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NIELSEN FIXED POINT THEORY
ON INFRA-SOLVMANIFOLDS OF SOL

JANG HYuN Jo — JoNG BuMm LEE

ABSTRACT. Using averaging formulas, we compute the Lefschetz, Nielsen
and Reidemeister numbers of maps on infra-solvmanifolds modeled on Sol,
and we study the Jiang-type property for those infra-solvmanifolds.

1. Introduction

In Nielsen fixed point theory, given a continuous selfmap f on a closed ma-
nifold M, there are three important homotopy invariants L(f), N(f) and R(f)
which are the Lefschetz, Nielsen and Reidemeister numbers of f, respectively.
The non-vanishing of the Lefschetz number of f implies the existence of a fixed
point, while the Nielsen number is a lower bound for the number of fixed po-
ints, and the Reidemeister number is an upper bound of the Nielsen number. By
a classical result of Wecken [22], the Nielsen number coincides with the minimal
number of fixed points in the homotopy class of the map when the dimension
of M is at least three. The Nielsen number gives better information concerning
the number of fixed points than the Lefschetz number, but the computation of
the Nielsen number is in general much more difficult than that of the Lefschetz
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number. The problem of finding useful and practical formulas for Nielsen num-
bers is still the subject of great deal of research in Nielsen fixed point theory.
There have been some developments to find algebraic and practical computation
formulas, which are usually called averaging formulas for the Lefschetz, Nie-
Isen and Reidemeister numbers [2], [7], [8], [13]-[17]. We recall in Theorem 2.5
the averaging formulas for the Lefschetz, Nielsen and Reidemeister numbers for
a continuous map on an infra-solvmanifold M of type (R) as appeared in the
form of [2, Theorem 1.1].

On the other hand, there is the notion of the class of Jiang spaces which
includes simply connected spaces, generalized lens spaces, H-spaces and ho-
mogeneous spaces of the form G/Gy, where G is a topological group and Gy
a closed connected subgroup [10], [24]. Tt is well-known that if f is a continu-
ous selfmap on a Jiang space which is a compact polyhedron, then the converse
of Lefschetz—Hopf theorem holds, and either (i) L(f) = 0 = N(f) = 0 or
(ii) L(f) # 0 = N(f) = R(f) holds. The notion of Jiang spaces has been gene-
ralized to the notion of Jiang-type spaces. By definition, a closed manifold M is
said to be a Jiang-type space if for all continuous maps f: M — M, either (i) or
(ii) holds [24]. It is known that nilmanifolds except tori are not Jiang spaces but
are of Jiang-type, and every special solvmanifold of type (R) is of Jiang-type [2,
Theorem 7.2].

Recently, Gongalves and Wong [3] computed the Nielsen and Reidemeister
numbers of a selfmap on infra-solvmanifolds modeled on Sol which is one of the
eight geometries in the Thurston’s geometrization theorem. Their computations
are based on the fact that any infra-solvmanifold modeled on Sol is either a torus
bundle over S! or a sapphire space [20].

In this paper, using averaging formulas, we compute the Lefschetz, Nielsen
and Reidemeister numbers of continuous maps on infra-solvmanifolds modeled
on Sol, correct Gongalves and Wong’s results in [3] and answer to their question
in [3, Remarks 2.1 and 3.3]. In Example 3.15, we provide an example showing
that their conjecture in [3, Remark 3.3] is not correct. Moreover, we study the
Jiang-type property for those infra-solvmanifolds.

The paper is organized as follows. We review in Section 2 necessary termino-
logies and basic facts on infra-solvmanifolds of type (R) and averaging formulas
of Lefschetz, Nielsen and Reidemeister numbers of continuous maps on them. In
Section 3, we study the lattices of Sol and the structure of SB-groups modeled
on Sol. In the following subsections, on infra-solvmanifolds modeled on Sol, we
investigate holonomy groups, Lefschetz, Nielsen and Reidemeister numbers of
continuous maps and the Jiang-type property.
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2. Averaging formulas on infra-solvmanifolds of type (R)

Let G be a connected Lie group and let Aut(G) be the group of continuous
automorphisms of G. The affine group of G is the semi-direct product Aff(G) =
G x Aut(G) with the multiplication (a, A)(b, B) = (aA(b), AB). It has a Lie
group structure and acts on G by (a, A) - © = aA(z) for all x € G. Suppose that
G has a linear connection defined by left-invariant vector fields. It turns out [12]
that Aff(G) is the group of connection preserving diffeomorphisms of G.

Let S be a connected and simply connected solvable Lie group. A discrete
subgroup T of S is a lattice of S if the orbit space I' \ S is compact, and in this
case, we say that '\ S is a special solvmanifold. Let 7 C Aff(.S) be a torsion-free
finite extension of a lattice I'. Then 7 acts freely on S and the manifold 7 \ S
is called an infra-solvmanifold modeled on S. The finite group ® := 7/T" is the
holonomy group of m or w \ S. It sits naturally in Aut(S). Thus every infra-
solvmanifold is finitely covered by a special solvmanifold. An infra-solvmanifold
M = m\ S is of type (R) if S is of type (R), that is, ad(X): & — & has only
real eigenvalues for all X in the Lie algebra & of S.

Recall that a connected solvable Lie group S contains a sequence of clo-
sed subgroups 1 = N; C ... C N = S such that N; is normal in N;;; and
Niy1/N; 2 R or N;yq1/N; = St If the groups Ny,..., Ny are normal in S, the
group S is called supersolvable. The supersolvable Lie groups are the Lie groups
of type (R) and vice versa by the following.

PROPOSITION 2.1. For a connected Lie group S, the following are equivalent:

(a) S is supersolvable.
(b) All elements of Ad(S) have only positive eigenvalues.
(c) S is of type (R).

PROOF. (a) < (b) is exactly [23, Lemma 4.1]. Since exp ad(X) = Ad(exp X),
(b) implies that ad(X) has only real eigenvalues for all X € &. Thus (b) = (c)
holds. Assume (c) holds. Then S is of type (E), or exp: & — S is surjective.
For any g € S, since exp is surjective, g = exp X for some X. Hence Ad(g) =
Ad(exp X) = expad(X) has only positive eigenvalues, which implies (b). O

An important property of solvable Lie groups of type (R) related to our paper
is the Rigidity of Lattices ([9, Theorem 2.2], [23, Corollary 8.3]):

THEOREM 2.2 (Rigidity of Lattices). Let S and S’ be connected and simply
connected solvable Lie groups of type (R), and let T be a lattice of S. Then any
homomorphism from T to S’ extends uniquely to a Lie group homomorphism of
S to S,

Let M = 7\ S be an infra-solvmanifold of type (R) and let f: M — M
be a continuous map. Then f induces a homomorphism ¢ on the group 7 of
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covering transformations of the universal covering projection S — M, which is
given by the identity

o(a)o f=Ffoa, forallaem,

where f: S — S is a (fixed) lifting of f.

By [17, Lemma 2.1], we choose a lattice A(C T' := 7N S) of S which is
a fully invariant subgroup of m so that any homomorphism #: 7 — 7 maps
A into A. Thus, ¢ maps A into A and f can be lifted to f: A\ S — A\ S on
a special solvmanifold A\S. Since S is of type (R), by Theorem 2.2, the restriction
©la: A — A extends to a homomorphism on the Lie group S in a unique way.
Now its differential is a Lie algebra homomorphism, denoted by f,: & — &
or simply f.. On the other hand, by [17, Theorem 2.2], the homomorphism
@: ™ — 7 is semi-conjugate by an “affine map”. That is, there exist d € S and
a homomorphism D: S — S such that

p(a)o(d,D)=(d,D)oc, forall aem.

This implies that the affine map (d, D): S — S induces a map M — M, which is
homotopic to f. For A € A, the above identity is reduced to the identity p(\) =
74D (\), where 74 is the conjugation by d. That is, p|p =74D: A— A. In parti-
cular, f is homotopic to the map induced by the homomorphism 7,D: S — S,
and so f. = Ad(d)D.. We call such a homomorphism D or its differential D,

a linearization of f. In particular we obtain:

THEOREM 2.3.

(a) Any continuous map f: w\ S — 7w\ S on an infra-solvmanifold 7\ S of
type (R) has an affine map (d,D): S — S as a homotopy lift.

(b) Any continuous map f: T\S — T'\ S on a special solvmanifold T\ S of
type (R) has a Lie group homomorphism D: S — S as a homotopy lift.

Let f: T'\S — I'\ S be a continuous map on a special solvmanifold I" \ S
of type (R). By Theorem 2.3, f has a Lie group homomorphism D: S — S as
homotopy lift. Let f denote the map induced by D so that f ~ f. Since the type
(R) implies the type (NR), it follows from [13, Theorem 1] that N(f) = |L(f)|.
Noting that the Nielsen and Lefschetz numbers are homotopy invariants, we
have the following corollary which says that the Anosov relation holds for any
continuous map on a special solvmanifold I' \ S of type (R).

COROLLARY 2.4. Let f: T\ S — '\ S be a continuous map on a special
solvmanifold T'\ S of type (R). Then N(f) = |L(f)|.

The following are averaging formulas for the Lefschetz, Nielsen and Reide-
meister numbers of a continuous map on an infra-solvmanifold M of type (R).
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THEOREM 2.5 ([17, Theorem 4.3], [2, Theorem 1.1], [6]). Let f: M — M be
a continuous map on an infra-solvmanifold M of type (R) with holonomy group
O and linearization D,. Then

1
L(f)= — det(I — A.D.),
P
1
N(f) = 7z D_ ldet(I — A.D,)|,
P
1
R(f) = — o(det(I — A.Dy)),
Fo

where o: R — RU {oo} is defined by 0(0) = 0o and o(x) = |x| for all x # 0.

3. Nielsen fixed point theory on infra-solvmanifolds of Sol

Recall that Sol = R? x,, R where

Then Sol is a connected and simply connected unimodular 2-step solvable Lie
group of type (R). It has a faithful representation into Aff(R?) as follows:

et 0 0

x
—t
Sol = 0 e 0 v rx,y,t €R
0 0 1 ¢
0 0 0 1]
Thus its Lie algebra sol can be identified with
S 0 0 a
sor=d |0 7 0N seRr
0 0 0 s
0 0 0 0f
with a (linear) basis
0 0 01 0 0 0O 1 0 0 0
0 0 0O 0 0 01 0 -1 0 0
(3.1) by = , by= , bz =
0 0 0O 0 0 0O 0 0 0 1
0 0 0 O 0 0 0O 0 000
The diffeomorphism exp: sol — Sol is given by
s 0 0 a e 0 0 a(ef-1)/s
0 —s 0 b . 0 e* 0 bl—e"?)/s
0 0 0 s 0 0 1 S
0 0 0 O 0 0 0 1
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It is known that a closed 3-manifold has a Sol-geometry if and only if it
is an infra-solvmanifold modeled on Sol [4]. Moreover, it is also known that
if M is a closed 3-manifold with Sol-geometry, then M is the suspension of
a diffeomorphism of the torus R?/Z? defined by a hyperbolic linear map, or
M is a sapphire space (see, e.g., [20, Theorem 2.1]). On the other hand, the
fundamental group II of M = II \ Sol is a Bieberbach group of Sol or an SB-
group. It can be embedded into Aff(Sol) = Sol x Aut(Sol) so that there is an
exact sequence

1—TI—1I—1I/T—1,

where I' = II N Sol is a lattice of Sol and ® = II/T" is a finite group, called the
holonomy group of II or M, which sits naturally inside Aut(Sol).
The lattices I of Sol are determined by 2 x 2-integer matrices

Ao | 4121

621 622

of determinant 1 and trace > 2, see for example [18, Lemma 2.1]. Namely,

I'=Ta={a1,a2,7:[a1,a2] = 1,7a;7 ! = af”aé’“)

= <(11,(12,7’ : [[11,(12} = 1,TCL¢T71 = aAei>
= <al,a2,’7' : [al,ag} = ].,T(lﬂ'il = A(az)> = Zz XA Z.

Here we use the notation a* which means afa for a = (a1,a2) and x = (x,y).
For a 2 x 2-matrix M, we also denote a’ by the notation M (a;). The defining
matrix A of the lattice I' of Sol has two distinct irrational eigenvalues (¢1; +
log +1/(£11 + £a2)? — 4)/2. With two corresponding eigenvectors, we form a real

invertible matrix

-1
U1 — log + /(U171 + £22)% — 4 . U1 — log — /(U171 + £22)% — 4 d
P = 2021 202,
c d

= [Xl XQ].

Let to =In ((le + 622 + 4/ (611 + 522)2 - 4)/2) Then

t
PAP~! = leo 0 ] —. D.

0 et

Now we can embed I'4 into Sol as follows:

1 0 0 x4 el 0 0 0

01 0 % 0 et 0 0 Z;
a; — , T ,  where x; = .

0 01 0 0 0 1 ¢y Yi

0 00 1 0 0 0 1
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The affine group Aff(Sol) = Sol x Aut(Sol) of Sol can be embedded into
Aff(R3) C GL(4,R). Recalling that Sol is embedded into Aff(R?) already and
using a description of Aut(Sol) given in [4, Section 2], we can embed Aut(Sol)
into Aff(R?) as follows:

a 0 0 —pu 01 00
1
a 0 u 08 0 v 0 0 10 00
0 8 v|+— , 1 0 0] —
00t 00 1 0 0o 1 00 -1 0
000 1 00 01

It is known from [4, Corollary 8.3] that every SB-group II is isomorphic to one
of the following groups, adopting the notation in [5].

(1) Iy =T4 = (a1, a2,7 : [a1,a2) = 1,7a;77 = A(a;)),

(2) ¥ = (ay,az,0 : [a1,a2] = 1,0a;0~" = Ni(a;)), where Ny are square
roots of A:
{1 L2
Ni = — Vi +la£2 Vil + 02 £2 ,
O lyg £ 1

\/611 + l99 2 \/511 + log 2

1 k' —1

[a1,a2) =1, Ta;77! = A(a;),
(3) I3 = <a17a277'7p: pa;p~t = M(a;), >, where
p?=a®2, prp~l=akr

b lio -1 0
A= Y4 dd; l10,¢ M =
o 511] ( 11 0dd; £12, €21 even), [ 0 1] ,
. ker(A— M)
I i ~
k' —ex #0 in (AT T )fZQ’

’
p*=a%, pop~t =ako~

2 _ _
li1 Y12 _ 25 1 228p CN=- s p M= 1 0 7
o1 11 2sq 25 —1 q s 0 1

(s >1, s> —pg=1, s odd, p,q even)

. ker(N—-M)
k' — 0 — L 7,.
ey # in - (N4 M) 2

[a1,as] =1, ca;o™! = N(a;),
>, where
1

(4) HG = <a17a2707/0: P%’Pil = M(ai),

A:

From the identity N7 = A, we see that (aj,as,0?) = I's is a subgroup of
both ITE and ITg. Recall from [4, Section 9] that IT; \ Sol, IT3 \ Sol and II; \ Sol are
torus bundles over S! so that their fundamental groups are of the form Z? x4 Z,
where ¢ = A (so det¢ = 1,tré > 2), ¢ = Ny (sodetd =1, tr¢p < —2) and
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¢ = N_ (so det¢p = —1, tr¢p < 0), respectively. The case where det ¢ = —1 and
tr ¢ > 0 is isomorphic to the case where det ¢ = —1 and tr¢ < 0.

It is easy to see that every SB-group II has I'y as a characteristic subgroup.
In fact, if ¢ is an automorphism of II, then it can be conjugated by an affine
diffeomorphism (d, D), i.e., p(a) = (d, D) o a0 (d, D)~! for all o € II. Hence if
a=(a,I) €Ty, then

o(a) = (d,D)(a, I)(D~'d™*, D7) = (dD(a)d™1,I) € Ty4.

In the following, we will show that every SB-group II has I'y as a fully
invariant subgroup.

LEMMA 3.1. The SB-groups Il have 'y as a fully invariant subgroup.

ProOOF. We note that 1‘[2i ) FNi =Ty, II3 D T4 and Il D H; as index 2
subgroups. First we show that Hgt has 'y as a fully invariant subgroup. Let
@: II; — II; be a homomorphism. Then

p(a;) = a™io®, p(o) =a*o
for some m;,x € Z? and z;,z € Z. Write N_ = [n;;] = [ny na]. Since ca;o™! =
N_(a;) = a™, we have

o(oa;o™h) = p(a™) = a*c® =a*e™iIFTR = ns Fngize = 2.
Because I — N! is invertible, z; = z3 = 0. Hence
pla;) =a™ €Ty = (a1,a2,0%),  ¢(0?) = (a¥0%)* = a*(0”)* € Ta.

Therefore I'4 is a fully invariant subgroup of II; . In a similar way, we can show
that T4 is a fully invariant subgroup of I13 .

It is shown in [4, Section 9] that IT5 and Il are isomorphic to the fundamental
group of the sapphires, i.e., the spaces which are the union of two twisted I-
bundles over the Klein bottle and in [3, Lemma 3.3] that such fundamental
group has IT; or [T as a fully invariant subgroup. Hence we conclude that the
SB-groups II have I'4 as a fully invariant subgroup. O

3.1. Holonomy groups. We will explain how we can embed the abstract
Bieberbach groups II3, I3 and ITg of Sol into Aff(Sol) = Sol x Aut(Sol) C
Aff(R3). As a result, we find the corresponding holonomy groups ® as a subgroup
of Aut(Sol) = Aut(sal). We will express @ as a subgroup of Aut(sol) with respect
to the basis {b1, ba,bs}, see (3.1). An embedding procedure especially for II3
and Ilg is described below in details.
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(1) For 11 we embed IIj into Aff(R3) as

1 00 ed/2 0 0 0 -1 000

01 0 y 0 e™2 0 0 0 -1 00
a; — , O

001 0 0 0 1 t/2]] 0 01 0

000 1 0 0 0 1 0 0 0 1

Thus the holonomy group of 1’[2+ is

-1 0 0
o = < 0 -1 0 >
0 0 1
and, in particular, H; is orientable, i.e., the quotient space 1'[2+ \ Sol is orientable.
(2) For 1L, we embed II, into Aff(R3) as

100 gz e/2 0 0 0][-1 000
010 0 e™2 0 0 0100
a; — , o —
0 01 0 0 0 1 tp/2 00 10
0 0 0 1 0 0 0 1 0 0 01
Hence the holonomy group of II; is
-1 0 0
<D2_—< 010 >
0 01
and, noting that det ®; = —1, we see that II, is non-orientable.

(3) For I3, since 2, — f12f2; = 1 and ¢11 > 1, it follows that a diagonalizing
matrix P of A is of the form

-1 -1 1
VBT VBT yiu-s

P= U2 Loy = 2ctrz 2
¢ d VA -

2dl19 2d
Then
l11 4 Vol 0
0 by — liolay |

Thus we take an embedding I'y = (a1, a2, 7) into GL(4,R) as:

PAP! =

) —
100 M=o 1
2cbrs 100 =
Vi, -1 1
N 010 —

ap— (0 1 O 2dl1s ’ az — 2d |’
00 1 0 001 (1)

0 0 0 1] 000
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11 + V2l 0 0 0

0 v o 0
0 0 1 W+ Vinl)|

0 0 0 1

Assume that p is assigned to an element (g, S) € Aff(Sol) so that as an element
of Aff(R3) we have

et 0 0 x| |0 1 0 0
0 et 0 y|l|1 0 0 0
,8) = € Aff(R3).
P @SI=10 0 1 4l]o o -1 o ®)
0 0O 0 1110 O 0 1
From the relation p? = ag, we have ¢ = 1/(2(z + e'y)) and d = ce?. Then we can

see that the relation pa;p~t = M(a;) holds.

Using [4, Lemmas 7.1 and 7.2], we can find an integer vector which generates
the cyclic group ker (A — M) /im(A~! 4+ M) of order 2 as follows: Noting that
bn+1 o 1

A—M=
12 b1 —1

with all nonzero entries, let h = ged (€11 + 1, £21) and choose u,v € Z such that
(611 + D)u/h + €10/h = 1. Then the integer vector (—(£1ou+ (€11 — 1)v)/2,h/2)
is a generator, so is k' — eg. Thus k' = (—({12u+ (11 —1)v)/2,h/2) +(0,1). The

1

. — ’ .
relation ara~ 17 = a¥ induces that

[(1 — b1+ Vol

= PK’
(1=t —Vliala)y

T 1
N =~ _(I-PAPHYPK
|}J] 2(1 —411) ( )

1

_ o —1
*ﬂ?jﬁu PAPYH)P

—(Elgu + (611 — 1)1})/2
h/2+1 '

This will result in an embedding I3 into Aff(R3). Hence the holonomy group of

I3 is
0 1 0
<I>3:<1 0 O>
0 0 -1

and, in particular, Il3 is orientable.
(4) For Ig, since €17 = fa3 = 252 — 1, £15 = 2ps and {51 = 2gs, it follows that
a diagonalizing matrix P of A is of the form

Vs —1 \/5271d -t

c —

P = q q .
c d
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Observe that the relation pop~! = a¥ ¢~1 induces that

’ ’ !
pazpf1 =akolakog ! =aka

N™H(K') o2
It is showed in [4, Section 7.6] that if

ker (I — M)  ker(N—M)
im(I+ M) ~ im(N-14+ M)’

(k, k' — k) €

then
ker (I — M) _ ker(A— M)

(e (T4 NTOK = k) € S @ L T )

Here we fix k = (0,1) and k/ — k a generator of ker(N — M)/im(N~! + M), so
(I+N~1Yk'—k is a generator of ker (A — M) /im(A~! + M). Now, we notice that
I has the subgroup (ay, az, o) = I1 and the subgroup (a1, az, 7 := 02, p) = 3.
As we did in the case of IIJ before, we embed a; and o into elements of Aff(R?).
Next we embed 7 and p as above in the case of II3 using the chosen k and
(I + N7HK'. These will result in a required embedding I1g into Aff(R?). Hence
the holonomy group of Ilg is

-1 0 0 0
P = < 0 -1 0],]1
0 0 1 0

and, in particular, Ilg is orientable.

3.2. Lefschetz and Nielsen numbers. We will compute the Lefschetz,
Nielsen and Reidemeister numbers of continuous maps on infra-solvmanifolds
modeled on Sol using the averaging formula in Theorem 2.5. In what follows, all
maps considered are assumed to be continuous maps.

Let f: M — M be a selfmap on a closed 3-manifold M = IT \ Sol with Sol-
geometry. Then f induces a homomorphism ¢: II — II and, since 'y is a fully
invariant subgroup of II, ¢ restricts to a homomorphism ¢': I’y — T4, which
extends uniquely to a Lie group homomorphism F': Sol — Sol. Its differential
is a linearization F, of f. On the other hand, by [18, Theorem 2.4], the homo-
morphism ¢': Ty — T4 is determined by ¢(a;) = a™ and ¢(7) = a™r" for
some m;,n € Z? and r € Z. We say that o, ¢’ or F, is of type (I) if r = 1; of
type (II) if r = —1; of type (III) if r # £1. When ¢ is of type (III), we have
©(a;) = 1. We will denote by [¢] the matrix [m; ms]. Then we may assume that
F, is expressed as
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with respect to the basis {aq, ag, 7} of T4. Consequently, by Theorem 2.5,

L(f) == Y _ det(I — A.F.),

“I’| et

N(f) ==Y |det(I — A,F,)],
\@l pert

R(f) = \<I>IZ o(det(I — A F,)).

Aed
In order to use these formulas, we need to express A, and F, with respect to
a fixed basis. For this purpose, we will use the basis {by, ba, b3}, see (3.1). For
each II, we also need to describe all possible [¢] for homomorphisms ¢: II — II
This in fact gives a homotopy classification of maps on II \ Sol.

3.2.1. Casell =11; or HQi. Let f: 1_[2jE \ Sol — 1_[2jE \ Sol be any map and let
p: 1_12i — Hét be a homomorphism induced by f. Since T4 = (a1, as, 0?) is a fully
invariant subgroup of H;t, it follows that ¢(I'4) C T'4. Note that the subgroup
(a1,az) is fully invariant in T's. Thus

mo

plar) =a™,  plag) =a™,  ¢(o) =a"0"
for some integer vectors m;, n and integer . Put N = N, or N_. Note also that
¢(0?) = a*(0?)". Thus we have
—1 NTmi .

p(oaic™") = p(o)pla)p(o) ™' = (a0")(a™)(a%") ' = 0" (@™ )0 " = a

Since ca;o~! = N(a;), we have aV¥' ™i = ¢(N(a;)), which is equivalent to

N"[p] = [¢]N. Now recall from [4, Remark 5.5] that

PN,P~' = —V/D, PN_P'=-VD lé ﬂ )

Let Q = P[p]P~!. Then it follows that
VD'Q = (-1)""'QVD or diag{(-1)",1}vD"Q = Q diag{—1,1}VD.
This yields three possibilities (cf. [4, Remark 3.7]):

a 0 u v
I =1,Q= [ ] and  [p] = |/l lin— oy |
Jé] R T S LY
Lo Lo
0 _y il be
I r=-1,Q= LS O] and [p] = Loy £
v u

(note that when N = N_, the equality
diag{~1,13VD _ Q = Qdiag{—1,1}vD

forces @ =0, i.e. y =6 = 0);
(III) r#+1 and Q=0
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where
B U1y — Log + /(€11 4 £22)? — 4
o =u— v,
2012
B O11 — Loy — /(011 + la2)? — 4
B =u—- 2£12 v,
 f 24
Y = d - b — Uy (411 + £22) v,
C 2621
c lip —lag + /(b1 + €22)? — 4
5=¢ .
p (u+ 90or v

By the choice of P satisfying Q = P[p]P~!, a linearization of f, with respect
to the standard ordered (linear) basis {b1, bz, b3} of sol, is one of the following

forms:

a 0 x
@M 0 B x|
0 0 1
[0 v *
(I1) 6 0 x| (if N=N_theny=4§=0);
0 0 -1
[0 0 =«
(T1II) 0 0 x| (r#=£1),
0 0 r

where a—i—ﬁ_, af, v, r € Z. Moreover, o = 0 if and only if 5 =0, and v = 0 if and
only if 6 = 0 (see also [18, Corollary 3.4]). Observe also that for the nontrivial

element Si of the holonomy group <I>2i,

-1 0 0
SE=1 0 F1 0
0 0 1

Hence the Lefschetz and Nielsen numbers of f: ITE \ Sol — II3 \ Sol are

L(f) = % (det(I — F,) + det(I — S F.))

0 when F is of type (I),
=4 2(1 —det F,) when F, is of type (II),
1—r when F, is of type (III),
0 when F, is of type (I),
N(f)=1<2|1 —detF.| when F, is of type (II),
|1 —r| when F, is of type (III).
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Let f: II3\Sol — II;\Sol be any map. By the same reason as above (by simply
replacing N by A, we have PAP~! = D), a linearization of f, with respect to
the standard ordered (linear) basis {by, ba, b3} of sol, is one of the above forms
(I)~(I11). Hence the Lefschetz and Nielsen numbers of f: II; \ Sol — II; \ Sol are

0 when F, is of type (I),

L(f) =det( — F,) = { 2(1 — det F,) when F, is of type (II),
1—7r when F, is of type (III),

0 when F is of type (I),

N(f) = |det(I — F.)| = { 2|1 — det F,| when F. is of type (II),
[1—7] when F is of type (III).

In conclusion, we have

THEOREM 3.2. Let f be a selfmap on II; \ Sol or IIF \ Sol. Then

0 when F, is of type (1),
L(f)=q2(1 —detF,) when F, is of type (1),
1—r7 when F is of type (111),
0 when F is of type (I),
N(f) =< 2|1 —det F.| when F, is of type (II),
[1—r| when F, is of type (111).

Noting that II; \ Sol and IT; \ Sol are orientable and II; \ Sol is nonorientable,

we have

COROLLARY 3.3. Let f be a homeomorphism of I1; \ Sol or I1 \ Sol. Then
L(f) = N(f) = 0 or 4. Furthermore, f is orientation preserving if and only if

L(f) =0 if and only if N(f) = 0.

PROOF. Since f is a homeomorphism, F is of type (I) or (II) with det F, =
+1. Theorem 3.2 immediately proves the first assertion. Note that f is orien-
tation preserving if and only if deg f = 1. Letting II = II; or H;r, we have
i H3(IL,Q) — H3*(I; Q), which is deg f. We will show that H;(IL;Q) = Q.
Consider IT = II; first. Then

[IL10) = ([r,a1] = @ a2, [, 02] = af2a ") = im(A = I)

is a subgroup of the group (a;,as) = Z2. The index is [Z? : im (A — I)], which is
finite because A — I is invertible as A has no eigenvalue 1. Thus (a1, a2)/[I1, 1]
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is a finite group. Furthermore, we have the following commutative diagram:

1
1 —— (a1,a2)/[IL, 1] —— TI/|

I

1 — (al,a2> —

=
-

Il N

— 4 — g — =

|
L

I

1

This implies that the finitely generated abelian group H;(IT;Z) = II/[II,II] has
free rank 1. Consequently, we have Hy(I[; Q) = Q. When II = H;‘, we can prove

!

= —

the same result simply by repeating the above argument with 7 = pand A = N,..
Since II is orientable, it follows that H?(II;Q) = H,(IL;Q) and H(II;Q) =
hom(H; (IT; Q), Q). This shows that f; = f3(= £1) and L(f) = 1—deg f. Hence
the second assertion follows immediately from Theorem 3.2. O

COROLLARY 3.4. Let f be a selfmap on II5 \ Sol. Then we have:

(a) If f: II; \ Sol — II; \ Sol is of type (II), then L(f) = N(f) = 2.
(b) If f is a homeomorphism of II; \ Sol, then L(f) = N(f) =0.

PrROOF. If f is of type (II), then v = § = 0 and so det F,, = 0, thus L(f) =
N(f) =2 by Theorem 3.2. If f is a homeomorphism, then deg F,, = £1 and so
F, must be of type (I), hence L(f) = N(f) = 0 by Theorem 3.2. O

REMARK 3.5. Our result is exactly the same as Theorems 2.2, 2.3 and 2.4 and
Corollary 2.5 of [3]. See also [11, Proposition 7.5]. We need to remark further the
case that IT = II; and a linearization of f is of type (II). This case corresponds
to the case when k£ = —1 and det A = —1 in Theorem 2.4 of [3]. In our notation,
k=7r=—1and A = N_. We observed that this case reduces to @@ = 0 and so
B =0 in Theorem 2.4 of [3]. Therefore, det F,, = 0 and so L(f) = N(f) = 2.

In [3, Remark 2.1], the authors questioned what the set n(M) := {N(f) :
f+ M — M} would be for any given Sol 3-manifold M that is a torus bundle
over S'. The following is the answer to this question.

COROLLARY 3.6. Let M be a closed 3-manifold with Sol-geometry that is
a torus bundle over S*. Then n(M) = {0} UN.
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PrROOF. When M = II; \ Sol, we consider the endomorphism ¢: II; — II;
defined as: p(a1) = ¢(az) = 1 and ¢(7) = 7" for some r € Z. Then the Nielsen
number N(¢p) is |1 — r|. This shows that n(II; \ Sol) = {0} UN.

When M = ITF \ Sol, we consider the endomorphism ¢: I — I3 defined
as: p(a1) = p(az) = 1 and ¢(0) = o for some r € Z. Then p(7) = p(c?) =
02" = 77, Thus the Nielsen number N(¢) is 0 when r = 1, is 2 when r» = —1 and
is |1 — 7| when r # +1. This shows that n(IT§ \ Sol) = {0} UN. O

3.2.2. Case II = II3. Consider a selfmap f on the closed 3-manifold II3 \ Sol
and let p: II3 — II3 be the homomorphism induced by f. Since I'y = (a1, a2, 7) =
II; is a fully invariant subgroup of I3, we have, as before,

plar) =a™,  plag) =a™,  p(r)=a"",  @(p) =a T p"
for some integer vectors m;, n,x and integers r, z and w € {0, 1}. The restriction
of ¢ to II; is a homomorphism ¢’ : II; — II;. Hence we can choose a matrix P so
that PAP~! = D, and Q = P[p]P~! is one of the three types given in the case
of II; before. Consequently, a linearization of f, with respect to the standard
ordered (linear) basis {b1, bz, b3} of sol, has one of the above forms (I)—(III).
Note that a diagonalizing matrix P of A used above is

-1
Vi3 -1 . _\/@1 -1 y

P = U2 U
c d
and so
M o= pup-i— | O el
c/d 0

Next, we will find further necessary conditions on ¢. Since ¢ preserves the
relation pa;p~! = M(a;), we have A*M®*[p] = [¢]M and so D*M''Q = QM’.

Consider first the case when w = 0. Then, since D*Q = QM’, we can see easi-
ly that o = 8 = 0 (when @Q is of type (I)) and 7y = § = 0 (when @ is of type (II)).
Thus [¢] = 0 = Q. Since p> = a®2 = ay, it follows that ¢(p)? = p(az) = 1
and so ¢(p) = 1 because ¢(p) cannot be a torsion element. Furthermore, since

prp~t = a¥' 771, we see that ¢(7) = ¢(7)~! and hence () = 1 and so in
particular » = 0. (This proves the first part of [3, Theorem 3.5].) Thus we see

that ¢ is a trivial homomorphism. Hence we conclude that
w=0 < Q(=0)isof type (IIT) and r =0 & ¢ is trivial.

Notice that there is no homomorphism of type (III) with » # 0, and if Fj is
of type (III) then ¢ is a trivial homomorphism and hence f is homotopic to
a constant map.

Suppose now that w = 1. Then @ # 0 by the above observation. Recall that
if @ # 0, then a8 # 0 and v # 0. Thus » = +1 and so Q is of type (I) or (II).
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The relation 7a;7~! = A(a;) yields that A"[p] = [¢]A and D"Q = QD. This
implies that » = 1 when @ is of type (I) and r = —1 if @ is of type (II). Hence
we conclude that

w=1 & Q#0isof type (I) or (II) & ¢ is nontrivial.

The relation pa;p~! = M(a;) together with M* = M implies D*M'Q =
QM’; so we have o = €% or v = (d/c)?e'0*§ according as @ is of type (I)
or (II), respectively. Therefore det F, = a3 = €32 > 0 (when Q is of type
(1)) or det F, = 8 = (d/c)?e'0*62 > 0 (when Q is of type (II)). Since 11 = fa2
in II3, we see that

Vi3 -1

o =u———0, 0 =u+

M@l—lv

612 612
2 _ 2 _
S RV P U WY RNV T SR Y
C le d 612

and so det Fy, = u? — 910%/f15 (when Q@ is of type (I)) or u? — £19v%/fs; (When
Q is of type (IT)). Furthermore, if ¢ is an isomorphism, then det @ = +1 and
det F, = £1. As det F, > 0, we have det F, = 1. Recall that for the nontrivial
element T of the holonomy group @3,

0 1 0
T.,= |1 0 0
0 0 -1

Consequently, we have:

THEOREM 3.7. The Lefschetz and Nielsen numbers of f: II3 \ Sol — I3\ Sol
are
1—det F, when Fy is of type (1) or (IT),
1 when F, is of type (I11),

det F, — 1 when F, is of type (I) or (II),
1 when Fy is of type (III).

COROLLARY 3.8. Let f be a homeomorphism of II3 \ Sol. Then L(f) =
N(f) =0 and f is orientation preserving.

PROOF. Since f is a homeomorphism, we have det F, = 1 and so L(f) =
N(f) =0 (see also [11, Proposition 7.5] and [3, Theorem 3.4]). Observe that
M3, 113 = ([r, a1] = a7l 1 ag] = al2al2 Y [pyar] = a7 [p, 7] = ak/7_2>.
Then [II3,113] is a subgroup of (a1, as,7) = II; and contains the group

<a€11—1a5217a§12a§22—1> ~ im(A _ I).
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This implies that II; /[II3,II3] is a finite group. Finally because of the following
commutative diagram:

1 1
[ [

1 —— II, /I3, 3] —— TI3/[I5, I1;5) Zo 1
I [ -

1 — 11 — 15 Zo 1

we can see that Hy(Il3;Z) = I3 /[I13, 3] is a finite group. Thus H;(II3;Q) = 0
and so H?(II3;Q) = 0 = H'(II3; Q). Since L(f) = 1 —deg f = 0, it follows that
deg f = 1, and hence f is orientation preserving. O

REMARK 3.9. Let f be a selfmap on the closed 3-manifold M = II3 \ Sol and
let ¢: II3 — II3 be the homomorphism induced by f. Consider the set n(M). If
@ is trivial then N(f) = 1 € n(M) and we may assume that F, is of type (I).
Then N(f) = det F\, — 1 = u? — 910%/l15 — 1. Let £ = ged(£y9,£21), and write
l15 = pl and {91 = gf. Since €y1v/l13 = qu/p € Z, we must have v = pv’ and so
det F is reduced to u? —pq(v')? with ged(p, ¢) = 1. Hence the question of finding
the set n(M) is reduced to a problem of solving the Diophantine equations of
the form u? — pquv? = k for all positive integers k. These equations are known as
Pell-type equations (cf. [1]).

3.2.3. Case II = IIg. Consider a closed 3-manifold ITs \ Sol and a self-
map f, and let ¢: Il — Ilg be the homomorphism induced by f. Since I'y =
(a1, as,0%) =TI, and {(a;,as,0) = I are fully invariant subgroups of Ilg, we
have, as before,

plar) =a™,  plaz) =a™, (o) =a"",  ¢(p)=a%c"p"
for some integer vectors m;, n,x and integers r, z and w € {0,1}.

The relations of Ilg will provide further restrictions on these integers. For

example, if w = 0 then z = 0. Indeed, if w = 0 then ¢(p) = a*o*. The relation

2

p? = a® after taking ¢ reduces to (aX0?)? = a™2, hence a*0?* = a*. This yields

z = 0. However z is not necessarily 0.
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Consider the subgroup (ay,as, 0?2, p) = Il of Ilg. It is easy to see that II3 is
a normal subgroup of Ilg. Since

S0(0_2) — (ano_r)Q — an—i—Nrn(O_Q)r’
it follows that II5 is gp-invariant if and only if ¢(p) € I3 if and only if z is even.

The following is an example showing that I3 is not a characteristic subgroup
and so not a fully invariant subgroup of Ilg.

ExaMPLE 3.10. Consider Ilg with defining matrices N, A and k = e,

k'=e1
N 3 2 A 17 12
|4 3| 24 17|

We will show that there is an automorphism ¢ determined by the following
identities:
plar) = ajay’,  glaz) =afay,  @(0) =ai'az’o,  @(p) = ajajop.
Because the relations of IIg must be preserved by ¢, we then have
ca;c”' = N(a;) = NJ[p] = [¢]N,

paip~t = M(a;) = NMlp] = [p]M = u=v,

— 1 0
P’ =ay = N +N v +N + =’ = 4o — 2y — 3 = u,
Y Y 0 1 U
_ 1 _
poplo=a = || 4N Ly TP M l“]
N9 —y + no 2v

= 4ny —3ne — 2+ 2y — 2 =w.

A choice of u = v =1, 2 =1,y = 0 and n; = 2, ng = 1 gives rise to an
automorphism ¢ with z = 1. Hence Il3 is not a characteristic subgroup of Ilg.

Consider the restriction of ¢ to I'4 which is a homomorphism ¢: II; — II;.
Then we can choose a matrix P so that PAP~! = D, and Q = P[p|P~! is one
of the three types given in the case of II; before. Consequently, a linearization
of f, with respect to the standard ordered (linear) basis {b1,ba,bs} of sol, has
one of the above forms (I), (IT) and (IIT). Note that a diagonalizing matrix P of
A used above is

\/32—16 _\/sz—ld -t
P = q q
c d

and

PAP'=D, PNP'=_VD, M :=PMP'= [ ?d décl .
C
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We can find further necessary conditions on ¢. Since ¢ preserves the rela-
tion pa;p~' = M(a;), we have N*M®[p] = [p]M and so (—1)*v/D*M'"'Q =
QM'’. Similarly, the relation oa;o~! = N(a;) yields that N"[¢] = [¢]N and so
(~1yVD'Q = —QVD.

If w =0 (so that z = 0 and Q = QM’), then we can see easily that « = 8 =0
(when @ is of type (I)) and v = § = 0 (when @ is of type (II)); hence [¢] =0 = Q.
In the case when Q = 0, p? = ak = a3 = ¢(p)? = p(az) = 1 and so ¢(p) = 1
because ¢(p) cannot be a torsion element. Furthermore, if pop~! = a¥ o1 then
(o) = ¢(0)~! and hence (o) = 1. Consequently, if w = 0 then ¢ is trivial, in

particular » = 0. In conclusion,

(i) w=0 < Q(=0)is of type (IIT) and r =0 < ¢ is trivial.
(i) w=1 < Q #0is of type (I) or (I) < ¢ is nontrivial.

We have observed that w = 0 or 1 and in each case r = 0 or +1, respectively.
(This proves the first part of [3, Theorem 3.5], namely, deg f, € {0,£1}.) Sup-
pose now that » = +1. Recalling that if » = 1 then @ is of type (I) and if r = —1
then Q is of type (II), the identity (—1)"v/D"Q = —Q+/D gives no further re-
striction on 7. However, since w = 1, we have that (—1)*v/D*M’'Q = QM’. This
identity implies that

_ 0 _1)* toz/2 0
a 0| _ |(=1)%en=/?p when F, is of type (I),
0 3 0 B
Q= - /
0 0 —1)%(d 2 toz 25
7| _ (=1)*(d/c)%e when F, is of type (IT).
§ 0 § 0
Hence
det . = ) 4@ = (—1)zelo=/2 52 when F.is of type (I),

—det Q = (—1)*(d/c)?e**/26% when F, is of type (II).

If f is a homeomorphism, then det F, = £1 = (—1)*. Example 3.10 shows that
there is a homeomorphism f of Ilg \ Sol with det F, = —1. Let S and T be
generators of the holonomy group ®g. Then

-1 0 0 0 1 0
S.=10 -1 0], T.=11 0 0
0 0 1 0 0 -1

Now we have:
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THEOREM 3.11. The Lefschetz and Nielsen numbers of f: g\ Sol — I\ Sol

are
L(f) = 1—det F, when Fy is of type (I) or (II),
1 when Fy is of type (III),
|1 — det Fi| when F is of type (I) or (II),
N(f) =

1 when Fy is of type (III).

PROOF. Indeed, if Fi is of type (III) then ¢ is a trivial homomorphism and
hence F, = 0; thus

L(f) = % (det(I — F.) + det(I — T.F.) + det(I — S, F.) + det(I — T..5, F.))

1
= 0+1+14=1.

If F, is of type (I) then

L(f) = i (det(I — F,) + det(I — T.F.) + det(I — S.F.) + det(I — T.5.F.))

:i(0+2(1*a5)+0+2(1—aﬂ)):lfozﬁzlfdetF*.

A similar computation for N(f) and for F. of type (II) yields the above identi-
ties. O

REMARK 3.12. We should notice that our result is different from the corre-
sponding result, Theorem 3.5 in [3]. In the proof of [3, Theorem 3.5], the authors
stated that [3, Corollary 2.5] implies N(f1) = N(7.f1) if deg f; = £1. But this
identity is not true in general from [3, Corollary 2.5] since deg 7. f; = —deg f;.

REMARK 3.13. Recall from for example [4, Section 9] that Il is isomorphic
to the fundamental group of a torus semi-bundle N, for some ¢ € SL(2,Z).

When
a b
0= [C d

with abc # 0 and ad — bc = 1, we can choose an isomorphism so that
ad+bc —2ac

N=—|° P =
q s —2bd  ad+ bc

(see for example (3.1) in [3]). Then ad + bc = —s, hence ad = (1 —s)/2 < 0
because s > 1.

-1 2
More explicitly, we consider Ny with ¢ = l 1 11 , then

ad+bc  —2ac _ 3 2
—2bd  ad+bc| |4 3|’
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Hence the group Il in Example 3.10 is isomorphic to m(Ng). By [21, The-
orem 1.7], d(a,d) := ad/ged(a,d)? = —1 and odd, so the degrees of all selfmaps
of Ny are

{£(20+1)2:4 €7},

COROLLARY 3.14. Let f be a homeomorphism of g \ Sol. Then L(f) =
N(f) =0 or2. Furthermore, f is orientation preserving if and only if L(f) =0
if and only if N(f) =0.

PRrROOF. If f is a homeomorphism then we have shown that det F, = +1.
By Theorem 3.11, L(f) = 1 —det F, = 0 or 2, and N(f) = |L(f)|. The first
assertion is proved. The second assertion follows from the same argument as
in the proof of Corollary 3.8. Indeed, we can show that H;(Ils;Q) = 0 and
so H?(Ils;Q) = 0 = H'(Ilg; Q). It now follows that L(f) = 1 — deg f. For
a homeomorphism f, we have that f is orientation preserving if and only if
deg f = lifand only if L(f) = 0. By Theorem 3.11, we have N(f) = |L(f)| = 0.0

In the following example, we show that there is a selfmap f on Il \ Sol with
deg f < 0. This example provides a counterexample to [3, Theorem 3.4], see
the proof of [3, Theorem 3.4] and [3, Remark 3.2] where it is stated that every
homeomorphism of N4 has degree +1.

ExaMpPLE 3.15. Counsider Ilg given in Example 3.10. Let ¢ be the automor-
phism given in Example 3.10:
p(ar) = ara3, p(az) = aras, ©(0) = d2ayo, w(p) = ajop.

Let f be a selfmap of Il \ Sol inducing ¢. Since ¢ is an automorphism and the
Borel conjecture in dimension 3 is true (cf. [19, Remark 4.5]), it follows that f
is a homeomorphism. Then

1 1 2
F,=12 1 1
0 0 1
and so L(f) =1 —det F, = 2 = N(f). Thus Corollary 3.14 implies that deg f =
—1.
COROLLARY 3.16. Let ¢ be an endomorphism of Ilg given by

m; n_r

p(ar) =a™, p(az) = a™, ¢(o) =a"0", w(p) =a*a"p”

for some integer vectors m;,n,x and integers r,z and w € {0,1}. When ¢ is an
automorphism, we have that N(¢) = 0 if and only if z is even.

PROOF. If ¢ is an automorphism, then we have seen that det F, = (—1)* =
+1 and so N(p) = |1 — (=1)7|. O
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REMARK 3.17. Just like for the set n(II3 \ Sol), the question of finding the
set n(Ilg \ Sol) is reduced to a problem of solving certain Diophantine equations
u? — pqv? = k for all integers k.

3.3. Jiang-type property and Reidemeister numbers. In this section,
we study the Jiang-type property for infra-solvmanifolds modeled on Sol and
show that infra-solvmanifolds of type (R) are not necessarily Jiang-type. We
also compute the Reidemeister numbers R(y) for all endomorphisms ¢ of II.

THEOREM 3.18. The infra-solvmanifolds I1; \ Sol and 1’[2i \ Sol are Jiang-type
spaces.

PROOF. For any selfmap f, suppose L(f) = 0. By Theorem 3.2, F, is of type
(I) or F, is of type (II) with det F, = 1. In each case, by Theorem 3.2 again, we
have N(f) =0.

Next suppose L(f) # 0. By Theorem 3.2, F, is of type (II) with det Fy, # 1
or F, is of type (III). In each case, by Theorem 3.2 again, we have N(f) # 0.
It remains to show that N(f) = R(f). When M = II; \ Sol, by Theorem 2.5
we have that R(f) = o(det(I — Fy)) = |det(I — F.)| = N(f) since N(f) =
|det(I — F,)| # 0. When M =TI \ Sol, by Theorem 2.5 we have

R(f) = = (o(det(I — F.)) + o(det(I — S} F.)))

| = Do =

5 (Idet(I = F.) +|det(I = STF.)[) = N(f)

because if F is of type (II) with det F,, # 1 then S} F, is of type (II) with
det S;F F,. = det F, # 1 and hence two terms are (equal and) nonzero; if F, is of
type (III) then ST F, = F, is of type (III) and hence two terms are (equal and)
nonzero. Finally we consider the case M = II; \ Sol. By Theorem 2.5, we have

R(f) = = (o(det(I — F\)) + o(det(I — S, F.)))

| — N

(|det(I — F.)| + |det(I — S, F)

; ) = N ()

because if F is of type (II) then @ = 0 and so det F,, = 0 and S, F, = F, is
of type (II) and det S; F, = det F, = 0 and hence each term is equal to 2; if F,
is of type (III) then S, F. = F. is of type (III) and hence each term is equal to
|1 —r|#0. O

When ¢: IT — II is an automorphism of the SB-groups II, we computed the
Reidemeister number R(p) in [5]. In the following, we will compute R(y) for all
endomorphisms ¢.

PRrROPOSITION 3.19. For any endomorphism @: 11y — 11y, the following hold:
(a) If v is of type (I) or of type (II) with det F. =1, then R(yp) = oo.
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(b) If ¢ is of type (II) with det Fy # 1, then R(y) = 2|1 — det Fy|.
(¢c) If v is of type (III), then R(p) = |1 —r|.

PROOF. By Theorem 2.5, we have R(¢) = o(det(I — F})). It is immediate
that det(I — F) = 0 if and only if ¢ is of type (I) or of type (II) with det F, = 1.
When ¢ is of type (II), we can see that det(I — Fy) = 2(1 — ) = 2(1 — det Fy.).
It is clear that if ¢ is of type (III), then R(p) = |1 —r|. O

PROPOSITION 3.20. For any endomorphism p: Héﬁ — HQi, the following hold:
(a) If ¢ is of type (I) or of type (II) with det F, = 1, then R(p) = co.

(b) If p: Tl — I is of type (I1), then R(p) = 2|1 — det F,|.

(c) If p: II; — 115 s of type (II), then R(p) = 2.

(d) If ¢ is of type (III), then R(p) = |1 —r|.

ProOOF. By Theorem 2.5, we have
1
R(p) =5 (o(det(I — F\)) + o(det(I — SEF))).

Hence R(p) = oo if and only if det(I — F,) = 0 or det(I — SFF,) = 0.

If Fy is of type (I), then det(l — F.) = 0 and so R(p) = oo. If F, is of
type (III), then F, = S*F, and det(I — F,) = det(I — SFF,) = 1 — r, hence
R(p)=|1—7| < c0.

Assume F is of type (II). Then we can show that det(! — Fy) = det(] —
SEF,) =2(1 —~6) = 2(1 — det F.). Recall that when S; is involved, v = § = 0
and so det(I — F,) = det(I — S, F,) = 2, hence R(p) = 2 and det F, = 0. It is
clear that if ¢ is of type (III), then R(¢) = |1 —r|. O

In [5, Theorem 3.3], we have shown that R(p) = oo for all automorphisms ¢
of I3 or IIg. We now show that R(y) = oo for all non-trivial endomorphisms.

PRrROPOSITION 3.21. For any endomorphism ¢ of I3 or Ilg, we have

R(o) 1 when @ is trivial,
(p =
oo when ¢ is non-trivial.

ProoOF. By Theorem 2.5, we have
(o(det(I — F.)) 4 o(det(I — T,.F))) when IT = I3,

R(p) =

B = N =

(o(det(I — F.)) 4 o(det( — T.F))

+o(det(] — S, F.)) 4+ o(det(] — S, T F,))) when II = II;.
If F, is of type (III), then, by the results of Sections 3.2.2 and 3.2.3, ¢ is trivial
and vice versa, hence det(I — F,) = det(I — T F,) = det(I — S, F,) = det(I —
S.T.F,) =1 and so R(p) = 1. If F} is of type (I), then det(I — F,) = 0 and so
R(p) = co. Assume F, is of type (II), then T\ F, is of type (I) and so R(p) = c0.O
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THEOREM 3.22. The infra-solvmanifolds I3\ Sol and Ilg\ Sol are not Jiang-
type spaces.

PRroOF. Consider any endomorphism ¢ of IT3 or Il of type (I) with det Fi #1.
From the results of Sections 3.2.2 and 3.2.3, we have

L(f)=1—detF. #0,  N(f)=|detF, — 1],

where [ is the selfmap on II \ Sol determined by ¢. But by Proposition 3.21,
R(¢p) = oo. Thus the infra-solvmanifolds IT3 \ Sol and IIg \ Sol are not Jiang-type
spaces.

Acknowledgements. The authors would like to thank the referees for po-
inting out some errors, making careful corrections and valuable comments on the

original version.

REFERENCES

[1] A. ApLER AND J.E. CoOURY, The Theory of Numbers, Jones and Bartlett Publishers,
Sudbury, 1995.

[2] A. FEL’SHTYN AND J.B. LEE, The Nielsen and Reidemeister numbers of maps on infra-
solvmanifolds of type (R), Topology Appl. 181 (2015), 62-103.

[3] D. GONGALVES AND P. WoONG, Nielsen numbers of selfmaps of Sol 3-manifolds, Topology
Appl. 159 (2012), 3729-3737.

[4] K.Y. HA AND J.B. LEE, Crystallographic groups of Sol, Math. Nachr. 286 (2013), 1614~
1667.

(5] , The R property for crystallographic groups of Sol, Topology Appl. 181 (2015),

112-133.

, Averaging formula for Nielsen numbers of maps on infra-solvmanifolds of type
(R) - Corrigendum, Nagoya Math. J. 221 (2016), 207-212.

[7] K.Y. Ha, J.B. LEE AND P. PENNINCKX, Anosov theorem for coincidences on special so-
lvmanifolds of type (R), Proc. Amer. Math. Soc. 139 (2011), 2239-2248.

, Formulas for the Reidemeister, Lefschetz and Nielsen coincidence number of
maps between infra-nilmanifolds, Fixed Point Theory Appl. 2012 (2012), 23 pp.

(9] J. JeziERSKI, J. KEDRA AND W. MARZANTOWICZ, Homotopy minimal periods for NR-

solvmanifolds maps, Topology Appl. 144 (2004), 29-49.

[10] B. JiaNG, Lectures on Nielsen Fized Point Theory, Contemp. Math. 14, Amer. Math.
Soc., Providence, 1983.

[11] B. JiaNg, S. WANG AND Y.-Q. Wu, Homeomorphisms of 3-manifolds and the realization
of Nielsen number, Comm. Anal. Geom. 9 (2001), 825-878.

[12] F.W. KAMBER AND PH. TONDEUR, Flat manifolds with parallel torsion, J. Differential
Geometry 2 (1968), 385-389.

[13] E.C. KEpPELMANN AND C.K. MCCORD, The Anosov theorem for exponential solvmani-
folds, Pacific J. Math. 170 (1995), 143-159.

[14] S.W. Kim AND J.B. LEE, Averaging formula for Nielsen coincidence numbers, Nagoya
Math. J. 186 (2007), 69-93.

[15] S.W. KiM, J.B. LEE AND K.B. LEE, Averaging formula for Nielsen numbers, Nagoya
Math. J. 178 (2005), 37-53.

[6]

(8]



350 J.H. Jo — J.B. LEE

[16] J.B. LEE AND K.B. LEE, Lefschetz numbers for continuous maps, and periods for expan-
ding maps on infra-nilmanifolds, J. Geom. Phys. 56 (2006), 2011-2023.

[17] —, Averaging formula for Nielsen numbers of maps on infra-solvmanifolds of type
(R), Nagoya Math. J. 196 (2009), 117-134.

[18] J.B. LEE AND X. ZHAO, Nielsen type numbers and homotopy minimal periods for maps
on 3-solvmanifolds, Alg. Geom. Topol. 8 (2008), 563-580.

[19] W. LUCK, Survey on aspherical manifolds, European Congress of Mathematics, Eur. Math.
Soc., Ziirich, 2010, 53-82.

[20] F. MANGOLTE AND J.-Y. WELSCHINGER, Do uniruled siz-manifolds contain Sol Lagrangian
submanifolds?, Int. Math. Res. Not. IMRN 63 (2011), 1-34.

[21] H. SuN, S. WANG AND J. Wu, Self-mapping degrees of torus bundles and torus semi-
bundles, Osaka J. Math. 47 (2010), 131-155.

[22] F. WECKEN, Fizpunktklassen. I11. Mindestzahlen von Fizpunkten, Math. Ann. 118 (1942),
544-577.

[23] B. WILKING, Rigidity of group actions on solvable Lie groups, Math. Ann. 317 (2000),
195-237.

[24] P. WONG, Fized-point theory for homogeneous spaces, Amer. J. Math. 120 (1998), 23—42.

Manuscript received October 12, 2015
accepted May 17, 2016

JANG HYUN JOo AND JONG BUM LEE
Department of Mathematics
Sogang University
Seoul 121-742, KOREA
E-mail address: jhjo@sogang.ac.kr, jlee@sogang.ac.kr

TMNA : VOLUME 49 — 2017 — N°1



