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EXISTENCE OF POSITIVE GROUND SOLUTIONS
FOR BIHARMONIC EQUATIONS
VIA POHOZAEV-NEHARI MANIFOLD

LipiNng XU — HaiBo CHEN

ABSTRACT. We investigate the following nonlinear biharmonic equations
with pure power nonlinearities:

N2y — Au+V(z)u =uP "ty in RV,

u >0 for u € H2(RV),
where 2 < p < 2* = 2N/(N —4). Under some suitable assumptions
on V (z), we obtain the existence of ground state solutions. The proof relies
on the Pohozaev—Nehari manifold, the monotonic trick and the global com-

pactness lemma, which is possibly different to other papers on this problem.
Some recent results are extended.

1. Introduction

This paper is to study the existence of positive ground state solutions of the
following biharmonic equation with pure power nonlinearities:

Nu—Au+V(z)u=uP"tu in RV,

E
(EQ) u>0 for u € H2(RY),
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where A2 := A(A) is the biharmonic operator, 2 < p < 2* = 2N /(N — 4) and
N > 4. The potential V(-) is continuous on RY, and satisfies the following
hypotheses:
(v1) (VV(z),z) € L®RN)YUL?> /@ =2(RN) and 4V (z) + (VV (z),z) > 0 for
almost every x € RV,
(v2) 0 < V(z) < V(oo) := liminf V(z) < +o0 and V(z) # V(00), and the

z|— o0
inequality is strict in a ‘sdbset of positive measure.

The biharmonic equations arise in the study of traveling waves in suspension
bridges (see [8], [13], [21]) and the study of the static deflection of an elastic plate
in a fluid. In the last decades there are many results for biharmonic equations.
We refer the reader to [1], [3], [10], [11], [24], [31] for the case of bounded domain,
and [2], [6], [5], [15], [23], [26]-[29] for the case of unbounded domain. For
example, on bounded domains, An and Liu [3] used the mountain pass theorem
to get the existence results for the following problem

N2u+ cAu = g(x,u) in 9,

(1.1)
u=Au=0 on 012,

where @ C RY (N > 4) is a smooth bounded domain, ¢ is a constant. The
multiplicity result of sign-changing solutions for (1.1) has been proved in [31] by
using the sign-changing critical theorems. Compared with the case of bounded
domain, the case of unbounded domain seems to be more complicate. For ex-
ample, under the following conditions:

(v3) V(z) € C(RY) and V(z) > 0 for all x € RV,

(v4) for each b > 0, [{z € RY : V(z) < b}| < +o0, where | - | is the Lebesgue

measure,

Yin and Wu [11] obtained a sequence of high energy solutions of the following
problem:

ANy — Au+V(z)u= f(xr,u) inRYN,

(12 u e HX(RN).

Corresponding results for (1.2) were further improved by Y. Ye and C. Tang
[27) and W. Zhang, X.Tang and J. Zhang [29]. The condition (v4) was used in
T. Bartsch and Z. Wang [4], which shows that V(z) must be coercive. But there
are a great number of functions not satisfying the coerciveness. Replacing (v4)
by a more general condition:

(v4)" There exists b > 0,[{z € RY : V(z) < b}| < +oco, where | - | is the
Lebesgue measure.

J. Liu, S. Chen and X. Wu in [18] showed the existence and multiplicity results

of equation (1.2), while a positive parameter needs to be added to the equation.
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Recently, [16] obtained the existence and multiplicity of solutions of a class
of biharmonic equations with critical nonlinearity in RY. Under (v3) and (vy4),
G. Che and H. Chen [7] proved that the problem (EQ) has at least energy nodal
solution by Nehari manifold, and also obtained other nontrivial solutions under
suitable conditions.

The similar hypotheses on V(z) as above (v1)—(vz2) are introduced in [14],
[19], [20], [30] and have physical meaning. Under the conditions, L. Zhao, G. Li
and Z. Liu in [30], [14], [19], [20] obtained the ground solutions of Schrédinger—
Maxwell equations and Kirchhoff type equations, respectively. Moreover, there
are indeed many functions satisfying (vi)—(ve). For instance, V(z) = Vp —
1/(7(Jz| + 1)), where Vi > 1 and 7 > 4 are positive constants.

Motivated by the works just described, the purpose of this paper is to es-
tablish the existence of positive ground state solutions for the problem (EQ) by
using Pohozaev-Nehari manifold method, combined with the monotone trick of
L. Jeanjean (see [12]), concentration-compactness (due to [17], [25]) and a global
compactness Lemma (see Lemma 4.5 below). To the best of our knowledge,
in the literature there are few results on the existence of positive ground state
solutions for (EQ) by Pohozaev—Nehari manifold method (see Section 3 below).

The main results are the following theorems.

THEOREM 1.1. Assume that V(zx) is a positive constant, then the problem
(EQ) has a positive ground state solution for any 3 <p < 2* —1 and N > 4.

REMARK 1.2. If V() is a positive constant, motivated by [30], [14], [19], [20],
we use the constrained minimization on a Pohozaev—Nehari manifold to prove
Theorem 1.1. We prove that such a manifold has two perfect characteristics: it

is a natural constraint for the reduced functional and it contains every solutions
of the problem (EQ).

THEOREM 1.3. If V(z) satisfies (v1)—(v2), assume that N > 4 with 3 <p <
2* — 1, then the problem (EQ) has a positive ground state solution.

REMARK 1.4. The similar conditions like (v1)—(vq) were introduced in [14],
[19], [20], [30]. Theorem 1.3 extends the main results in [14], [19], [20], [30] to
the biharmonic equations. And the hypothesis V(z) > 0 in (v3) could also be
replaced by: there exists a constant v such that

/ (AU + [Vl + V(@)|ul?) dz
,inf =
ueH?(RN)\{0} / W2 doe
RN

which is proposed in [30].

V= > 0,

Now we state our main ideas for the proof of the results. To prove Theo-
rem 1.1, assuming that V' (z) is a positive constant, we look for a minimizer of
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the reduced functional restricted to a Pohozaev—Nehari manifold M (the defi-
nition of M can be found in Section 3 below), which is obtained by combining
a Pohozaev type identity and the usual Nehari manifold. If V(z) is not a con-
stant, it is difficult to get the boundedness of any (PS) sequence. Inspired by [14],
[19], [20], [30], we use Jeanjean’s result [12] to construct a special bounded (PS)
sequence. At last, in order to obtain the compactness of bounded (PS ) sequence
of energy functional, we use concentration-compactness principle of Lions [17] to
establish a new global compactness lemma, which help us to complete the proof
of Theorem 1.3. Moreover, this paper gives a unified method to deal with the
existence of ground state solution to the problem (EQ) for all 3 < p < 2* — 1.

The paper is as follows. In Section 2, we introduce a variational setting
and present some preliminaries results. In Section 3, we consider the constant
potential case and give the proof Theorem 1.1. In Section 4, we will establish
a global compactness lemma and give the proof of Theorem 1.3.

Notations. Throughout this paper, we denote the norms of u in D(Q)’Q(RN )
and L*(RN)(1 < s < c0) by

1/s
||u||2D2,2 :2/ |Auf?dz  and  ||ul, = (/ u|sdx) ,
0 RN RN

respectively. Here Dg’2(RN ) is the completion of the space C§°(R™) under the
above norm. We also have to use the notations the best Sobolev constant

/ | Au|?da

inf RY =

e€D22(RN)\{0 . 2/2

u€Dy (RNV)\{0} (/ |u\2 dx)
]RN

Br(z) :={z ¢ RN : |z — 2| < R}.

and

We use C; (i =1,2,...) to denote various positive constants.

2. Preliminaries

Let
E= {u e HARY): /RN(|AU|2 + |Vl + V(z)|u?) dz < +oo}
be equipped with the inner product and norm
(u,v) := /RN(AUAU + VuVo + V(x)uw) dz, lull = (u,u)/2.

Weak solutions to (EQ) correspond to critical points of the following functional

1 1
1) I =3 [ (8uPde+ |Vaf + V@uP)do - — [t de,
2 Jrw p+1 Jgn
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This is a well-defined C''-functional whose derivative is given by, for all u,v € E,
(2.2) (I, (u),v) = / (Audv 4+ VuVo + V(z)uv) de — / |ulP~ uw da.
RN RN
Now we give some preliminary results, which plays a significant role in the
proof of our results.

PROPOSITION 2.1 (see [12]). Let (X,||-||) be a Banach space andh C Ry an
interval. Consider the family of C functionals on X

Is(u) = A(u) —6B(u), d€h

with B nonnegative and either A(u) — 400 or B(u) — +00 as ||u| — co. We
assume there are two points vy, vo in X such that

¢s = inf max Is(vy(¢)) > max{Is(v1),Is(ve)}, for all§ €h,
v€Tl's te[0,1]

where T's = {y € C([0,1], X) : v(0) = v1, (1) = va}. Then, for almost every
d € h, there is a sequence {u,} C X such that

(a) {un} is bounded,

(b) L;(un) — Cs,

(¢) Ii(uy,) — 0 in the dual X' of X.
Moreover, the map § — cg is continuous from the left.

We introduce a Pohozaev identity for the problem (EQ).

LEMMA 2.2. Under the assumptions (v1)—(v2), let u be a solution of (EQ)
in H*(RY), then

(2.3) u/ | Aul? dx—i—B/ |Vul? dx—f—g/ V(x)|u|? dx
2 RN 2 RN 2 RN

1

+3 / (VV(x),z)|ul? dz — |u|PTt dz = 0.
RN N

P+l

The proof is standard, so we omit it (see [9]).
If V(x) is a positive constant V', the Pohozaev identity can be rewritten as
follows:

N —4 N -2
(2.4) 7/ |Aul?dz + 7/ |Vu|? dx
2 RN 2 RN

N N
= [ Vufde— 5— PHlde = 0.
* 2 /RN |u| o P+1 Jgn |u‘ o
The following concentration-compactness principle is due to P. Lions (see [17]).
LeMma 2.3 ([17], [25]). Let R > 0,2 < q < 2* = 2N /(N —4) with N > 4.
Assume {u,} is bounded in LI(RY),

lim sup / |u|?dz =0,
TL*)OOyeRN BR(y)
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then u, — 0 in L¥(RY) for s € (2,2%).
LEMMA 2.4. For allt > 0, define function
g(t): RT - R, g(t) = C1tN =2 4 CotN + CstN 2 — Oyt NPT

where C1, ...,Cy are positive constants, and N > 4. Then, we claim that g has
a unique critical point which corresponds to its maximum.

PROOF. We borrow an idea from [22]. Indeed, since N > 4 and 2 < p <
2*—1, g(t) = —oo as t — 400 and ¢(t) is positive for ¢ > 0 small. Consequently,
¢ has a maximum. We now show that this is the only critical point of g. Consider
some derivatives of g:

g ) =01 (N =2tV 73 4 CoNtV = 4 O3(N + 2)tN T — Cy(N +p+ 1)tV TP,
g"(t) =C1(N = 2)(N =3tV "4 4+ CuN(N — 1)tV 2
+ C3(N +2)(N + 1)tN — C4(N +p+ 1)(N + p)tV et
g"(t) =C1(N = 2)(N = 3)(N — 4)t"—?
+ CoN(N — 1)(N = 2)tV =3 + O3(N + 2)(N + )NtV !
—Cy(N+p+1)(N +p)(N+P—1)tN+tr=2,

Note that ¢"”’(t) — —oo as t — 400 and is positive for ¢ > 0 small since N > 4
and 2 < p < 2*—1. Then, there exists t; > 0 such that ¢"’(¢;) = 0 and ¢’ (¢t) > 0
for t < t1. Then, for t < ¢1, ¢”(t) is increasing. Since ¢”(0) = 0, there exists
at least 0 < ¢t < ¢ such that ¢”(¢) > 0 and ¢”(¢) decreases, tending to —oo for
t > t1. Consequently, there exists t5 > t1 such that ¢”(t2) = 0 and ¢”(¢) > 0 for
t < t2. Repeating the above argument, there exists t3 > t3 such that ¢'(t3) =0
and ¢'(t) > 0 for ¢t < t3. Therefore, t3 is the unique critical point of g(t), which
implies the lemma. O

3. Constant potential case

In this section we will assume that V() is a positive constant V' and give
the proof of Theorem 1.1. That is to say that the purpose of this section is to
show that the ground state solution can be obtained on a suitable manifold. In
view of V() =V, the functional Iy is reduced to be

_1 2 2 oy, 1 / p+1
(3.1) I(u) = 5 /RN(|Au| + |Vul|® + Vlu|?) dz el |uPT dz.

Next we try to use the constrained minimization on a suitable manifold to prove
Theorem 1.1. To solve the difficulty is to prove the boundedness of the mini-
mizing sequence on usual Nehari manifold. Inspired by [14], [22], we combine
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the Nehari manifold and the corresponding Pohozaev type identity. In fact, we
introduce the following manifold

M = {u € WHP(RN)\ {0} : G(u) = 0},

where
N-2 N N+2
G(u):i/ |Au|2dx+—/ \Vu|2dx+7+/ VP dz
2 RN 2 RN 2 RN
p+1+ N il ,
_ i dr = (I P
[l e = @, + P,

here P(u) is defined by (2.4).
Using an idea from [14], [19], [20], [22], [30], we can establish the following
properties of M.

LEMMA 3.1.

(a) Assume 2 < p < 2* — 1, for any u € H?*(RN)\ {0}, then there ex-
ists a unique number to = to(u) > 0 such that uy, = tou(x/ty) € M.
Moreover, I(u,) = max I(uy).

(b) 0 ¢ OM and inf I|y > 0.

(c) For any u € M, G'(u) # 0, that is M is a C* manifold.

(d) M is a nature constraint of 1. That is every critical point of I|p is
a critical point of I.

PROOF. (a) For any u € HZRN)\ {0} and t > 0, set u(x) = tu(z/t).

Consider

~(t) = I<tu(x)> = 1t]\LQ/ |Au\2dz+ 1tN/ \Vu|2dx
t 2 RN 2 RN

1 1
+ - tN+2/ Viuf? de — ——tNFPH! / |ul[P T da.
2 RN p+ 1 RN

It follows from Lemma 2.4 that +(¢) has a unique critical point tg > 0 corre-
sponding to its maximum. Then 7/ (tg) = 0 and () = max I(ut). Thus

N —2 N
Ttév_3/ |Au|2dx+5tév_l/ Vul? da
RN RN

N +2 N 1
+ Tt téV'H/ V0ul? de — Y+p+2 tév+p/ |u|PT dz = 0,
2 RN p+1 RN

which implies G(u,) = 0 and uy, € M. (a) immediately follows.

(b) Clearly, for any u € M, using the Sobolev embedding theorem, we have
N -2 N N+2
0= 7/ |Au|2dx+—/ |Vu|2dx+7+/ Vul? de
2 RN 2 RN 2 RN
_pt1+N

p + 1 RN

Cs(p+1+N)

|u|p+1 dx > H ||u||2 _
2 p+1

ul P,
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which means 0 ¢ OM for ||u| small enough. This shows that M is complete.
Take any v € M, we then deduce that

(N +2)I(u) = (N +2)I(u) — G(u)

-1
:2/ |Au\2dx+/ |Vu|2dx+M/ lu[Pt dz > 0.
RN RN p+1 RN

This shows that inf I'|p > 0 since p > 2.

(¢) Reasoning by contradiction, suppose that G'(u) = 0. In a weak sense,
the equation can be written as

(3.2) (N —2)A%u — NAu+ (N +2)Vu — (N +p+ 1)|ulf~tu = 0.

Then, the following Pohozaev identity holds:

(3.3) W/RNMqum—&—(N;Q)N/RN IVl da

N(N +2 N(N 1
+Q‘/ V|u|2dx,w/ lu[Pt! dx = 0.
2 RN p+1 RN

Let

/ |Aul? de = a, / |Vul|? de = 3, / Viul?dz = 7, / lu[Pt da = 7.
RN RN RN RN

Then, we have the following identity:

N-2 N_ N+2 p+1+N
— — :O
g et bt 70
N—4)(N-2) N(N-2) N(N+2) Np+1+N
(W-0(V-2) | NY-2)  NNED  NpELEN)
2 2 2 p+1

By simple computation, we get & = —N3/(2(N — 2)), which is impossible, since
a>0,8>0and N > 4. The proof of (c) is complete.

(d) If w € M and (I|p)'(u) = 0. Thanks to the Lagrange multiplier rule,
there exists A € R such that I'(u) + AP’ (u) = 0. We show that A = 0. As above,
in a weak sense, the equation I'(u) + AP'(u) = 0 can be written as

(3.4) 1+ AN —2)]A%u — (1 +AN)Au
+ [T+ AN +2)]Vu — [+ AN +p+ D][ulf~'u = 0.

Set
1 2 1 2
- |Aul? dox = ar, = |Vul*dx = B,
2 RN 2 RN
1 ) 1 .
3 V0ul* de =, |u|PT dez = 7.

RN p+ 1 RN
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Arguing as above, we have

(N—-2)ay + NG+ (N+2)y1—(p+1+N)r, =0,
(N —4)[14+ AN —2)]Joy + (N —2)(1+ AN)j3,

+N[1+ AN +2)]y — N1+ Ap+ 1+ N)|r =0,
21+ AN — 2)]ay + 2(1 + AN) 5,

F2[L+ AN +2)y1 —(p+D[L+Ap+ 1+ N)r =0.

The first equation comes from u € M. The second one is the Pohozaev identity
applied to 3.4. The third one holds since I’(u) + AP’(u) = 0. By computation,
we get

AMA(N —2)a; +2NB1 + (p—1)(p+ 1+ N)r] = 0.

EAX#0,00=—[(p—1)(p+ 1+ N)m1 +2Nj1]/[4(N — 2)], which is also impos-
sible since ai; > 0, 81 > 0, 71 > 0, p > 2 and N > 4. Thus we obtain that A = 0,
which completes the proof of (d). O

LEMMA 3.2. If N > 4 and 2 < p < 2* — 1, then there exists a minimizer u
of infyr I. Moreover, I'(u) = 0 in H*(RV).

PRrROOF. The proof is inspired by [22]. For the reader’s convenience, we sketch
it here briefly. The main strategy, based on three steps, is the following.

Step 1. Let {u,} C M be a sequence such that I(u,) — ilj\l/[f I. Next we show
the boundedness of {u,}. Indeed, by using u, € M and (3.1), one has

+3
(p+ 1+ N)(uy) = Z’T | A |? daz

]RN
pt1l
2

p—1
[l |-

-1
|Vun|2d$—|—L/ V0u,|* dz >
RN 2 RN

Combining with the fact I(uy,) — infas I, we conclude the boundedness of {uy}.

Step 2. Suppose, passing to a subsequence, that u,, — u in H?(RY). We
will prove that u € M and u,, — u in H?(R"Y). Thus I|j attains its minimum
at u. Denote

an:/ | Ay, |2 de, bn:/ |Vu,|? dz,

RN RN

cn:/ Vun|? de, dn:/ |, [P de,
RN RN

a:/ |Au|? de, b:/ |Vu|? da,
RN RN

c:/ Vul? dz, d:/ |u|P du,
RN RN
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a= lim a,, b= lim b,,
n—oo n—oo
c= lim c,, d= lim d,.
n—oo n—oo

Passing to an appropriate subsequence, we can suppose that the above limits ex-
ist. Using the compactness of the embedding H2(RY) «— L*(RY) for 2 < s < 2%,
one has d = d. Considering the weak convergence, we have that a < @, b < b
and ¢ < ¢. We will show that the previous inequalities are equalities.

Suppose on the contrary that a + b+ c < @+ b+ ¢ Since I(u,) — inf I|
and G(uy) = 0, one has

1- 1 _
SG4 b4 e ——d=infl
s 2a+2 +20 P inf Iy,
' N-2_ N_ N+2_ p+1+N-
A - d=0
y Tt p+1

(b) of Lemma 3.2 means @ + b+ ¢ > €, where ¢ > 0 is a constant. Consider the
second equation of (3.4), we obtain that d = d > 0, which means that u cannot
be identically equal to zero. As a result, a > 0, b > 0, ¢ > 0. Define

1 1- 1 1+N -
g(t) = —atN 2 + 5th + 5@5“2 P N GN e

2 p+1
I no, 1, v 1 nyio PHI+N
t)=-at —btN 4 et - gVt
) = 5at™ "+ b7 45 p+1

It follows from Lemma 2.4 that g(¢) and ¢(¢) have a unique critical point, corre-
sponding to their maximum. By (3.4), we deduce that maxg = inf I|y; as t = 1.
Since @ +b+ ¢ < @+ b+ ¢, then, for all ¢ > 0, g(t) < g(t). Suppose that to be
the point where the maximum of g is achieved. Thus, g(tg) < maxg = inf I,
and ¢'(tg) = 0. Defining ug = tou(x/tg), one has

ECtN+2—p+1+théV+p+1:

1 1
I(ug) == at) =2 + 5bt{)V + g(to) < inf |y,

2 20 p+1
N-—2 N
Gluo) =—5— ath = + ) bty
N+2 1+ N
+ ; ctév+2—%dtév+p+l:tog'(to):().

This means that ug € M and I(ug) < inf I|p, a contradiction. Thus a +b+c =
@+ b+ ¢, which implies that w,, — v and then u € M.

Step 3. We now show that I’(u) = 0. Thanks to the Lagrange multiplier
rule, there exists A € R so that I’(u) + AG'(u) = 0. Just as the proof of (d) in
Lemma 3.1, we can prove that A = 0. Thus, I'(u) = 0. O

ProOOF OF THEOREM 1.1. If N > 4 and 2 < p < 2, — 1, it follows from
Lemma 3.2 that there exists uw € M such that I(u) = inf I|p; and I'(u) = 0.
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Then u is a positive critical point of I|s, hence by Lemma 3.1, we see that w is
a positive ground state solution of (EQ) with V(z) =V. O

4. Nonconstant potential case

In this section, the main goal is to show the proof of Theorem 1.3. By
Proposition 2.1, we consider the functional Iy s : E — R defined by

1
(11) Tvs(n) = 5 / (Al + |Vl + V(2)0?) de
RN
- Z% - |ulPT dx := A(u) — 6B(u)

for u € F, where

1 1

Aw =3 [ (P v s v B = [ e,
2 Jgpn p+1 Jgn

for 6 € [1/2,1]. It is clear that this functional is of C'-class and, for every
u,v € F,

(12) (T = [

(Aubv 4+ VuVo + V(z)uwv) de — 6/ |u|P~ uw de.
RN RN

We also need to consider the associated limit problem
(EQ)oo A?u— Au+V(co)u = dlulPtu, ue H*RY).
It is clear that system (EQ)o is the Euler-Lagrange equations of the functional

Iss: E — R defined by

1 )
(4.3) Isos(u) = f/ (|Aul? + |Vul? + V (c0)|ul?) dz — 7/ |u[P T da.
’ 2 RN p +1 RN
The following lemma ensures that Iy,s has the mountain pass geometry with the
corresponding mountain pass level denoted by cys.

LEMMA 4.1. Suppose that (v1)—(v2). If p € (2,2* — 1) and N > 4, then
(a) there exists a v € E\ {0} such that Iy s(v) <0 for all 6 € [1/2,1].
(b) for all § € [1/2,1]

cy,s =inf  max Iy ;s(y(s)) > max{Iy,(0), Iv,s(v)},
~v€eT, s€[0,1]

where I' = {y € C([0,1], E) | v(0) =0, v(1) = v}.
PRroOF. (a) It follows from (v3) that

1
Iys(u) < I q/2(u) = 7/ (|Au|2 + |Vu\2 + V(oo)|u|2) dx
RN

2
1
—7/ P+ da.
2(p+1) Jpn
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For u € E\ {0} fixed, one has

1 1
Ino/2| tu z zftN_Z/ |Au|2dx—|—ftN/ |Vu|? dz
’ t 2 RN 2 RN

1 1
+ - tN T2 / V(oo)u? dx — ——— tN TP / |ul|P T da.
RN 2(p+1) RN

2 p+1

Since p > 2, we deduce that I i/(tu(z/t)) - —oo as t — 4oo. Taking
v = tu(z/t), for t large, we have Iy 5(v) < I 1/2(v) < 0, which implies (a).

(b) Using the Sobolev embedding theorem, we get
1 Cs

I > = lul]? - —=

vau) 2 3 lul} = -2

Then, we deduce that Iy s(u) has a strict local minimum in 0 and cy,5 > 0.

[l P

Let us introduce the following manifold (see Lemma 3.1 for the details):

Moo s = {u € H*(RN)\ {0} : G 5(u) = 0},

where
N —4 N -2
Goos = 7/ |Aul? dx + 7/ |Vu|? da
’ 2 ]RN 2 ]RN
N N
+ = V (00)|ul? dz — 7/ |ulP T da.

2 RN p + 1 RN

Set Moo, 1= ij\r}f I s(u). According to the above, My s has some similar

ue Moo s

properties to those of the manifold M, such as containing all the nontrivial
critical points of I, s and the conclusion which is similar to Lemma 3.1 and the
following lemma.

LEMMA 42, If2<p<2*—1, N >4 and § € [1/2,1], mso,s is obtained at
S0Me Uso,s € Moo 5. Moreover, I(’)O’(;(uoo,g) =0 and

Too,5(Uoo,5) = Mioo,s = Inf{Ig 5(u) : u # 0, I, s(u) = 0}.
The proof is similar to that of Theorem 1.1 and is omitted here.

LEMMA 4.3. Suppose that (v1)—(va) hold and 2 < p < 2* —1 and N > 4.
Then cy,s < Moo,s for any 6 € [1/2,1].

PROOF. Assume that V(z) # V(00). We get from Lemma 3.1 that

X
Ioo,é(uoo,é) - I?;ig( Ioo,é (tu (t) > )

where oo s is minimizer of meo 5. Thus by choosing v = tus s(z/t) for t large
in Lemma 4.1, we have

s X
cy,s < I{l;lgdv,a (tuoo,a <t)> < 1%138(100,6 (tuoo,a <t>> = Ioo 5(Uoo,5) = Mioo,s-

O
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To prove that the functional Iy s satisfies (PS)., , for almost every § €
[1/2,1], we have to prove the following global compactness lemma. It is inspired
by [14], [19], [20], [30]. It is basic in search for critical points of Iy .

LEMMA 4.4. Suppose that (vi)—(va) hold and 3 < p < 2* —1, N > 4. For
every 6 € [1/2,1], let {un} be a bounded (PS)., ; sequence for Iyvs. Then there
exist a subsequence of {u,}, still denote {u,}, uo and integer n € N U {0},
sequence {yl}, w C H?(RYN) for 1 < j <1 such that

(a) up — ug with I, 5(ug) = 0.

(b) [yl = +o0, |y, — yn| = +oo if i # j,n — +oo.
(c) wl #0 and I(’)O,(;(wj) =0for1<j<n.

(@ |

Ui ) .
tn =g — 3 wi(- —yi)|| 0.
j=1

Ui )
(e) Ivis = Ivs(uo) + 3 Toos(w?).
j=1
Here we agree that in the case n =0 the above holds without w? and {yJ }.

PROOF. Step 1. We obtain from the fact the boundedness of {u, } that, up
to subsequence, there exists ug such that u, — up in E, u,, = ug in L] (RN) for
2 <r < 2* and u, — ug almost everywhere in RY. Now we prove I{,}é(uo) =0.
In fact, it suffices to show that (Iy, 5(uo), ) = 0 for any fixed ¢ € Cs°(RN).

Then, by Hélder’s inequality, for any fixed ¢ € C§°(RY), we have that

(4.4) ’/ (|un|s_1un — |u0|3_1u0)<pdx
RN

< / il i — o d + / (Tl = Juo|™")uocp] da
RN RN

1/s
swnw( / |un—uo|3) a3
supp ¢

(s—1)/s
" C||<P||oo|uo||s( [ - U0|S) S,
supp ¢

as n — oo for s > 2. Since u,, — ug in E, we get
(4.5) (U, —ug, ) =0 asn— oo.
Using (4.4)—(4.5), one has
(4.6) (Iy5(un), ) — (I 5(u0), #)
— (un —0:9) =3 [ (a0l ) dz =0,
]RN

Thus recalling that I, ;(uo) = 0.
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Step 2. Next we show that Iy s(ug) > 0. Define

a1:/ |Au0|2dx, blz/ |Vu0\2dx,
RN RN

01:/ V(x)|ug|? de, Elz/ (VV (z), x)|ug|? de,
RN RN

dy :/ |uo|P T da.
RN

Then, by the definition of Iy s(uo), Lemma 2.2, and (I, 5(uo), uo) = 0, we get

1 1 1
*G1+§b1+§cl— 01:IV,6(U0)>

2 p+1
N-4  N-2 N 1 SN
0 g Mty htpatyas i d=0

ay + by +c; —ddy =0.

From these relations, we deduce that

p(N—-2)—(N+2)

dy.
p+1 !

(4.8) NTy.s(uo) = by + %(4(;1 )+
Since 3 <p < 2*—1and N > 4, we have
(4.9) p(N—2)—(N+2)>3(N—-2)— (N+2)=2(N—4)>0.
It follows from (4.8), (4.9) and (v2) that Iy,s(uo) > 0.

Step 3. Set vl = u, — ug, then we get v} — 0 in E. Let us define

p = lim sup sup/ |vl|? da.
RN

n—o00 yecRN

Vanishing. If ;1 = 0, then it follows from Lemma 2.3 that v} — 0 in L*(RY)
for s € (2,2*). By similar computation as (4.6), we have

lonll® = (L5 (un), vp) = (Iy,5(u0), vy,) — 0,

which means [[v}| — 0 as n — oo.
Non-vanishing. If u > 0, we can find sequence {y:} C RY such that

/ |a}l\2dx:/ Wl2de > £ >0,
B1(0) Bi(yn) 2

where 0) = vl (- +yl). Note that ||0L]| = ||vi(- + yl)||, we see that {vl} is
bounded. Going if necessary to a subsequence, we have for a w! € E such that
o) = w'in E, 9} — w!' in LT (RY) and 9} — w! almost everywhere in R,
Since fBl(O) |01 |2 dx > /2, we see that w! # 0. Moreover, v} — 0 in E implies

that {y!} must be unbounded. Consequently, we may assume that |y.| — +ooc.
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Now we will prove that I(')o,é(wl) = 0. Similar to the proof of Step 1, for
any fixed ¢ € C§°(RY), it suffices to show that <I(’>O,5('171), ¢) = 0. By (v2) and

n

lyl| — +oo, for n large enough and any fixed ¢ € C$°(RY), we have
(4.10) / (V(z+y,) — V(o0))Upedx — 0.
RN

Since v} — 0 in E, one has that <I‘//75(’U71L), @(- —yL)) = 0. That is to say that

(4.11) /M;Agpdwr/ VoLV dr
RN RN

+ V(z+y,)oppde — 5/ [ok P10t o da — 0
RN RN

as n — oo. Thus, combining (4.10) with (4.11), one has <I<;o75(§}t),gp> — 0.
Therefore, Iéoyé(wl) =0.
Now we show that

(4.12) Ivs(un) — Iys(uo) — Too 5 (Un, — ug) — 0.
Indeed, by the Brezis—Lieb lemma, we have
(4.13) [fal* = llunll® = lJuol® + o(1),  lloplpis = llunlpiy — lluollpiy + o(1)-
In view of (v2) and the Sobolev inequality, we have
(4.14) / (V(z) — V(00)) |ty — ug|* dz — 0.
RN
And we deduce from (4.1) and (4.3) that

(4.15)  Ivs(un) — Iv,s(uo) — Ioo,s(un — uo)

1
-7 /RN“A“”F — | Dol = | A — ) ?) da
1
+ 3 /RN(|Vun\2 — |Vuol? = |V (up — up)|?) da
1
+ 3 {/ V(m)(|un|2 — |u0|2) dr — / V(c0)|up — u0|2) dzx
RN RN
)
T RN(\un\P“ — JuoP*! — Jun — uo[P*) da.

It follows from (4.13)—(4.15) that (4.12) holds.

Step 4. Set v2 = vl —w!'(- —y,), then v2 — 0in E. We get from Brezis-Lieb
Lemma again that

18w 15 = 1 Aunll3 — | Auoll3 — |Aw! (+ = )13 + (1),

(4.16) IVoRlls = 1Vunll3 = [[Vuoll3 = [IVw' (- = yn)|3 + (1),
+1 +1 +1 +1
lorlipin = llunllpin = luollpin = llw' (- = w)lpT1 + o(1),
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V2% de = ) |u,|? da
@) [ Ve = [ V)P
- / V(x)|ug|* dz — / V(@)|wh (- = yn) > dz + o(1).
RN RN
Using (4.16)—(4.17), we can similarly deduce that
Ivs(v2) = Ivs(un) — Iv,s(uo) — Ino,s(wh) 4+ o(1),
Inos(vy) = Ivs(vy) = Ino s(w) + 0(1),
<I</,5(Un)avn> = <I</x>,6(un)vun> - <I{/,6(u0)au0>
—(I% s(wh), wh) + o(1) = o(1).

Using (4.12) and (4.18), one has
(4.19) Iys(un) = Iv,s(uo) + Io 5(vp) + o(1)

= Ivs(u0) + Loo.s(v2) + Lo s(w') + o(1).

It follows from (b) of Lemma 3.1 that I s(w') > 0. Then, we get from (4.8)
that

(4.20) Iv)(;(’l}i) =Cv,s — IV,(;(’U,O> — 10015(’11)1) + 0(1) S v,

Repeating the same type of arguments explored in Step 3, set

(4.18)

w1 = lim sup sup / [v2|? da.
RN

n—oo yERN

If vanishing occurs, then |[v2|| — 0 in E. Thus Lemma 4.4 holds with j = 1.
If v2 is non-vanishing, then there exists a sequence {y2} and w? € E such that
02 =v2(- +y2) = w? in F and I(;o76(w2) = 0. Furthermore, v2 — 0 in E means
that |y2| — +o0 and |y} — y2| — +oo. By iterating this techniques we obtain
v} =vi7t —wI™! with j > 1 such that

vl — wd, Iéo’(;(wj) =0,

and sequences y} C RY such that |y}| — +oo and |yl — yJ| — +oo if i # j as
n — 0o, and using the properties of the weak convergence, we have

ot = o1 — Zl\w = y)l?

(4.21) = ||un — uo — Zw —yn)|| +o(1),
j—1
Iy s(up) = Iv,s(uo) + Zloo,é(wkil) + Ioo5(v)).
k=1

Since {uy }is bounded in E, (4.21) implies that the iteration stops at some finite
index 1 + 1. Therefore v — 0 in E. And we can verify that conclusions (d)
and (e) hold by (4.21). O
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LEMMA 4.5. Assume that (v1)—(va) hold, 3 < ¢ < 2*—1 and N > 4. Let {u,}
be a bounded (PS)CW sequence of Iy,s. Then there exists a nontrivial uy,s € E
such that I{/v(;(uV’(s) =0 and Iys(uy,s) = cv,s for almost all § € [1/2,1].

PrROOF. For § € [1/2,1], let uoo s be the minimizer of my 5. Then by Lem-
ma 4.3, we have

(4.22) v < Meos-

It follows from Lemma 4.4 that there exist uy s and integer n € NU{0}, sequence
{y2}, w € H?*(RYN) for 1 < j <5 such that

n
(4.23)  Iys(uvs) =0, up —uvs, Ives(un) = Ivs(uys)+ Z-’oo,é(w]%
j=1
where w’ is the critical point of I,s5. Define
as = / |Auvﬁ5|2dx, by = / \VuV75|2 dx,

RN RN
(4.24) cy = / V(:E)|’U,V’5|2 dx, Co = / (VV(x),x>|uV,5|2 dx,

RN RN

dg = )\/ |uv’5\p+1 dz.
RN

Then, using the definition of Iy s(uy,s), Lemma 2.2 and <I(/,5(UV7§),UV75> =0,

one has
1 1 1 1)
- — b —Ccg— ——dy =1
5 az + 5 2 + 5 C2 il 2 vs(uv,s),
N —4 JrN72b+N +17 5Nd 0
a — C — Co — =
5 2 5 2t 5 et 50 1 2 )

as + by + co — ddy = 0.

Similar to the arguments of (4.8), we also have

p(N —2) — (N +2)
p+1

since 3<p<2*—1, N >4 and (vy). If n # 0, then by (4.23)

da >0

1
NIV7§(UV,5) =by + 5 (402 + EQ) +

U
cve = Tvs(uvs) + 3 Toos(w’) > Mo s,
=1
which contradicts to (4.22). So n = 0, which implies u,, — uy,s in E and
Ivs(uys) = cvs. O

PrOOF OF THEOREM 1.3. The main strategy, based on two steps, is the
following.

Step 1. Tt follows from Proposition 2.1, Lemma 4.1 that, for almost every § €

[1/2,] there exists a bounded (PS).,, , sequence for Iy 5. Then Lemma 4.5 implies

cv,s



558 L. Xu — H. CHEN

that there exists a nontrivial critical point uy,s € E for Ivs and Iy s(uy,s) = cvs.
Choose d,, — 1 such that Iy, has a critical point uy,s, , still denoted by {uw,,}.
Now we show that {u,} is bounded in E. Similar to (4.24), we denote that

an=/ | Ay, |? da, bn=/ |V, |? dr,
RN RN

o= [ V@lolde, = [ GV
RN RN

dp = A/ |, [P dx.
]RN

Then
1 1 1 On
= an 5 bn “Cn — —= dn = )
pin ity Vb
N —4 N -2 N 1 onN
n bn - Cn =~ Cp — dn =Y,
5 @ + 5 , + 5 ¢ + 5 C bl 0
an + by + ¢, — 0,d, = 0.
From these relations, one has
(425) (P - 1)(an + b'n + Cn) = (p + ]-)CV,5 < Cv,1/25

which implies that a,, + b, + ¢, is bounded. That is, {u,} is bounded in E.
Therefore, using the fact that the map 6 — cy5 is left-continuous (see Proposi-
tion 2.1), we have

1
(4.26) nh—>r2<> Iy (uy) = nh_{IOlo {IV,STL (un) + (0n — 1) [p 1 /RN || dl’:| }

= lim cy,, =cva
n—oo

and

(420 T ().} = Jim { {5, )0+ G, = 0)| [ Jubaa] o,

(4.26) and (4.27) show that {u,} is a bounded (PS).,, sequence for Iy := Iy, ;.
Then by Lemma 4.5, there exists a nontrivial critical point ug € E for I}y and
Iy (ug) = cv,1.

Now we prove the existence of a ground state solution for (EQ). Set

my = inf{Iy(u) : u # 0, I}, (u) = 0}.

lim
n— o0

As in the proof of Step 2 of Lemma 4.4, we can see that every critical point of
Iy has nonnegative energy. Thus 0 < my < Iy(ug) < ¢y < +oo. Let {u,}
be a sequence of nontrivial critical points of Iy, satisfying Iy (u,) — my . Since
Iy (uy,) is bounded, using the similar arguments as (4.25), we can conclude that
{un} is bounded (PS),,, sequence of Iy,. Similar arguments in Lemma 4.5, there
exists a nontrivial u* € F such that Iy (u*) = my. O
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