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MULTIPLE POSITIVE SOLUTIONS
FOR FRACTIONAL ELLIPTIC SYSTEMS
INVOLVING SIGN-CHANGING WEIGHT

HAINING FAN

ABSTRACT. We study multiplicity results for positive solutions for a frac-
tional elliptic system involving both concave-convex and critical growth
terms. With the help of Nehari manifold and Ljusternik—Schnirelmann
category, we investigate how the coefficient h of the critical nonlinearity
affects the number of positive solutions to this problem and get a rela-
tionship between the number of positive solutions and the topology of the
global maximum set of h.

1. Introduction and the main result

In this paper, we are concerned with the number of positive solutions to the
following fractional elliptic system:

(—A)*2u = f(2)|u|"*u + —— h(@)|u/*2ufv|® in Q

a+f ’
(Ef.g) (=) %y = g(x)|v|7 %0 + aLj-ﬁ h(z)|u|®[v]’~2v  in Q,
u=v=0 on RV \ Q

where  is a bounded set in R with smooth boundary, N > s with s € (0,2)
fixed, 1 < ¢ <2, a, f > 1 satisfy a+ 5 =25 = 2N /(N — s), 2% is the fractional
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$/2 is the fractional Laplacian. Moreover,

Sobolev critical exponent, and (—A)
f, g, h are continuous functions.

In recent years, problems involving fractional operators have received a spe-
cial attention since they have important applications in many sciences. We limit
here ourselves with a non-exhaustive list of fields and papers in which these op-
erators are used: obstacle problem [20], [26], optimization and finance [2], [13],
phase transition [1], [28], material science [4], anomalous diffusion [18], [19], con-
formal geometry and minimal surfaces [5], [7], [8]. The list may continue with
applications in crystal dislocation, soft thin films, multiple scattering, quasi-
geostrophic flows, water waves, and so on. The interested reader may consult
also references in the cited papers. Set a4+ 5 =p < 2%, f(x) = g(x), h(z) =1
and u = v, then (Ey ) reduces to the following fractional elliptic equation with

concave-convex nonlinearities:
(=A)%2u = AMu|9?u + [uP~ 2y in Q,

E
() u=0 on RV \ Q.

Goyal and Sreenadh [16] studied the existence and multiplicity of positive so-
lutions to (F)). Moreover, involving the Nehari manifold and Fibering maps,
Chen and Deng [9] obtained the existence of multiple solutions to (E,) for the
subcritical and critical cases. For the fractional Laplacian system with concave-
convex nonlinearities, He, Squassina, and Zou [17] proved that (Ex ) ((E¢,q)
with f(x) = X and g(z) = p) possesses at least two positive solutions when A
and g are small enough. Similar results were achieved by Chen and Deng [10].
Their tool was the decomposition of the Nehari manifold.
There are several existence results for the following problem:

(1.1) (=AY 2u+V(z)u= f(u), =RV,

where € is a positive parameter, f has a subcritical growth, V possesses a local
minimum. For e = 1, we would like to cite [22], [24] for the existence of one pos-
itive solution imposing a global condition on V. For € a small positive constant,
several scholars established existence and concentration of positive solutions to
(1.1), by imposing different conditions on V and f (see [23], [14], [29], [15]). In
particular, with the help of Nehari manifold and Lusternik—Schnirelmann cate-
gory, Figueiredo and Siciliano [15] obtained a relationship between the number
of positive solutions and the topology of the minimum set of V.

An interesting question now is how the weight potential A of a critical term
affects the number of positive solutions to (Ef ) involving critical nonlinearity
and sign-changing weight potentials. Furthermore, we wonder if there is a similar
relationship between the number of positive solutions to (Ey ) and the topology
of the global maximum set of h as that in [15]. To state our main results, we
introduce precise conditions on f, g and h:
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(Hy) There exist a non-empty closed set M = {z € Q: h(z) = maxh(z) = 1}
z€EQ
and a positive number p > N — 2 such that h(z) — h(z) = O(|x — z|?)

uniformly in z € M as x — z.
(H2) f(2),9(2) >0 for z € M.

REMARK 1.1. There are many examples of f, g and h that satisfy the hy-
potheses of our paper. For example, we assume that 0 € M C {z : |z| <1} C Q
and define h € C>°(R3) by

1 if x € M,
h(z):=q1—|zf ifze{r:|z]<1}\M,
0 ifxeQ\{z:|z| <1}

Take f,g € C°°(R?) such that f(z),g(z) > 0 for 2 € M. Then it is easy to check
that f, g, h satisfy (Hy)—(Ha).

REMARK 1.2. Let M, = {z € RY : dist(z, M) < r} for 7 > 0. Then, by
(H1)—(Hg), there exist Cp,r¢ > 0 such that

f(2),9(2),h(z) >0 forall z€ M,, CQ
and
h(z) — h(z) < Cylz — 2|P for all z € B, (z) C Q
uniformly in z € M, where B,,(2) = {x € RN : |z — 2| < ro}.

Now let us state the main result of our work.

THEOREM 1.3. Assume (Hy)—(Hs) hold. Then for each § < rq, there exists
As > 0 such that if [|[f+]lLe= ) + l9+lle @ < As (¢F = 2/25 —q), (Efg)
has at least catpr (M) + 1 distinct positive solutions, where fy = max{f,0},
g+ = max{g,0}, and cat means the Lusternik—Schnirelmann category (see [30]).

REMARK 1.4. Concerning regularity, one can get a priori estimate for the
solutions to (Ey,) and hence obtain, as in [3, Proposition 5.2], that u,v €
C®(Q) for s=1,u,v € C®*(Q) if0 < s <1 and u,v € CL*"1if 1 <5< 2.

This paper is organized as follows: In Section 2, we introduce some notations
and preliminaries. In Section 3, we give some technical results which are crucial
to the proof of Theorem 1.1. In Section 4, we give the proof of Theorem 1.1.

2. Notations and preliminaries

In this section, we collect preliminary facts for future reference. First of all,
let us fix the standard notations which we will use in this paper. We denote the
upper half-space in Rf 1 py

Rf“ = {(x,y) : (x1,...,zN5,y) € RVTL y >0},
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Denote the half cylinder with base Q by Cq = Q x (0, 00) C Rf“ and its lateral
boundary by 9.,Cq = 9Q x [0,00). We shall use C' (Cy, i = 1,2,...) to denote
any positive constant.

Let ¢}, A; be the eigenfunctions and eigenvectors of —A in Q with zero Dirich-

let boundary data. The fractional Laplacian (—A)*/? is defined in the space of
functions
s/2 s/2
H2(Q) = {u = a5 € L) : ull oo ) = <Za2)\ / ) < oo}
j=1
and Hu||Hs/2(Q) = ||(—A)S/4u||L2(Q). The dual space H~*/2(Q) is defined in the
0

standard way as well as the inverse operator (—A)~%/2,

DEFINITION 2.1. We say that (u,v) € HS/Q(Q) X HS/Q(Q) is a solution to
(Ey,q) if the identity

/S)((_A)s/4u(_A)s/4<p1 + (—A)S/4’U(—A)S/4g02) dx

- /Q<f<x>|u\q—2w1 + g(@)|vlT2vps) da

[e% a—2 B B / al,,|B—2
+ . x)|u| " ulv]” oy d$+ — Qh(:v)Iu\ 0|7 vps dz
holds for all (¢1,p2) € HS/2(Q) X HS/Q(Q)~

Associated with (Ef ) we consider the energy functional

Tpatwo) =3 [ (A4l 4 |(=A) o) da
— 2 [ty o) do = 5 [ n)? 0, .

where vy = max{u,0} and vy = max{v,0}. Jy4 is well defined in Hs/z(Q) X
Hg/ 2 (), and moreover, the critical points of Jy 4 correspond to weak solutions
of (Ef.g).

To treat the nonlocal problem (Ef 4), we will study a corresponding extension
problem, which allows us to investigate (Ey ,) by studying a local problem via
classical variational methods. As in [6], we can define the extension operator
and fractional Laplacian for functions in H, o/2 (Q).

DEFINITION 2.2. Given a function u € Hs/Q(Q), we define its s-harmonic
extension w = F¢(u) to the cylinder Cq, as a solution to the problem
div(y*~*Vw) =0 in Cgq,
w=20 on 8LCQ,
w=u on Q x {0},
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and
(—A)2u(z) = —K, tim 51— 2 (z,y)
s y—0+ 8y 1

where K is a normalization constant.

The extension function w belongs to the space X§(Cq) = C§°(Cq) under the
norm

1/2
lellsgiem = (Ko [ v wulanay)
Cq
The extension operator is an isometry between H; / %(Q) and X5 (Cq), namely,
s/2
(2.1) wllxs () = lull o/ gy for all u e HE*(Q).

With this extension, we can transform (E, #) into the following local problem:

—div (yl_SVW1) — 07 —div (yl_SVW1) =0 in 097
W) = Wy = 0 on aLCQ,
6&11 q—2 o 9 8
~ owr _ o N o .
(Brg) < gor = T @l w1+ g hl@)lwn|*Pwilwel” on Ca x {0},
0
auyji = g(z)|wa|? w1 + aL—i/J’ h($)|w1|°‘|w2|5*2w2 on Cq x {01,
w1 =u, Wwe=7v on Cq x {0},
where
Ow; s
=K, li l—s 24 1.9
g = m T i

In the following, we will study (E f,¢) in the framework of the Sobolev space
X = X§(Cq) x X5(Cq) using the standard norm

1/2
lonwallx = (K. [ (9 + [Val) o)
Q
An energy solution to (]/E\}f,g) is a function (w1,wq) € X satistying

K, Yy TV Vi de dy + K, Y T Vwa Vo dx dy
CQ Csz

- / (@)l 2w101 + g(@) o] wonips) d
Qx{0}

a

a+ B Jaxo
B

a+ B Jax{o

h(z)|wr |°‘_2w1 |w2|’6<p1 dx

+ h(x)|w1|o‘|w2|’872wg<pg dz,

for all (p1,¢p2) € X.
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If (w1, ws) satisfies (Ef,g), then the trace (u,v) = (w1(-,0),w2(-,0)) is a so-
lution to (Ef4). The converse is also true. Therefore, both formulations are
equivalent. We define the associated energy functional to (E¢ ) by

It = gl — ¢ [ (et +o@e)t) e
o [ b ) dr,
s JOx{0}

where (wy)+ = max{w;(z,0),0} and (ws2)4 = max{ws(z,0),0}. Clearly, critical
points of Iy, in X correspond to critical points of Jf 4 in HS/Z(Q) X HS/Q Q).
In the following lemmas, we will list some relevant inequalities from [9], [17].

LEMMA 2.3. For every 1 <r < 2% and every w € X§(Cq), it holds

2/r
(/ |w|" dm) <C y' 7| Vw|? dz dy,
Qx{0} Cq

for some positive constant C. Furthermore, the space X§(Cq) is compactly em-
bedded into L™(Q), for every r < 2%.

REMARK 2.4. When r = 2% the best constant is denoted by S(s, V), that is

/yl_S\Vdexdy
(2.2) S(s,N) := inf S

weXE(Ca)\{0} (/ | |2*d )2/2:.
w| s axr
Qx {0}

It is not achieved in any bounded domain and, for all w € X S(Rf ),

23)  S(s,N) ( /R _C

S(s, N) is achieved for 2 = R¥ by functions w. which are the s-harmonic exten-

1/27
% dm) < / y 78| Vw|? da dy.
RY*!

sions of
c(N—s)/2
(e2 + |z2)(N-9)/2

(2.4) ue(z) == >0, € RV,

The constant S(s, N) given in (2.2) takes the exact value

) ()
SR S

and it is achieved for Q = RY by the functions w. = F,(u.).
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We consider the following minimization problem:

/ Y 7 (|Vwr | + | Vws |?) dx dy

inf Co _
(w1,w2)€X\{(0,0)} . 5 2/2*
([ forlent? ar)
Qx{0}

From [17], we establish a relationship between S(s, N) and Ss 4 3.

(2.5) Ss.a,p =

LEMMA 2.5. For the constants S(s,N) and Ss o p introduced in (2.2) and

(2.5), it holds
B/ (a+B) a/(a+p)
([« 8
Sus = ((ﬁ> + (a) )s(mv).

In particular, the constant Ss g is achieved for Q) = RV,

As Iy 4 is not bounded on X, we consider the behavior of Iy, on the Nehari
manifold setting

Nf’g = {(wl,wg) eX \ {(0,0)} : I},g(whwg)(wl,wg) = 0}

Clearly, (w1,ws) € Ny 4 if and only if

[(wr,w2) Ik = / (f(@) (W)} + g(2)(w2)}) d +/ h(@)(w)} (we)? da.
Qx{0} Qx{0}

On the Nehari manifold Ny g4, from Lemma 2.1 and the Young inequality, we
have
1 1
atoren) = (5 - 3 Ien el

_ (; _ ;) /QX{O}(f(x)(wl)‘i +g()(w2)?) da

26) > (5 5 )l wall

1 1
- (q - 2) (1l @ + gl o (@)l @r,w2) 1%
S

(2.7) > = (If+llper @) + llg+ e 0> @79 C,

where C' denotes positive constants (possibly different) independent of (wy,ws)
in X. Let

(2.8) wf,g(wla‘JJQ) = I},g(wl,wz)(whw)

= [[(wr,wa) % — / (f(@) (@)} + g(x)(w2)}) da

Qx {0}

[ h@) e )] do
Qx{0}
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Then, for (wi,ws2) € Ny g,
w}’g(wl,u&)(wl,a&)

(29)  =2-9lw,w)lx - (25 - q)/Q o hiw) (@15 (w2) da

(2.10) = (2= 20)l(wr,w2) 1% + (20 - Q)B/Q {O}(f(x)(wl)’i +9(x)(w2)) do.

Similarly to the method used in [9], [17], we split Ny, into three parts:
N}fg = {(w1,w2) € Ny g : s , (w1, w2)(wi,wa) > 0};
N}y = {(wi,w2) € Ny g 95 g (w1, wa) (Wi, wo) = 0};
N;, = A{(w,w2) € Np g : 0 o (wi,w2)(wi,w2) < 0}
Then we have the following results.

LEMMA 2.6. Suppose that (w9,w3) is a local minimizer for If, on Ny,.

Then, if (w1, ws) & N?,y (w1,ws) is a critical point of Iy ,.

PROOF. If (w,w)) € Ny, is a local minimizer of I 4, then (w),w9) is a non-

trivial solution of the optimization problem
minimize Ir 4(wi,ws) subject to {(wi,wa) : Yy g(wr,we) = 0}.
Hence by the theory of multipliers, there exists # € R such that
If o(wf,wd) = 00 (i, wh).

This implies that 0 = I} (w?,wd)(wf,wd) = 09 (wf,wd)(w?,w)). Moreover,

because of (w?,wd) & N7, we get 6 =0, and so I}  (w],wy) = 0. O

LEMMA 2.7. There exists A, > 0 such that if
Iflle @) + g4 llna @) € (0,AL), N7, =0.

PROOF. Suppose that (wf,w) € N7, then from (2.9)(2.10) and Lemma
2.1 we obtain
27 /2 2:
I % < SEI )%
and
2 —4

2 (s, )2 @8, )

12 DI < (1F+ e ) + N9 lzee ()
Thus we get
O < @ wd)llx < CUIF+lpar @) + gl o () 70 Ca,

where C1,Cy > 0 and are independent of the choice of (w?,w3) and f,g. For
£+l a () + lg+ 1l Lo (o) sufficiently small, this is a contradiction. Hence, there
exists Ay > 0 such that if || f1 | Le- () + |9+ a* () € (0, As), N%g = 0. O
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In the sequel, we shall use A, to denote different small parameters. By
Lemma 2.4, for f,g with [|fi|1e o) + |9+l Le* @) € (0,As), we write Ny, =
N;g UN;, and define

a;g: inf . Iy g(wr,w2); oy, = inf Iy g(wi,w2).
(wi,w2)ENY (wi,w2)€ENL

For each (w1, ws) € X with [ h(z)(wi) 3 (wa)? dx > 0, set

(2 = q)[(wi,w2)[[% 1/(2-2)
fma = 0.
((2: —a) fo{O} h(x)(wl)f_(u@)i dx) >

Then we have the following results.

LEMMA 2.8. For each (w1, ws2) € X with fo{o} h(x)(wl)i(wg)’i dx > 0, we
have the following:
(a) If fQX{O}(f(x)(wl)i + g(z)(w2)% ) dx < 0, there is a unique t~ > tmax
such that

(twi,t " w2) € Ny and  Ipo(t"wi, t"wa) = sup Iy,g(twr, tws).
>0

(B) If for oy (f(@)(w1)i + g(@)(w2)) dz > 0, there are unique 0 < t+ <
tmax >t such that (tTwi,tTws) € N;:g, (t"wi,t"w2) € Ny, and

If’g(t+W17t+w2) = inf  Tpg(twi,twe); Tfg(t7wi, t"wa) = sup I g(tws, two).
0<t<tmax t>0

LEMMA 2.9. If [|f+|[zer (@) + |9+ ] e @) € (0,A4), then
(a) a}“)g <0,
(b) ay, =6 for some § > 0.

For the proofs of Lemmas 2.5-2.6, the readers are referred to [9], [17] for
similar proofs.

REMARK 2.10. From Lemmas 2.5 and 2.6, it is easy to conclude that if
(wi,w2) in Ng

/ h(z)(w1)$ (we) ] dz > 0.
Qx{0}

Next we establish that Iy, satisfies the (PS).-condition under some restric-

tion on the level of (PS).-sequences.

LEMMA 2.11. For || fi|lLe* (@)t 19+l La* (@) € (0,Ax), Iy,q satisfies the (PS).-
condition for c € (foo,a}"’g + 8(KSs.0.8) Y/ /(2N)).

PROOF. Let {(w1,n,w2n)} C X be a (PS).-sequence for Iy, and ¢ € (—oo,
a;g + 5(KSs.0.8) /% /(2N)). Note (2.6), it is easy to obtain that {(w; n,wa)}
is bounded in X. Thus, there exists a subsequence still denoted by {(w1.n,w2.,)}
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and (w1,w2) € X such that (w1, ws,) = (w1,w2) weakly in X. Furthermore,
we get I, (wr,w2) =0 and

/ (F(@)(@1n)" + 9(x) () da
Qx{0}

- / (@) (@) + g(x)(wa)h) dz + of1);
Qx{0}

lwin —wi,wzm = w2) 5 = l(winwo.n)lIx = (@i, w2)l% +o(1).

Moreover, by the Brezis—Lieb Lemma, we obtain

/ B(@) @in — w1) (W — w2)Pda = / h(@) (w1.0)? (wo,0) o
Qx{0} Qx{0}

<[ h@)en ) do + o).
Qx{0}

Since If,g(w1,n,wa,n) = ¢+ o(1) and I} (w1 ,n,w2,n) = o(1), we deduce that

1
(2.11) 3 [(win — w1, wom —w2) %
1
% h(z)(win —wi)g (wWan — wg)?F de =c— It 4(wi,w2) + o(1)
s JOx{0}
and
(212) 0(1) :I}ﬂ(wl,n,wzn)(wl’n —W1,W2n — LUQ)

=T} g (w1 n,wan) = I} (w1, w2)) (Win — Wi, wWon — wa)

= [(w1,n — w1, w2,n — w2)||§(
[ b ) e — ) de+ o),
Qx{0}

Now we may assume that
Win —W1, W2 n—W2)||x an T)(Win—wW1) (W2 n—WwW2), AT
1€ % — 1 and A {O}h( ) )3 ( )} dz =1
X

as n — oo, for some [ € [0, +00).
Suppose I # 0 and notice that h < 1, using (2.5), (2.12) and passing to the
limit as n — oo, we have | > K,S; o 5l%/%, that is,

(2.13) 1> (KySsa8)".
Then by (2.11)—(2.13) and (w1, w2) € Ny, U{(0,0)}, we have

1 1 s
— I + 2 N/s
c=1I4(w1,w2) + (2 2§)l2af’g+ 5N (KsSs,a,8)""°,

which contradicts the definition of ¢. Hence [ = 0, and the proof is completed.[]

Next we obtain the existence of a local minimizer for /¢ 4 on N]Tq.
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LEMMA 2.12. For || fi|lLe (o) + |9+l o (o) € (0, Ax), the functional Iy, has
a minimizer ((wl)fg, (wg)fg) € NJr and it satisfies:

( ) If g((wl)f g’ (w2)f7g) - O[fi:gl N

(b) ((w ) (wg);fg) is a positive solution of (Ey 4);

() Ifg(( )f.gr @2)Fg) = 0 as [ fll a0, g+l o (o) — 0

(@) [I((w1)fgs @) Fllx = 0 as | f+ll e (@, 9+l o () = O-

PRrROOF. Note Lemmas 2.1-2.7, the proof of (a)—(b) is almost identical to the
proof of [17, Proposition 6.1] and is omitted here for brevity. Now we give the
proof of (¢) and (d). It follows from (2.7) and Lemma 2.6 that

0> Ifg((wl)f g’ (w2)f,g) (||f+HLq @t |9+ za* Q)) el

We obtain I, g((wl)fg7 (w2)}g) = 0 as [ fll Lo 0y 19+l o () = O
Now we show (d). B ((wl)fg, (wg)fg) € N‘fg and (2.10), we have

2% — q
@14) ()] ()i )l < 5= | o U g () ) o

< CUf+ e @) + g+l o @)1 (@1) g (w2) F )%

Since Iy4 is coercive and bounded from below on Ny g, ((wl)?’g,(wg);g) is
bounded in X and so by (2.14) we get

1((@1)} g @) F )5 < CUL 4l Lo (@) + 19+ Lo ()

Then
(W)} (@2) 7 Ilx =0 as ([ fll e s 1941l Lo (@) = O 0

3. Some technical results

In this section, we shall provide some useful results which are crucial for the
proof of Theorem 1.1. For b > 0, we define

b o
l(wr, w2l = 52 h(wn)} (we)f do

I (w,we) =
2 2% Jaxqoy

and
N2 = {(wrswn) € X\ {(0,0)} £ (JL) (wrw2) (w1 w2) = 0.

Then we have the following.

LEMMA 3.1. For each (w1,w2) € N; ,, we have

(a) There is a unique tl(’whwz) such that (tl()wl,wg)wl’t}()wl,wz)w2) € Nb and

b _ 7b 4b b
I?Zagc I (twr, tws) = Joo(t(whw)wl7 t(wl’w)c@)

(N—s)/s
L pe- N>/S(| w1, wo)ll% / >+<w2>idx) .
Qx 0}
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(b) For u € (0,1), there is a unique t%

w1.02) such that (t} (w13 )wl, (w1 w)wg)

in N1 . Moreover,
1 1
J (t(wl wg)w17 t(whwz)w?)

- 2—q - -
< (=) (Iptenn) 25 LD e+ L /00 ).

PROOF. (a) For each (wi,ws) € N, let

— 1 b
) = (st = g Pl — gt [ b)) de
X

Then due to Remark 2.2 and 2 < 2%, we have h(t) — —oc as t — oo,

/

7 (1) = t] (wr, o) — bt / hwn)? (w2’ de
Qx {0}

and

1

() = t]) (wron) % — b(2E — 1) 2 / h(wn)? (w2)? de.
Qx{0}

5 1/(25-2)
(wl wa) T <| w17w2 ”X// W1 CUQ) d(E) > 0.
Qx{0}

Then h'(tl(’w1 ws)) =0, (tl(’wl wz)wl,tl(’wl Wz)o.)g) € N’ and h”(t'(’w1 w)) = (2—27)
|| (w1, w2)||% < 0. Hence there is a unique t(
in N%, and

Set

w1.02) such that( (w1,w2 )le (wl w2)w2)

I?>ag( Jgo (twl’ th) = Jso (t?wlvwz)wl’ tl()wlvwz)w2)

5 (N—s)/s
e N>/S(| w1, w2)|% / >+<w2>+dx) .
Qx 0}

(b) For p € (0,1), we have

/ (o (B )+ g4 (#, oy02)]) da
Qx{0}
SUAR
2
el

+ 2( q/2||(t(w1,w2) 17t(w1 wg) 2)”%{)2/(1

)C”(t(wl,wg wl?t(wl,wg 2)”3{

g )Cp~ %)/ (2=a)

q -
=== w2 1 llgr

_ qp
Q*)Q/@ q)+ 2 H(t(u.n wz)wl’t(wl wz)wg)HX'
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Then let b=1/(1 — u), then by part (a),
/0=

(w1,w2)

(/00

(w1,w2)

It g(wi,w2) = I?ggdf,g(twhtw) > Iy w1,

1-— _ _
> e S e

L o1/a-p 2f/ 8
il (7 s h(w1)S (we) dx
g (L) [ ez

2—q _ _
= DO e + g ) O

2q
. 1/(1— 1/(1—p) 1/(1—p)
= (1 - :U’)Joc{( “) (t(wl,w;; w1, t(wl,wzlg UJQ)
2—q _ _
T T2 p O\ Fillg- + g llg-) 3

(N=s)/s
s S . «
=% (NenwnlF /[ bt e o)
Qx{0}

2—q _ _
- Tquq”q DO fllg + llgllg)?/ G0

- (1 - u)N/SJ;O(t%W17W2)w1’ t%wl,wg)WQ)

2—q _ _
= S il + g ) 0,

This completes the proof. O

LEMMA 3.2. Let {(w1n,w2,)} C X be a nonnegative function sequence with
[ nieea)ide=1 ad e - Ko
Qx{0}
Then there exists a sequence {(Yn,en)} C RN x RY such that
(Wl,n(xa y)7 W2,n(xa y))

= (ES (€;N_S)/2W1,n(€n-73 +Yn,0)), Es (551N_S)/2w2,n(5nx + Yn, 0)))

contains a convergent subsequence denoted again by {(Win(x,y), Wan(z,y))}
such that
Win(z,y), Wan(z,y)) = (Wi, Wa) in X.

Moreover, we have €, — 0 and y, — yo € Q as n — 0.

PROOF. Let Z, 1(x) = win(,0), Zy 2(z) = wa n(x,0), we have
[@)3Zade =1 and 120l + 120 gy — KuSos

as n — oo. By the proof of Lemma 2.2, we know that {Z,, 1} and {Z, 2} are
minimizing sequences for the critical Sobolev inequality in the form (2.2). Thus
from [6, Theorem 3] and [21, Theorem 5] we deduce that there exist a sequence of
points {y,} € RY and a sequence of numbers {¢,} C (0,00) such that Z\nl(x) =
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s%N_S)/Qanl(enx—i—yn) — 21 (z) and an(x) = E%N_S)/QZnyg(snx—kyn) — 22(30)
in HS(RN) as n — 00. Moreover, we have ¢, — 0 and y,, — yo € £ as n — oo.
Denote Wi, = Ey(Zp1), Won = Eo(Zns) and Wy = Ey(Z1), Wy = Ey(Z,).
Then we obtain the result. [l

Next, we will use we = Es(u.), the family of minimizers to inequality (2.2),
where wu. is given in (2.4). Let n € C*°(Cq), 0 < n(z,y) < 1 and for small
fixed po,

1 for (z,y) € Bf ,» = {(z,y) : |(z,9)] < po/2, y > 0},
0 for (z,y) & BS, = {(2,y) : [(z,9)] < po, y > 0}.

We take pg < rg small enough such that ?%(x —2,y) C Cq for all z € M, where

Bjy(z = z,y) = {(z,y) : |(z — z,y)| < po, y = O}.
For any z € M, we define

n(x,y) =

Ve,z = 77($ - Zay) OJE(.L“ - Z’y) = 77(90 - Zvy)ES(ué‘(x - Z))

From the same argument as in [17] we obtain that

(3.1) 0.2 s oy = K Yy 5 Ve |2 da dy + OV %),

RYH!
(3.2) / (ve.)% dx = / (we)% dz + O(eN)
Qx {0} RN x {0}

N
_ € N
—/RN <52+|x|2> dx + O(e™).

Then we have the following result.

LEMMA 3.3. There exist £9,0(¢) > 0 such that for ¢ € (0,e9) and o €
(0,0(¢)), we have

sup If,g((wl);{g + tvav. 4, (wQ);F + t\/BUE’Z) < afg

KsSs o /s — o
Sup , ,g 2N( BN

uniformly in z € M, where ((wl);g, (wz);g) is a local minimum in Lemma 2.8.
Furthermore, there exists t; > 0 such that

((wl);g +t, Vave ., (wg)j{)g +i \/Bvaz) €Ny, foralze M.
PRrooF. Since
(3.3) If,g((wl);{g + tvaw. ,, (wg);g + t\/BUEYZ)

K’ —s
=5 | v (V@] + v
Q

+V((w2) ], + ty/ Bz %) da dy

1 Aot tmr e o OV — )
q/ﬂx{o}(f( )(( l)f,g—Ft\/»n( ’O) 5( ))+
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+g(@)(wa) fy + VBl — 2,0)uc(x — 2))%) do

1 a
- = h(:r:)((wl)?g +tvan(z — z,0)u.(z — z))Jr
25 Jax{oy ’
. ((wg)}:g +t/Bn(x — z,0)uc(x — z))i dx
1 a+p
=5 (@) 7 g @) F % + 8 = ezl 0
—|-th< V(wl)ng(\/aUE,z)dx dy
Cq
+/ WQ fg fvsz dwdy)
Co

1 () Y
q/QX{O}(f( )(( 1)f,g+t\/>’r,( ’0) E( ))+

+g(@)(wa)], + tV/Bnle — 2,0)us(z — 2))}) da

o [ B, + a2 0 - 2)g
s JOx{0}

(o)}, + tV/Bn(x — 2,0)uc(x — ) de

< I g(@0) g @25 0) + 2 25 oo g

gt o O, 1) (a1 ) o
1

wgr [ B, e

o [ oy @) ()] e ) de
1

5 Sy PO ()] 1 0 B

fozf + K(tve.),

where

a+p
Koo ) =2 o 3 )

1 @

2 Qx{0} h(x)((m)}r’g * t\/avs’z)+((w2);u + t\/vivZ)i dx
i X w1 wo B Xr

tgp [ o MO ) d
1 _

b [ A}, () LB do

2 [ BR@) (@)L, (@) F ) (0 Bre ) da

23 Jaxqoy
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In what follows we shall show that

sup K (tve ») < % (KoSs.a.5)N® for e > 0 small enough.
>0

It is easy to see that
lim K (tv. ,) =0 and  lim K(tv..) =0.
t—0 t—+o0
Thus, for all € sufficiently small, there exist tg > 0 and ¢; > 0 such that
(3.4) K(tv...) < % (KsSs.a.5)N/* for all t € (0,t),
(3.5) K(tv.,) < % (KsSs.as)N/* for all t € [t1, +00).

By the definition of v. ., we get that

/ h() (v da
Qx{0}
= / (n(x — z,0)uc(x — Z)>2j; dx = h(z + z)(n(z, O)UE(QU))Q; dx
By (2) RN
2% 2% _ 2* eV
= . h(z 4+ z)n"s (x,0)(ue ()" dx = - h(z + z)n* (x,0) [CFFBE dz.

Thus, taking into account condition (H;), we obtain
(3.6) 0< / (ve,2)% dz — / h(z)(ve,.)% dz
Qx{0} Qx{0}
= / (ve,2)% dz — / h(z)(ve,2) da
RN RN

_ 2%
:€N</ (1 h(f§+2))277N(w70) i
RN\B, (e + |z]?)

(1—h@+2)
+/B @+ [P)™ d)

1 il
§5N</ —dﬁ/ d:c)
BN\B, 2 |T1*N B,,. (€2 + |2[)N

po/2
<&V (C—i—C/ pPm N+ dp) < eV,
0

for all z € M. From [11, Lemma 4.1], we see that there exist C1(a),C2(8) > 0
such that
(3.7) (a4 b)%(c+d)’ >a*P +a“d® + b + b*d°

+ C1(@)a® toc? 4 C1(a)a®"tbd® + Co(B)b*cP~1d

+ Oy (B)a“c?rd + C1(a)Cy(B)a* TP 1d
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for any a, b, ¢,d > 0. It follows from Remark 1.1 that h(xz) > 0 for all z € B, (z).
From (3.7) we obtain that

/Qx{o}h(x)[((wl);ﬁt\/avg,z) (@) + tv/Bve) — (i)}, 2 (w2) )] da
- h(z) [a((w1)F )5 1((W2)fg) (tvVav. .)

Qx{0}
+<<w1>fg> (w2)F,)0 7 (t/Br )] da
/ 2) [((w)f, +tvav: .) T ((ws) A#th\fum)
70(z)><{0}
((Wl)fg) ((w2)fg)5:|d$
/B a(wn)F,)2 () F,) 2 (t/ave 2)

T'0

+ (W) )% (wzfﬁ H(ty/Bue,s)] de

> / h(@) [0/ 8572 (tve ) + Cltve)% ] do
(z)x{0}

_ / h(z)[a/289 2 (tv. )% + C(tve )% Y] da.
Qx{0}

Thus we have

2*
(3.8) K(tve.) <t? ?S [lve,»

a/20B/2
2 = 2* 2*
X§5(Ca) 2% = /Qx{o} h(z)(ve,z)" da

—Cl/ (ve..)% " da
Qx{0}

with some constant C; > 0. Note that

(3.9) / (ve)% "V da = / (n(@ — 2, 0)ue(z — 2))% ' da
Qx{0} Qx{0}

ne; O)E(N—s)/Q (N+s)/(N—s)
= . dx
/Bm {(52 + IxIQ)(NSW}

€(N+s)/2 N
Z/ Nets (-2 2\(N+s)/2 © dx
By € T0(E% + |2]?)

(N—s)/2 o/ rNt (N—s)/2
= 025 /0 W dr = CSE

for some Cs,C3 > 0. We from (3.1)—(3.9) obtain that

2*
(3.10) K(tv. ) < 5 5 42 £(Ca)

a/2pB8/2 .
— % t2s / h(x)(ve,2)% do — CpeN=)/2
2 Qx{0}
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s 2/2°\ N/s
S gy o+ B Ve,z 2 s /</ a@/ZﬁB/Z Ve,z 2: dl') )
siv (ot eeien /([ (t-.)

N9/

_S<(<a)5/(a+5)+<ﬁ)a/(a+5)>
2N B a

K/ ylSVwE|2dxdy+O(st)/
Rf“

. N 2/2*\ N/s
(/ (62 n |I|2) dr + O(gN)) ) — C4E(N—s)/2
RN

__5 N/s N—sy _ (N=s)/2 _ S N/s
N (KSSS’Q’B) + O(E ) Cyue < N (KSSS’Q,@)
for ¢ sufficiently small and ¢ € [to,t1]. From the compactness of E, it follows
from (3.4)—(3.5) and (3.10) that there exist g, 0(g) > 0 such that for € € (0, &)
and o € (0,0(¢)), we have
s

sup Ip g (W)}, + tVave o, (wa) ], + ty/Bu...) < aj, + N (KySsap)N* -0

uniformly in z € M. Arguing as the proof of [25, Lemma 4.4], we conclude that
there exists ¢t > 0 such that

((wl)}:g + &, Vave ., (wg)}:g + t;\/Bvsyz) €N;, foralze M. O

LEMMA 3.4. We have

S
inf  JL = (K Ssap)Ve.
. v so (Wi, w2) = o (K Ssa.)
PROOF. Let (w1,ws) € N1, then
(311 lonwly = [ b)) )] o
Qx{0}

By (2.5), we see
2/2:
Kss,aﬂ( / h() (w1)% (ws)’ dx)
Qx{0}

2/2%
SKSs,a,6< / <w1>i<wz>idz) < llwr @)%,
Qx{0}
i.e.

1 27 /2 ,
12 @ (w2) da <
e12) [ eeseles (=) )

X -

We from (3.11) and (3.12) deduce that

[ (wi, W2)||§( > (KSSS’Q,B)N/S~
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Then
s s
Th(n,00) = 5oz @)k > 5 (KoSaan)™*,
and thus
s
1 inf ! > = Ks s, N/S-

(3.13) or By Joo (Wi, w2) 2 5z (KsS5s,0,8)

Since

a5 b o 5 a \"?
1{1>agq<2t t)QN(W) for any a > 0 and b > 0,

by (3.1)-(3.2) and (3.6), we deduce that

N/s
(a+B) / |Vve .| dz dy
S Ca

T 2N T\
(aa/26,3/2/ h(vg,z)25 dx>
Qx{0}
-5
- 2N

SI>1p J;o (t\/ave,z; t\/B'UE,z)
£>0

(KoSsa5)N* +0(N72).
Then we obtain

(3.14) o u.iz?)feNl JL (w1, w9) < % (KSs.00)N*, ase— 0",

The desired result follows from (3.13) and (3.14). O

4. Proof of Theorem 1.1

In this section, we use the idea of category to get positive solutions to (Ey 4)
and give the proof of Theorem 1.1.
First let us recall the following two propositions related to the category.

PROPOSITION 4.1 ([25, Theorem 2.1]). Let R be a C*' complete Riemannian
manifold (modelled on a Hilbert space) and assume F € CY(R,R) is bounded
from below. Let —oo < i%fF < a < b < 4oo. Suppose that F satisfies the
(PS)-condition on the sublevel {u € R : F(u) < b} and that a is not a critical
level for F'. Then

#{u e F*:VF(u) =0} > catpa (F?),
where F* ={u € R: F(u) < a}.

PROPOSITION 4.2 ([12, Lemma 2.2]). Let Q, Q" and Q= be closed sets with
Q- CcOQF. Let¢: Q — QF, p: Q7 — Q be two continuous maps such that ¢ o
is homotopically equivalent to the embedding j: Q= — QF. Then catg(Q) >
catq+ (Q7).
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The proof of Theorem 1.1 is based on Propositions 4.1 and 4.2. Due to
Remark 2.2, we can define the continuous map ®: X \ G — RY by

:cwfw"’awfw*'ﬂda:
LHM<1<omuu (w2)t,)?

)

D(wy,ws) := ;
wi — (W))T )% (wy — (wo)T dx
Am51<nmuu (w2)},)?

where

G = {(wl,w2) €X: (w1 — (W)} ,)F (wo — (wo)F )] do = o}.

Qx{0}

LEMMA 4.3. For each 0 < & < rq, there exist As, 09 > 0 such that if (wi,ws) €
NL, Jh(wi,ws) < s(KsSsa,8)N*/(2N) + 60 and || f4llzer ) + l9+]l1e @) €
(0,As), then ®(wy,ws) € Ms.

PROOF. Suppose the contrary. Then there exists a function sequence

{(win, w2,n)} € N

such that

S
2N
() + L @) + 11(gn)+ Lo (@) = o(1),

and @ (w1, wa.rn) & Ms for all n. It is easy to see that {(wi n,w2,,)} is bounded

J;o(wl,n»wln) = (KsSs,a,ﬁ)N/S +0(]—)a

in X. Furthermore, by Lemma 3.4, we have

s s . ) 5
(4.1) N (KsSs,a,B)N/ < nlggo J;o(wl,nawln) = nhjolo IN ||(w1,mw2,n)|\?x
. S « 8 S s
TN Jo oy Mt ) A7 S 5y (KoSoe)™*-
Define
1/(a+B)
(Wmﬁ%mﬁzcmmh/</ @mmﬂmmﬁmﬁ ,
Qx{0}

1/(e+B)
(w2,n)+/(/ (w1,n)f_(w27n)f_ dac) >7
Qx{0}

we see that fo{o}(len)i(WZn)?— dr = 1.
It follows from (4.1) and the definition of Ss 4 s that
”(Wl,nvwln)ng(

/ (Win) 5 (wa,n) da
Qx{0}

< H(wl,n?wln)”%( — H

/ h(@) (w1.0) (@) da
Qx{0}

KSs08 < (Win, Wou)llx =

(Wi, w2 ) |2 < KoSenp
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Hence we obtain

. 2

(4~2) nh_{go H(Wl,nv W2,n)HX = Ksss,aﬁ

and

(4.3)  lim h(@)(Wi.n)S (Wa,n)] de = lim (W1.n)5 (wWa,n)? da
n— 00 Qx{0} n—00 Qx{0}

By Lemma 3.2, there is a sequence {(yn,e,)} € RY x R* such that &, — 0,
Yn — Yo € O and

(Urn(,9), Uzn(,9)) = (Bs(eV 2 W1 (en + yn)),
ES(€£LN75)/2W2JL(€7LI + yn))) — (Ul, UQ)

in X as n — co. Then by (4.1)—(4.3), we have

1= o(1) + /QX{O} h(@) (W) (Wan) da

_ a _ B
— N / h(z) (Ulm <x n 0)) (UQ,,L (z In 0)) da + o(1)
x{0} En + En +
= h(yo)a

as m — oo, which implies yo € M. Considering ¢ € C$°(RY) such that ¢(z) = z

in 2, we infer

p(@in = (@)}, g )5 (w0 — (w2)}, )] do
~/Q><{O} frsgn/+ frsgn/+

(I)(wl,naw2,n) = 4
(Win = (@)F, o )3 (wan — (w2)F, , )G da
/QX{O} fr,gn/+ fr,gn/+

a B
p(2)(Win = (@1)F, 4,5 W20 = (W2)F, 4. )5 do
/IRNX{O} frsgn’/+ frsgn’/+

(Wi — (@1}, )% (w2 — (w2)f ) da
/RNx{O} frgn/+ frngn/+
as || f+1 Lo ) |9+ | Lar (@) = 0
:/ ga(sn:r+yn)|ES(5§lN—S)/2WLn(5nx—l—yn))!a
RN x{0}
) |ES(E%N—S)/2W1,n(£nw + yn))|6 dac/

/ |Es(551N75)/2W1,n(5n-77 + yn))|a|Es(€£L]V75)/2W1,n(57Lx + yn))|B dx
RN x {0}
— Yo € M, as n — oo,

as n — 00, which is a contradiction. O
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LEMMA 4.4. There exists As > 0 small enough such that if

[f+llLes + llg+llLes <As and  (wi,w2) € Ny

with
1)

S N/s 0
Ipg(wi,we) < 5z (K5 Ss.a,8) /e 4+ 5

(0o is given in Lemma 4.3), then ®(wy,ws) € Ms.

1
(w

PROOF. By Lemma 3.1, for p € (0,1), there is a unique ¢ Lws) such that

1 1 1
(t(wl,wz)w17t(wl,w2)w2) € N, and

J;O (t%wl,wz)wl’t%wl,wz)(*}?)
_N/s 2—gq _ _
<@@—pN (If,g(wlawz) + quﬂ/(q DO fellpaer + lgallpa )@ Q))
Thus there exists As > 0 small enough such that if || f4 || o= + [|g+ || < As and

s, %o
If,g(wlaWQ) < ﬁ (Ksss,a,ﬁ)N/k + 5;

S S
Tao (Fln won)@15 Ely wmy@1) < N (KsSs.0.5)N* + 8.

S

By Temma 4.1 and ()], @2)f)lx = 0 as [Fellzers lgsle — 0, we
complete the proof. O

Below we denote by IN; the restriction of I, on Nf_g.
9 ’

LEMMA 4.5. Any sequence {(w1,n,w2.n)} C N;  such that

S S
Iy- (Wip,wan) = cE ( 00, a}"g + N (KsSs.a5)™ >

fi9
and I;ijg (W1,n,w2.n) — 0 contains a convergent subsequence for all || f+ || o= (o) +
9+l Lax (@) € (0, As).
PROOF. By hypothesis there exists a sequence {,,} C R such that
I} o (W1ny W n) = 0} (Wi n,w2.n) +0(1),
where t)7 4 is defined in (2.8). Recall that (wi,n,w2,,) € N, and so
Vg (@10, W20 ) (W1 nsWan) < 0.

I (W10, w2,n) (W10, w2,n) — 0, we from (2.9) and (2.10) obtain that there are
two positive numbers Cy, Cy independent of (wy n,ws,n) such that

.
[[(wi,n,w2,n) 1% < Crll(win, wan)ll 5+ 0(1),

||(w1,n7w2,n)||§( < (||f+\|m*(sz) + H9+Hm*(Q))02||(w1,mw2,n)||§( +o(1).
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That is
(@i won)lk > C7 7 4 0(1),

_ 2/(2—
@i w2,)l% < (1 llpe @ + g4l Lo )Y @~PC5 @70 4 o(1).

If || fllLer (@) and [|g4]lLex (o) are sufficiently small, this is impossible. Thus
we may assume that w},g(wl’n,wg,n)(wlm,wgyn) — [ < 0as n — oo. Since
I‘lf"g(wl,naWZ,n)(Wl,n7w2,n) = 0, we conclude that 6, — 0 and, consequently,
I},g (w1,n,wa,n) — 0. Using this information we have

s
If7g(wl,n,OJ2,n) — Ccc <—OO, Oé}i:g + ﬁ (KsSs,aﬂ)N/s),
I},g(wl,nyw&n) — Oa
so by Lemma 2.7 the proof is over. O

Denote
Crg =0f  + % (KsSsa,8)"" =0,
Ny (erg) ={(wi,w2) € N 2 Iy g(wi,w2) <cpg}
LEMMA 4.6. Suppose (Hy)—(Ha) hold, and || f+| Lo (o) + 19+ | a* () € (0, As),

In- has at least catn, (M) critical points in N (cy,q).

f.9

PROOF. For z € M, by Lemma 3.3, we can define

F(z) = ((wl)}:g +t; Vave ., (wg);g + t;\/av&z) € Nf_)g(cf,g).
By Lemma 4.5, Iy satisfies the (PS)-condition on Ny (cfq). Moreover, it
follows from Lemma 4.4 that O(N;  (cr,g)) C Ms for || follpa + g+l e < As.
Define £: [0,1] x M — M;s by

5(9, Z) = @((wl);g + t;\/a’l)(l_g)az, (wg);g +t, \/B’U(I—Q)s,z) S ijg(cjv,g).
Then straightforward calculations provide that
£0,2) =Po F(z) and lim £(6,2) = 2.
0—1—

Hence ® o F' is homotopic to the inclusion j : M — Mjy. By Propositions 4.1
and 4.2, Iy, has at least catag, (M) critical points in Ny (cy,g). O

LEMMA 4.7. If (w1, w2) is a critical point of IN; , then it is a critical point
'g
of Ity in X.

PROOF. Assume (wy,ws) € Nf_)g, then I}’g(wl,wg)(wl,wg) = 0. On the other
hand,

(44) I},g (wl, UJQ) = 9¢‘/f’g(wl,u)2)
for some 6 € R, where 1)y 4 is defined in (2.8).



780

Remark that (wi,ws) € N}

H. FaN

and so ¥} (w1, w2) (w1, w2) < 0. Thus by (4.4),

9’

0= 0#}}79(‘*}17 w2)(w17w2)7

which implies that 6 = 0, consequently, I } g(wl,wg) =0. O

Finally, we can give the proof of Theorem 1.1.

Proor or THEOREM 1.1. It follows from Lemmas 4.6 and 4.7 that Iy,

admits at least catar, (M) critical points in N, . Moreover, by Lemma 2.8 and

+
Nf’g

NN, =0, I, has at least cata, (M) + 1 critical points in X. Thus we

obtain that Jy 4 has at least catas, (M) + 1 nonnegative critical points. By the

maximum principle [27], we complete the proof. O
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