition 6.3 The principle Mg is not provable in the system IL(KM1).

Proof: Wedefine thd Lg-frame which possesses the propéiyM 1) and does not
possess the propertig). Asusual we define thisL-frame by a picture:

b Tsuf%
|
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First we prove that the defindd. st-frame does not possess the prop&itdp).
Wehavew RaRb, bS,,V, andaS,,V, but there is no proper subsétof the setV such
thataS,Y’. AlsoaS,V anddRe, butaReis false.

Now we prove that outLs-frame possesses the propefM1). For allx €
W\{w} the setW[x] is empty or has only one element. Also we consider only the
casex; = w.

Now we consider all the cases with respect to nggleLet x, = a. If the set
Y contains the noda then the conditiofKM1) is true. If the selY contains some
R-terminal nodel§, c, or €) the condition(KM1) is true again. We emphasize that
aS,{d} is not true. Now lex, = b. Then the se¥ contains the nodk or it contains
c, but the noded andc are R-terminal. Ifx, = cthenithastobe e Y. If x, =d
then the seY contains the nodd or it containse. If x, = ethenithasto be € Y.
So in all the cases the conditiogkM1) is true. O

Corollary 6.4 Wehave IL(KM1) i P and IL(KM1) b W*.

Proof: Visser’s theorem and PropositieBimply IL(KM1) £/ P. Using Visser’s
theorem and Propositid3lagain, we haveélL (KM1) 7 W*. O
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