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DYNAMICS OF THE BBM EQUATION
WITH A DISTRIBUTION FORCE
IN LOW REGULARITY SPACES

MING WANG — ANPING LIU

ABSTRACT. The Benjamin-Bona—Mahony equation with a distribution
force on torus is studied in low regularity spaces. The global well-posedness
and the existence of a global attractor in H*P(T) are proved.

1. Introduction

There are a lot of studies devoted to the global attractor of dynamical systems
generated by nonlinear partial differential equations. The dynamical system, due
to the damped effect, is usually dissipative in some Banach space X, namely it
has a bounded absorbing set in X. To prove the compact property of solution
semigroup, one may try to control the nonlinear term by Sobolev embedding and
the dissipative bound in X. This is the reason why some growth restrictions need
to be posed on the nonlinear terms. Following this line, roughly speaking, the
growth restrictions on nonlinear term can be relaxed if the phase space is more
regular, see [2] for a discussion on this topic for reaction diffusion equations. In
a given phase space, it is very interesting to find the critical exponent of growth
order for the nonlinear term, which has been done in [1] and [17]. However,
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one does not need to consider this problem for those equations in physics when
the nonlinear term is fixed and given explicitly. In this case, an “equivalent”
question is to find out the lowest regularity space in which the global attractor
exists. The paper is devoted to this direction for the Benjamin—-Bona—Mahony
(BBM) equations.

Consider the following damped, forced BBM equation on the one-dimensional
torus T = [0, 27]:

(1.1) Up — Upgpy — Ugy +uly = f, (z,t) €T x RT
with the initial condition
(1.2) u(0,z) = uo(x), xe€T.

Here the unknown function u is real-valued, ., = 0;02u, and the forcing term
f is a given function independent of time.

The model was used to describe the propagation of long waves which incor-
porates nonlinear dispersive and dissipative effects, see [5], [6]. This equation
and also related types of the BBM equation were studied by many authors. The
well-posedness and ill-posedness were obtained in [4], [3], [7], [10]. The stability
or decay rate of solutions in Sobolev spaces were investigated in [14], [19], [20].
The existence of the global attractor was proved in [21], [22], [25], [27], [34].
Moreover, the higher regularity and finite fractal dimension can be found in [12]
and [9], [28], respectively.

Observe that if u(t,x) is a smooth solution of (1.1)—(1.2), then integrating

(1.1) on T yields that
i udr = / fdx.

If f has zero mean, then we find for all ¢ > 0

/u(t,x) dz:/uo dzx.
T T

Thus in this article, without loss of generality, we only consider the solution u(t)
of mean zero.
The main results in this paper read as follows.

THEOREM 1.1. Assume that f € Hs_2’p(T) with 0 < s <1 and 2 <p < 0.
Then, for every ug € H*P(T), problem (1.1)-(1.2) has a unique solution u €
C([0,T); H*?(T)) for some T > 0 depending on ug and f. Moreover, the solution
map S(t): ug — u(t) is continuous in H*P(T).

THEOREM 1.2. Assume that f € H5 2P(T) with 2 < p < oo and 1/(2p) <
s < 1. Then problem (1.1)~(1.2) has a global attractor in H>P(T).

This is a continuation study of our previous works [29], [30], [31]. The main
difference lies in that the force term f is allowed to belong to Sobolev spaces
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of negative order. The assumption f € H® 2P is sharp in the sense that it
is necessary to obtain the existence of the global attractor in Hs?, In fact,
the solution is not expected to belong to HsP if fe H¥ 27" with ¢ < s or
p’ < p. Compared to [29], [31], Theorem 1.1 suggests that the external force
does not change the range of s in the local well-posedness. But this is not
the case in the global well-posedness, due to the low regularity of the force.
By a decomposition, we reduce the equation with a distribution force to an
equation with an irregular coefficient. To deal with the irregular coefficient,
we need the assumption s > 1/(2p) for some technical reasons. It is not clear
whether Theorem 1.2 holds for smaller s.

We give some references on similar topics. The existence of the global at-
tractor in LP type Sobolev spaces are proved in [8] for strongly damped wave
equations, and in [11] for Euler equations. When the force belongs to distribu-
tional space, the global attractor is obtained for reaction diffusion equations in
[24], [33] and damped wave equations in [18], [32].

This paper is organized as follows. Section 2 is devoted to the local well-
posedness of problem (1.1)~(1.2) in H*?(T) with 0 < s < 1. In Section 3, we
obtain the existence of a global attractor in H*?(T) with 1/(2p) < s < 1 by the
I-method.

2. Local well-posedness

We first recall some definitions. Given a function ¢ on the torus T, the
Fourier coefficient is defined by

1

o(n) = o

/ o(r)e” ™ dx, n €.
T
Then, we have the following Fourier inversion formula:

pla) =) B(n)e™.

neZ

For s € R, we define the fractional operator (1 — §2)%/2 by

(1= 82)%0(x) = Y (n) B(n)e™™,

ne”Z

where (n) = v/1+n?. Moreover, for 1 < p < oo, the Bessel potential spaces
H?®P(T) are defined as the completion of smooth functions with respect to the
norm

(2.1) lllzzen = 11 = 02)*%0l| o

We denote by H*P(T) the space of functions ¢ satisfying ||¢||z+» < oo and

/Tgo(x) dx = 0.
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If ¢ belongs to H'(T), then 3(0) = 0,

(2.2) lozllzz(ry = InP(M)12(dn) = 18() i2(an) = ll@llL2(T)-

This is the well-known Poincaré inequality on torus. Moreover, the space H*?(T)
has the following equivalent norm:

ellgrew ~ | D Inl°@(n)e™
nez\{0} Le
In particular, let s = 2, this implies the bound (1)
(2.3) 1(1 = 82)0, 2|l 0 i <C forall1<p < oo,

Let N > 0. We define the frequency projection operator Py on low Fourier
modes as

Pyp= Y @(n)e™,
Inl<N

and PY on high Fourier modes

PN(pZ Z @(n)eznz
In|>N

It is clear that Id = Py + PY.
Throughout, A < B means A < CB for some absolute constant C, A ~ B
means A < B and B < A, and A > B means A/B is very big, say A/B > 1000.

2.1. The decomposition v = @ + v. Let N; > 1. Consider the elliptic
equation

(24) _sz + PNl (QQCD) = Pley

where [ € Hsfz’p(’]l‘) with 2 < p < oo and 0 < s < 1. We shall use the
contraction principle to find a solution ). To this end, we rewrite (2.4) as

(2.5) Q= (=02)7'PM(f — QQ.) :=T1Q.
It is well known [15, Theorem 3.5.7, p. 217] that, for every o € H*~2P(T),
Jm 1PN ol a2 = 0.
Thus, for every 0 < € < 1, there exists N7 > 1 such that
IPM @l o2 < e.
It follows from (2.3) that
(2.6) 1(=02) " PY fllrew < C|(1 = 02) " P fll g < Ce

To proceed, we need the follow result.

(1) This can also be proved in a similar way as Lemma 2.6 in this paper.
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LEMMA 2.1. Let s > 0 and 2 < p < co. Then
102(1 = )~ (wo) | e S llullars [0l 7+
PROOF. The desired conclusion is equivalent to show that
27) 01— 82) 721 = 83) 7 Pu(l = 83) 7 20)|e S ullel|v]l 2

Thanks to the fact that d,(1 — 92)~'/2 is bounded in LP(T) for 2 < p < oo, and
(1 — 02)~(1/2=1/P)/2 is bounded from L? to LP (which follows from the Sobolev
embedding H/2-1/7 < [P), (2.7) follows if one can show that

(2.8) [I(1—82)>/ 2= 2HURIR((1 — ) u(1 — 82) " *)ull e S llullrz vl 2.

Using the Plancherel theorem, (2.8) is reduced to showing

(2.9) S ) ) S0y (ne) ST (ns)

n=ni+nz,n1,ne€Z

12(dn)
S Ml ][o]]2-

It is easy to check the elementary inequality (n)® < (ni)°(ng)®, for s > 0.
Combining this and Cauchy’s inequality, we find

S () YDy )a(n,)

n=ni+nz,n1,n2€Z

LHS (2.9) <

12(dn)

Z ﬂ(’fh )ﬂ(ng)

n=ni+nz,n1,ne€Z

as desired. O

< ) =0/ g S Ml 1ol

1> (dn)

Consider the set 81 = {p € L}(T) : |||/ grs.» < 2Ce}. Thanks to Lemma 2.1,
using (2.3) again, if Q € %, then
1(=07)"1(QQu)mrew < C'|Q[ a0 < ACC'E%.
Choose N; large enough such that e is small enough, say 4CC’e < 1/2. Then
we have

1(=02)"1(QQx) | = < Ce/2.
This and (2.6) implies that I'; maps %) into %;. Moreover, if Q,Q € %, then

IT:Q —T1Qlzrer < C'|Q + Qi |Q — Q710
~ 1 ~
<4C'Ce|Q = Qller < 51Q — Q.

Thus, I'7 is a contraction mapping on %,. This gives the following proposition.

PROPOSITION 2.2. Let f € Hsfz’p(']l‘) with2 <p<ooand0<s<1. Then,
for every 0 < e < 1, there exists Ny large enough depending on € such that the
elliptic problem

_Qx:r +PN1 (QQI) = Ple
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has a unique solution Q) € Hs’p('ﬂ‘). Moreover, we have the bound
Qs < Ce.
Let @ be the solution of (2.4) defined by Proposition 2.2. If v is a solution of
(2.10) V¢ — Vtzz — Vo + 00z + (QV)z = P, (f — QQa),
(2.11) v(0,2) = ug(x) — Q,

then v = v + Q is a solution of (1.1)—(1.2).
In the sequel, thanks to Proposition 2.2, we assume that Nj is large enough

to ensure that

(2.12) 1QN er < min {[[ £II3 2.0 1 £l o=, 20}
where ¢¢ is a small number determined later. We claim that for all @ > 0
(2.13) 1P, (f = QQu)ll e S (14 N2 fl| o2

Indeed, rewrite Py, (QQ,) as Py,0.(1 — 02)/2(1 — 82)~1/2Q?/2, and use the
Plancherel theorem, Sobolev embedding, Holer inequality and (2.12), we find
1Pn, (QQa) e S (14 NP2 (1= 92)71/2Q%| 2
S+ NP S (L+ NP2 |Q)17
S L+ N2 QN s S L+ NDF2| f o2

)
)
)
< (14 N2 f|| gro-2.0. Thus the claim (2.13)

Similarly, we have || Py, f||ge <
follows.

2.2. [-operator. It is well known that the linear BBM equation does not
has a smoothing effect. In fact, if u(t) is the solution of

(2.14) Ut — Utge — Uze = 0,  w(0,2) = up(z),
then by Fourier transform, we have
at,n) = e MY/ G ), n ez,

Clearly, u(t) belongs to H*(T), t > 0, if and only if uy belongs to H*(T). Thus,
it is not expected that the solution v of (2.10)—(2.11) belongs to H**¢(T) for
some € > 0.

On the other hand, in order to establish the global well-posedness of (2.10)-
(2.11), one needs to exploit the cancellation (antisymmetry) property of vv,. To
this end, multiplying both sides of (2.10)—(2.11) with v and integrating, we find

(2.15) 5 dt/|v|2+|vm|2dx+/|vm\2dx+/(Qv vdx—/Pleydm

Equation (2.15) is often referred to the energy equation, which reflects essentially
the dissipative property of the original equation. Note that the energy equation
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holds only if v belongs to H(T), which is impossible for solutions v of (2.10)-
(2.11) with data ug € H*(T), s < 1.

To overcome this difficulty, for 0 < s <1 and N > 1, we introduce (inspired
by [13]) the I-operator as follows:

Ing(z) =Y mn(n)@(n)e™,
nez

where m is a nonnegative smooth decreasing function satisfying

1 if [n| < N,
my(n) = <|Nn|>s1 .
LEMMA 2.3. If u € L?(T), then the inequality
1n0:(1 = 02) " (uv) [ mrr < Nlull 2l Involl e
holds, where the implicit constant is independent of N.
ProOF. The lemma follows if one can show that
(2.16) Iy (uly' (1= 02)"20) 2 S llullzz ol 2

The n-th Fourier coefficient of I (uly' (1 — 92)~'/2v) is
> my (n)u(ny) olnz)

n=ni+nz,n1,n2€%Z mN (n2)<n2>

By the Plancherel theorem, we have
(217) |y (uly' (1 = 82)%0)|| 2

> my (n)u(ni)

n=ni+nz,n1,n2€%Z

Rewrite the sum on the right hand side of (2.17), then we find

v(n2)
my (n2)(nz)

12(dn) .

RHS (2.17) < S1 452+ S5,

where

Sy = > my (n)t(ny)
n=ni+nz,ni,n2€”Z
|n2 ‘ <2N

Sy = Z my(n)u(ny)
n=ni+na,ni,n2€Z
Ina|>2N

Ss = E mpy(n)u(ny)
n=ni+nz,n1,n2€%Z
|n2|>2N

my (n2) <n2> 12(dn)

9

mu (n2)(n2) 12(dn,|n|<2N)

my (n2)(n2) |2 (4n jn>2n)
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For S, since |ng| < 2N, by definition we find |my(n2)| 2 1. Note that we
always have |my(n)| <1, then

" [v(n2)|
(2.18) Sy < my (n)]a(n)|
n:nlJr’f;h,anZ mN(n2)<n2> 12(dn)
|n2|<2N
-~ [0(n2)|
S Z [u(n1)] W
n=ni+nz,n1,n2€%Z 2 12(dn)

|no|<2N
v(n)

(n)

S ”a(n)Hl?(dn)

ll(dn)7

where in the last step we used Young’s inequality for the convolution of sequence.
By Cauchy’s inequality,
v(n)

(n)

(2.19) < N[ iz amy 1)~ llizany < 110(0) 12 (an-

11(dn)

Combining (2.18)—(2.19) together and using the Plancherel theorem again, we
arrive at

(2.20) S1 S a2 amy [0 12 (any = llull 2 [|v]| 22

For Ss, since |ng| > 2N, we find

(2.21) mrn)na) = (B21) ) 2 1o,

Using (2.21), the bound |my(n)| < 1 and Young’s inequality, we obtain

L0 R P T

N175<n2>
n=ni+nz,ni,n2€%Z
[n2|>2N

(2.22) Sy <

12(dn,|n|<2N)

A

> [u(na)|[v(ng)|

n=ni+nz,n1,n2€%Z

> [a(na)[[o(ne)]

n=ni+nz,ni,n2€%Z

< ||ﬂ(n)||z2(dn)||§(n)||z2(dn)-

1
N 12(dn,|n|<2N)

A

o0 (dn)

For S3, note that my(n) = (|n|/N)*~1, using (2.21) again, we have

(2.23) Ss <

~

> (n)*1a(n1)0(n2)(na)

n=ni+nsz,ni,n2€Z

lz(dn).
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By virtue of (2.23), using the Holder inequality, we get

N U . . 1
) M| YD (n)(ng)(ne) if0<s <,
n=ni+ns 1°°(dn)
_ BN . . 1
221) S <l lH S i) o) T
n=ni+nsz 14(dn)
PO . !
()| Z u(ny)v(n2)(ng) if —<s<1.
n=ni+no 12(dn)

Since the IP(p = 2,4,00) norms of (n)*~! in (2.24) are finite, we deduce from
Young’s inequality that

~ ~ . 1

[a(na)llfo(nz)(n2) i ifO<s <5,

I ~ _ . 1
(225) 53 5 H’LL(’I’L1)||12HU<TL2)<TL2> S||l4/3 if s = 5,

_ _ . L1
[an)lliz [0(n2) (n2) *lln - if 5 <s <1,

_ _ . 1
[zl o)l lI{n2) =l 0 <5 <2,
_ _ |

S 9 i) [z [[o(ne)lliz][(ne) ~* [l if s = 3

[a(na) [z [[o(n2) |z | (n2) ez, if% <s<1
Slullzzflvllze.
Inserting (2.20), (2.22) and (2.25) into (2.17) implies (2.16). O
COROLLARY 2.4. The inequality
1802 (1 = 32) ™ (wv) [ S vl [ ol e
holds with an implicit constant independent of N.
PrOOF. This is a direct consequence of Lemma 2.3 and the equality
lullz> S Mnullae,
which follows from the obvious estimate 1 < my(n)(n) for N > 0. O

2.3. Local well-posedness. Acting with I-operator on both sides of (2.10),
(2.11) gives

(226) (INv)t - (INU)trz - (INv)zz + IN(UUI) + IN(QU)m = INPNl (f - QQm)a
(2.27) Inv(0,2) = In(up(z) — Q).
Equation (2.26) is equivalent to
(2.28)  (Inv)e + A(Inv) + (1= 87) 'n(vv,) + (1= 02) N (Qu).

=(1-82) NP, (f — QQu),
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where A = —92(1—92)~L. Since A is a non-negative operator on L?(T), we have
for every t > 0

(2.29) le™ Ml = ™l z2,r2 < 1.

Using the Duhamel principle, we write (2.28) as
(2.30) Inv(t) = e ' In0(0)

t
+ / e (1 = 82) T n (P, (f — QQa) — (Qu)x — vuy) dr
0

Equation (2.30) can be regarded as an equation of Iyv. We define the ope-
rator T'y: L>°(0,T; H*(T)) — L°(0,T; H(T)) by

t
Iolyv = efAtINU(O)-i-/ eiA(th)(l—ag)il—rN(PNl (f—QQ:)—(Qu)z—vv,) dr.
0

We shall show that I'; has a fixed point in the set
By = {IN’U cH: s,<uE(s I no@®) |z < 2(]|[ Inv(0)]| g + ||f||Hs_2,p)}.
0<t<

In fact, thanks to (2.29), we have
(2.31) le™ Inv(O) |2 < [ Inv(0) 11,
and by (2.13)

(2.32) sup
0<t<s

/ LA (L ) Iy P, (- QQ.) dr

0

< CiO|| fll -2,
Hl

where C depends on Ny. Moreover, it follows from Lemma 2.3 that

(2.33)  sup
0<t<s

t
/ e~AU=T) (1 9211 (Qu), dr
0

Hl
< C20|Q = sup || INv| g1
0<t<s

Similarly, by Corollary 2.4

(2.34) H /O " AU (1~ 2) Ty (o0

< Cy sup ||IN11||§11.
H 0<t<é

If we choose C5 = max{C7, Cs}, then it follows from (2.31)—(2.34) that
(2.35)  sup [[Tolnv|gr < || Inv(0)] g1
0<t<s
+ C302/|Ql o (UNv(O) [ 2 + 1 f | ra=20) + ([l ro=20)

+A4C5 ([ Inv(0)llar + 11l re-20)*,

for Iyv € %B,. Choose first N; such that || Q]| gs» < €9 <1 in (2.12) and then
d € (0,1) such that

ACS (| Ino(O) s + |l sro20 +1) < 1/2,
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we find
sup [Calyvllan < 20| IOl + £l o—20).
0<t<s

This proves that I'y maps %5 into H,. Similarly, with the same choice of §, we
have for Invy, INvy € Bo,

1
sup ||T2iyvi —Dalnvi|gr < sup - ||[Invi — Inve| g1.
0<t<5 0<t<5 2

Thus, we have proved the following result.

PROPOSITION 2.5. Let f € H* %(T) and ug € H*(T), 0 < s < 1. Then there
is a unique solution of (2.26)—(2.27), such that Inv € L>(0,8; H(T)) and

sup [[Inv(t)||ar < 2([[Inv(0)[[mr + | flls-20),
0<t<s

where the life span § satisfies

1

0~ .
8Cs(Inv(O)[mr + [ fll o200 + 1)

In order to prove Theorem 1.1, we need the following lemma.

LEMMA 2.6. Lets € R and 1 < p < oo. Then the operator —A = 92(1-9%)~!
generates a Cy semigroup in H*P(T). Moreover, there exists A > 0 such that

(2.36) le™ e sren S e, £ 0.

PROOF. Since A is a bounded operator on H*P, the first statement follows
directly. To prove estimate (2.36), note that (1 —92)*/? commutes with e~4%, it
suffices to show that

(237) ||e_At||LP(’]I‘),LP(11‘) S e—)\t, t>0.

Thanks to the transference of multipliers, see e.g. [15, Theorem 3.6.7, p. 224],
(2.37) follows from

(2.38) IX(D)e™ || oy o) S e, t>0,
where y(D)e~ 4 is a Fourier multiplier defined by
_ _ _4e2 2\—1
X(D)e™ Hp = F 1 (x(§)e ™ T 5(6))

and x is a smooth function such that y = 0 near £ = 0 and x = 1 for |¢] > 1.
By some elementary calculations, there exists a constant A > 0 such that

|08 X(£)e € AHD T < =N gy

for « = 0 and 1. Thus, using the Hérmander—Mihlin multiplier theorem, see e.g.
[15, Theorem 5.2.7, p. 367], we obtain (2.38). O
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PROOF OF THEOREM 1.1. Make the decomposition u(t) = v(t) + @, where
@ is the solution given by Proposition 2.2 and v is the solution of (2.10)—-(2.11).
Since @ is bounded in H*? and has zero mean, the desired conclusion follows
if one can show that, there exists a unique solution v € C([O,T];HS’P(T)) of
(2.10)—(2.11), and the map v(0) — v(t) is continuous in H*P(T). We divide the
proof into three steps.

Step 1. Existence. According to Proposition 2.5, problem (2.10)—(2.11) has
a unique solution v such that

sup 1Ino(®)lr < 20Zno(O) s + [ Flle-20):
0<t<s

Note that, for every N > 0 fixed, ||v||gs < ||[Invv]g: < N17%||v| s, we have

(2.39) sup [lo(®)][zre < 2N 0(0)l|zr + [ f | e-2) < 0.
0<t<6
Using the Duhamel principle (see (2.30)), we have for ¢ < §

(2.40) v(t) = e~ *v(0)+ /0 e (1-02) 7 (P, (f ~QQu) — (Qu)x — v, dr

Thanks to the estimates (2.36) of semigroup and Lemma 2.1, we find

t
(241)  [lo@®llzer < e [v(0) e +/0 e (1P fllrer + 1QUE-») dr

t
+/0 e Qe [0 111+ + [o(7)[2) d.

In light of (2.39) and (2.12), we have

(2.42) sup |[v(t)||gsr < 0.
0<t<6

Taking T' = §, note that v has zero mean, implies the existence.

Step 2. Continuity with respect to time ¢. Rewrite (2.10) as
(243) v+ Av+ (1= 92) " (vue) + (1= 83) 71 (Qu)a
= (1 - 83)71})]\71 (f - QQm)v
where A = —92(1 — 82)~!. Combining (2.42) and Lemma 2.1 implies that

sup [[(1—87) " (vva) + (1 = 82) " (QV)z || o < 00.
0<t<s

Moreover, it is easy to see that Av and (1 —92)~! Py, (f — QQ.) are bounded in
L*>(0,6; H*P). Thus, we obtain

sup ||vgl|ger < 0.
<t<s

According to the Lions interpolation theorem, we find v € C([0,T]; H*P).
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Step 3. Continuity with respect to initial data. Let T(¢) be the solution of
(2.40) with initial data ©(0) € H>P. Then

v(t) = o(t) = e~ (v(0) — 9(0))

+ /0 e (Q(v(f) — (7)) + 12 (o) m))) dr.

It follows that
[o(t) = o) || gor S e [0(0) = D(0)| 210

t
+ C(Q,U,f) / ei)\(tiT)”rU(T) 76(7.)”1‘15’1” dr
0
where C(Q,v,7) = ||Q||g=» + sup (||v||gs» + ||7]|zrs.»). Then an application of
0<t<T
Gronwall lemma implies that

lo(8) = 0Oz S @D 0(0) = T(0) | -

~

This gives the continuity with respect to initial data. O

3. The global attractor

3.1. Uniform bounds. To obtain global bounds of v, we multiply Iyv on
both sides of (2.26), and integrate over T

| &

(3.1) [nollFn + [Ivoe]* + (In(voe), Inv) + (In(QV), Inv)
It is easy to see that [ Iyvdx = 0. Then by the Poincaré inequality (2.2),

1

N
U

t

(3-2) 1o l® > 5 vl
Moreover, recall that (see [30])
(3-3) |(In(vve), Inv)| S N722F [ Lol

Here and in what follows, we denote by s+ that a constant equals s plus a small
enough number. Furthermore, using integration by parts and Cauchy’s inequa-
lity, we find

(3.4) [(In (Qu)z, Inv)| = [(In(Qu), Invs)|
< In (@)l L2 [nvz 2 < [[Qullz2[[Inv] 1
Thanks to the Holder inequality, we have
(3.5) 1Qullz2 < |Qzr[[vll s
where 1/2 =1/r + 1/q. By the Sobolev embedding, the inequalities

(3.6) QI S1Qasr and |vlre S [Jv]las



104 M. WANG — A. Liv

hold for s satisfying

11 11

- > - =35, - > - —s.

TP qg 2
Thus, we can choose proper ¢, such that (3.5)—(3.6) hold if

1 1 n 1 S 1 + 1 9

=S4+ >-4-—2s

2 r q 2 p
This is always possible if s > 1/(2p). Then (3.4) becomes
(3.7) (N (Q)a, INv)| < Cl|Q mrovr 0]l [ In]| a1

1
< Cl@Rla= s Inolz < 3 1wl

where the last step is possible if we choose N; large enough such that C||Q|| gs.»r <
1/8, which holds if eg < 1/(8C) in (2.12). Finally, by Cauchy’s inequality and
(2.13)

(38) |(INPN1 (f - QQz)vINUN < HINPNl (f - QQQ:)HLQHINUHL2
1
< Ol e + 5 vl
Putting (3.2), (3.3), (3.7) and (3.8) into (3.1), we arrive at

d 1 _
(3.9) ol + 5 1 Tvols < N2 Iyol + Cll 13-

7 |
Applying the Gronwall lemma to (3.9) over (0, ) gives

5
(3.10)  |[Inv(8)||%: <e ¥4 Inv(0)]|%: + C/ e/ FI|Zomsp dT
0

5
1
. / 6<m/4<mv3/2+|mw —4)||1Nvllip-
0

The integral on right hand side of (3.10) is negative, in view of the estimates of
[ Inv|| g1 in Proposition 2.5, if

2CN 32 (|Inv(0) | s + || fllsro-20) <

|~

This is always possible, since |[Ixv(0)| g1 < N*=%||v(0)]| g, if
N ~ C([O)las + 1 | me-2r +1)7F.
Then

(3.11) Hxo(@O)l7 < e I Inv(O) |3 + Cllf Fre-z.-

In light of (3.11), we can take Inyw(d) as a new data, to obtain a solution on
[0,26]. Repeat this process, we obtain for all n > 1

(3.12) Hnv(nd) |7 < e nv((n = 1)8)lI3 + Cllf [ Fe2.-
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It follows from (3.12) that
n—1
1xv(nd)l|Fn < e Inv ()3 + D Ce 4 fllFrss-
5=0

Thus, for any ¢t > 0,
(313) o)l < Ino®) I < eI no(0)l|3s + Cll fIIr--2.0
S e o) a1 lae-20 + D> [0(0) 1 + ClUF o2
Let B be a bounded set in H*P, uy € B. Note that v(0) = up — @ is also
bounded in H*P. It follows from (3.13) that there exists T'= T'(B) such that
lo@) s < Cllflae-2p, t=T.
Combining the bound, (2.41) and (2.12), we have for ¢t > T

lo@®)llzzer < CUf 20 + 1 fIF20)-
Note that u = v+ Q and ||Q||gs» < || f]|gs—2.», for t > T we obtain

lu@llmes < CUFllps—20 + [l Fre-2.0)-

Thus, we have proved the following result.

THEOREM 3.1. Assume that ug € H*P(T),f € H*2P(T), 2 < p < oo,
1/(2p) < s < 1. Then problem (1.1)-(1.2) is global well-posed in H*?(T). More-
over, there is a bounded absorbing set in Hs’p(T) given by

B={ueL*T): [ullmer < CUIfllae—20 + 1 fll77—20)}-

REMARK 3.2. Compared with the local existence (Theorem 1.1), we need
an additional assumption s > 1/(2p) in Theorem 3.1. This assumption is used
to deal with the term Qu, where the regularity of @} is not good enough for
smaller s. The difficulty is of course caused by the distribution force f € H*=2?,
Whether Theorem 3.1 holds for 0 < s < 1/(2p) is open.

3.2. The asymptotic compactness of solution semigroup. We review
the definition of the Kuratowski measure of non-compactness. Let X be a Ba-
nach space and A be a bounded subset of X. The Kuratowski measure of non-
compactness k(A) is defined by

k(A) =inf{é > 0: A has a finite open cover of sets of diameter < ¢}.

It is obvious that Kuratowski measure x(A) depends on the metric of X. Some-
times we shall write xx (A) instead, to emphasis the metric used, in the following.
Some important properties of x(A) are summarized as follows, see e.g. [16] for
a proof.

LEMMA 3.3. k(A) satisfies the following properties:
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(a) w(A) =0 if and only if A is compact, where A is the closure of A,
(b) k(A) < d(A), d(A) denotes the diameter of A,
(¢) k(A+ B) < k(A) 4+ k(B) for any A,B C X.

For the convenience of the reader, we recall the following criterion of the
existence of a global attractor, see e.g. [23].

PROPOSITION 3.4. Let X be a Banach space and {S(t)}1>0 be a continuous
semigroup on X. Then {S(t)}+>0 has a global attractor in X provided that the
following conditions hold:

(a) {S(t)}i>0 has a bounded absorbing set in X,
(b) for any bounded subset B of X, we have kx(S(t)B) — 0, as t — co.

We shall need the following bilinear estimates (compared with Lemma 2.1).
LEMMA 3.5. Let 2 <p<oo. If1/(2p) < s <1, then
102 (1 = 02) ™ (o)l g0 < Null s [[0] e,
where o > 0 is given by

1
1—s if —<s<l,
o= 2p

1
1——- ifs=1.
b
PrOOF. In the case 1/(2p) < s < 1, thanks to the Sobolev embedding
H*®P — L[?P it suffices to show
102 (1 = 02) " (uo) | rrre < [lull 2o [[0]] 2o

Using the fact that 9,(1 — 82)~/2 is bounded in L?, the Holder inequality, we
find

10 (1 = 02) 7 (wo) [ S 102(1 = 82) "2 (o)l S Juvlee S llullzzrllollz2n.

In the case s = 1, using the Leibniz rule V(uv) = Vuv + uVv, we only need
to show that

102(1 = 02) = (Vuv)lzow S Ilull e 0]l -

The inequality follows if one can show that
(3.14) 10:(1 = 82)712(1 = 02) T2 (Vuw) | o S Ml e 0|1

In fact, since 0, (1 — 82)~'/2 is bounded in L? and (1 — §2)(~1+9)/2 is bounded
from L?/? to LP, we have

LHS (3.14) < [[Vuvl| porz S [Vullze[|v]l e,

which gives (3.14) directly. O
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Let B be a bounded set in H*? and ug € B. Let S(t) be the solution
semigroup of (1.1)—(1.2), namely S(t): ug — u(t). Denote the set

S(t)B = {u(t) = S(t)up : up € B}.

LEMMA 3.6. Assume that 2 < p < oo and 1/(2p) < s < 1. Then S(t) is
asymptotic compact in H®P, namely

lim ky=»(S(t)B) = 0.

t—o00

ProOOF. Thanks to Theorem 3.1, we known that problem (1.1)-(1.2) has
a bounded absorbing set B in H*P. Thus it suffices to show

(3.15) tlim Kks»(S(t)B) = 0.
Since u(t) = v(t) + @ and the non-compact measure of single point x(Q) = 0, it

follows from (c) of Lemma 3.3 that
Krsp(S(t)B) = kgs» (v(t) : up € B).

According to (2.40), we have the decomposition {v(t) : ug € B} = K1 + Ko,
where

K1 = {e " (up — Q) : up € B},

Ko = { /t €7A(t77—)(1 - aﬁ)il(PNl (f = QQz) — (Qu)y —vvg) dT 1 ug € B}
0

t

According to Lemma 2.6, we known that e~4? is a Cy semigroup in H*P with

exponential decay. Then it follows from (a) of Lemma 3.3 that
(3.16) tll)rgo Kms» (K1) = 0.

Moreover, thanks to Theorem 3.1, ||v(t)| gs.» < C for t > T(B). Combining this
fact and Lemma 3.5, for all ¢t > T'(B) we have

| [erena=-a @+ waar

Hs+o.p

t
< / e (1Q o 0]l o + [[0]30) d7 < C.
0

Moreover, thanks to (2.13),

t
H / AT (1 Z 82) " Py, (f — QQu) dr

0

Hs+to.p

S ’ /t e_A(t_T)(l - ai)_lPNl (f - QQI) dr

0

Hs+o+1

t
< / e Py, (f — QQu)gresoss dr
0

S (L4 N TR ) sy,
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Since o > 0, the Sobolev embedding H**7P — H*P is compact. Thus Ky is
compact in H%P. Then, for all ¢t > 0,

(317) HHs,p(IC2> =0.

Using (c) of Lemma 3.3 again, it follows from (3.16)—(3.17) that (3.15) holds. O

PrROOF OF THEOREM 1.2. This is a direct consequence of Theorem 3.1,

Lemma 3.6 and Proposition 3.4. U
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