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ASYMPTOTICALLY ALMOST PERIODIC SOLUTIONS
OF LIMIT PERIODIC DIFFERENCE SYSTEMS
WITH COEFFICIENTS FROM COMMUTATIVE GROUPS

PETR HASIL — MICHAL VESELY

ABSTRACT. We study the behaviour of solutions of limit periodic difference
systems over (infinite) fields with absolute values. The considered systems
are described by the coefficient matrices that belong to commutative groups
whose boundedness is not required. In particular, we are interested in
special systems with solutions which vanish at infinity or which are not
asymptotically almost periodic. We obtain a transparent condition on the
matrix groups which ensures that the special systems form a dense subset
in the space of all considered systems, i.e. that, in any neighbourhood of
any considered limit periodic system, there exists a system which have
non-asymptotically almost periodic or vanishing solutions. The presented
results improve and extend known ones.

1. Introduction

The subject of the research presented in this paper is given by the theory of
perturbations of difference systems in the form
(11) T+1 = Ak Tk,

where the coefficient matrices Ay are elements of a commutative group X for all
considered k. In the center of our interest is the existence of non-asymptotically
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almost periodic solutions of systems (1.1). The analysis of non-almost perio-
dic and non-asymptotically almost periodic solutions of general systems in the
form (1.1) is usually based on special iterative constructions of sequences with
required properties. In this sense, our approach is not an exception. A core
of the used method is constructive as well as it is common in this research
area. Nevertheless, to obtain our results, we apply an original construction of
limit periodic sequences which differs from the constructions used before in the
papers whose results are, among others, covered by ours. For such constructive
proofs from this area, we can refer to strongly relevant articles [8], [9], [17]-[20],
[37], and [39].

We point out that the motivation of our research is described in Section 3
below. At this place, we just mention that it comes mainly from papers [8], [9],
[18]-[20] and we are interested in non-almost periodic solutions of systems (1.1)
for which the sequence of the coefficient matrices Ay is limit periodic. Such
limit periodic systems form the smallest class of the studied systems generalizing
periodic systems which can possess at least one non-almost periodic solution.

Now, we proceed to a short literature overview, where we give a list of both
books and papers that covers the background theory and the state of the research.
We begin with monographs [5], [12], [24], [31], where the basic properties of
limit periodic, almost periodic, and asymptotically almost periodic sequences
and functions can be found. Next, we mention papers [1], [6], [7], [10], [16], [41]-
[43] concerning the almost periodic solutions of almost periodic linear difference
equations. Into the last list of references, we should add paper [15], which is
the first one, where a construction was used to prove results about non-almost
periodic solutions of homogeneous linear difference equations. Regarding the
complex case of almost periodic systems of the treated form, we refer, e.g. to [3]
and [21].

Our research is closely connected to the theory of the so-called transformable
and weakly transformable groups (see [17], [39]). A special case of this theory can
be found in [35] (see also [32], [33], [36]), where systems (1.1) are considered in
the case, when X is the unitary group (or the orthogonal group). In [35], there is
proved (among others) that, in any neighbourhood of an arbitrarily given almost
periodic unitary system of the form (1.1), there exists an almost periodic unitary
system whose fundamental matrix is not almost periodic. Note that the method
from [35] cannot be used for commutative groups of coefficient matrices which
are considered in this paper.

At the end of this references overview, we mention some papers, where the
continuous case is treated. Of course, the corresponding differential systems are
of the form

(1.2) 2(t) = A(t) - z(t).
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Papers [22], [23], [34], [36] are devoted to the analysis of the almost periodic
solutions of systems (1.2) with skew-Hermitian and skew-symmetric coefficient
matrices A. The non-almost periodic solutions of skew-Hermitian and skew-
symmetric differential systems (1.2) are studied in [38], [40] (see also [33]). These
results about skew-Hermitian and skew-symmetric homogeneous linear differen-
tial systems corresponds to the results about unitary and orthogonal homoge-
neous linear difference systems recalled above. Last but not least, we refer to
[25], [26], [29], [30], where the reader can find constructions of homogeneous
linear differential systems with almost periodic coefficients.

The theory of almost periodic functions and sequences has applications in
a lot of areas. For example, almost periodic patterns describe quasicrystals (see,
e.g. [28]), the process of the transfer of information by neurons can be described
via almost periodicity (see, e.g. [27]), the effect of almost periodicity is used to
study population dynamics (see, e.g. [13], where the authors obtain sufficient
conditions for the existence of almost periodic solutions of systems of difference
equations), etc.

This paper is organized as follows. The upcoming section is devoted to
definitions of limit periodic, almost periodic, and asymptotically almost periodic
sequences. Then, in Section 3, we complete notations and describe the studied
difference systems properly. Further, the basic motivation of our research is
extensively described in Section 3, where the most relevant results from the
above mentioned papers are explicitly formulated. In the final section, the main
result is proved (see Theorem 4.1 below). At the end of Section 4, we also discuss
the main result and formulate a consequence of the used method.

2. Limit periodicity, almost periodicity,
and asymptotic almost periodicity in metric spaces

In this section, we mention the notion of limit periodic, almost periodic, and
asymptotically almost periodic sequences. Let a metric space (M, g) be given
arbitrarily. We put Ny := N U {0}.

DEFINITION 2.1. A sequence {pptrez € M or {¢vik}ren, C M is called
limit periodic if there exists a sequence of periodic sequences {¢} }rez € M or
{o%keny, € M, n € N, with the property that lim ¢} = ¢, uniformly with

n—oo

respect to k € Z or k € Ny.

REMARK 2.2. Note that the set of limit periodic sequences can be introduced
in another equivalent way (see [4] and also [2]).

DEFINITION 2.3. We say that a sequence {¢k }rez € M is almost periodic if,
for any £ > 0, there exists p(e) € N with the property that any set consisting of
p(e) consecutive integers contains at least one integer [ for which o(vr1, i) < €,
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k € Z. A sequence {¢i}ren, € M is called almost periodic if there exists an
almost periodic sequence {1} }rez C M with the property that ¢, = ¥, k € Np.

DEFINITION 2.4. A sequence {¢r}rez © M or {@g}ren, € M is called
asymptotically almost periodic if, for any € > 0, there exist p(¢), P(e) € N with
the property that any set consisting of p(¢) consecutive positive integers contains
at least one integer [ for which o(¢k41, or) <€, k > P(e), k € N.

The definitions mentioned above (as Definitions 2.3 and 2.4) are based on
the so-called Bohr concept. The (almost periodicity and) asymptotic almost
periodicity can be introduced in another equivalent way (the so-called Bochner
concept) as follows.

THEOREM 2.5. Let a sequence {¢y tren, € M be given. The sequence {¢y} is
asymptotically almost periodic if and only if any sequence {s, }nen C No fulfilling
lim s, = oo has a subsequence {s:},en C {sn} with the property that, for any

n—oo

e > 0, there exists N(g) € N for which

(2.1) o(Prtst> Prtst) <& 1,52 N(e), i,j €N, ke No.
PROOF. See [14, Part 2]. O
In addition, we also recall the following known theorem.

THEOREM 2.6. The uniform limit of almost periodic sequences is almost
periodic.

PRroOF. The statement of the theorem can be easily obtained using the proof
of [11, Theorem 6.4]. O

REMARK 2.7. From Theorem 2.6, we know that any limit periodic sequence
is almost periodic. We add that any almost periodic sequence is asymptotically
almost periodic (consider directly Definitions 2.3 and 2.4).

REMARK 2.8. One can easily show that any asymptotically almost periodic
sequence is bounded if k£ € Ny (see Definition 2.4).

3. Considered difference systems over fields

Let F' be an infinite field with an absolute value | - |. Let m € N be arbitrarily
given. The set of all m x m matrices with elements from F' will be denoted by
Mat(F,m) and the set of all m x 1 vectors with elements from F' will be denoted
by F™. As usual, the identity matrix (in Mat(F, m)) will be denoted by I. The
absolute value on F' gives the norms || - || on F™, Mat(F, m) as the sums of
the absolute values of their elements. The absolute value on F' and the norms
on F™, Mat(F,m) imply the metrics denoted by g, where e-neighbourhoods will
be denoted using the symbol Of.
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Now, we are ready to introduce the studied homogeneous linear difference
systems over the field F. Let a matrix group X C Mat(F,m) be given. We

consider systems in the form
(3.1) Tpy1 = Ak - Tg,

where k € Ng or k € Z and Ay € X for all k. As LP(X), we will denote
the set of all systems (3.1) with the property that the sequence {Aj} is limit
periodic. Note that we identify the sequence { Ay} with the system (3.1) which is
determined by {Ax}. Using this convention, for {A}ren,, { Bk tren, € LP (X)
or {Ax}rez, {Bi}rez € LP (X), we define the metric

o({Ar} {By}) = sup |Ax — Bg|l

in LP(X). As O ({Ag}), we will denote the e-neighbourhood of {4} in LP(X).

In the theorems below, we collect the most relevant results which give the
basic motivation for the current research and which are completed (in a certain
sense) or improved by the presented results in the next section. We repeat that
this motivation comes from papers [8], [9], [18]-[20]. The results deal with two
cases, when the considered group X is commutative or bounded. We begin with
two results about bounded groups.

THEOREM 3.1. Let (F, o) be separable. Let X be bounded and have the pro-
perty that there exists € > 0 such that, for any 6 > 0, there exists | € N with the
property that, for any u € F™, ||u|| > 1, there exist matrices My,..., M, € X
satisfying

My e OXI), ie{l,....l}, M. M -u—u|>¢

Then, for any € > 0 and any {Artrez € LP(X), there exists {Bi}rez €
O?({Ar}) with the property that the system xp+1 = By -z, k € Z, does not
possess any non-trivial asymptotically almost periodic solution.

PROOF. See [19, Theorem 7]. O

THEOREM 3.2. Let X be bounded and have the property that there exists
& > 0 such that, for any § > 0, there exist matrices M, ..., M; € X satisfying

M; € O%(I), ie{l,... .1}, |IMj-...-M;—I|>¢.

Then, for any € > 0 and any {Ar}ren, € LP(X), there exists {By}ren, €
O?({Ar}) with the property that the fundamental matriz of xg41 = By - x,
k € Ny, is not asymptotically almost periodic.

PrROOF. See [9, Theorem 4.9]. O
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Now, we mention the strongest known results about commutative groups
which correspond with Theorems 3.1 and 3.2. For the reader’s convenience, we
mention these results in full.

THEOREM 3.3. Let X be commutative and have the property that there exists
& > 0 such that, for any 6 > 0, there exists | € N with the property that, for any
u € F™, ||lu|| > 1, there exist matrices My, ..., M; € X satisfying

M; € O%I), ie{l,...,1}, |IMy-...-My-u—u|>E¢

Then, for any e > 0, {Ag}trez € LP(X), and for any sequence {un tnen of non-
zero vectors u, € F'™, there exists {By}rez € OZ({Ax}) with the property that
the solution of xxy1 = By - xi, k € Z, xo = uy,, is not almost periodic for all
n € N.

PROOF. See [8, Theorem 5.1]. O
REMARK 3.4. Note that Theorem 3.3 improves the main result of [18].

THEOREM 3.5. Let the unit ball {u € F™; |lul]| < 1} be compact. Let X be
commutative and have the property that there exists & > 0 such that, for any
0 > 0, there exist matrices My, ..., M; € X satisfying

M7€O§(I), 1e{l,...,1}, My -...- My —1I|| > €.

Then, for any € > 0 and any {Ar}ren, € LP(X), there exists {By}ren, €
O2({Ax}) with the property that the fundamental matriz {Xy}ren, of system
Tp+1 = B - xi, k € Ny, is not asymptotically almost periodic or this system has
at least one non-trivial solution {xy}ren, for which likrrigf lzx| = 0.

PROOF. See [20, Theorem 10]. O

The aim of this paper is to improve Theorems 3.3 and 3.5 concerning non-
asymptotically almost periodic solutions and solutions vanishing at infinity. More
precisely, we generalize Theorem 3.3 with regard to the statement of Theo-
rem 3.5. To obtain such a generalization, we use an iterative construction of limit
periodic sequences which is different from the constructions applied in [8], [20].
Note that the construction from [8] is not applicable for solutions vanishing at
infinity and that the construction from [20] does not cover any case of at least
two initial conditions.

4. Results

Now, we prove the main result. We point out that X does not need to be
bounded (cf. Theorems 3.1 and 3.2).
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THEOREM 4.1. Let X be commutative and have the property that there exists
& > 0 such that, for any § > 0, there exists | € N with the property that, for any
u€ F™, ||lul]| > 1, there exist matrices My, ..., M; € X satisfying

(A1) M,eO¢I), ie{l,....l}, M. M -u—ul|>¢E

Then, for any e > 0, {Ak}ken, € LP(X), and for any sequence {v, }nen of non-
zero vectors v, € F™, there exists { By }ren, € O ({Ar}) with the property that
the solution {x} }ren, of Thy1 = By -z, k € No, zo = v, is not asymptotically
almost periodic or likrrigf llz}|| = 0 for all n € N.

PROOF. For the reader’s convenience, the presented proof is divided into
5 parts denoted as Parts I-V. In Part I, we show that it suffices to consider
only 1 < |lv,]| < 2, n € N, without loss of generality. In Part II, we introduce
auxiliary values d; > 0 and [; € N for ¢ € N. Then, in Part III, we present
a construction which gives the resulting sequence { B }ren,. The construction is
an iterative process. For simplicity, the steps of this process are denoted as Steps
i.j for the j part of the i step. In Part IV, we show that {By} € OZ({Ay}) for
the obtained sequence {By}ren,- In the final Part V, we prove that { By }ren,
has the required properties from the statement of the theorem.

PART I. From the statement of the theorem (see (4.1)), one can easily see
that, for any ¥ > 0, there exist elements f1, fo € F with the property that
|fil € (1 =9,1), |f2] € (1,14 ¥) (consider properties of the absolute value of an
inverse element). Hence, for any non-zero vector u € F™, there exists (u) € F
for which

(4.2) 1< ‘

u -1

o ’ ) | < 2

Consequently, to prove Theorem 4.1, it suffices to consider only solutions given
by the Cauchy problems xyy1 = By - 2%, k € No, 29 = u, where 1 < |Jul] < 2.
Therefore, we can assume that {v,; n € N} C {u € F™; 1 < |jul| < 2}.

PART II. Let € > 0 and {Ag}ren, € LP(X) be arbitrarily given. We know
(see, e.g. Remarks 2.7 and 2.8) that there exists K > 0 for which

(4.3) sup ||kl < K.
keNy
We put
€ .
(44) 51 = ﬁ’ S N,

and the corresponding [ € N will be denoted by [;. Without loss of generality,
we can assume that £ € (0,1) and that ;41 >1; > 2,7 € N.

PART III. We find the resulting sequence {Bj}ren, by the following con-
struction using the below described sequences of C}, for k € Ny.
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Step 1.1. At first, we consider the solution {x,&l’l’l)}keNO of the Cauchy
problem

Tpe1 = Ap -1, k€N, o = V1.
For 0; and for vy, there exist matrices M{, ..., Mll1 € X satisfying
(45) M} eOf(I), jef{l,....h}, [IM]-... M v —v >¢

We put 7 := 2l;. We define the periodic sequence {C}}ren, with the period
p(1,1,1) := 2l by the choice

Cyj oy =Mj forallje{l,....li},

C;:] for the other j € {0,...,2l; — 1}

if ||x$11’1) —v1|| < &/4; and by {C}}ren, = {I}ren, otherwise. We put B =
Ay ~C,1 for k € Ny.

Step 2.1. Next, we consider the solution {:cgf’l’ of the Cauchy problem

1)
}kENo
1
Tr41 = Bj - x, k€ N, To = V1.

(2,1,1)

We put 79 :=64-1; - I3 and P(2,1,1) := 4p(1,1,1). For d and for Tp(a11) 4’

there exist matrices

2,1,1 21,1
(4.6) MPMY MY € 08 (1)

2
satisfying (see (4.2))

(2,1,1) (2,1,1)

T x
M1(2’1’1) — Ml(22,1,1) TPt TPeAD | §
(2,1,1) (2,1,1) 2
<”3P(2,1,1)+r2> <xP(2,1,1)+r2>
We define periodic sequence {C,EQ’I’U }keNo with period p(2,1,1) := P(2,1,1) 79
in the following way. If
21,1) 1 (2,1,1) 2,1,1) € ||,

HxP(z,l,l)H > bR ’xP(2,1,1)+r2 _ZP(2,1,1)“ < g ‘ Tpi,1,1)|)

then
(2,1,1) o (2,1,0) .
CP(2’1’1)+4(J.71)+2 = M; for all j € {1,...,12},
(2,1,1) _ .
C; =1 for the other j € {0,...,p(2,1,1) — 1}.

In the other cases, we put

(2,1,1) _ _ ~(2,1,1) _
et = =0 =1

We put B = BE- ¢ ke N,
(2,1,2

Step 2.2. We consider the solution {xk of the Cauchy problem

)
}kENo

(2,1,1)
Tha1 :Bk -xk, k€ Np, Tog = V1.
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We put P(2,1,2) :=8p(2,1,1). For d2 and for vector x;(; f)2)+7"2 ,,» there exist
matrices
(4.7) MY M) e 08 (1)
such that
(271,2) (2,1,2)
ML) e212) TP@12)+r—r  TPE12)4r-r S £
h co My, 5

(271,2) (2,1,2)
T p(2,1,2)4ro—r1 T p(2,1,2)4ro—r1

We define the periodic sequence {C,(f’l’Z)}keNo with the period p(2,1,2) :=
P(2,1,2) - (ro —r1) as

(2,1,2) o (2,1,2) .
Cpa12)+s8(-1)44 = M; forallj € {1,...,l2},

(2,1,2) _ ;
C; =1 for the other j € {0,...,p(2,1,2) — 1}
if :
(2,1,2) (2,1,2) (2,1,2) (2,1,2)
‘xP 2.1,2 H > H P(2,1,2)4ra—r1 xP(Q,l,Z)H ] H P(2,1,2)|]’
and as
2,1,2) _  _ ~212)
Co = =i =1
in the other cases. We put B(2’1’2) = B(Q’ ) 0,22’1’2), k € Np.
Step 2.3. We consider the solution {x (2,2,1) }keNo of the Cauchy problem
Tht1 = B}(€2,1,2) -k, k€ Np, To = Vg.
We put P(2,2,1) := 16p(2,1,2). For J, and vector :Eg(’gé)l)Jrrg, there exist
matrices
2,2,1 2,2,1
(4.8) MPE2Y L MPPY e 08 (1)
with the property that
x(2,2’1) x(2’271) ¢
M1(2,2,1) o Ml(2,2,1) C_TP@21+rs o TPE2D4n || €

@.2.1) e 5
<xp(2,2,1)+m> <1’P(2 2 1)+r2>
We define the periodic auxiliary matrix sequence {01(62’271) }kENo with the period
p(2,2,1) = P(2,2,1) - 73 as

Claaniioi-yes = MY forall j € {1,..., 1o},
C](-2’2’1) =1 for the other j € {0,...,p(2,2,1) — 1}
if
H 532(;;)1)” ~ 5 pr(zz Dtrs g(,il)l)H H (2’57;)1
and as
C,(()2,2,1) _ Cz(,%féli) =1
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otherwise. We put B(2’2’1) = B,(f’m) C(2 21 , k € Np.

Step 2.4. We consider the solution {x (2,2.2) }keNo of the Cauchy problem
Tht1 = 31(62’2’1) “Zg, k€ Ny, To = V.
We put P(2,2,2) := 32p(2,2,1). For 5 and for vector xSfé:?QHTrTN we con-
sider arbitrary matrices
(2,2,2) (2,2,2)
(4.9) M; yoees My, € (’)§2 (I
satisfying
(2 2,2) (2,2,2)
M1(2’2’2) 222 TP@e22)+rs—r  TPE22)+r - < g

(2,2,2) (2,2,2)
Tp(2,2.2) 4111 T p(2,2,2)+ro—r1

Now we define the periodic sequence {C,(€2’2’2) }keNo with the period p(2,2,2) :=
P(2,2,2) - (r2 —r1) by

(2,2,2) (2,2,2) ‘
Cp(a22)+32(i-1)+16 = M; for all j € {1,...,12},

C§2’2’2) =1 for the other j € {0,...,p(2,2,2) — 1}
if
(2,2,2) (2,2,2) (2,2,2) (2,2,2)
H$P222H>’ H (2.2,2)4ra—r — TP 222H—8 H 222”

In the other cases, we define

(2,2,2) _ (2,2,2)
Co Cp(z 2,2)—1

We denote B = B,(f’Q’l) -022’2’2) and C} = le’l’l) . C,(f’u) .022,2.,1) . 0,22’2’2)
for k € Ny.
We continue the construction in the same manner. Before the ¢ step for

=1.

arbitrary integer ¢ > 3, we construct the sequence
i—1 — 1 i—1
{Bil }k:ENO :{Akck O]’i; }kENU;
where the sequence {C} - ...- Ci_l}keNo has period p(i — 1,7 — 1,4 — 1).
Step i.1. We consider the solution {x(z’l’l)}keNo of the Cauchy problem

Tht1 :B,Zc_l-xk, k € Ny, To = V1.
We put
1+§i3 2
(410) r, =l ;-2 n:ln ,
+Z n?
(4.11) P@i,1,1):=pli—1,i—1,i—1)-2 ==t

(4,1,1)
P(i,1,1)+r;?

(4.12) MY MY e 02 (1)

For §; and vector x there exist matrices
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with the property that

z(z,l,l) (171,1)
Ml(i,l,l) _ .Ml(i,l,l) TPyt TP LD+ - §
o i ( ) 1) 2
<x1§(i,1,1)+m> <xP(z',1,1)+n>

We define the periodic sequence {C’,gi’l’l)}keN0 with the period p(i,1,1) :=
P(i,1,1) - r; (see (4.10) and (4.11)) by the values

C‘gézl,’ll,)l)-ﬁ-(J 1)2 *:éll"erz:L 11" = M(Z’Ll) for all j € {1,...,1:},

O™V =1 for the other j € {0,...,p(i,1,1) — 1}

if
(3,1,1) (3,1,1) (,1,1)
‘xp z,l,l)H > 9i—1° ‘ PG+~ TP(i1) H =3 H Tp(ia)
and by the values
(i,1,1) _ _ ~(3,1,1)
Cop Cp(’bl -1 =1

in the other cases. We introduce B,(:’l’l) = B,ZC L. C,(:’l’l)7 k € Np.
We continue in the same manner in the ¢ step of the construction.

Step i.1. We consider the solution {x(l’l’i)}keNO of the Cauchy problem

Tht1 T, k€ No, To = V1.

_ Blii,l,i—l) _
We put

iJrZil n?
P(i, 1, Z) = p(i, 1,7 — 1) =t

For 6§; and for xﬁi’éﬁ{i)ﬁ‘?"i—ri—l’ there exist matrices
(4.13) MY M e 08 (1)
satisfying
(4,1,9) (4,1,7)
i,1,% i,1,% i,1,% i—Ti—1 Tp( )+ —r;
MG ot PP TPlnre || €
i <x(z,1471)4 > <x(1;1ﬂ) > 2
P(i,1,i)+r;—ri—1 P(i,1,i)+r;—ri—1
. i1, . .
We define the periodic sequence {C’,g )} ren, With the period
p(i, 1, Z) = P(i, 1,i) . (’I"i — ri—l)
by the values
(2,1,3) ot "2 i1 izl n2 — (4,1,4) . .
C P(i,1,0)+(5—1)2 T L TR = M; for all j € {1,.... L},

O =T for the other j € {0,...,p(i,1,9) — 1}
if
(i,1,3)
= 8 P(z,l,z

1 ‘ (4,1,4) (4,1,4)

9i—1" B

HxP (4,1,4) P(i,1i)+ri—ri1  TP(,1,9)
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and we put

(1) _ i)
cit ==l =1

in the other cases. We define B,ii’m) = B,(Ci’l’i_l) . C’,Ei’l’i), k € No.
We continue our construction.
Step i.i(i — 1) + 1. We consider the solution {a:,(f’i’l)}keNO of the Cauchy

problem
(iyi—1,4)

Tk+1 = Bk Tk, k e N07 Ty = v;.
We put
i—1
i(i—1)+14 > n?
Pi,i1) = p(i,i—1,4) -2 =

For §; and x%’é’?l) re there exist matrices
30,1 40,1
(4.14) MY MY e 08 (1)
with the property that
. o x(i’i.’l,) x(i’iil) 13
Ml(z,l,l) o Ml(.z,z,l) . P.(,l)hl)—i_” B Ff(}uz,l)-ﬁ-n S 2
: <m(1ﬂ4,1') > <x(m'714) > 2
P(i,i,1)+r; P(ii1)+r;
We define the periodic sequence {C,g )}keNo with the period
p(i,4,1) := P(i,4,1) - 15
by the values
(4,4,1) i(i— a2 et a2 — (,4,1) 1 )
CP(i,i,1)+(j—1)2( Rt +2( =M for all j € {1,..., L},
C](»i’i’l) =1 for the other j € {0,...,p(i,4,1) — 1}
if ) ¢
(4,3,1) (1,1,1) (1,1,1) (14,3,1) ||,
‘ xP(i,i,l)H Z 51 ‘xP(i,i,l)—i-n- - xP(i,i,l)H <3 ‘ P(ii,1) )»

and by the constant values

Céi,i,l) _ _ i I

T Up(hd1) -1 T

in other cases. We define B,(Ci’i’l) = B,(f’i_l’i) : C’,gi’i’l), k € No.
We continue the construction in the same way.

Step i.i2. We consider the solution {xg’i’i)}keNo of the Cauchy problem
Tyl = B,(Cm"iil) -xk, k€ Np, Tro = v;
and we put
zl: 2
P(i,i,q) = p(i,iyi — 1) - 2851

(2,2,2)

P(i,i,i)+r;—ri—

(4.15) M MY e 02(D)

For §; and for vector x 1 there exist matrices
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such that
(43,0) (4i,3)
) —rs 1 Tp( i) i1y
Y ¥ o G L) A LS ) e s
i <x(1,wl) 4 > <x(m;zv) 4 > 2
P(i,4,8)+r;—ri—1 P(i,4,8)+r;—ri—1
We define the periodic sequence {C }keNO with the period
p(Z, ZaZ) = P(Z7Z7Z) ' (Ti - Ti—l)
by the values
(4,%,%) Loz o2 (3,1,1) ; .
CP(Zzz)-‘r(] Dot " o T =M for all j € {1,...., L},
(d,4,8) _
C; =1 for the other j € {0,...,p(i,4,7) — 1}
if
1,%,1) 1 (2,2,2) - (2,2,2) 1,%,1) .
HI‘P(z ,%) 2i—1 ’ H (i,8,8)+ri—ri—1 zP(i,i,i) — 8 H P(z %)

and by the constant values

Céi,i,i) _ C(z ,3)

p(%,3,3)— 1:I

in the other cases. We introduce B,i. = B,(f’i’i) = B,(:’i’i_l) . C,ii’i’i) and

Ci=CPtY .ot ot oot oY

for all £ € Ng.
Analogously, we continue this construction for all i + 1, i € N. We define the
resulting sequence of By by the formula

This definition is correct. Indeed, based on the construction, for any k& € Ny,
there exists ¢(k) € N such that

(4.17) By, = Ay, -C1®),
PART IV. Now, we show that the resulting sequence {Bj} is limit peri-
odic. The limit periodicity of {Ax} implies the existence of periodic sequences

{D}}ken, C X for n € N with the property that

1
(4.18) |Ax — D]l < o0 ke Ng, neN.
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We have (see (4.3), (4.16), and (4.18))

(419) |Bx = Dp-Ci-...-Ci| =|Ak-Ch-...-Cl-...=Dp - Cp-...- G|
<||[Ap-Cr- .. Che...—Ap-Ch-...- Ch]
+||Ak-Ch-...-CL=Dp-Ch ... Chl
<||Awll-||Ck - ...-CL(Ctt it = T)|

+[|4c = Dg||- [|ck .- |
) ) ) 1 )
SE-|Cpeon - G-I O =+ - [[Cr - G|

for all k € Ng and n,i € N. Considering (4.5)-(4.9), ..., (4.12), ..., (4.13), ...,
(4.14), ..., (4.15), we see that

(4.20) Cie0$(I), keNy, i€N.
Since (see (4.16) and (4.17))
(4.21) CLo...-Ci-...=C!™  keN,

there exists L > 0 with the property that (see (4.20))
|Ch-...-Ci|| <L, k€N, i€eN,

which implies (see (4.19))

) ) . L
(4.22) |Br = Dit - G+ G| S KL-[|CF- O = I+ o
for k € Ng, n,i € N. Applying (4.20) and (4.21), where t(k) < k for all k € Ny
(consider the construction), and putting ¢ = n, from (4.22), we obtain (see (4.4))
L L
on - 2n+1 277,’

Therefore, for n — oo, the sequence {By} is the uniform limit of periodic se-

|Br — Dy -Gk CF|| S KL 641 + k€ No, neN.

quences {D? - C} - ... Cl'}ren,- In particular, {By} is limit periodic. We also
have (see (4.4), (4.17), and (4.20))

(4.23) || Be—Ar| = (|4 Ci " = A < 1ALl G —1) < Ko = 5, ke No.
Together with the limit periodicity of { By}, (4.23) gives {Bj} € O ({Ax}).

PART V. Let z € N be given arbitrarily. Now, we consider the solution
{&} }ren, of the Cauchy problem

(424) Tl = By, c Ty k€ N07 o = Uy.

To prove the statement of the theorem, we assume that there exists b > 2z, b € N,
with the property that

(4.25) | >

_217771, keNO

We have to show that {mi} is not asymptotically almost periodic.



SOLUTIONS OF LIMIT PERIODIC SYSTEMS

Let ¢ > b, i € N, be arbitrary. Since (see (4.25))

z i,2,1) 1 1
(4.26) #5620 = H:EP(l,z,l)H > 95 2 it
z 1,2,1) > 1
(4.27) [ HxP(zzz)H b < 51
we have the following possibilities. If
(i,2,1) (4,2,1) (i,2,1)
[ oM | R 5 mla |
then (see (4.26))
z P o (i,2,1) (i,2,1) 5 1
(4.28) ‘ Tp(iz1)4r; xP(i,z.,l)H = ‘ Tpeia)ytr; — LP(i.z 1)H TR
If
i -ohit] <
zz1+r1 P(zzl) 78 zzl
then (see (4.2) and (4.26))
HxZP(i,z,1)+n - xf’(i,z,l) H
— (1,2,1) (i,2,1) (i,2,1) (1,2,1)
_ ‘Ml R P(Ml)H
7,2,1 1,2,1 1,2,1 1,2,1
> ‘M1( ) : -Ml(, ) .xg:’(i,z,)l)Jrri - g’(i,z,)l)+ri
(i,2,1) (l z,1)
- xP(i,z,l)—i—r P(z z,1) H
_ (i,2,1)
- <‘rP(i,z,1)+ri>‘
xg»(ZJ)I) (Zi(zfl)l)
i,2,1 i,2,1 i,2,1)+r; P(i,z,1)47;
X Ml( b Ml(i ). oy — (l .
‘rP(i,z,l)+n~ P(z z,1)+r;
(z z,1) (i,2,1)
- P(z z,)4r P(z z 1)
(i,2,1)
H zzl)-i—n f (i,2,1) 5 (zzl
= 2 iii'H P(lzl)||>T6'| zzl)H 16 2b’
ie.
z z 6 1
(429) [ETINE et R T T

Note that, in the estimations above, we also use the fact that

<2‘<

We continue these estimations. Finally, we get the following observation. If

{

(2,2,1)
xP(l z 1)+r,>’ < H

s

i,2,1)
z 2,1 +r17r1 1

(2,2,1)
xP(i z,1)+7r;

(2,2,)
P(i,2,1)

>

&

8

(i,2,1)

xP(l z,1)+7r; > ‘

(2,2,i)

P(i,z,i) ||’

529
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then (see (4.27))

P 2 - (i,2,1) (i,2,1) 5 1
(430) pr(i,z’i)*‘r’l"i*’l"i—l - mP(i,Z,i)H - ‘ P(’L Z,0)+ri—ri—1 - xP(i,z,i) > g : ?
If
1,2,1) (i,2,1) (,2,1)
H P(z 2,4)Fri—rii1 xP(i,z,i) < g ’ H'TP(i,z,i) ’
then (see (4.27))
Hx;(i,z,i)-i-m—mq B z%(i,z,i)H
_ (i,2,7) (i,2,8) | (4,2,1) (4,2,1)
- HMl Tt Mli wP(z Z,4)+ri—Ti—1 xP(i,z,i)
(1,2,1) (1,2,8)  (4,2,0) (i,2,%)
> HMl B Mli . xP(i,z,z’)-‘rm—mq — xP(i,Z,i)-i-?“q:—mq
(1,2,7) (4,2,)
T PGz Hri—rice T P(i,209)
_ (i,2,1)
- ‘ <$P(’L',Z,’L-)+’I"if’(‘i71 > ’
o o (z,z,z) (z z,1)
% Ml(z,z,z) L Ml(.l’z’l) . P‘(z,z-,z)+M7ri,1 _ P(z z,8)+Ti—Ti1
i x(z,é,z)‘ x(i z z)‘
P(i,z,0)+ri—ri-1 P(i,2,d)+r;—ri—1
_[,.Gz00) _ o (0259)
P(i,2,8)+T:—7Ti—1 P(i,2,7)
(i,2,%)
HIL’P(Z',Z,i)ﬂLTi*Ti s S H i,2,%) s S ‘x(i,z,i) £ . l
= 2 P(z z,1) 16 P(i,2,1) 16 2v°
i.e.
z z S 1
(4.31) 25,2y —rer — T2 > 16 20

In all these cases, we obtain the existence of numbers q;- e€Nforje{l,... i}
with the property that (see (4.28) together with (4.29), ..., (4.30) with (4.31))

P § 1
||'rq1+r1 —qu% > TG : ?a
z ...... g ......
||xq§+r7,—n 1 xq; | > T6 . 95’
i.e.
z z é‘ 1
(4:32) T T
....................... 51
(4'33) Hx;;@rr’ o mp i 1” > 16 " ope

where pi = ¢i,...,pl = ¢ —r;_1. We repeat that these inequalities follow from
the construction for any sufficiently large i € N.

We apply Theorem 2.5, where we put s; := 0, s;41 := 13, @« € N. Of course
(see (4.10)), zlggo s; = oo. Evidently, for any large i € N and all considered
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integers j, we also have pé. € N. Thus, (4.32), ..., (4.33) imply a contradiction
with (2.1) for ¢ = 2727%¢; i.e. the solution of the Cauchy problem (4.24) is not
asymptotically almost periodic. U

REMARK 4.2. We point out that Theorem 4.1 improves the main results of
papers [8], [18], [20] (see also Remark 3.4). Hence, concerning other references,
remarks, and examples, we can refer to those articles (and also to [9], [19]). We
explicitly recall only the fact that any non-trivial solution {z}ren, of any ho-
mogeneous linear almost periodic difference system cannot be almost periodic if

liminf ||z || = 0.
k—o0
We refer to [39, Lemma 3.10].

To illustrate the fact that our main result is new even in the real and complex
case, we mention the example below. In addition, in this example, we show how
our result improves results of [8], [20] (see Theorems 3.3 and 3.5).

EXAMPLE 4.3. Let us consider the real case (i.e. let F' = R) with the usual
absolute value. Let m = 4 and let the considered group X be the set of all

matrices in the following form

acosa —asina 0 0
asin« a cos 0 0
0 0 bcosB —bsinp |’
0 0 bsin 8 bcos B

where a,b # 0, a, 8 € R. Based on Theorem 4.1, we know that, for any countable
set of non-zero vectors u € R%, in any neighbourhood of any system {Ay }xen, €
LP(X), there exists a system {By}ren, for which the solution {xj}ren, of the
Cauchy problem

Ik+1:Bk-xk, kGNQ, Ty =1U

is not asymptotically almost periodic or llkrr_1> '})I.}f |zk|| = 0. For comparison, The-
orem 3.3 guarantees that the solutions are not almost periodic. Of course, a se-
quence can be asymptotically almost periodic and, at the same time, non-almost
periodic. Using Theorem 3.5, it is possible to guarantee only the existence of one
solution {zx }ren, of Tx+1 = B - ¢ which is not asymptotically almost periodic
or liminf ||z4|| = 0.

k—o0

EXAMPLE 4.4. In fact, from the proof of Theorem 4.1, it follows that the
statement of Theorem 4.1 is true also for concrete vectors u € F™ satisfying
|lu|]| > 1 for which there exist matrices My,..., M; € X such that (4.1) is valid.
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Hence, similarly as in Example 4.3, for the set X of all matrices

acosa —asina 0 0 0
asina acosa 0 0 0
0 0 1 0 0 ,
0 0 0 bcosfB —bsinf
0 0 0 bsinp bcos 8

where a,b # 0, o, 8 € R, we obtain the same conclusion as in Example 4.3 for
any countable set of vectors u = (uy,ug, u3, ug,us)? € R® with the property that
|u| + Jug| + [ua| + |us| > 0.

In addition, using the proof of Theorem 4.1, it is possible to prove the fol-
lowing result (cf. Theorem 3.5).

THEOREM 4.5. Let the unit ball {u € F™; |lul]| < 1} be compact. Let X be
commutative and have the property that there exists & > 0 such that, for any
d > 0 and for any w € F™, ||lu|| > 1, there exist matrices My,...,M; € X
satisfying
(4.34) M; e O3(I), ie{l,...,1}, M- My -u—ul > &

Then, for any € > 0, {Ar}ren, € LP(X), and for any sequence {vp}nen of
non-zero vectors v, € F™, there exists { By tren, € O ({Ax}) with the property
that the solution {x} }ren, of

Tpy1 = Br -z, k € Ny, o = Up
is not asymptotically almost periodic or likm inf [|z7|| = 0 for all n € N.
— 00
ProOF. It suffices to show that the number [ of matrices My, ..., M; in (4.34)
can be taken as the same for the given § > 0 and for all w € F™, 1 < ||ul| < 2

(consider the beginning of the proof of Theorem 4.1). For any v € {u € F™;
1 < [Jul| < 2}, there exist matrices MY, ..., My, € X such that

M eOUD, Gefl W), My Mv—v] > €

Thus, there exists an open set U C F™ such that v € U and

My MY = > g weu.
From the set of all such sets U, one can extract a finite set {Uy,...,U;} which

covers the considered set {u € F™; 1 < ||u]| < 2}. Let us consider ! as the maxi-
mum of the used {(v). Thus, this theorem follows from the proof of Theorem 4.1,
where ¢ is replaced by £/2. O
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